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THE SPECTRUM OF SASAKIAN MANIFOLDS
By YHUJI SHIBUYA

§0. Introduction.

The spectrum of a manifold, which is the set of eigenvalues of Laplacian, is
in some sense related to the “ pure tone” of the manifold.

There is an old question asking, “Can you hear the shape of the drum?”,
that is, to what extent can you determine some geometric character of the
manifold by knowing its spectrum ? (See Kac [4])

In particular, we are interested in the question of whether a manifold is
isometric to a sphere, if the spectrum of the manifold is the same as that of the
sphere. This question has been affirmatively answered in the 1, 2, 3, 4, 5 and 6
dimensional cases. (See Berger, etc. [1] and Tanno [8]) But it is an open
question for other dimensions.

In this paper, we affirmatively answer this question in the (5), 7, 9, 11 and
13 dimensional cases under the assumption that the manifold is a Sasakian
manifold, which is a contact manifold with certain integrability conditions.

For the proof, we first establish several curvature properties of a Sasakian
manifold, then study some geometric implications of the vanishing of the contact
Bochoner curvature tensor, and finally we use the asymptotic expansion of the
fundamental solution of the heat equation to express the spectral condition in
terms of curvatures. The main theorem is then obtained for the wider class of

spaces in which spheres are included.

§1. Sasakian manifolds and their curvature properties.

Let M?"*! be a 2n-+1-dimensional differentiable manifold. M?"*' is said to
have an almost contact structure if the structural group of its tangent bundle is
reducible to U(n)x1, where U(n) is an (n, n) unitary group.

An almost contact structure can also be seen from a different point of view.
A differentiable manifold M*"*! is said to have a (¢, &, 7)-structure if it admits
an endomorphism ¢ of the tangent spaces, a vector field &, and a 1-form %
satisfying

(LD 7(€)=1
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and

(1.2) '=—1+7QE,

where I denotes the identity transformation. It is easily seen that ¢ satisfies
1.3) 0&=0 and %-p=0,

that is, ¢ has rank 2n. It is easily proved that the notions of an almost contact
structure and a (p, §, y)-structure are equivalent. In this sense we sometimes
refer to an almost contact structure (¢, &, 7).

We also see that M®"*! admits a special Riemannian metric called a com-
patible metric such that

(L4) 2pX, pV)=g(X, V)= 5(X)5(Y).

M+ with (¢, &, p)-structure and then metric (1.4) is said to have (p, &, 3, g)-
structure or an almost contact metric struciure (¢, §, 1, g).

The fundamental 2-form @ of an almost contact metric structure (¢, &, 1, )
is defined by

(15) DX, V)=glpX, V).

O is skew-symmetric because of (1.2), (1.3) and (1.4).

An odd dimensional euclidean space R*"*', a hypersurface in an almost com-
plex manifold, especially an odd dimensional sphere, a product manifold M**X R
of an almost complex manifold and the real line, and a Brieskorn manifold are
examples of almost contact metric manifolds.

An almost contact manifold M2**! is said to be normal if an almost complex
structure of M?"*'X R is normal, that is,

(16) Lo, (X, YV)+dy(X, Y)E=0,

where [, ¢] is the Nijenhuis torsion tensor for ¢.
An almost contact metric structure is said to be a contact structure if

(1.7) OX, V)=dyn(X, Y).

A Sasakian manifold is an almost contact metric manifold satisfying (1.6)
and (1.7). But it is well known that

(1.8) (Vxe)Y=—g(X, Y)i+7(Y)X

is the necessary and sufficient condition for an almost contact metric manifold
to be a Sasakian manifold.

An odd dimensional euclidean space R®"*!, a principal circle bundle by
Boothby-Wang fibration over a Hodge manifold, a hypersurface of a Kaehler
manifold, and a Brieskorn manifold are examples of Sasakian manifolds. (For
more detailed theory of contact manifold, see Blair [2])

In a Sasakian manifold we have

(1.9) VyE=0X.
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By (1.8), (1.9) and the Ricci identity for & we have

(1.10) Ryji"€'=04"7;—0," s ,

or

(1.11) Rusi"nn=n1851i— 0,8 11 -

By applying d,* to (1.10), we have

(1.12) R;&'=2ny,.

