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k-NORMALITY OF WEIGHTED PROJECTIVE SPACES

Shoetsu Ogata

Abstract

It is known that a complete linear system on a projective variety in a projective

space is generated from the linear system of the projective space by restriction if its

degree is su‰ciently large. We obtain a bound of degree of linear systems on weighted

projective spaces when they are generated from those of the projective spaces. In

particular, we show that a weighted projective 3-space embedded by a complete linear

system is projectively normal. We treat more generally Q-factorial toric varieties with

the Picard number one, and obtain the same bounds for them as those of weighted

projective spaces.

Introduction

Let X be a nondegenerate projective variety of dimension n in P r. It is well
known that the homomorphism

H 0ðP r;OP rðkÞÞ ! H 0ðX ;OX ðkÞÞ
is surjective for large enough k. We say that X is k-normal if this homo-
morphism is surjective. It is of interest to find an explicit bound k0 such that all
nonsingular, nondegenerate, projective varieties of dimension n and degree d in
Pr are k-normal for all kb k0. This was done for curves in P3 by Castelnuovo
[C], and for reduced irreducible curves in Pr, rb 3 by Gruson, Lazarsfeld and
Peskine [GLP]. They showed that the best possible k0 ¼ d þ 1� r. This suggests
the equality

k0 ¼ d þ n� r:

According to Mumford [M1], [M2], we say that X is k-regular if
HiðPr;IX ðk � iÞÞ ¼ 0 for all ib 1, where IX is the sheaf of ideals of X in P r.
It is easy to see that X is ðk þ 1Þ-regular if and only if X is k-normal and
HiðX ;OX ðk � iÞÞ ¼ 0 for all ib 1. Eisenbud and Goto [EG] conjectured that
X is k-regular for all kb d þ n� rþ 1. For nonsingular surfaces, Pinkham [P]
obtained a bound, and Lazarsfeld [L] obtained the full conjecture. Kwak [Kw1],
[Kw2] obtained a good bound for n ¼ 3; 4.
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In this paper we obtain a bound of k-normality for a class of toric varieties
containing weighted projective spaces. A weighted projective space of dimension
n is a quotient of the projective n-space by a finite abelian group. We treat
a class of toric varieties that are quotients of the projective n-space by finite
abelian groups, in other words, a class of Q-factorial toric varieties with the
Picard number one. These toric varieties are defined by integral simplices (see
[F], [Od]). We use combinatorics of polytopes corresponding to toric varieties.
Herzog and Hibi [HH] also obtain a result on the Castelnuovo regularity of a‰ne
semigroup rings defined by integral simplices.

A projective toric variety of dimension one is the projective line. It is
known [Ko] that an ample line bundle on a toric surface X is normally generated,
i.e., it is very ample and X is k-normal for all kb 1. In general, it is known
[NO] that for an ample line bundle L on a projective toric variety X of di-
mension n ð>1Þ the multiplication map

H 0ðX ;LniÞnH 0ðX ;LÞ ! H 0ðX ;Lniþ1Þ
is surjective for all ib n� 1.

Theorem 1. Let X be a projective toric variety of dimension n which is a
quotient of the projective n-space by a finite abelian group, and let L a very ample
line bundle on X . Then we have that

H 0ðX ;LniÞnH 0ðX ;LÞ ! H 0ðX ;Lniþ1Þ
is surjective for all ib ½n=2�. In particular, any weighted projective 3-space em-
bedded by a very ample line bundle is projectively normal.

Theorem 2. Let X be a projective toric variety of dimension n ðn > 3Þ which
is a quotient of the projective n-space by a finite abelian group embedded by a very
ample line bundle in Pr. Then X is k-normal for all kb n� 1þ ½n=2�.

The author would like to thank the Mathematics Institute Erlangen-Nürnberg
University for their hospitslity during his visit there in 2001 and 2002.

1. Polarized toric varieties

First we mention the fact about toric varieties needed in this paper following
Oda’s book [Od], or Fulton’s book [F].

