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THE STRUCTURE OF MULTIVARIATE
POISSON DISTRIBUTION

By KazuToM0 KAWAMURA

Summary

In this paper we shall derive a multivariate Poisson distribution and we
shall discuss its structure.

Notations and Definitions

n positive integer

X=X, X,, -, X,) n dimensional random vector

=15, Tgy ==, 1p) n dimensional vector with 0, 1 components

k=(ky, by, -, k) n dimensional vector with nonnegative integer
components

X=(xy, Xq **+, Xp) observation of X

plx, 2) Poisson density with parameter A

Main Results

1. Multivariate Bernoulli distribution B(1, p;)
Multivariate Bernoulli distribution is defined by

P(X=0=p;
where p;=0 and 3, p;=1.
The moment generating function (m.g.f.) is given by

g(s)':thislllszlz"'snz" .

The marginal distribution of this multivariate Bernoulli distribution is also

degenerated Bernoulli.
The covariance matrix of B(1, p;) is given by

Cov(X,, Xk>:l X hi X bhi— X b bis

j=tR=0" tj=1p=1 1y=11p=0" 2j=0,2p=1

Var(X, )= p: 2 pi .
2j=0 1j=1
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Proof.
Cov(X,, Xp)= X xxppi— 2 5,08 2 xabi
1y=1p=1 1=1 1p=1
= 2 pi—2Zhi 2 Dbi
ljZlk=1 1,‘=1 1p=1

- E pt( Z pl+ E pz+ 2 pl+ 2 ?z)

1j=rp= 1 =g

—( 2 pt+ = Pi)( = _ﬁi‘|‘ Py pi)
1y=1p=1 =01 =1 tj=rp=1

1j=1,2=0

= 2 p X h— 2 b 2 pi-
1j=1=0 1j=1p=1 1=Lp=0 1j=0,1p=1
Var(X)= 3 20— (Z x,p:)°
’Lj:l 1]—1
=3 pi—(Z po)*.
=1 1j=1

2. Multivariate binomial distribution B(N, p;)
Multivariate binomial distribution is defined by

N1
POR= 2 e 0
ajrj=k, PR

This distribution is derived by N time convolution of B(l, p;). The m.g.f. of
the distribution is given by

gl\’(s):(Zz pislllszlz"'snln)N .

The marginal distribution of this multivariate binomial distribution is also
degenerated binomial.

Covariance matrix of B(N, p;) is given by

COV(XJ, Xk):N(z Z pi Z pi_ E pi E pz);

J5R=0 ==l 1j=11p=0 1;=0,2p=1

Var(X,))=N(Z p: 2 p:) .
l]*O 74]>1

3. Multivariate Poisson distribution
Multivariate Poisson distribution is a limiting distribution of B(N, p;) as
N—oco under the condition of N p;=21, where 2, is a non-negative fixed param-
eter. If a random vector X has a binomial distribution B(N, p;) and if we
assume N p;=4, then we have
lim POX=R)=_ 3 11 fla, )

Tajij=ky 1

where pla,, Z.) is an univariate Poisson density.

THEOREM 1. If a random vector X has a distribution B(N, p;) then we have



THE STRUCTURE OF MULTIVARIATE POISSON DISTRIBUTION 339

Np,l—l,?} 1V—>ocP(X—k)_Za,§—k] ‘;l;IOP(a/” 2 )
Proof. By the condition we get
N1 a
PX=k= Y -——TIIp",

Tajrj=k, H(X,' :
therefore the limit value of each term is

im g g

Npi=2,;, N-c Ha,. [3

2,5
— 13 _ 1*0 v
=lim 'Ha,.<1 ] 0 N

NU 24Nz
=lim—mm————— =0 i @, i
lim s lim(1—5—) 12/ L a,!

a,! NiFo
=expl— X A} 114,/ 1l a,!
t#0 1#0 1#0
= II#IOP(CY., /Z,) .

Therefore we have

lim P(X=k= _lim > N2t
Npi=2,;, N> Npij=2,, Nooo Tajiy=k, t a,!
:Zaizzj exp{— 1#0 a,.
=_ X  Ipa, ).

Zajij=k; t#0

THEOREM 2. The moment generating function of the limiting distribution is
given by )
h(s)=exp{— 2 i+ 2 A:s'}
1#0 170
=TT exp{—A;-+A;s%} .
t#0

Proof.
We= lim  gle)¥= Hm (5 pisitis' s

=2, N-oo 1

_llm(l—- Z pit 2 pisHY

N-ooco

—im(1- g+ 5 4es)’

—tim(1- 5 A4 3 A"

N-oo
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=exp{— i% At ;% A8t

1
where s'=s,"1s,"2--+ 5, ™.

THEOREM 3. If a random vector X has the Poisson law, then we have an
unmique decomposition of the random wvector by X;= > X, where Xi(i+#0) are
'L]=1

mutually independent, unwariate Poisson variables with parameter 2,.