The Ricci identity for ¢ and (1.8) and (1.9) lead to

(1.13) R0t —Rijito" =—01" g5t @, gri—04"0si+0," @ .
0n"* applied to (1.13) implies

(1.14) Ruo '+ R it =—02n—1)p,;
thus

(1.15) Rupit-+Rup,'==0.
Furthermore by using the first Bianchi identity, we have
(1.16) Rinjio*"=2R ;10" +22n—1)p;; .

Considering (1.16) as 2-forms then taking the exterior derivative then using (1.5)
and the second Bianchi identity, we have

(1.17) VkRJi—VjRkL:@im@JLvakl+47l§0k17]i'—2n§0ik771
_ZRJlgpklﬁL—{—RleDil)?J ,

and

(1.18) kaji:%mSDkl(Vijz*“vaﬂ)+27l@kﬂ7r‘R;z@klﬁn .

From (1.18) we easily see that
(1.19) (V:Ricci)(p X, ¢Y)=0.
(1.19) suggests the following definition : If the Ricci tensor R; of a Sasakian
manifold M?"*! satisfies
(1.20) (Vy Ricci)(pY, ¢Z)=0

for any vector fields X, ¥ and Z on M*"*!, then the Ricci tensor R;; on M ***!
is said to be y-parallel. It is known that if M*"*' is a regular Sasakian mani-
fold, then R;; on M?®"*! is p-parallel if and only if the Ricci tensor on A*"*!/&
is parallel. (See Kon [5]) From (1.18) we see that in a Sasakian manifold with
y-parallel Ricci tensor we have

(1.21) VR ;i=2n(01,i—0i1)— Ru@i' nit Rugpi'n,
and thus
(1.22) ViRji+ VR, + V. R,,=0.
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We also see from (1.18) that in a Sasakian manifold M*"*' with y-parallel Ricci
tensor the scalar curvature S is constant and the square of the length of the
Ricci tensor is constant. From (1.17) and (1.18) it is easily seen that

(1.23) |V Ricci|*=2]|Ricci|*—8nS+16n°+8n*

is the necessary and sufficient condition for a Sasakian manifold to have the
n-parallel Ricci tensor.

Let M*®*"*' be a Sasakian manifold. The sectional curvature of the section
spanned by X and ¢X which are orthogonal to & is called a ¢-sectional curvature.
A Sasakian manifold of constant ¢-sectional curvature c¢ is called a Sasakian
space form M?*"*'(c). The necessary and sufficient condition for a Sasakian
manifold M?*"*!' (2n+1=5) to be a Sasakian space form M?*"*!(¢) is that the
curvature tensor has the following form :

c+3
4

— (Y Z2)X+g(X, Z)(Y)e—g(Y, Z)n(X)E
+gloY, D)pX—glpX, Z)pY —2g(pX, Y)oZ).

If the curvature tensor is of the form (1.24), the Ricci tensor R;; and the scalar
curvature S are given by

(1.24) R(X, Y)Z= (g(Y, 2)X—g(X, Z)Y)+'Czl ((X)n(2)Y

n(c+3)+c—1

(1.25) Ricei( X, Y)= 2 g(X, )
_ Qlj‘_i);fill P (X)p(Y)

and

(1.26) s:—;—<n(2n+1)(c+3>+n(c—1)) .

An odd dimensional sphere S*"*!, and odd dimensional euclidian space R*"*!
and the product bundle (R, CD™), where CD™ is a simply connected homogeneous
complex domain with constant holomorphic sectional curvature =<0 and R is the
real line, are examples of Sasakian space forms.

By generalizing (1.25), we call a Sasakian manifold M®*"*' C-Einstein if the
Ricci tensor R;, of M?*"*! is of the form

(1.27) Rj;=agj+by;m,, where a-+b=2n.