Let N be a free Z-module of rank n, M its dual and h ; i : M �N ! Z the
canonical pairing. By scalar extension to the field R of real numbers, we have
real vector spaces NR :¼ NnZ R and MR :¼ MnZ R. Let TN :¼ NnZ C� G
ðC�Þn be the algebraic torus over the complex number field C, where C� is the
multiplicative group of C. Then M ¼ HomgrðTN ;C

�Þ is the character group of
TN . For m A M we denote eðmÞ as the character of TN . Let D be a complete
finite fan of N consisting strongly convex rational polyhedral cones s, that is,
with a finite number of elements v1; v2; . . . ; vs in N we can denote
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s ¼ Rb0v1 þ � � � þ Rb0vs

and it satisfies that sV f�sg ¼ f0g. Then we have a complete toric variety
X ¼ TN embðDÞ :¼ 6

s AD Us of dimension n (see Section 1.2 [Od], or Section 1.4

[F]). Here Us ¼ Spec C½s4VM � and s4 is the dual cone of s with respect to the
paring h ; i. For the origin f0g, the a‰ne open set Uf0g ¼ Spec C½M � is the
unique dense TN -orbit. We note that a toric variety is always normal.

Let L be an ample TN -invariant invertible sheaf on X . Then the polarized
variety ðX ;LÞ corresponds to an integral convex polytope. We call the convex
hull Convfu0; u1; . . . ; urg in MR of a finite subset fu0; u1; . . . ; urgHM an integral
convex polytope in MR. The correspondence is given by the isomorphism

H 0ðX ;LÞG 0
m APVM

CeðmÞ;ð1:1Þ

where eðmÞ are considered as rational functions on X because they are functions
on an open dense subset TN of X (see Section 2.2 [Od], or Section 3.5 [F]).

Let P1 and P2 be integral convex polytopes in MR. Then we can consider
the Minkowski sum P1 þ P2 :¼ fx1 þ x2 A MR; xi A Pi ði ¼ 1; 2Þg and the multi-
plication by scalars rP1 :¼ frx A MR; x A P1g for a positive real number r. If l is
a natural number, then lP1 coincides with the l times sum of P1, i.e., lP1 ¼
fx1 þ � � � þ xl A MR; x1; . . . ; xl A P1g. The l times twisted sheaf Lnl corresponds
to the convex polytope lP :¼ flx A MR; x A Pg. Moreover the multiplication map

H 0ðX ;LnlÞnH 0ðX ;LÞ ! H 0ðX ;Lnðlþ1ÞÞð1:2Þ
transforms eðu1Þn eðu2Þ for u1 A lPVM and u2 A PVM to eðu1 þ u2Þ through
the isomorphism (1.1). Therefore the equality lPVM þ PVM ¼ ðl þ 1ÞPVM
means the surjectivity of (1.2). For the case of dimension two Koelman [Ko]
proved that lPVM þ PVM ¼ ðl þ 1ÞPVM for all natural number l. Naka-
gawa and Ogata generalize this in the higher dimension.

Proposition 1.1 (Nakagawa-Ogata [NO]). Let P be an integral polytope of
dimension n ð>1Þ. Then

iPVM þ PVM ¼ ði þ 1ÞPVM

for all ib n� 1.

For a proof see Proposition 1.2 in [NO].
In this article we assume that L is very ample, that is, the global sections of

L defines an embedding of X into the projective space PðH 0ðX ;LÞÞGPr. Since
H 0ðP r;OP rð1ÞÞGH 0ðX ;LÞ, the k-normality of X implies the surjectivity of the
multiplication map Symk H 0ðX ;LÞ ! H 0ðX ;LnkÞ. We denote the subset of
kPVM consisting of sums of k elements in PVM by

