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ENDPOINT ESTIMATES FOR COMMUTATORS OF

CALDERÓN-ZYGMUND TYPE OPERATORS

Zongguang Liu and Shanzhen Lu*

Abstract

In this paper, we establish some endpoint estimates for the commutator, ½b;T �, of a
class of Calderón-Zygmund type operator, such as the weak type L log L estimate, weak

type ðH 1;L1Þ estimate and some estimates in the Hardy type spaces associated with b,

where b A BMOðRnÞ.

1. Introduction

Calderón-Zygmund operators and their generalizations on Euclidean space
Rn have been extensively studied [1–4]. In particular, Yabuta [3] introduced cer-
tain y type Calderón-Zygmund operators to facilitate his study of certain classes
of pseudo-di¤erential operator. In this paper, we study the commutator of the
following so-called y type Calderón-Zygmund operator.

Definition 1. Let y be a non-negative non-decreasing function on Rþ withÐ 1
0 yðtÞt�1jlog tj dt < y. A measurable function K on Rn � Rnnfðx; xÞ : x A Rng
is said to be a y type kernel if it satisfies

(i) jKðx; yÞjaCjx� yj�n for x0 y;

(ii) jKðx; yÞ � Kðz; yÞj þ jKðy; xÞ � Kðy; zÞja Cyðjx� zj=jx� yjÞ
jx� yjn ,

for jx� zj < jx� yj=2.

Let T be a linear operator from SðRnÞ into its dual S 0ðRnÞ. We say T is a
y type Calderón-Zygmund operator if

(1) T can be extended to be a bounded linear operator on L2ðRnÞ;
(2) There is a y type kernel K such that Tf ðxÞ ¼

Ð
supp f

Kðx; yÞ f ðyÞ dy for all

f A Cy
0 ðRnÞ and for all x B supp f , where Cy

0 ðRnÞ is the space of all infinitely
di¤erentiable functions on Rn with compact supports.
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Remark 1. The y type Calderón-Zygmund operator introduced in Definition
1 is a special case of operator which is introduced by Yabuta, so the results for
Yabuta’s operator also hold for our operator. The following lemma is a result
in [4].

Lemma 1. Let y be a non-negative non-decreasing function on Rþ withÐ 1
0 yðtÞt�1 dt < y. Let T be a y type Calderón-Zygmund operator. Then the
following conditions are equivalent:

(1)
Ð
Q
jTaðxÞj dxaCkakLyðRnÞ for a A LyðRnÞ with supp aHQ, a cube in Rn;

(2) T is a bounded operator from H 1ðRnÞ to L1ðRnÞ;
(3) T is a bounded operator from Ly

0 ðRnÞ to BMOðRnÞ;
(4) T is a bounded operator from LqðRnÞ to WLqðRnÞ for some q A ð1;yÞ;
(5) T is a bounded operator on LqðRnÞ for some q A ð1;yÞ;
(6) T is weak type ð1; 1Þ.
In this paper, we establish some endpoint estimates for commutator of the y

type Calderón-Zygmund operator:

½b;T � f ðxÞ ¼ bðxÞTf ðxÞ � Tðbf ÞðxÞ;
where b A BMOðRnÞ.

Most the notation that we use is standard. Q will always denote a cube
with sides parallel to the axes, lQ ðl > 0Þ denotes the cube Q dilated by l. For
a locally integrable function f , fQ denotes the average of f on Q : fQ ¼
ð1=jQjÞ

Ð
Q
f ðyÞ dy.