Remark. The second Bianchi identity reduces to

(1.28) V,S—2V,R,*=0.
From (1.27), the scalar curvature is expressed by
(1.29) S=02n+1)a+b=2n(a+1).

By putting (1.27) and (1.29) into (1.28), we have
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(1.30) @2n—2)V;a+27,6V,a=0,
since (1.9) and (1.3) hold. Applying &, we see
(1.31) 2néN;a=0.

Thus if n>1, a and b in (1.27) are necessarily constants, because (1.30) with the
second term replaced by (1.31) gives

2n—2)V;a=0.

§2. Contact Bochner curvature tensor.

From this section Sasakian manifolds always have dimension =5.

The contact Bochoner curvature tensor B of a Sasakian manifold M?**** with
structure tensor (g, &, 7, g) is introduced as an analogue of the Weyl conformal
curvature tensor of a Riemannian manifold. (See Matsumoto and Chiiman [6])
But we do not know as to what kind of non-trivial transformation leaves the
contact Bochoner curvature tensor invariant.

2.1) By =Ry;i" +(0:"—7sE") L j,—(8,"—79,E") L4,
+ L "(gsi— 1,70 L,"(@ri—7171)
+ " Myi—@," M i +M i 00— M, o4,
— 2@ MM 0™
Hps" =@, " eri—20450:")

where
1

(2.2) L,i—m(—R]z_(L+3)gji+(L_1>771771)'
(23) L]l:thg“ ’
(24) L=g"L;;,
(2.5) Mu:_LJLSDIt ’
and
(2.6) M*=M; g".
From (2.2) and (2.4) it follows that

__ S+2@n+2)
2.7) L= Tt

where S is the scalar curvature of AM2"*!,
Applying (1.12) to (2.2), we have

(2.8) Ljé=—n,,
which, together with (2.5) yields
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(2.9) Mjpi'=L,i+79,7. -
The following identities are easily verified :
(2.10) B "+ Bjn"=0,
(2.11) B+ Bji "+ Bt =0,
2.12) B.;'=0,
(2.13) BrjintBia=0,
(2.14) Brjin=DBins,,
(2.15) B n.=0,
(2.16) Beitoi'=Bji'o
@17 B, o*=0.

Since the vanishing of the Weyl conformal curvature tensor has an important
geometric meaning, next, we will study some geometric implications of the
vanishing of the contact Bochoner curvature tensor, i.e., B=0.

First we have

PROPOSITION 2.1. Let M®*"*' be a Sasakian mamfold. If M?**** has constant
@-sectional curvature, then M*"**' 1s C-Einstein and the contact Bochoner currvalure
tensor B vanishes.

Proof The first part was already observed in (1.25), so we will just prove
the second part. By using (1.25) and (1.26) we have

L:_rnc%—Bnif{
4
and
L= ¢c+3 =5
7= 8 gyt 8 VELAR
thus
c+3
Mji=— g Yt
which, substituted in (2.1), gives the result. Q.E.D.

The converse of Proposition 2.1 is given in the next proposition.

PROPOSITION 2.2. Let M*"** be a Sasakian mamifold. If the contact Bochoner
curvature tensor vanishes and M***' 1s a C-Einstein manifold, then M*®*"*' has a
constant @-sectional curvature.

Proof. Since M*"*! is C-Einstein, the Ricci tensor is expressed by R;;=
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agji+bn,n, where a and b are necessarily constants such that a--/:==2n. Thus
the scalar curvature S=(2n+1)a+0b is constant. By using (3.1), we can compute
R,;:", which has the form (1.24) with
.
— ?_ﬂ‘?iﬁ{—,i’lf? @f‘z . Q.E.D.
(n+1)(n+2)

Next, we will weaken our condition on the contact Bochoner curvature
tensor and assume that the contact Bochoner curvature tensor is parallel, that
is, YB=0.

