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AND RANDOM FIXED POINT THEOREMS
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0. Introduction

Various results on random fixed point theorems were given by many
authors (cf. Bharucha-Reid [1, 2], Itoh [7, 8], Engl [3, 4] and their references).
In [8] almost all known fixed point theorems (e.g. for nonexpansive or con-
densing mappings) were extended to random cases (except for contraction

mappings that is due to §paéek [16] and Han$ [5]) on general measurable
spaces. Similar results were obtained by Bharucha-Reid [2] and Engl [3, 4] on
measure spaces.

For multivalued mappings, a random fixed point theorem for contraction
mappings was proved in [7]. Then in [8], theorems for multivalued condensing
or nonexpansive mappings on measurable spaces were treated, where in the
former case lower semicontinuity as well as upper semicontinuity are assumed.
On measure spaces, Engl [3, 4] gave a theorem which makes possible to derive
random fixed point theorems from fixed point theorems for multivalued contin-
uous (in Hausdorff metric) mappings. Moreover, he obtained a complete result
of Bohnenblust and Karlin type for upper semicontinuous compact multivalued
mappings.

Other results on random equations were treated by Kannan and Salehi [11]
and Itoh [9, 107.

In this paper, by adopting the method of Engl [3, 4] we prove random
fixed point theorems for upper semicontinuous condensing multivalued mappings.
In sections 1 and 2, some results on upper semicontinuity and measurability of
multivalued mappings are presented. Then in section 3 random fixed point
theorems are given.

1. Upper Semicontinuous Multivalued Mappings

Let X be a metric space. For any BCX and p>0, let cl(B) be the closure
of B and B,={xeX: d(x, B)<p}, where d(x, B)=inf{d(x, y): yeB}. Let 2¥ be
the family of all subsets of X, CD(X) all nonempty closed subsets, and K(X)
all nonempty compact subsets of X respectively. If X is a subset of a Banach
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space, denote by clco(X) the closed convex hull of X and by CK(X) the family
of all nonempty compact convex subsets of X. Let ¥ be another metric space.
A mapping F: X—CD(Y) is said to be upper semicontinuous (u.s.c.) if for any
closed subset C of YV, FY{O)={xeX: F(x)NnC+0} is a closed subset of X. It
is obvious that F is u.s.c. if and only if given x= X, for each open subset V
of Y with VDF(x), there exists a neighborhood U of x such that F(y)CV
whenever yeU.

LEMMA 1.1. Let X be a separable metric space with {x;} a countable dense
subset of X and Y be a Banach space. Let F: X—CK(Y) be an u.s.c. mapping,
then the mapping G: X—2% defined by

Glx)= nfjlclco(u (Flxy): dxe, 0)<1/n})  (xeX)

satisfies the conditions:
(1) For any x€X, F(x)DG(x)+0.
(ii) G s u.s.c.

Proof. For each n, define G,: X—CD(Y) by

Gn(x)=clco(\ {F(x;): d(xs, x)<1/n})  (x€X),
then

G(0)= N G-

We first show that G(x) is nonempty for every x&X. For any n, take k, such
that d(x,, x)<1/n. Then
Gn(x)Deleo(\J Flxg,) .

Since {x;,}%-1\U {#} is compact and F'is u.s.c, OIF(xkn)UF(x) is compact, hence
P

cleo(\U F(xy,;)) is compact. Thus

G®)= N Ga()D [\ cleo(U Flx)#0.

The relation F(x)DG(x) is an easy consequence of F being u.s.c. Indeed, for
any p>0, take n for sufficiently large, then d(x,, x)<1/n implies F(x,)C(F(x)),.
Since (F(x)), is convex, G(x)C G, (x)Ccl((F(x)),), which yields G(x)CF(x). Now
we prove that G is u.s.c. Let C be any closed subset of ¥ and {z;} be a
sequence of G™}(C) converging to some z X. For each n, choose z, such that
d(z,, 2)<1/2n. If d(x4, z,)<1/2n, then d(x,, z2)<1/n, hence G,,(z,)CG,(z) and
GA(2)NCDGan(z2,)NC+0. Since F is u.s.c., there exists j,>n for which d(x;, 2)
<1/7n implies F(xp)C(F(2))i/n. Thus 0+G, (2)NCCTcH(F(2))1/n). There exists
¥.€G,,()NC such that d(y,, F(z))<1/n. Since F(z) is compact, some subse-
quence {y,} of {v,} converges to an element y of C. If j,>n, then y,<=
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G;,(2INCCGL(2)NC. It follows that y&G.(2)NC for all n. This implies
ye N GAANC=GEANC,
and zeG(C). Hence G () is closed and G is u.s.c.