As usual, a function A : ½0;yÞ ! ½0;yÞ is said to be a Young function if
it is continuous, convex and increasing and satisfying Að0Þ ¼ 0, AðtÞ ! y as
t ! y. We define the A-average of a function f over a cube Q by means of the
following Luxemberg norm:

k f kA;Q ¼ inf l > 0 :
1

jQj

ð
Q

A
j f ðyÞj

l

� �
dya 1

� �
:

The generalized Hölder inequality

1

jQj

ð
Q

j f ðyÞgðyÞj dya k f kA;QkgkA;Q

holds, where A be the complementary Young function associated to A.
It is well known that AðtÞAexp t with AðtÞ ¼ tð1þ logþ tÞ. The maximal

function associated to AðtÞ ¼ tð1þ logþ tÞ was defined as

ML log L f ðxÞ ¼ sup
x AQ

k f kA;Q:

The maximal function associated to AðtÞ ¼ t is the well-known Hardy-Littlewood
maximal function. For d > 0, we define the d-maximal function as Mdð f Þ ¼
½Mðj f jdÞ�1=d and the d-Sharp maximal function as

M
]
dð f Þ ¼ ½M]ðj f jdÞ�1=d;

where M] be the well-known Fe¤erman-Stein’s Sharp maximal function:
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M] f ðxÞ ¼ sup
x AQ

1

jQj

ð
Q

j f ðyÞ � fQj dy:

Following the results in [6], the Lp ð1 < p < yÞ boundedness for com-
mutator ½b;T � is the corollary of the following Sharp function estimates.

Lemma 2. Let T be a y type Calderón-Zygmund operator and 1 < p < y.
Then

M]ðTf ÞðxÞaCMp f ðxÞ:

Proof. For any x A Rn and any cube Q with x A Q, let x0 be the centre of
Q, and

f ¼ f w2Q þ f wRnn2Q ¼ f1 þ f2:

By the Lp boundedness of T and the Hölder inequality, we have

1

jQj

ð
Q

jTf1ðyÞj dya
1

jQj

ð
Q

jTf1ðyÞjp dy
� �1=p

aC
1

jQj

ð
2Q

j f ðyÞjp dy
� �1=p

aCMp f ðxÞ:

When y A Q, we apply the condition of y to get that

jTf2ðyÞ � Tf2ðx0Þja
ð
R nn2Q

jKðy; zÞ � Kðx0; zÞj j f ðzÞj dz

aC
Xy
j¼1

ð
2 jþ1Qn2 jQ

yðjy� x0j=jz� x0jÞ
jz� x0jn

j f ðzÞj dz

aC
Xy
j¼1

yð2�jÞ 1

j2 jþ1Qj

ð
2 jþ1Q

j f ðzÞj dz

aC
Xy
j¼1

yð2�jÞ 1

j2 jþ1Qj

ð
2 jþ1Q

j f ðzÞjp dz
� �1=p

aC

ð1
0

yðtÞt�1 dtMp f ðxÞaCMp f ðxÞ:

This implies that
1

jQj

ð
Q

jTf2ðyÞ � Tf2ðx0Þj dyaCMp f ðxÞ:

Thus, we obtain that
M]ðTf ÞðxÞaCMp f ðxÞ:

This completes the proof of Lemma 2.

2. Weak type L log L estimates and weak type ðH 1;L1Þ estimates

In this section, we establish firstly the weak type L log L estimates for ½b;T �
by the method of the Sharp function estimates. Then we get the weak type
ðH 1;L1Þ estimates. Our main results are the following theorems
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Theorem 1. Let b A BMOðRnÞ and T be a y type Calderón-Zygmund op-
erator. Then, there exists a positive constant C such that for each smooth function
f with compact support and for all l > 0,

��fx A Rn : j½b;T � f ðxÞj > lg
��aCkbk�

ð
R n

j f ðyÞj
l

1þ logþ
j f ðyÞj

l

� �
dy:

Following the ideas of Pérez [9], we only need prove the following two Sharp
function estimates.

