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ON A MINIMAX FORMULA OF LEJA’S
By LuBy Liao

1. Introduction. Let D be a domain in the compact complex plane con-
taining co. Leja [5] presented two discrete formulas for the Green’s function
of D (if it exists) with the logarithmic singularity at co in terms of the points
of 9D. Pommerenke [9] later proved a hyperbolic version of one of these
formulas—the one which involves the Fekete-Leja extremal points. We will
prove here a hyperbolic’ version of the other formula, which is a minimax
formula. We will also point out an extremal property of the points involved in
this type of minimax formula. The author would like to thank Professor James
A. Jenkins for introducing Leja’s work to him and for many suggestions.

2. Notation and Known Results. The unit disc {lz| <1} will be denoted
by A. Given two complex numbers e and b such that 1—ba+0, we let

(1) [a, b]=(a—b)/(1—ba).

Then d(a, b)=|[a, b]| defines a metric in A. Let E in the following denote a
given compact set in A. Then the capacity of E is defined as follows ([10];
see also [8, 4]). Let

V(xo, x1, =+, Xn)=Ilosecszn [0, x,]1,  for x={xo, -+, 22} CE;
Vn:Vn(E>:maXxV(x0: tt, Xn)(x:{xo, tty, xn} CE) and
Va =0y (E)=V 2/n@manl

Then limn.. v,(E) exists and is called the capacity of E, denoted by p or p(E).
Given x={x,, -+, x,} CE and z€A, we let

(2) 0P (z; x)=1ILs;|[2z x.]|, for ;=0,1,--,n, and
(3) 0, =maxX,MiN,s,5, 0 (x,; x).

Then we have

THEOREM 1. J}"—p as n—co ([8]; see also [4]).
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ON A MINIMAX FORMULA OF LEJA’S 213

Following Leja, if = {50, 71, -, 72} CE and V,(E)=V(y) we call » an
n-extremal system of E. In the following, for each n>0, p=/{n,, -+, 7.} always
stands for an n-extremal system of E. Furthermore we assume that 7, -+, 9a
have been so arranged that

(4) 0 (no; M=0P(n,;m)  for nzj=0.
Then we have
THEOREM 2. [05(ne; p)]V"—p as n—oo ([9]; see also [5, 2]).

Let D denote the component of A—FE with 0A as one of its boundary
components.
Now for each n>0 and an n-extremal system 7z, let

L.(z; ﬂ)zﬂlszsntz, 7]1]‘ngzgn{(l_ﬁz)/(l_ﬂt)}y and
l(2)=L¥"™z; 7).

(5)

Here [,(z) is first defined in a neighborhood of 1 with /,(1)=1 and then extended
continuously to G=D\U0A\UD*, where D* is the domain of reflection of D with
respect to 0A.

In what follows, a continuum is always meant to be a non-degenerate one.
Then we have

THEOREM 3. ([9]; see also [5,71) Assume p>0. Then (z)=liMp.cl4(2)
exists locally uniformly in G. U(z) s locally analytic and is of single-valued
modulus in G. If b is a boundary point of D that lies on a continuum contained
n E, then |l(z)|—p as z—b, z&€D. Furthermore, |{(2)|=1 for |z|=1. If E s
the union of a finite number of continua then log|1/l(z)|/log|1/p| s the harmonic
measure of E with respect to D. If E 1is a continuum then w=I0z) maps D
conformally onto {w: p<|w|<1} weth (1)=1.

3. Main Results.

Assume now FE has infinitely many points. For a set x={x,, -, x,} of
n—+1 distinct points of E, we consider the polynomzals of Lagrange belonging
to these points:

(6) LP(z; x)=1L+(Lz, x.1/[x,, x.0), 1=0,1, -, n
and let
(7) L.(z)=min,maXs,a| LY (z; x)|, 2€G.

We have the following hyperbolic version of Leja’s minimax formula [5].

THEOREM 4. If p>0, then lim, .LY"(z)=|lz)|/p for z in D.
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For a proof of this theorem we need the following lemmas. We assume

p(E)>0.
1. lim, oLY™(z2)=L(z) exists for all z=G.
This is essentially proven in [5, §§ 3-4].
. L(zx)=1/p for |z|=L1
If |z|]=1 and beE, then |[z, b]|=1. Therefore by (7) and (3),

Lo(z)=min;maxXoee,<nI1.-1/1[x;, x.]])
:l/maxzminoggnl—[#] | L%, %] =1/0x.

II then follows from THEOREM 1.

m. 1=L&@)=|U)|/p for zeG.

For a proof of the first inequality, use Lagrange interpolation formula as in
[9, p. 9437; for the second, see [5, p. 67].

Assume now a point ¢ in D is given and fixed. We will assume, as we
may, that for each n>0,

(8) Lu(a)=L3(a; O=0:"(a;0)/d"Co; O)
ZLiP(a;0=0:"(a; /&, O

where {={(,, {s, -+, L} CE and =0, 1, -, n. Let A,=[d"&; J"". Then
we have
IV. 0<lim inf,..A,<lim sup,..A4.=p.

