H. UEDA
KODAI MATH. J.
5 (1982), 201—211

ON THE GROWTH OF ALGEBROID FUNCTIONS OF g, <o

By HIDEHARU UEDA

1. Introduction. Let f,, -+, fy (N=1) be entire functions with no common
zeros and denote by T (r, f) the characteristic function of the system f=
(fo, **+, fa). Further, if f;70 (0=7=N), we define my(r, f) as follows:

10 2 1/2
e [Feo)”

By Drasin and Shea [2], Pélya peaks of order p exist iff pE [ Ax] and p<oo,
where

& matr. )=(4"" 3 {iog

0 1,3=0

1 . H T(A?’, f) .

e Tim T(AT’, f) _
Le=dDy=swp {o: T ey =oo}.

@)

In [5], [6], Miles and Shea have shown

THEOREM A. Suppose that f s meromorphic (.e., N=1, f=fi/fo=fo, [1)
with py<oco. Then

15 N(T', 07 f)+N(7, 0, f)

®) kf)=Tm D = sup, Cilp),
where

_|sinzp] 2 1/2
@ Clo=—2 {l—l—(sin 27rp)/(27tp)} :

In this note, we shall extend Theorem A to systems of p4<co. Our exten-
sion is the following :

THEOREM. Let f=(f,, =, fa) (f;7£0) be a system with p.<co. Then

N
>N, 0, 1)

(5) ko(f)=lim W ;#gggl‘czv(p) ,
where

_ 1 |sinzp]| 2 1/2
© Crlo)=x§ "7, {1—{—(sin 27rp)/(27rp)} .
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Equality holds in (5) for f=(1, -+, 1, fy), where fy is a Lindelof function,
i.e. an entire function having all zeros on a ray through 0 and N(», 0, fy)~r*
(r—o0).

The corresponding problem with m,(», ) replaced by T(r, f) in (5) has re-
ceived much attention. Making use of the techniques developed by Edrei and
Fuchs [3], Toda [8] obtained

THEOREM B. Let f=(f,, -+, fn) (N=1) be a system and let 2, p be the order
and lower order of f, respectively. If p<co, then

N
2 N(r, 0, f,) N+1 |sin 7p|

™ ky(f)=lim T(r, f)  —uioti N 4dde(o+1)+[sin zp|

Using (5), we are able to sharpen his estimate (7).
COROLLARY 1. Let f=(fo, *++, fv) (N21) be a system with py<oco. Then
N
k(f):mwﬁ> su N+1 |sin 7p|
! r-  T(r, f) =00 o/ 2 +1/4/ 2+ |sin wp|/N*
COROLLARY 2. Let y(z) be an N-valued algebroid function with pux<oco. Then

N

h ON(T, ah y)
k S @, , A =i J=
(v ao w)=lim == o)
N+1 |sin 7p|

= sup = ; T
wspsie N 7wo/+/241/44/ 24 |sin zp|/N
Remark. For p=1, Ozawa [7] obtained the correct value of

inf  Ki(y; ao, -, an).

lowerord ¥=p

2. Lemmas

LEmMMA 1. ([10) Let f=(fo, -, fn) (N=1) be a system and let a,, -, ay be
complex numbers such that F=aofo+ -+ +anfy*E0. Further, define |F| and
m(r, F) as follows:

1

o \Fl , S PV
PI= e T Ta T~ FTanle 0 D=5, o8 0.

Then
T, /) =m(r, F)+N(, 0, F)+0(1).

LEMMA 2. ([8]) Let f=(fo, -+, fx) (N=1) be a system. Then
T, fi/f)—00)<T(r, f)<k§]T(7”, Fe/f)+0Q).
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LEMMA 3. ([1]) Let A=(a,;!=0:'¥ be a regular matrix and let
(Fo, =+, Fx)'=A(fo, -+, fw)'.
T(r, N—O0M)<T(r, -)Y<T(r, /)+0),
where F=(F,, -, Fy).

Then

LEMMA 4. ([9]) let y(z) be an N-valued algebroid function and let F(z, y)=
Al2)y¥+ -+ +An(2)=0 be the defiming equation of y. Further, let A be the
system (Ao, -+ Ay). Then

NT(r, y)=T(r, A)+0().

LEMMA 5. Let a,, -+, ay (N=1) be positive numbers. Then

\/ N 2> N N
] (za) =3 S(arta).

The proof 1s clear.
LEMMA 6. Let f=(f,, -, fn) be a system (f,%0). Then

ma(r, IZ(N+FDT(r, f)— Ji:)ON(r, 0, £,)--O(log 7).