Pk
PVM. Then the k-

normality means the equality

Xk

PVM ¼ kPVM:ð1:3Þ
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Next we may explain how to describe a weighted projective space as a
toric variety according to Fulton’s book [F]. Let q0; q1; . . . ; qn be positive
integers with g:c:d:fq0; q1; . . . ; qng ¼ 1. Then we define the weighted projective
n-space with the weight ðq0; q1; . . . ; qnÞ as the quotient Pðq0; q1; . . . ; qnÞ :¼
ðCnþ1nf0gÞ=C�, where the action of t A C� is defined by t � ðx0; x1; . . . ; xnÞ ¼
ðtq0x0; tq1x1; . . . ; tqnxnÞ. We know that the space can be expressed as the
quotient of the projective n-space by an action of a finite abelian group as
Pðq0; q1; . . . ; qnÞGPn=ðZ=ðq0Þ � Z=ðq1Þ � � � � � Z=ðqnÞÞ. Let m :¼ l:c:m:fq0;
q1; . . . ; qng and di ¼ m=qi for i ¼ 0; 1; . . . ; n. Set u0 ¼ ðd0; 0; . . . ; 0Þ, u1 ¼
ð0; d1; 0; . . . ; 0Þ; . . . , un ¼ ð0; . . . ; dnÞ in ~MM :¼ Znþ1. Let P ¼ Convfu0; u1; . . . ; ung
be a convex hull of this nþ 1 points in ~MMR. Let H be the a‰ne hyperplane
containing P, and let M :¼ H V ~MM. Then PHMR ¼ H is an integral convex
polytope of M. The integral convex polytope P defines a polarized toric variety
ðPðq0; q1; . . . ; qnÞ;OðmÞÞ. We can easily see that on Pð1; 6; 10; 15Þ the invertible
sheaf Oð30Þ is ample, but not very ample.

In this paper we treat an integral n-simplex P in M ¼ Zn, which corresponds
not only to a weighted projective space but also to a toric variety defined as a
quotient of the projective n-space by a finite abelian group. For example, set
n ¼ 3 and P ¼ Convfð0; 0; 0Þ; ð1; 0; 0Þ; ð0; 1; 0Þ; ð3; 3; 4Þg. Then the corresponding

toric variety X is isomorphic to P3=hzi, where z is a primitive 4-th root of unity,
and the corresponding embedding is X G fz0z1z2z3 ¼ z44gHP4.

2. k-normality

Let n be an integer greater than two and M ¼ Zn. Let P ¼ Convfu0;
u1; . . . ; ung be an integral n-simplex with its vertices u0; u1; . . . ; un A M. We
assume that L is very ample for the polarized toric variety ðX ;LÞ corresponding
to P. We may say that P is very ample when L is very ample.

Lemma 2.1. Let P ¼ Convfu0; u1; . . . ; ung be a very ample integral n-simplex.
Let s be an integer greater than one and let x A sPVM. Then for any ui there
exist x1; . . . ; x2s�1 A PVM with ðs� 1Þui þ x ¼ x1 þ � � � þ x2s�1.

Proof. Since sP ¼ Convfsu0; su1; . . . ; sung, any x A sP can be expressed
uniquely as a linear combination x ¼

Pn
i¼0 miðsuiÞ with 0a mi a 1. We may

write as x ¼
Pn

i¼0 liui with li ¼ smi. For simplicity we may take ui as u0. By
an a‰ne transformation of M we may put u0 as the origin. Then x ¼

Pn
i¼0 liui

is contained in tP if and only if
Pn

i¼1 li a t. Now since x A sP, we havePn
i¼1 li a s. Since P is very ample, the equality (1.3) holds for a su‰ciently

large k. Hence, for ðk � sÞu0 þ x A kPVM there exist x1; . . . ; xk A PVM such
that ðk � sÞu0 þ x ¼ x1 þ � � � þ xk. If x1 þ x2 A P, then by setting y1 ¼ x1 þ x2
we have ðk � 1� sÞu0 þ x ¼ y1 þ x3 þ � � � þ xk with y1 A PVM. If we write as
x1 þ x2 ¼

Pn
i¼0 l

0
i ui and if x1 þ x2 B P, then

Pn
i¼1 l

0
i > 1. Hence, if xi þ xj B P

for every i and j, then
Pn

i¼1 li >
k

2
. This implies k < 2s.
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Proposition 2.2. Let P ¼ Convfu0; u1; . . . ; ung be an integral n-simplex. If
P is very ample, then we have

lPVM ¼ ðl � 1ÞPVM þ PVM

for all l > n=2.
In particular, if P is a very ample integral 3-simplex, then it is normally

generated.