The following proposition gives one sufficient condition for a Sasakian mani-
fold to have the x-parallel Ricci tensor.

PROPOSITION 2.3. Let M***' be a Sasakian manifold with parallel contact
Bochoner curvature tensor and constant scalar curvature. Then the Riccl tensor
of M®*' s p-parallel.

Proof. By using the curvature properties of a Sasakian manifold that were
given in §1, we obtain the following formula straightforwardly :

(2.18) VaB " =20V L ji—Y, L, — (@ M;:)
— ﬁj(@ik‘i"]‘4zk)_277i(@;k+M]k)
1

N . h ) . h . h J
! 4(n+l)(n+2) (901190" i—golkSD] +299]kS01 )vh5>

By applying ¢,'¢.*¢ 9" and making use of (1.18), we obtain
vstt@ukSth:() . Q E D

Differentiating (2.1) directly, we have

ProposiTION 2.4. Under the same assumplion on M***', lhe curvatuie tensor
R of M?®*! satisfies

(2.19) (VxR)oY, ©Z, oV, oW)=0.

If the curvature tensor R of a Sasakian manifold Af*"** satisfies the condi-
tion (2.19), M?*™*! is said to be a locally D-symmetric space. It is easy to check
that when M?®"*! is a regular Sasakian manifold, M*"** is a locally D-symmetric
space if and only if M2"*'/& is a locally symmetric space since & is a Killing
vector field.

Now we compute the length of the contact Bochoner curvature tensor of a
Sasakian manifold M?"*! and study some applications.

By computing assiduously, we have

2

8 ..
2.2 2. 2__ 2y 4 Q2
(2.20) |B|*=|R]| o [Ricci| +(n e 2)5
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AQn*+3n—2) o 4n(6n’+9n’—n—2)
(n+1D)(n+2) (n+1)(n+2)

The same result is obtained independently by D. Janssens [3].
As a preparation we prove the following lemma :

+

LEMMA 2.5. Let M**! be a Sasakian manifold. Then we have
_ 2
@.21) IRicei|?= T2 4 g
2n
Equality holds 1f and only 1f M?*"*' 1s a C-Einstewn manifold.

Proof. At each point p of M***!, choose an orthonormal basis including
the characteristic vector field & of T,M*"*! so that the matrix representing the
Ricci tensor R;, is diagonalized. Then the scalar curvature is expressed by

S= 3% R,.+2n,

1=1

since Ricci(§, &)=2n.
By using Schwartz inequality, we get

2n 2 2n
(S——2n)2:< > R“) <2n 3% Ru.*=2n(|Ricci|*—4n?),

giving the inequality. Equality holds if and only if the Ricci operator restricted

to the contact distribution D is S_;nZn I, where I denote the identity. This
means R;;= S;;?ng” for 1=1, 7=<2n. Since Ricci(§, £)=2n, we have
S—2n S—2n
Ry= "5 git(2n— "5 " )0, Q.E.D.

Now we establish an inequality involving the curvature tensor R and the
scalar curvature S.

PROPOSITION 2.6. Let M?*"*' be a Sasakian manifold. Then the following
wequality holds

2 . ABn+1) St 4nBn+1)2n-+1)
n(n+1) n+1 n+1 ’

Equality holds 1f and only if M*"*' has a constant @-sectional curvature.

(2.22) R’z

Proof. First we rewrite | B|? so that we can use (2.21).

(s=2ny _, .
5 4n )

8
2 R iceil 2—
(2.23) | B|?= " 2(]R1cc1!
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\ 2 L. 48n+1)
P - S S
IR n(n+1) S n+1 S
_ 4nGn+1)2n+1)
n+1 '

Now by virtue of |B|*=0 and (2.21), we have the result.
When the equality holds, AM?*"*! is a C-Einstein Sasakian manifold with
vanishing contact Bochoner curvature tensor. Thus by Proposition 2.2 Af27+!

has a constant ¢-sectional curvature. The converse is also true by Proposition
2.1 Q.E.D.