Proof. 2r ] ﬁl) %{loglfl/fjl}zdﬂ)l/z

0 ?J=0 =0
(gz" SZ"L{IOg m?X|fz/fj|}2d0)”2

1 2x N
5. 35 log max|1/1,1d6

my(r, )= (%S

%

(%

I

3 (T, £)—NGr, 0, £,)+0(log r)}

—(N+D)T(r, f)— éN(r, 0, £,)+0(log 7).

LEMMA 7. ([3]) Let f be meromorphic and let {a,}, {b;} be the sequences of
its zeros and poles. Further let s, R be positive numbers such that 2s<R/2. Then

log| fz) =tog| TI_E(-Z, )| ~tog

S<IajI<R a]

E(5 a)|+ W@+ Otloglz)),

s<lg<}e
where if 2s=<|z|=r<R/2,
A{(—Z—)qT(Zs, f)+(f']g—>q+17‘(2;e, f)} (g=1)

W@ =V s, 7, R)=
a{r@s, Piog (L) +(5,)TCR, N} 4=0),
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A an absolute constant >0.

LemMmA 8. (cf. [3], [4, Theorem 1.11]) Let f be meromorphic and let s, R
be positive numbers such that 2s<R/2. Then if 2s=<|z|=r=R/2.

B NG, 0, /)+NG@, o, f)
s tQ+1(t+7’)

for suitable constants K,(>0), B(>0).

T(, f>§quq+lj dt+BV (s, 7, R)

The following lemma, which is an extension to systems of a result due to
Miles and Shea [6], plays an important role for the proof of Theorem.

LEMMA 9. Let f=(fo, -, fw) (f,30) be a system satisfying ps<2As If
px< o<, p#1, 2, -+, there exist positive sequences s, ¥n, R, tending to co and
£,—0 such that

@® $n=0(ra), ra=0(Ra) (n—0),

©) NO=NE(5-)" ast=R) (NO=Z NG, 0, ),
T@R,, N<&Nr(E2),

(10 S "p
T@sn, NH<ENE(H)"

Proof. By the fact that T(r, f) has Pélya peaks of orders p+e for small
¢>0 and the continuity of T(r, f), there exist sequences $,, t,, K,, A,—c and
0,—0 such that

tn/sn—>00, Rn/tn_aoo (n_’oo)r
€3)) T, NH=T(tn, NIE/t)  (s2a=t=2R,),
(12) T, [)<0.T(tn, NE/ta)?  (sa=t=Ansn, AZ'R,=I=2R;).

(See [6, p177].) Choose r,E[sn, 2R,] such that
(13) Nz Z2N@t=e  (s,SI=S2ZR,).
Applying Lemma 8 to f,/f, ({#7; 1, =0, ---, N), we have

T(t, fl/fj>§qu%+1SRn N, 0, fO+N, 0, 1)

'dt+BVq(Sn; tn’ Rn s fl/fj)

. ()
Hence
N (R 2N-NG) y
< q+1 L / _ .
(14) l(%?T(tn, FulF)<K 5 S G dt+l(_lf?13vq(sn, ta, Ru; fulf).

Here we choose ¢g=[p]. Then by (11) and Lemma 2, we have
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(15) V(Say tay Ru; [1/f)=0(T(tn, f)).
Thus, (14), (15) and Lemma 2 imply

B N@W)
sn 19TN(t-1,)

(N+DT(t, HZ2NK 157 -dt+o(T(tn, ).

Further, using (13), we have
t )P dt
ra/ 1 (4t,)

du
o udtiTe(y —]—1)

(N+DT(t, f)<2NK, tq“N(rn)S "(— +0(T(tn, 1))

<2NKNe(2) |7 +0(T(tn, ).

Since ¢<p<g¢+1, the integral in the right hand side converges. Hence

(16 T, H<{ory

Now, from (12) and (16), we have

+o<1>}K Ner n)(m) (n — co).

13

T@Ra, < 3T H(Z1) <Oa(r o) R (25

Putting £,=2°6,{2N/(N4+1)+o0(1)} I?q (—0), we obtain the first inequality of (10).
In the same way, we have the second. It remains to prove (8). To do this, it
suffices to show r,=(A.s,, A7'R,). If r,&(Aysq., AR'R,), we have (12) with
t=r,. It follows from this and (16) that

2N
an Tra, 1)< 3a(Grog +oW) KNG
On the other hand, we have from Lemma 1
(18) N(@p)— O <(N+DT(ra, f).

(17) and (18) yield 1§25nNI?q (—0 as n—o0), a contradiction. This completes
the proof of Lemma 9.