By (8)r for ]:0) ]-y e, n,
Ila, {iJ-+La, §J1/07&; O

=|la, &]--La, §;-100a, Eaad-La, £/, 0.
Thus
(9) 0, 0=z00&; O-1la, &l/La; AL, 1=0,1, -+, n.
Whence
VLo, -+, Ca)=07"(Ca; O 07" P (€158 - 07705 O)
2[02&; O+ ILa, &I/ ITae, & -+ La, LAl
Let m=mineer!|[a, b]| and M=maxXycg|[a, b]|. Then m>0 and

VA BYZIV (o, -+, LTI 00 o O™ (m/ MY

Thus lim supp-.A4,=p.
On the other hand, let »= {5, -, »x} be an n-extremal system of E and
suppose
max;| LY (a; pl=ILP{a; =02 (a; 9)/0L(p; 7)
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where 0=p=n. Then by (8), (7) and (4),

Lu(a)=Ila, &] - [a, Lad1/6:7%o; )
SILP(a; PI=ME o (np ;s MH=MT/032 (05 7) -

Thus 02&; O)=0(50; n)(m/M)". The left hand inequality of IV then follows
from this and THEOREM 2.

Let £ be as in (8). By IV, we can choose a subsequence of {A,}=
{Lo(&o; £)1"} which tends to a limit p’ with 0<p’<p. By abuse of langu-
age, we will use the original indexing for this subsequence and the subsequent
related subsequences. By I, the corresponding subsequence {[d5’(a;{)]V"}
converges to L(a)-p’. Corresponding to this (sub)sequence, we now consider
the sequence of functions {A,(z)}, where

__‘l 1_—n 1n
(10) ha(=(L2 6] - 7, C"J"%—%'"T—én)/ ’

z€G,

is defined in a similar manner as l,(z) in (5). h.(2z) is locally analytic and
|hn(2)| is single-valued. Since {h,(z)} is evidently uniformly bounded on any
compact set in G, there exists by Montel’s lemma a subsequence {h,(z)} such
that A,.(z) converges uniformly in any compact set in G. Let h(z) be the limit
function. Then by (10),

11) [h(a)|=L(a)p’ and |h(z)|=1 for |z|=1.

Assume now for a fixed n>0 and z€G, max;|LP(z; OI=|LJ?(z; OI.
Then by this, (7), (6), (9) and (10)

Lu@)=L7?(z; Ol=077(z;0)/d77(&,,; O
=00:72(z; 0)/0&; ©1-Ila, ,,1/La, Ll
=[0%(z; 0/02°&o; O 1Lz, o1/ Lz, C,,1 - 1La, £;,]/La, L]
=1hi@)/07&; O+ 1z &1/lz &1+ La, €,,/Ca, Lol
Since [05°(o; {)]V"—p’ as n—oo, we have from this
(12) L)'= h()].
Therefore by 1I,
(13) |h(z)|zp’ for zeG.
Consider now the harmonic function
(14) u(z)=log| ph(2)/p’|—log|lz)|,  z€D.

If £ is the union of a finite number of continua in A, then by (13), (11) and
THEOREM 3, u(z) has non-negative boundary values on 8D. Consequently by
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Minimum Principle #(z)=0 on D. Thus |h(z):-p/p’|Z|(2)|, or

[h(2)/ o' | 2| U2)/pl, zED.
In particular,
[h(a)/ o' Z1U(a)/p].
Thus by (11)
L@zia)/p.
Noting that @ is an arbitrary point in D, it follows from this and II that we

have
V. If E 1s the union of a finite number of continua in A then L(z)=

[Iz)|/p, z€D.

If E is not the union of a finite number of continua in A, we let D,CD,C
D,C---CD,—D be an exhaustion of D, where for each m, D, is bounded by a
finite number of Jordan curves with 60AC0D,. Let E,=0D,—0A and p™=
o(Er). We can show easily (see for instance [3, THEOREM 16.2.2]) that

(15) limp_p™=p.

Next, denote the { and L functions corresponding to E, or D, by [‘™ and
L™ respectively. By considering the sequence of harmonic measures

{log(1/[1™(2)|)/log(1/p ™)},
we see easily that
limp_.|l™(2)|=[l2)], z€D.

On the other hand, by [9, THEOREM 1], we have

liMpy-o| (™) = |I(2)], z<D.

Thus
(16) liMpowl{™(2)|=1U(2)|, z<D.
It follows from (15), (16) and V that

limy L™ (@)=U2)|/p, zeD.

By definition and with an obvious justification, we have L™ (z)=<L(z) for z€D,,.
Therefore

an limp-el ™ (2)=U2)|/p=<L(z), zeD.
THEOREM 4 then follows from (17) and II. Q.E.D.

Return now to the harmonic function u(z) in (14). Assume first that E is
the union of a finite number of continua in A. We notice that u(a)=0 and
u(2)=0 for z in D. Therefore u(z)=0 in D. Thus |A(z)-p/p’|=l(z)| in G.
Since |h(1)|=[I1)|=1, p=p’, and consequently, by the definition of 2 and /
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h(z)=I(z) in G. For a general compact set E in A with p=p(E)>0, by (12),
(11) and THEOREM 4, we again have p=p’ and h(z)=/(z) in G. We thus have
shown

THEOREM 5. Let E be a compact set in A with p(E)>0. Gwen a fixed point
a in D and n>0, let L™ ={C™, -, (PYCTE be such that L,(a)=LP(a; ™).

Let
1-g™ 1T )I/n

g:@=(T2, 4™1 - [, 0T g g

where gn(z) is defined in G in a similar manner as l,(z) in (5). Then
(i) [oRs™ ; L™)JYm—p(E) as n—oo, and
(ii) gn(2)—=I(2) locally uniformly in G as n—oco.

The same argument proves the parabolic version of this theorem.
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