Lemma 3. Let b A BMOðRnÞ, T be a y type Calderón-Zygmund operator and
0 < d < e < 1. Then, there exists a positive constant C ¼ Cd; e > 0 such that for
each smooth function f with compact support,

M
]
dð½b;T � f ÞðxÞaCkbk�ðMeðTf ÞðxÞ þML log L f ðxÞÞ:

Proof. Let Q ¼ Qðx; rÞ be an arbitrary cube. Since 0 < d < e < 1 implies��jajd � jbjd
��a ja� bjd for a; b A R, it is enough to show for some complex con-

stant c ¼ cQ that there exists C ¼ Cd > 0 such that

1

jQj

ð
Q

j½b;T � f ðyÞ � cjd dy
� �1=d

aCkbk�ðMeðTf ÞðxÞ þML log L f ðxÞÞ:

Let f ¼ f w2Q þ f wRnn2Q ¼ f1 þ f2. We write

½b;T � f ¼ ðb� b2QÞTf � Tððb� b2QÞ f1Þ � Tððb� b2QÞ f2Þ:

If we pick c ¼ cQ ¼ ðTððb� b2QÞ f2ÞÞQ, we have

1

jQj

ð
Q

j½b;T � f ðyÞ � cjd dy
� �1=d

aC
1

jQj

ð
Q

jbðyÞ � b2QjdjTf ðyÞjd dy
� �1=d

þ C
1

jQj

ð
Q

jTððb� b2QÞ f1ÞðyÞjd dy
� �1=d

þ C
1

jQj

ð
Q

jTððb� b2QÞ f2ÞðyÞ � ðTððb� b2QÞ f2ÞÞQj
d
dy

� �1=d
¼ I1 þ I2 þ I3:

To estimate I1, we use the Hölder inequality with exponents r and r 0 where
1 < r < e=d:

I1 aC
1

jQj

ð
Q

jbðyÞ � b2Qjdr
0
dy

� �1=dr 0 1

jQj

ð
Q

jTf ðyÞjdr dy
� �1=dr

aCkbk�MdrðTf ÞðxÞaCkbk�MeðTf ÞðxÞ:
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Since T is of weak type ð1; 1Þ and 0 < d < 1, the Kolmogorov inequality
implies

I2 aCjQj�1
kTððb� b2QÞ f1ÞwQkL dðRnÞ

jQj1=d�1
aCjQj�1kTððb� b2QÞ f1ÞwQkWL1ðRnÞ

aCjQj�1kðb� b2QÞ f1kL1ðR nÞ aCkb� b2Qkexp L;2Qk f kL log L;2Q

aCkbk�ML log L f ðxÞ:
In the last inequality, we use the estimate that kb� bQkexp L;Q aCkbk�, it is
equivalent to the inequality

1

jQj

ð
Q

exp
jbðyÞ � bQj

Ckbk�

� �
dyaC0;

it is just a corollary of the well-known John-Nirenberg inequality. Then the
Jensen inequality and the Fubini theorem yield

I3 a
C

jQj

ð
Q

jTððb� b2QÞ f2ÞðyÞ � ðTððb� b2QÞ f2ÞÞQj dy

a
C

jQj2
ð
Q

ð
Q

ð
R nn2Q

jKðy;wÞ � Kðz;wÞj jðbðwÞ � b2QÞ f ðwÞj dwdzdy

a
C

jQj2
ð
Q

ð
Q

Xy
j¼1

ð
2 jþ1Qn2 jQ

yðjy� zj=jx� wjÞ
jx� wjn jbðwÞ � b2Qj j f ðwÞj dwdzdy

aC
Xy
j¼1

yð2�jÞ 1

j2 jþ1Qj

ð
2 jþ1Q

jbðwÞ � b2Qj j f ðwÞj dw

aC
Xy
j¼1

yð2�jÞ 1

j2 jþ1Qj

ð
2 jþ1Q

jbðwÞ � b2 jþ1Qj j f ðwÞj dw

þ C
Xy
j¼1

yð2�jÞjb2 jþ1Q � b2 jQj
1

j2 jþ1Qj

ð
2 jþ1Q

j f ðwÞj dw

aC
Xy
j¼1

yð2�jÞkb� b2 jþ1Qkexp L;2 jþ1Qk f kL log L;2 jþ1Q þ C
Xy
j¼1

jyð2�jÞkbk�Mf ðxÞ

aC
Xy
j¼1

jyð2�jÞkbk�ML log L f ðxÞaC

ð1
0

yðtÞt�1jlog tj dtkbk�ML log L f ðxÞ

aCkbk�ML log L f ðxÞ:
This completes the proof of Lemma 3.

