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RELATIONS BETWEEN SYMMETRIC POWER L-FUNCTIONS AND
SPINOR L-FUNCTIONS ATTACHED TO IKEDA LIFTS

KENII MURAKAWA

Abstract

We prove that the spinor L-functions attached to some Siegel cusp forms of
degree > 3, which are Ikeda lifts, have meromorphic continuations and the functional
equations.

1. Introduction

For positive integers k& and n, let Si(I},) be the space of cusp forms with
weight k and degree n, I, denoting the Siegel modular group Sp,(Z) of degree
n. Around 1996, Duke and Imamoglu conjectured the existence of the following
lifting which is considered as a generalization of the Saito-Kurokawa lifting (cf.
[3]); let f be a normalized Hecke eigenform in the space Sy (I7) and k =n
(mod 2), then there exists a Hecke eigenform F in Sii,(I%,). The standard L-
function of F is the product of usual Hecke L-functions of f and the Riemann
zeta function. In 1999 Ikeda [5] proved that the Duke-Imamoglu conjecture was
true by using representation theoretic methods and techniques from the theory of
Fourier-Jacobi expansions. We call such a Hecke eigenform F' the Ikeda lift of
f. In 2000 Ikeda [6] proved a generalization of the Miyawaki’s conjecture [8]: if
g € Sknr([,) a Hecke eigenform, then Petterson inner product of g and the
Ikeda lift F of f is the Hecke eigenform % ; € Siynir(I2nsr). The standard L-
function of #; , is the product of usual Hecke L-function of f and the standard
L-function of g. We also call such a Hecke eigenform %, the Ikeda lift of
(f>9).

We know that the spinor L-function attached to a Hecke eigenform in Sy (T,)
continues meromorphically to all of C and has the functional equation for n < 2.
It is proved for n =1 by Hecke, and for n =2 by Andrianov [1]. The case of
n >3 is still unknown.

The purpose of this paper is to give examples of the spinor L-function for
n >3 which has good analytic properties. Such spinor L-function is one at-
tached to the Ikeda lift, which is that of even degree 2n expressed as the product
of the m-th symmetric power L-functions for m < n. Since the m-th symmetric
power L-function for m < 5 has good analytic properties, the spinor L-function
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attached to every lkeda lift of even degree < 10 is continued meromorphically to
the whole complex s-plane. Especially the m-th symmetric power L-function for
m < 3 has holomorphic continuation, so we have the location of the poles of
some spinor L-functions in Section 6.

If we assume the meromorphy and the functional equation of the m-th
symmetric power L-functions for all m > 1, then the spinor L-function attached
to every Ikeda lift of f has similar analytic properties, and vice versa.

This paper is extracted from author’s master thesis in Japanese (Tokyo
Institute of Technology, March 2001).

2. Preliminaries

Let f e Su(I1) be a normalized Hecke eigenform, and for a prime p,
{oc,,,oz[jl} be the Satake p-parameter of f such that

L—a(p)X +p* ' X? = (1 — 0,p" 12 X)(1 = o, ' p*1/2X),

where a(p) is the p-th Fourier coefficient of f. Then we define the m-th sym-
metric power L-function attached to f by

m

Lun(s, f) = [ J(1 = o= 2pm=t/2m) 7L,

i=0

The following conjecture is due to Serre and Langlands;

ConjecTURE 2.1 (cf. [10], [13]). Let f e Sxy(I1) be a normalized Hecke
eigenform.  Put Ly, (s, f) := y,,(s)Lm(s, f), where the gamma factor v,,(s) is de-
fined by the following relation,

r—1

@m) " T]T(s —jtk = 1)) (m=2r—1)

7=0
n“‘/zre —~ [V(kz I)Dyzr_l (s) (m=2r).

Then I:m(s, f) can be continued meromorphically to the whole complex s-plane, has
the functional equation L,,(s, f) = +L,(2k—1)m+1—s,1).

Ym(8) =

Remark. For an integer m <5, it is known that above conjecture is true.
Moreover in the case of m < 3, the function L,,(s, f) is entire. It is proved for
m =1 by Hecke, for m =2 by Shimura [12], and for m =3 by Shahidi [11].