Proof. This is a direct conclusion from the definition of the distribution
of convolution type. Mathematical proof is given as followings. In the bi-
variate case n=2, if X=(X,, X,) has the Poisson law, our m.g.f. A(s) becomes

h(s)=exp {—(Aw+ o1 A1)+ 21081+ A01S2F- 2115152}
=exXp(— A0+ A1051) €XP(— Ag1 1 A0152) €XP(— A1+ A115155).-
If we put s,=1, then we get the m.g.f. of X,
exp(— Ao+ 2A1081) eXp(— A1+ 41151) -
This is a m.g.f. of convolution type, and if we put s;=1, we get
exXp(—Aos+A0152) €XP(— 211+ A11S2)
the m. g.f. of X, of convolution type. Then we have a decomposition
X=X+ Xy, Xo=Xau+X,".

If we put X;’#X,,” with positive probability then this is contradictory to the
fact that X,,, X,;” has a bivariate m. g.f.

exp(—Ai+2u818:) .

Therefore we have X,,’=X,,”=X,, with probability one. And we can express
the decomposition of given X=(X,, X,) as

X=X+ Xn, Xo=Xu+Xi.

In this equality Xi,, X, and X;; are mutually independent Poisson distribution
with parameter A, 4o, and A4;; respectively, as to be proved.

THEOREM 4. The covariance matrix of the multivariate Poisson distribution

1S gwen by
~a'r(‘(j)—' 211” COV(‘KJ’ ‘Kk)‘ 2 21 .
1j=

lj=1,k=l

Proof. This is a direct conclusion using the m.g.f. of the distribution
(Theorem 2) or the preceding decomposition Theorem. Generally a m.g.f. is
given by



THE STRUCTURE OF MULTIVARIATE POISSON DISTRIBUTION 341
h(s):; s'P(X=k).

And we have

O°h(s) _ Floveg Fimloong bj-log bn P( Xk
35305, —Z") kikjs kiees, s,k sp*»P(X=k),
0%h(s) _ N

[ 0s,0s, ] sz~~~-=sn=1_2k hik;P(X=k)=E(X.X,).

We use the result of Theorem 2, h(s) becomes
he)=exp{— 2 2+ 3 Ais'},
then

ah(s) Sh) (3 el hoesy 1)

azh@_ oh(s) Haeeg, thoLeong,
asjask - as] {%lklisl Sk k Sa }

+h(8) {Ezkl i$y" 1 kT sy
:h(s){ ;)lj'zislll"'s]”—1"'Sn1n} { 2 TpAiS, ey e g, i}
i i#0

+h(s){ Z 115 AiSy eees, e L 5,0}

s

=h(8) | s,=spmmsy=1L( 2 1A 2 1:A)+ 2 15144,]
i#0 i#0 i#0
EX,X)= 2 A+H(Z AT ).
1j=2k=1 1j=1 1p=1
And E(X;), E(X,) is given by E(X,)=Var(X;)= Z}ll,, E(X,)=Var(X,)= kEIZ,.
1= 1=

Finally we have

Cov(X,, Xp)=E(X,X:)—E(X)E(X,)= Zk 12,,

y=va-

Var(X)=E(X)=3 4.

THEOREM 5. If a random vector X has the Poisson law, then the marginal
distribution is also a degenerated Poisson.

Proof. Since X has a m.g.f. A(s), it follows that X =(X,, -+, X,-y, Xy41,
<, Xo) (J=1,2, -+, n) has a m.g.f. h(s)]s;-1
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h(8)|s,-y=exp{— 2 Ait+ 2 Ais'} 5,1
170 1#0

=exp{— X (2 )+ 2 (X A)s; 15,0 015, 04 esy b0}

i(Dxo =01 i(Dxo 1j=0,1

This means that if X has a Poisson distribution, it follows that X has also
a generated Poisson distribution. And, similarly, if we put

X(Jl’jz'.“’]k):(le tty le—ly X11+1y tty ij-ly ij+1: Tty X]k-I) Xjk+1: Tty Xn)
then the m.g.f. of the vector is given by

]’Z(S) ] §71=8g==8)p=1

=exp{— 3 ( 2 A+

i1 22, IR %0 111)1_72""»le i1 d2: TR %0

v t - t . ? - 1 e
xX( 2 ) P R B NN PR D RPLE RS BRI ML E S
0
1109 g
1 - 1 . 1
Syp=17 k1S 41 TR 0S, n} .

Therefore, the random vector X¢172-~/# has a degenerated Poisson distribution
as to be proved.

COROLLARY 1. The margwnal distribution X, of X 1s Poisson with a param-
eter X A,.

1j=1

COROLLARY 2. If Cov(X,, X,)=0 (y=#k), then X, and X, are mutually inde-
pendent random variables.