Using a similar method, we can establish the following Sharp function esti-
mate and omit the details.
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Lemma 4. Let 0 < a < 1 and T be a y type Calderón-Zygmund operator.
Then, for any f A Cy

0 ðRnÞ and x A Rn, there exists a constant C ¼ Ca > 0, such
that

M]
aðTf ÞðxÞaCM f ðxÞ:

Now, we establish the weak type ðH 1;L1Þ estimate for ½b;T �.

Theorem 2. Let b A BMOðRnÞ and T be a y type Calderón-Zygmund op-
erator. Then the commutator ½b;T � is a bounded operator from H 1ðRnÞ to weak
L1ðRnÞ, i.e. for any l > 0, there exists a constant C > 0, such that

��fx A Rn : j½b;T � f ðxÞj > lg
��a C

l
k f kH 1ðR nÞ:

Proof. For any given f A H 1ðRnÞ, by atomic decomposition we get f ¼Py
j¼1 ljaj, where each aj be a ð1;y; 0Þ atom with k f kH 1ðR nÞ ¼ infð

Py
j¼1jlj jÞ. We

may assume that f is a finite sum
P

Q lQaQ with
P

Q jlQja 2k f kH 1ðR nÞ. Once

Theorem 2 is proven for such f , for general f is the limit of this kind of fk (in
H 1 norm or almost everywhere sense) where fk are finite sums having forms ofP

Q lQaQ, Theorem 2 follows by a limiting argument, using the L2-boundedness

of ½b;T �. It is convenient for us to assume that each Q (the supporting cube of
aQ) in the given atomic decomposition of f is dyadic and lQ > 0.

For fixed l > 0 and the finite collection of dyadic cube Q and associated
positive scalars lQ > 0 in the given atomic decomposition of f , by Lemma 4.1 in
[5], there exists a collection of pairwise disjoint dyadic cubes S such that

(1)
X
QHS

lQ a 2nljSj, for all S; (2)
X
S

jSja l�1
X
Q

lQ;

(3)
X

QNany S

lQjQj�1wQ

�����
�����
LyðR nÞ

a l.

Denote E ¼ 6
S
2S, then jEjaCl�1k f kH 1ðR nÞ.

Set hðxÞ ¼
P

S

P
QHS lQaQ and gðxÞ ¼ f ðxÞ � hðxÞ. By (3), kgkLyðRnÞ a l

and the L2ðRnÞ boundedness of ½b;T � implies

��fx A RnnE : j½b;T �gðxÞj > l=4g
��a C

l2
k½b;T �gk2L2ðR nÞ a

C

l2
kgk2L2ðRnÞ

a
C

l
kgkL1ðR nÞ a

C

l
k f kL1ðR nÞ a

C

l
k f kH 1ðR nÞ:

Thus, we only need prove following inequality

��fx A RnnE : j½b;T �hðxÞj > l=4g
��a C

l
k f kH 1ðR nÞ:

For any fixed cube Q ¼ QðxQ; rQÞ, by moments condition for aQ we have
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½b;T �aQðxÞ ¼
ð
Rn

ðbðxÞ � bðyÞÞKðx; yÞaQðyÞ dy

¼
ð
Rn

ðbðxÞ � bQÞ½Kðx; yÞ � Kðx; xQÞ�aQðyÞ dy

þ
ð
R n

Kðx; yÞðbQ � bðyÞÞaQðyÞ dy:

Since x A RnnE implies that x A Rnn2Q for any cube Q in the given atomic
decomposition, by the smoothness condition of y we get

j½b;T �hðxÞjaC
X
S

X
QHS

lQ
jbðxÞ� bQjyðrQ=jx�xQjÞ

jx�xQjn
þ
X
S

X
QHS

TððbQ � bÞaQÞðxÞ
�����

�����
¼ I1ðxÞ þ I2ðxÞ:

By the condition of yðtÞ, we obtain��fx A RnnE : I1ðxÞ > l=8g
��

a
C

l

X
S

X
QHS

lQ

ð
R nn2Q

jbðxÞ � bQjyðrQ=jx� xQjÞ
jx� xQjn

dx

a
C

l

X
S

X
QHS

lQ
Xy
l¼1

ð
2 lþ1Qn2 lQ

jbðxÞ � bQjyðrQ=jx� xQjÞ
jx� xQjn

dx

a
C

l

X
S

X
QHS

lQ
Xy
l¼1

yð2�lÞ 1

j2 lþ1Qj

ð
2 lþ1Q

jbðxÞ � bQj dx

a
C

l

X
S

X
QHS

lQ
Xy
l¼1

lyð2�lÞkbk� a
Ckbk�

l

ð1
0

yðtÞt�1jlog tj dt
X
S

X
QHS

lQ

a
Ckbk�

l
k f kH 1ðR nÞ:

The weak type ð1; 1Þ boundedness of T implies the following estimate

��fx A RnnE : I2ðxÞ > l=8g
��a C

l

X
S

X
QHS

lQkðb� bQÞaQkL1ðR nÞ

a
C

l

X
S

X
QHS

lQ
1

jQj

ð
Q

jbðyÞ � bQj dy

a
Ckbk�

l

X
S

X
QHS

lQ a
Ckbk�

l
k f kH 1ðR nÞ:

This finishes the proof of Theorem 2.
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3. The estimates on Hardy type spaces

It is well known that the commutator ½b;T � isn’t a bounded operator
from H 1 to L1 even when T is a usual Calderón-Zygmund operator, but it is a
bounded operator from H 1

b to L1, where H 1
b is a Hardy type space associated

with b A BMOðRnÞ. In this section, we discuss this problem when T is a y type
Calderón-Zygmund operator. Let us give some notations.

Definition 2. Let b be a locally integrable function, 0 < pa 1. It is said
that a bounded function a is a H

p
b ðR

nÞ atom if it satisfies

(1) supp aHQ ¼ Qðx0; rÞ for some r > 0; (2) kakLyðR nÞ a jQj�1=p;

(3)

ð
R n

xbaðxÞ dx ¼
ð
R n

xbaðxÞbðxÞ dx ¼ 0 for any jbja ½1=p� 1�.

It is said that a temperate distribution f belongs to H
p
b ðR

nÞ if, in the
S 0ðRnÞ sense, it can be written as f ¼

Py
j¼1 ljaj, where aj is a H

p
b ðR

nÞ atom andPy
j¼1jljj

p < y. We define on H
p
b ðR

nÞ the quasinorm

k f kH p

b
ðR nÞ ¼ inf

Xy
j¼1

jlj jp
 !1=p

:

Theorem 3. Let b A BMOðRnÞ and T be a y type Calderón-Zygmund op-

erator, 0 < pa 1 and

ð1
0

ypðtÞjlog tjp

tð1�pÞnþ1
dt < y. Then the commutator ½b;T � is a

bounded operator from H
p
b ðR

nÞ to LpðRnÞ.

Proof. By the condition of yðtÞ, it is easy to see that yðtÞ < ypðtÞ where
t A ð0; eÞ for some e A ð0; 1Þ. This implies thatð1

0

yðtÞt�1jlog tj dt < C

ð1
0

yðtÞ
tð1�pÞnþ1

dtaC

ð1
0

ypðtÞjlog tjp

tð1�pÞnþ1
dt:

Thus we can use the results in Section 1, and get the Lq ð1 < q < yÞ
boundedness of ½b;T �. Hence, as in the proof of Theorem 2, we only need to
prove that, for any H

p
b ðR

nÞ atom a, there exists a constant C > 0 independent of

a, such that
Ð
R n j½b;T �aðxÞjp dxaC.