In general let F € S,(I},) be a Hecke eigenform, and {o,,...,0, .} be the
Satake p-parameters of F. Then the spinor L-function (resp. the standard L-
function) is defined by L(s, F,spin) =[], ime Ly(s, F,spin) (resp. L(s, F,st) =
Hp: prime LP (S’ F, St))' Here
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-1
Ly(s, F,spin) := Hl (1 —op0p™ H H (1 =0y 00,1 "‘“p,i,-Px)] )

P r=1 1<ih<-<i,<n

n -1
L Fsy=]] [U =)0 =20 - %ip’)] .

4 J=1
Now we introduce Ikeda’s result.

THEOREM 2.2 ([5]). Let ne N with k =n (mod 2), let f € Sy (IT) be a nor-
malized Hecke eigenform. Then there exists a Hecke eigenform F € Siiu(Ton)

such that
2n

L(s,F,st) = () [ [ Lls + k +n—j. /).
=1
Here the Hecke L-function L(s, [) is defined by 3, a(n)n™* with a(n) being the
n-th Fourier coefficient of f.

We call this F the Ikeda lift of f.
For an integer r > 1 with k =n+r (mod 2), let g € Sg,or([) be a Hecke
eigenform. We put the integral

Z -
Fr o(Z) = J F(( Z,>>g(2')(det Im Z\*" 1 az' (Z e Hry).
L\,
Since the Ikeda lift F(Z) is a cusp form, we have F; , € Siinir(Ionir).

THEOREM 2.3 ([6]). Assume that F; ,(Z) is not identically zero. Then
Fr.4(Z) is a Hecke eigenform whose standard L-function is equal to

2n
L(S7 '%{',!Jast) = L(Saga St) HL(S + k +n _ja f)
j=1

This theorem shows that one of Miyawaki’s conjectures [8] is true. We also call
this Z; , the Ikeda lift of (f,g).

3. Main result

For me Z-, ne Z,, and i, , € Z, the function #,, ,(in,,) with values in
Z- is defined by

(3.1) rm,n+2(im.,n+2)
= Vm72,n(l.m.,n+2) + (1 +5m) ! }"m7n(l'm,n+2 - 1) + }"m+2_n(im,n+2 B 2)

+ Z {mel,n(im,nJrZ +y)+rm+1,rl(in7,n+2 +y_ 1)}
y=—n-2,—n—1,n,n+1

+ E rnz,n(imJHZ - X),
x=—2n-1,0,2,2n+3
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ro1(ip1) =1 1if i1 =0,1, ro2(ip2) =1 1if ip»=-1,0,1,2,3,
(i) =1 if i1, =0, ri2(i2) =1 1if i1, =-1,0,1,2,
Fm1(im1) =0 if otherwise, 1y a2(ir2) =1 if ir2 =0,

Fm2(im2) =0 if otherwise.

Here 6,, is equal to 0 for m =0, and is equal to 1 for m > 0.
The main result of this paper is the following

THEOREM 3.1. Assume k =n (mod 2). Let F», € Siin(Iy,) be the Ikeda lift
of a normalized Hecke eigenform f € Sy(I1). Then we have

(32)  L(s, Fyspin) = [ [T (s — (1= mke + i, )20,

m=0 iy n

where the product is taken over m(m—1)/2 —nn—1)/2 <ip, <nn+1)/2 -
m(m+1)/2, we regard Ly(s, f) as the Riemann zeta function {(s), and ¥y, ,(im.n)
satisfies the above relations (3.1).

For such a spinor L-function L(s, Fy,,spin), we put

n
L(s, Fay,spin) = [ [ Lm(s — (n = m)k + i, £ 0.

m=0 iy, n
Since Conjecture 2.1 is true for m < 5, by using Theorem 3.1 we obtain

COROLLARY 3.2.  Suppose that n < 5 with the same notation in Theorem 3.1.
Then L(s, Fay, spin) has meromorphic continuation to the whole s-plane and satisfies
the functional equation

- 1 . - .
(3.3) L(nk - n(n;— ) +1—5,Fy, spm) = (-1)*2 2L(s, F,, spin).

Remark. We calculated some poles of i(s, Fy,,spin) in Section 6 for
n=273.