§3. Spectrum of Sasakian manifolds.

Let (M", g) be a compact orientable Riemannian manifold without boundary
with a Riemannian metric g. The Laplacian A, acting on the real valued C*-
function on A" (=C=(M)), is defined by

I 8(«/g’g“8f/xf)4
\/g" 1,9-1 8x‘ ’
where g=det(g,,) and {x'} is a local coordinate system of M".
The spectrum of (M™", g), denoted by Spec(M™", g), is the set of eigenvalues
A2 of A, i.e, the ’s€ R such that there exists feC*(M), f+0 with Af=1f. We
write

CHY Af=

Spec(M™, g)={0=2<Ah=A= -},

each A being written a number of times equal to its multiplicity, which is
known to be finite.

One of the ways to observe the geometric meaning of the spectrum of a
manifold is the asymptotic expansion of ? e~*it, In particular we have

THEOREM 3.1. For every Riemanman mamfold, there exist a,’s (1=0, 1, --)
with

(32) » g—ilt:(4nt)~n/2 é ait1+0(tk+1_,l/2)

1

for every k.

Theoretically we can compute the a,’s. But so far only a,, a,, a, and a;
have been computed.

3.3) aozguvgzvolume of (M*, g)
1
(3.4) a,=€SMS Vg,
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—_— 1 2__ H 121 2
35) te=ges SM(lel 2| Ricci|*4+55% 0, ,
and
3.6 1 ]
( . ) a3= 6'§Mf Vg,
where
M2 ooy 26 o e b .
3.7 = 63 VS| 63 |V Ricci] 9 |VR]
_5_ 2_2_ s otie E g_i 1 h
+95 3S]Rmcxl —|—351R1 7R,L’R]Rl
_ ,Z,g‘szthRkﬂh_,GSs RtsRLJihR“”L
_ 281 Rihmllek]RkJih .

(a; is obtained by Sakai [7], but his curvature tensor has the opposite sign.)
Several results have been obtained by using these a,’s by Berger, Sakai,
Mckean-Singer, Patodi, Tanno, etc. In particular Tanno [8] obtained

THEOREM 3.2. Let (M", g) be a compact orientable Riemanmian mamfold,
2=n<6. If Spec(S™, g,)=Spec(M™", g), then (M", g) 1s 1someiric to (S™, go),
where (S", g,) s an n-dimensional sphere with standard metric g,.

Now we consider the problem of this direction on a Sasakian manifold.
First we prove

PROPOSITION 3.3. Let (M?*"*c), g) be a 2n-+1 (=5) dimensiwonal compact
Sasakian space form of a constant @-sectional curvature ¢ and let (M*, g%) be a
compact C-Einstein Sasakian manifold. If Spec(M***'(c), g)=Spec(M*, g*), then
M* is a 2n-+1)-dimensional Sasakian space form of a constant @-sectional curva-
ture c*=c.

Proof. The isospectral condition means the equivalence of «,s and a,*s.
Thus we have dim M*=2n-1 and

(3.8) Suugzgmu*g* ,
(3.9) SMsugng*s*v*g* .

Recall that a C-Einstein Sasakian manifold has a constant scalar curvature. Thus
from (3.8) and (3.9) we see S=S*. a,, in general, is expressed by
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1 2_ 2 2
(3.10) 2= %OS 2 R|*—2|Ricci|*4+55%)v,
2 ABn+1) o 4nBn+1)2n+1)
3605 [2(1R1° n(n—!—l) St ST |
—9(1Riceil?— S72m)* .
2<|Rxcm| o —4n )
Sn*+4n+3 ., 4(Gn+1) St 471(511—‘—1)(271-H)]
n(n+1) n+1 n-+1 Vs -
Thus in our case, the assumption implies that
SnP+dn+3( o,
(3.11) n(n-+1) SHS
- v, 4@Bn+1) An@Bn+1)(2n-+1)
_SV*ZO /(n-{—l)s + n-+1 St n+1 )7 &
5n24-4n+3 -
T n(n+1) Sv* e

Since both S and S* are constants and S=S*, we have the second line of (3.11)
vanishes. Proposition 2.6 shows that A/* is a Sasakian space form. By (1.26)
S=S% implies c=c*. Q.E.D.