Remark 1.2. Almost the same proof as above also establishes the follow-
ing: Let X be a separable metric space with {x,} a countable dense subset of
X, Y be a metric space, and F: X—K(Y) be u.s.c. Then the mapping
G: X—2Y by

Glx)= nfjld(u (Flxy): d(xs, 0)<1/n})  (xeX)

has the properties:
(i) For any xeX, F(x)DG(x)#0.
(ii) G is upper semicontinuous.

§2. Measurable Multivalued Mappings

In the sequel, let (T, A) be a measurable space. A mapping F: T—2% is
said to be (A)-measurable if for each closed subset C of X, F-Y{(CO)={t=T: F()
NC#0} e A. F is said to be (A-)weakly measurable if for each open subset B
of X, F~¥(B)e A. It is obvious that if F is measurable, then F is weakly
measurable. If F(t)e K(X) for all teT, then the converse is valid by Himmel-
berg [6, Theorem 3.1]. See also Wagner [17]. Denote by @ the Borel field of
X and by A X @B the product g-algebra of A and 8 on TXxJX.

PROPOSITION 2.1. Let X be a separable metric space with {x,} a countable
dense subset of X and Y be a separable Banach space. Let F: TXX—CK(Y) be
a mapping having the properties:

(a) For each teT, F, ) 1s u.s.c.

(b) For each x€X, F(-, x) 15 weakly measurable.

Then the mapping G: TX X—2¥ defined by

G(t, x)= i\lclco(u (F(t, x2): d(xe, )<1/n})

(teT, x X) satisfies the following conditions:
({A) For each t€T and x= X, F(t, x)DG(t, x)#0.
(ii) For each teT, G, ) 1s u.s.c.
(iii) G 15 AXB-measurable.

Proof. (i) and (ii) is clear from Lemma 1.1.

(iii) For each n, define H,: TX X—2¥ by H,(t, x)=\J {F(t, x;): d(xs, x)<1/n}
(teT, x€X), then H, is A X®-weakly measurable. Indeed, for any open subset
BofY,
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H,'\(B)={(t, eTxX: H,(t, ) nB=+0}
:Ql{teT: F(t, x)N\B#0} X (xe X : d(x, x3)<1/n} e AXB.

Then the mapping G, : TXX—CD(Y) defined by G,(t, x)=clco(H,(t, x)) is AX B-
weakly measurable by Himmelberg [6, Theorem 9.1]. If we show that

G(C)= (\ Ga™Curn)

for every closed subset C of Y, then we can conclude that G is A X B-meas-
urable. It is obvious that

GHOIC ()G (Curm)
Conversely, if

(t, D= (\Ga™(Cun),

then G,(¢, x)N\Ci/»#0 for all n. Since F(#, ) is u.s.c., by the same way as in
the proof of Lemma 1.1 we have

0+ A\ Galt, DNClCun)=G(t, HNC.
Hence

NG Cu)SGHO) .

Remark 2.2. Let F be as in Proposition 2.1, then F itself is not necessarily
A X ®-measurable (cf. Engl [3, 4]).

Remark 2.3. By a slight modification of the above proof we can prove the
following : Let X be a separable metric space with {x,} a countable dense
subset of X and Y be a metric space. Let F: TXX—K(Y) be a mapping with
the properties:

(a) For each teT, F(t, -) is u.s.c.

(b) For each xeX, F(-, x) is weakly measurable. Define G: TXX—K(Y)
by

Glt, )= [\ el {F(E, 1) s dlxe, H<1/nD)

(teT, xX), then G fulfills the conditions:
(i) For each teT, xeX, F(t, x)DG(t, x)#0.
(ii) For each t=T, G(t, -) is u.s.c.
(iii) G is A X ®B-measurable.

If X is also complete, the proof of the following lemma is essentially con-
tained in [7, Proposition 4]. If X is a separable Banach space, the same is
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obtained in Engl [4] by a different method.