Let supp aHQ ¼ Qðx0; rÞ and writeð
R n

j½b;T �aðxÞjp dxa
ð
2Q

j½b;T �aðxÞjp dxþ
ð
R nn2Q

j½b;T �aðxÞjp dx

¼ J1 þ J2:

Then, by the Lq boundedness of ½b;T � and by the Hölder inequality, we
have
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J1 a j2Qj1�p=q

ð
Rn

j½b;T �aðxÞjq dx
� �p=q

aCjQj1�p=qkakp

LqðR nÞ aCjQj1�p=qjQj�1jQjp=q ¼ C:

and

J2 a
Xy
j¼1

ð
2 jþ1Qn2 jQ

j½b;T �aðxÞjp dxa
Xy
j¼1

j2 jþ1Qj1�p

ð
2 jþ1Qn2 jQ

j½b;T �aðxÞj dx
 !p

:

We writeð
2 jþ1Qn2 jQ

j½b;T �aðxÞj dxa
ð
2 jþ1Qn2 jQ

jbðxÞ � bQj jTaðxÞj dx

þ
ð
2 jþ1Qn2 jQ

jTððb� bQÞaÞðxÞj dx

¼ J21 þ J22:

Since 2jy� x0j < jx� x0j when y A Q and x A 2 jþ1Qn2 jQ with j ¼ 1; 2; . . . ;
we get

J21 a

ð
2 jþ1Qn2 jQ

jbðxÞ � bQj
ð
Q

jKðx; yÞ � Kðx; x0Þj jaðyÞj dydx

a

ð
2 jþ1Qn2 jQ

jbðxÞ � bQj
ð
Q

yðjy� x0j=jx� x0jÞ
jx� x0jn

jaðyÞj dydx

aCyð2�jÞjQj1�1=p 1

j2 jþ1Qj

ð
2 jþ1Q

jbðxÞ � bQj dx

aCjyð2�jÞjQj1�1=pkbk�:

Using the moment vanishing condition of a, we have

J22 a

ð
2 jþ1Qn2 jQ

ð
Q

jKðx; yÞ � Kðx; x0Þj jbðyÞ � bQj jaðyÞj dydx

aC

ð
2 jþ1Qn2 jQ

ð
Q

yðjy� x0j=jx� x0jÞ
jx� x0jn

jbðyÞ � bQj jaðyÞj dydx

aCyð2�jÞ
ð
2 jþ1Qn2 jQ

dx

jx� x0jn
ð
Q

jbðyÞ � bQj jaðyÞj dy

aCyð2�jÞjQj1�1=p 1

jQj

ð
Q

jbðxÞ � bQj dx

aCyð2�jÞjQj1�1=pkbk�:
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Thus we obtain

J2 aC
Xy
j¼1

j2 jþ1Qj1�pð jyð2�jÞjQj1�1=pkbk�Þ
p

aCkbkp
�
Xy
j¼1

j p2 jð1�pÞnypð2�jÞaCkbkp
�

ð1
0

ypðtÞjlog tjp

tð1�pÞnþ1
dtaCkbkp

� :

This finishes the proof of Theorem 3.

Remark 2. In the case that T is a usual Calderón-Zygmund operator,
yðtÞ ¼ te for some e > 0, we can see that the conditions of Theorem 3 hold with
n=ðnþ eÞ < pa 1. Thus the commutator ½b;T � is a bounded operator from
H

p
b ðR

nÞ to LpðRnÞ whenever n=ðnþ eÞ < pa 1. This is the main result in [10].

Remark 3. When p ¼ 1, the conditions of yðtÞ in Theorem 3 coincide with
those in Theorem 2.
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