We can improve Proposition 3.3 in the following sense by using the contact
Bochoner curvature tensor.

THEOREM 3.4. Let (M*"*c), g) be a compact Sasakian space form of a con-
stant @-sectional curvature ¢ of dimension 2n-+1=5,7,9 or 11, and let (M*, g*)
be a compact Sasakian manifold. If Spec(M****(c), g)=Spec(M*, g*), then M* 1s
a Sasakian space form of a constant ¢-sectional curvature c*=c of the same
dimension as that of M?***(c).

Proof. From the assumption we have

dim M*=2n+1,
(3.12) SMygzgmv*g* ,

(3.13) Ssug S S,

By using the length of the contact Bochoner curvature tensor, a,, in general,
is expressed by

—L 2 M iceil? SS—‘—Zn)Zi_ 2
G14)  a= 36051»1[2[3‘ += (IRiccil = 4n?)
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Sn*tdnt3 o, dGntl) o 4ﬂ(§ﬂ+l)(2n+l)] ,
n(n+1) n+1 n—+1 Ve -

Now our assumption a,=a,* together with other assumption implies that

+

Sne+dn+3 .,
(3.15) e sg v,
26—n) /1o .., (SF—2n)
— * |2 *|l2__ _ B 2 ES
SM*[ZIB | —|————n+2 (IRICCI | o 4n )]v .
5n?+4n-+3 o %
T D) SM*S V¥

Because of Lemma 2.5, we see that
(3.16) 525 vggg Sy, |
M M*
On the other hand using (3.12), (3.13) and the Schwartz’s inequality, we have

3.17) SRR

=5:(J,ve) =(sve) =(50m)

that is,
2 < *2,5,%
Sngg___SM*S V¥ gu.
Hence equality holds in (3.17), which means S*=S=constant.
*__ 2
Looking back (3.15) we see that B*¥*=0 and |Ricci*|*= (5”2_5??) -+4n?® in our

situation. Lemma 2.5 and Proposition 2.2 imply that M* is a Sasakian space
form, whose constant @-sectional curvature c*=c because of S*=S. Q.E.D.

The expression (3.14) gives the following corollary :

COROLLARY 35. Let (M, g) and (M*, g*) be compact Sasakian manifolds
with dim M=13. If Spec(M, g)=Spec(M*, g*), then the contact Bochoner curva-
ture tensor B of M wvanishes and the scalar curvature S of M 1s constant, 1f and
only if the contact Bochoner curvature tensor B* of M* vanishes and the scalar
curvature S* of M* is constant.

In order to extend Theorem 3.4 to 13-dimensional case, we shall use a, in
(3.6) and (3.7). Since we have Corollary 3.5, we only have to consider the case
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of B=0 and S=constant. After simplifying the expression of a; term by term
under this assumption we have

LEMMA 3.6. Let (M®*"*', g) be a compact Sasakian manifold of dimension
2n+1 (=5). If the contact Bochoner curvature tensor B of M*"*' vamishes and
the scalar curvature S of M?*"*! 1s constant, then a; of M®*™** 1s expressed by

1 ¢ [ 2AMS—Bm) (10 -, (S=2n)?
(3.18) . G'S [63n<n+1><n+2>"2('m°°" e 4n?)

+C1(n)53+cz(n)52+C3(n)5+c4(n)]vg ,
where

A(n)=—21n"+21n"+454n*+-936n*+7761n+240,
B(n)=4n(61n°4-435n*4-788n+420) ,

and the Cy(n)'s, k=1, 2, 3, 4 are the algebraic expressions in n.™

THEOREM 3.7. Let (M**(c), g) be a 13-dimensional Sasakian space form of a
constant ¢-sectional curvature c+3l, and let (M*, g*) be a compact Sasakian
manifold. If Spec(M¥(c), g)=Spec(M*, g¥*), then M* 1s a 13-dimensional Sasakian
space form of a constant ¢-sectional curvature c*=c.