LEMMA 2.4. Let X be a separable metric space, F: T—CD(X) be a weakly
measurable mapping, and u: T—X be a measurable mapping. Then d(u(-), F(-))
15 a measurable function on T.

Proof. Define f: TXX—R (the real numbers) by f({, x)=d(x, F(t)) (teT,
x€X), then f is measurable in ¢t by Himmelberg [6, Theorem 3.3] and continu-
ous in x. Hence the function f(-, u(:))=du(-), F(:)) on T is measurable (cf.
Himmelberg [6, Theorem 6.5]).

§3. Random Fixed Point Theorems

Let 2 and 2* be the respective sets of infinite and finite sequences of
positive integers. For o<2, denote (o, -, 0,) by o|n and let A: Y*— .
Then

oo

U N Asin
gel n=1

is said to be obtained from A by the Souslin operation. <A is called a Souslin
family if every set obtained from A in this way is also in 4. If there exists
a complete o-finite measure on (T, A), then 4 is a Souslin family (cf. Wagner
[17, p. 864] and the references cited there).

For any bounded subset B of X, let y(B)=inf{c>0: B can be covered by a
finite number of subsets of diameters less than or equal to ¢}. A mapping
F: X—CD(X) is said to be condensing if for any bounded subset B of X with
7(B)>0, r(F(B))<7(B), where F(B)=\J{F(x): xB}.

Now we prove the following random fixed point theorem by using the
results in section 2.

THEOREM 3.1. Let A be a Souslin family and X be a nonempty closed convex
subset of a separable Banach space Y. Let F: TxX—CK(Y) be a mapping
satisfymng the conditions-

(1) For any t€T, F(t, X) 1s bounded and F(t, bdX)C X, where bdX is the
boundary of X.

(i) For any t€T, F(t, +) 1s u.s.c. and condensing.

(iii) For any x€ X, F(-, x) 1s weakly measurable.

Then there exists a measurable mapping u: T—X such that u(t)e F(t, u(t)) for all
teT.

Proof. Choose countable dense elements {x,} of X and define G: TXX—
CK(Y) as in Proposition 2.1, then G is AX@-measurable. The mapping
v: TXX—X by vt, X)=x (teT, x€X) is AXP-measurable. By Lemma 1.3,
f(t, )=d((t, x), G(t, x)) (teT, x€X) is a (A X P-)measurable function on TXX.
Define H: T—2% by H)={xeX: x€G(t, x)} (teT), then for any =T, H(?) is
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nonempty and compact by Petryshyn and Fitzpatrick [14] and the method of
the proof of Smart [15, Theorem 9.2.4]. Moreover we have

Gr H={(t, x)eTx X: x€ H(t)}
={(t, x)eTxX: f(t, x)=0}
EAXB.

By Leese [12] (cf. Wagner [17, Theorem 4.2]) there exists a measurable map-
ping u: T—X such that for each t= T, u(t) H(?), hence u(t)= G(t, u(t))TF(t, u(?)).

COROLLARY 3.2. Let (T, A, m) be a (complete) o-finite measure space and Y,
X, and F: TXX—CK(Y) be as wn Theorvem 3.1. Then there exists a measurable
mapping u: T—X such that u(t)eF(t, u(t)) for m-a.e. (all) teT.

Proof. If m is complete, then A is a Souslin family and the conclusion
follows from Theorem 3.1.

If m is not complete, the usual method of considering the completion of
(T, A, m) easily yields the conclusion. We include the proof for completeness.
Let (T, A*, m*) be the completion of (T, A4, m). Then by Theorem 3.1 there
exists a JA*-measurable mapping v: T—X for which v(¢)e F(t, v(?)) for all t=T.
Since X is separable, we may take a countable open base {B,} of X. For each
n, v (B)=A,IN,, where A, A and N, is contained in some D, A with
m(D,)=0. Then

Cs

D=\UD,e

n=1

)

and m(D)=0. Let u: T—X be a mapping defined by

v(t) if teT—D, or
u(t)=
y if teD,

where y is any fixed element of X. It is easy to observe that u is A-measur-
able and w(t)e F(t, u(t)) for every t€T—D.

Remark 3.3. We can also state and prove similar results as above in the
case that the domain of F(¢, ) is dependent on ¢<T as in Engl [3, 4]. The
proofs are almost the same as those given above. We omit the details.
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