Proof. Set lb 2. Assume that lPVM0 ðl � 1ÞPVM þ PVM. Take x
in lPVM but not in ðl � 1ÞPVM þ PVM. We can express uniquely as
x ¼

Pn
i¼0 liui with li b 0 and

Pn
i¼0 li ¼ l. From Lemma 2.1 there exist

x1; . . . ; x2l�1 A PVM such that ðl � 1Þu0 þ x ¼ x1 þ � � � þ x2l�1. Move u0 to the
origin. Set yj :¼ x1 þ � � � þ xj�1 þ xjþ1 þ � � � þ x2l�1. Each yj is not contained

in ðl � 1ÞP by the assumption. Since x ¼ 1

2ðl � 1Þ
P2l�1

j¼1 yj , the point x is not

contained in
2l � 1

2ðl � 1Þ ðl � 1ÞP ¼ ðl � 1=2ÞP, that is,
Pn

i¼1 li > l � 1=2. Thus we

have l0 < 1=2. This estimate holds for other ui. Hence we have li < 1=2 for
i ¼ 0; 1; . . . ; n. Thus we have l ¼

Pn
i¼0 li < ðnþ 1Þ=2. The inequality n=2 < l <

ðnþ 1Þ=2 does not hold. Hence we have lPVM ¼ ðl � 1ÞPVM þ PVM.

Lemma 2.3. Let P ¼ Convfu0; u1; . . . ; ung be an integral n-simplex. For
lb nþ 1 we have

lP ¼ 6
n

i¼0

fui þ ðl � 1ÞPg:

Proposition 2.4. Let nb 4 and let P ¼ Convfu0; u1; . . . ; ung a very ample
integral n-simplex. For lb n� 1þ ½n=2� we have

Xl

PVM ¼ lPVM:

Proof of Proposition 2.4. Set t ¼ ½n=2�. Then lb n� 1þ t. Take x A
lPVM. We shall find x1; . . . ; xl A PVM with x ¼ x1 þ � � � þ xl . If we suc-
cessively l � n times apply Lemma 2.3, then we can find nonnegative integers
a0; a1; . . . ; an with

Pn
i¼0 ai ¼ l � n ðb t� 1Þ and an x 0 A nPVM such that x ¼Pn

i¼0 aiui þ x 0. By applying Proposition 2.2 n� t times to x 0 A nPVM, there
exist x1; . . . ; xn�t A PVM and a y A tPVM such that x 0 ¼ yþ x1 þ � � � þ xn�t.
If we could find xn�tþ1; . . . ; xl A PVM with

Pn
i¼0 aiui þ y ¼ xn�tþ1 þ � � � þ xl ,

then we complete the proof. It is obtained by the following lemma.

Lemma 2.5. Set t ¼ ½n=2�. For nonnegative integers a0; a1; . . . ; an withPn
i¼0 ai ¼ t� 1 and y A tPVM there exist y1; y2; . . . ; y2t�1 A PVM such that

Xn

i¼0

aiui þ y ¼ y1 þ � � � þ y2t�1:
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Proof. Take ai to be positive. From Lemma 2.1 there exist y1; . . . ; y2t�1 A
PVM such that ðt� 1Þui þ y ¼ y1 þ � � � þ y2t�1. Move ui to the origin. If sum
of any two among yj’s is contained in P, then we may write as y ¼ z1 þ � � � þ
zt�1 þ y2t�1 with zj ¼ y2j�1 þ y2j for j ¼ 1; . . . ; t� 1. Thus y is in

P t
PVM.

In this case we proved the lemma since
Pn

i¼0 aiui A
P t�1

PVM. If y1 þ y2 B P,
then z :¼ y3 þ � � � þ y2t�1 is containd in ðt� 1ÞP. Thus we have ui þ y ¼
y1 þ y2 þ z in ðtþ 1ÞPVM. Next we consider

P
j0i ajuj þ ðai � 1Þui þ z for

z A ðt� 1ÞPVM. By induction we obtain a proof.
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