THEOREM 6. If X, X,, -+, Xy are mutually independent random vectors of
N
the multwariate Poisson distribution, then the sum X, X, has a multwariate Poisson
J=1
distribution.
Proof. The m.g.f. of the sum vector is given by
W)Y =exp N{— 3 4;+ = A;s'}
1#0 170
=exp{— Z()J NA;+ ;}) N2A;st}.
This means that the sum vector is also a multivariate Poisson distribution with

parameter NA, (i+0).

Estimation of covariance matrix

We assume that X, X,, -+, Xy are mutually independent multivariate
Poisson random vectors with unknown parameter 4,. Given a sequence of the
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random vectors, we shall estimate the mean vector and the covariance matrix,
in this section.

A sequence of multivariate Poisson random vectors

Xk:(Xlk; ) Xnk) (k:]-: 2’ Tty IV)

k 123 45 6 7 8 910111213 141516 17 18 19 20 sum
X 1 0001021100001 000O01O0 8
Xep 0000000101 01010010001 6
X 1300101 1110200001211 16
X 322010020101 00001 231 19
X 5 451510 7 511 6 4 91111 310 714 8 5 7 157
X 8 8 81412 8 6 9 2 4 311 8 5 71110 6 4 2 146
Xp 13200001011 221001110 17
Xep 2311010102 4122002101 24
sum 21 23 18 30 25 16 14 27 10 14 17 29 23 13 17 18 30 20 15 13

This sequence of random vectors is of n=8 dimensional Poisson distribution
and the sample size N=20. In this paper, we use

- 1 X~ 1 X = v
Xi—_—j—\/thJIsz, Sz;:NkEZI(Xik—Xz)(Xjk_Xj)

1

-ﬁk Xikak—X_LX] (lgl’ ]é?’l),

M=

Il

1

where we get easily S,;=S,;.

Estimated mean values and standard deviations

X, Se=g EXa=XP (=12, 0)

X,=04 X,=0.3 X,=08 X,=0.95
S,=0.5831 S,=0.4583 S,=0.8124 S,=1.0235
X,=785 X:=73 X,=085 X,=1.2
Ss=3.3208 Se=3.2573 S,=0.8529 Ss=1.0770
Sample mean of the sum 19.65
Standard deviation of the sum 5.9521

Estimated covariance matrix

The estimated covariance matrix is given by
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0.3 —0.02 0.03 0.07 —0.64 —0.32 —0.14 —0.23
—-0.02 0.21 0.06 0.015 0.145 —0.14 0.045 0.09
0.03 0.06 0.66 0.44 —0.43 —0.09 0.32 0.09
0.07 0.015 0.44 1.05 —0.86 —0.08 0.49 0.06
—0.64 0.145 —0.43 —0.86 11.03  6.445 —0.42 —0.12
—0.32 —0.14 —0.09 —0.085 6.445 10.61  0.145 —0.56
—0.14 0.045 0.32 0.49 —0.42 0.145 0.73 0.53
—0.23 0.09 0.09 0.06 —0.12 —0.56 0.53 1.16

The main components

Sii:Sizzi

LX) —
Nk (sz Xl) (7' 1: 2: ,T’l)

M=

1

will be refined by using estimated mean vector
- 1 ~
Xz:‘”“zsz (l"_‘l’ 27 tty Tl).
N i=1

And the estimated sample covariances in S with negative values are not natural,
because all parameters > A; estimated by S;, must be nonnegative. There-

li=1j:1
fore we shall refine the estimeter S as S*=[S,,*] where S,,* equals to S,, iff
S,;=0 and 0 iff S,;<0. And a more refined estimater will be given by S':[g“]
where S, is defined by N
. X, iff 1=,
S”':
Si,* iff i1#7.

Because the parameter estimated by S,, is the variance value of X, and equals
to the mean value of X,. And we get easily S,,*=S,;=0, S,;7=S;;* and S,,;=S;..
Then we have

0.4 0 0.03 007 O 0 0 0

0 0.3 0.06 0.015 0.145 0 0.045 0.09

0.03 0.06 0.8 0.44 0 0 0.32  0.09
g_| 0.07 0.015 0.44 0.95 0 0 0.49  0.06

0 0.145 0 0 7.85  6.445 0 0

0 0 0 0 6.445 7.3 0.145 0

0 0.045 0.32 0.49 0 0.145 0.85 0.53

0 0.09 0.09 0.06 O 0 0.53 1.2

Conclusion of this section.
1. The unknown mean values of (X, ---, X,)
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EXl: 2 2,, Tty EXn: 2 21
13=1 1p =1
are to be estimated by

Xl: Tty Xn >
where

X=L3%x =1, 2
Z—NkE:l ik (l— ’ f'"yn)-

2. The unknown covariance matrix of (X, .-, X,)

[Cov(X,, Xp1; Cov(X, Xp)= X A

li=’LJ=l
will be estimated by the sample covariance matrix S or S*.
3. And a more refined covariance matrix will be given by S.
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