3. Proof of Theorem.

Case 1) Assume first that py=414. Let 2 be the order of f. In this case
A=py=2% We may assume that 1#1, 2, ---. Choose ¢=[1]. By Lemma 2, the
order of f,/f, ({#j) does not exceed 1. Let {z{*%}, {wf*?} be the sequences
of the zeros and poles of f,/f, (z{"#+#0, wi+?+0). Then we can write

o= ;LEZ; =2zPL1gPL 3® HEE Zh i
i(z F w(l .
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where p,,, is an integer and P, j(z)=asP2z% -+ +aft? is of degree <q. Here
we define F; ;(z) as follows:

B, i z z
Fusa=eoes (i 0) LBy 9).
where P, ;(2)=|al? |29+ - +|af?]. Let

C%’j’(f)Ifl;r—Szﬂ(logIfL,j(re“’)I)e‘“'”’dﬁ (m=0, £1, ),

1 27
P2 = | "o Fu e el (m=0, x1, ).
Then [ciEPW|=rd?@)| (m=0, =1, ---) (See [5]), so that

400 N X 1/2
19 mir, H={N 3 3 et 0}

M=~

={v £ 2 sireonr”

m=—co )=

It is clear that ¢?()=c% () for m<—1 and ¢{+?()=N(r, 0, f./f)—N(r, co,
fi/f;). By Edrei-Fuchs’ computation [3],

lau Py 2}11 |z<z2n|5r{(Iz“r'”l)m—(’z’g:"’l)m}
«, I
+2Lm[w,gt,zj">|§,{(|w ”)l) (Iw ’ ) } (I=m=gq)

1 2] ||
Zﬁ{hglzﬁlgr( Zkr ) +1wéz,zj)>|§,< wr )

e (faop) ™+ ,w,gz,zj)b,(,w—,;ﬂ)m} (m=g+1).

Now, we use Lemma 5. Let {z{®} ({=0, ---, N) be the zeros of f;. If we

put
=i 3 A (= e,

Igl)lsr

7520

Lemma 5 implies for 1=m=g,

(20) NE Z 74P PSNE 3 {ait+a;+00™)}*

71=01>y

<N{(Z 0,)+00m) =N{S 1920 1+00m)

If we put

“L:71n7{,z§|s,(lrfl)l)m lzu)l>(|zu)l)} FERGI
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Lemma 5 implies for m=¢+1,
N i N N 2 N 2
@) NI T rEPOIPSNE S (@t a=N(E a,) =N(Z 11201 -
J=01>; 1=01>y 7=0 7=0
Substituting (20), (21) into (19) we have

2 4 N ) 1/2
@ mlr, NEN(S{B 10O +80)+00+009 2 2 11001

(N(r)zjﬁ:}ON(r, 0, fj).) It is easy to see that for m=q+1,

0 Hoi= ) M () Y0 s,
and for 1=m=gq,
@ B3 A o

Here we show that N(») has order A. First, Lemma 1 gives
N (N+DT(r, /)+0Q1),

which implies that the order of N(») does not exceed A. Next, we use the
following estimate :

T(r, fz/fj)gcq{q S NG, O, fzt;i;lN(t 0.f)
+(@+Dr cmS NG@, 0, fz)tj;zN(t 0, /7 dt+0¢9+0(log r)},

where Cy=1, C;=2(g+1){2+log(¢+1)} if g=1. For the proof, see [4, p 102].
Hence

3 76, fufyseNClar | S arr g TR ath+ogaiog ).

(l#])
It follows from this and Lemma 2 that

2N N(t N(¢
@5 T, NS5 C {qu qﬁf dt-+(g+1r qﬂgr qiz) dt}+0G++1og 7).
If N(r) has order less than A, we deduce from (25) that T'(r, f) has order less
than 4, a contradiction. Thus N(r) has order 1. Hence, by a growth lemma of
Pélya (cf. [4, Lemma 4.7]), there exists, for small ¢>0, a positive sequence {v,}
tending to co such that

N@) b o\A-e N(t) a+e
@ qoy=(o) T o<m,  phes(S) mast<o),
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lim N(vn) =00

n-oo V;lz_s

Choose ¢>0 such that A—e>g¢. Substituting (26) into (23), (24) with r=y,, we
obtain

m(m—e)
N SNEH e 1} gD
].go [79(wa)l et
éN(Pn){m +1} (1=m=gq).