Proof. First we have dim M*=13. Next, by Proposition 2.1 and Corollary
3.5, the contact Bochoner curvature tensor B* of M?* vanishes and the scalar
curvature S* of M* is constant. Our assumption a,=a,* and a,=a,* imply that
the scalar curvature S and S* of M?(c) and M* respectively are equivalent.
From (1.26) we see that ¢#31 means S=S*=1416.

Now we only have to prove that M* is a C-Einstein manifold. (3.18) with
n==6 is given by

o 512

(3.19) - 1 SM[5765 815616<IR

61 160344 —~144)

—I—C1(6)53+C2(6)SQ+C3(6)S+C4(6)] Vg

The assumption a;=a,*, together with other assumptions, implies

. 576S5*—815616 /1, .., (S*—12)° x
O’SM*[ oot (| Ricci 12 144)]” o
(S*—12)
12
Therefore, M* is a Sasakian space form of a constant ¢-sectional curvature

Since S*+1416, |Ricci*|?— —144=0. Hence M* is a C-Einstein manifold.

@ The author would like to thank Professor G. Ch-iman for pointing out a mistake
in the original version of (3.18).
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c*+31. Q.E.D.

An odd-dimensional sphere S***! with the standard metric g, is a compact
Sasakian space form of a constant ¢-sectional curvature c=1. Here we give a
partial answer to one of the questions proposed in the Introduction.

THEOREM 3.8. Spec(S™, g,)=Spec(M, g), under the assumption that n=5, 7,
9, 11 or 13 and that (M, g) 1s a compact Sasakian manifold, wmplies that (M, g)
15 1sometric to (S™, go).

Proof. Theorem 3.4 and 3.7 imply that (M, g) 1s a Sasakian space form of
a constant ¢-sectional curvature =1, that is, a space form of a constant curva-
ture =1, with the same volume as that of (S™, g,). Therefore (M, g) is isometric
to (S™, go). Q.E.D.

§4. Spectrum of 1-forms of Sasakian manifolds.

By considering the action of the Laplacian A on p-forms on a compact
orientable Riemannian manifold (M", g), we can consider spectrum of p-forms:

Spec?(M?, g)={0=2p, p <A1, p=2s, p= **}.

It is again an interesting problem to investigate how the spectra {2, ;}
reflect the geometry of M™
The asymptotic expansion in this case is

@) S et =(aty M % 0 pt+O0E Y,
The following coefficients are known:
(4.2) ao,lanMvg:n volume of (M7, g),
—6
4.3) al,lz'n'G" SMSUg ,
(4.4) a,, lzg—f%SMEZ(n—IS) | R|2+2(90—n)|Ricci|®*+5(n—12)S*]v, .

By using the similar technique, we get the following results:

THEOREM 4.1. Let (M, g) and (M*, g*) be compact Sasakian manifolds. As-
sume Spec’(M, g)=Spec'(M*, g*), then we have
(1) dim M=dim M*,
@) for dim M=dim M*=17, 19, 26, ---, 101, 103, M 1s of a constant ¢-sec-
twonal curvature ¢, 1f and only of M* 1s of a constant g-sectional curvature
c*=c.
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COROLLARY 4.2. Spec!(S®, go)=Spec (M, g), under the assumption that n=
17,19, 21, ---, 101, 103 and that (M, g) is a compact Sasakian manifold, implies
that (M, g) is isometric to (S™, go).

Remark. Tanno [9] proved that Spec'(S®, g,)=Spec(M, g) implies that (M, g)
is isometric to (S™, g,) for n=2, 3 or 16, 17, 18, ---, 92, 93. Hence our corollary
applies for »=95, 97, 99, 101 and 103.

[5]
[6]
£7]
£8]
(ol
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