Hence by (22) and (26) we have

{5 s S ol v )t S

which implies

my(r, /)= N z2  \:1+(sin 272)/(272)

Case 2) Assume next that p,<24. Let p&(uy, Ax) be nonintegral and
choose a=a(p)<=(0, 1) such that

= N@) _ 1 Isinzl] | 2 }1/2

lim
osco

@27 a*<plog2/2°, a~*—14(2°/log 2)log a>0.
Let g=[p],
z
5 E —a.n q
f,(,l'j’(z)= sn<[z,§l"1)|<aRn <Z’§l'n ) (n=1, 2’ ) ,
z
sn<[w;l,f>[<aRnE<J£m’ 9)

where {zf"?}, {wf?} are the sequences of the zeros and poles of f,/f, and
Sn, R, are the same as in Lemma 9. Here we introduce an entire function as-
sociated with f{"?(z):

Fi (@)=

z z

E(—F——, E(+——,1q).

s P < (e q>sn<|z A e, S )
Further let {z{"} be the zeros of f,(z) and let

FAD(7) = E(—2_ 4).
(2) sn<[z }g];!:]<aRn ( IZIEL” ’ q>
Now, define N,(t) by
Nu(t)= 35 NG, 0, F2).
It follows from (8) and (9) that

(28) No(ra)=1—0o())N(ra)  (n— o).
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If we set Flu)=u’—1—(2*/log 2)log u, (27) implies that F(u)>0 for u>1/a.
Hence, putting t=(aR,)u (>R,), we have

() () e () oo

On the other hand, from (9) it follows that

NaR)=Nr)( £) ar,

1 1 R, \»
< < _ N of .
71((1}?,‘)2———10g2 N@2aR,)= log 2 N(@r,)(2a) ( p ) .

Combining above results, we obtain
N(aRn)+n<aRn)1og(t/aRn)§N<r,,)(ri)” (t>Ry).
From this and (9) it follows that

(29) NONeH(--)" 0<t<eo).
Applying Lemma 7 to f,/f, ({#7) with |z|=r,, we have

tog | 2450 | —tog 2@ 44262,

(WP (@ =V (su, 7a, aRa, fi/f)=0(N(rs)),
where we used Lemma 2, (8) and (10). Hence an easy computation gives
Mo(Fny fil [)Ema(ra, [317)+0(N(rw) .
However, since we may assume that k,(f)<co, N(r,)=0(myr,, f)). Thus

Mo, [1/f)Eme(rn, fP)F0(my(ra, f))  (n— o0).
Therefore

(o V=N S mlra, S/ DV ZNE D O, 89 +00mlra, O,
which implies

N
{my(r, f)}zé(l—l—O(l))N]Z:)O g)j {mo(ra, fE}2.
Further it is known that my(rs, f&?)Smy(ra, f3?). So, we have

{molra, f)}2§(1+o(1)>1\1]ﬁ=’)0 S (s, 75}

(30 =(+oMIN F_ 3 (ralra S50
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S+ WN 2 (Z, [rlras 7)) +Nalra}

where we used Lemma 5. By (8), (28) and (29) we have for m=q+1,

3 [m(ra, 2‘3’)1=%{S:"(—t)’"zvn<t)% [ () a0 ANy

n\Vn

B GG ol ()G 4

—(1=o(1)N(rz)

@B

= nfp;—quo(l)}N(rn) (n— ),

m2

uniformly in m. On the other hand, for 1=<m=g, we have

3 [7trms £ = {(22)" = ()" WNa) B 4Nt

n rn

32 g—’giNm)S::{(fi)"‘—(i)”}(—)”ﬁ (1= o(L)N(r)

t Yn n

Il

[ LoD} Ner)  (n00).
oi—m
Substituting (31) and (32) into (30), we have
mZ(rn; f) 2 2 < 1

e sromn iz £ o)
Thus
— N
l”'l”” mz( v, f)

This completes the proof of Theorem.

CN(P) .

Proof of Corollary 1. By Lemma 6 and Theorem,
N
kl(f) ﬁ EN(V 0 f))
NHI=B) 7= (DTG, )= 2 NG, 0, £)+0(log 7)

>IImM_CN(p)>L Isinzp| 72 )
oo MY, f) N Tp 1+1/4mp
Hence
N+1 |sin 7p|

k()= N rp/v2+1/4/2 +|sin np|/N °
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Proof of Corollary 2. Let F(z, y)=Ay"+ -+ +Ay=0 be the defining equa-
tion of y(z). Let A=(A4,, ---, Ay) and F=(F(z, a,), -, F(z, ay)). Then by
Lemmas 3 and 4,

N

N
K — ]=0N(r, ay ¥ ]Z=)0N(r, 0, F(z, a,)
R i R )

Corollary 2 follows from this and Corollary 1.
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