Conversely suppose the spinor L-function attached to F, € Si(I},) of arbi-
trary even degree n € N has meromorphic continuation to the whole s-plane and
the functional equation (3.3), then from Theorem 3.1 it follows that Conjecture
2.1 is true for every cusp form f of weight 2k.

4. Proof of Theorem 3.1

First, we show the following two lemmas. Let F, € Sk.,(I%,) be the Ikeda
lift of a normalized Hecke eigenform f € Sy (I7).
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Lemma 4.1. Let {a,,,ocp’l} be the Satake p-parameters of f, and
{ﬁp,O»ﬂp,huwﬁp,zn} be the Satake p-parameters of F»,. If k=n (mod2), the
Satake p-parameters, those are uniquely determined up to the action of the Weyl
group, are given for 1 <i <n by

ﬁp 0= nk n(n+1)/27

ﬁp [ appi—l/27

ﬁp,nﬂ _ {x pz 1/2.

Proof. Since F, is the Ikeda lift of f, the standard L-function of F3,
satisfies

2n

L(s, Fa,st) = HLs+k+n—z,f)
i=1

From the definition of the standard L-function, for 1 <i<n we obtain the

relations
{ ﬁp,i = Cxppi_l/27

— y—1yi=1/2
ﬁp,n+i - OCp P / .

According to [5], there exists the polynomial ®(X) e C[X + X~!] such that the

eigenvalue for Siegel’s Eisenstein series E,(( +,),(Z) by Hecke operator T(p) is
®(p*~1/2). Then the eigenvalue for F», by Hecke operator T(p) is equal to
®(o,). The eigenvalue #(p) under the Hecke operator T'(p) for some prime p

(cf. [4], note the different normalization) is

(41) p02¢ p, Lo p2n)
where ¢, is the i-th elementary symmetric polynomial. By substituting the Satake
p-parameters of Siegel’s Eisenstein seris {1, p¥*=1 pktn=2 pk=m} for (4.1),

the eigenvalue of 7'(p) on E,(CH),(Z) is equal to

2n n
H(l +pk+n—i) — H(l +pk—i)(1 +pk+n—i)
i=1 i=1

pr 1/2 nH k— 1/2+p—k+l/2_~_pi—i/2_~_p—i+1/2).

i=1
Thus we obtain

(D(X) _ (pk71/2)n <X+X71 +pi71/2 +p7i+1/2).
i=1
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On the other hand by (4.1) the eigenvalue of T(p) on F»,(Z) is equal to

2n
l(vaZn) = ﬁp,o Z¢i(“pp]/27 s 7a;1pn—1/2)

— pOH +O€p' 1/2)(1+OC 1, i— 1/2)
i=1

= Bpop" (P D).
Hence it follows from #(p, F2,) = ®(a,) that 8, plnnn1)/2, n
We have the following lemma by a direct computation.

Lemma 4.2. For m >0

L (X, /)L (o X, f) = L) (712X, )L (p*1 2 f).

For m>1

LY@ X, LY@ X, f) = L0 X LY (077X ).
where L (X fl=1 (m=-1).
Proof of Theorem 3.1. We prove the main theorem by induction on the
degree n. From the assumption, we put k =n (mod 2). For n =1 an integer k

is odd, and the Ikeda lift F, satisfies (3.2) by the Saito-Kurokawa lifting, whose
spinor L-function is

L(s, F>,spin) = L(s, /){(s — k){(s — k + 1).

When n = 2, the integer k is even, by using the definition of the spinor L-function
and Lemma 4.1, the spinor L-function of the Ikeda lift Fy is

(4.2) L(s, Fa,spin) = Lo(s, /) [ Ls—k+if) J[ s—2k+)).
—-1<i<2 -1<j<3

Let Fy, € Siia(I2n), and F(,0) € Skans2(Ia(ni2)) be the Ikeda lifts of a normal-
ized Hecke eigenform f € Sy (I7). Suppose the Ikeda lift F», satisfies (3.2), then
by Lemma 4.1 the Satake p-parameters of F,, are given by

ﬁp,O :pnk—n(l1+1)/2
{ﬂp,lv s ’ﬂp,Zn} = {app171/2a SRR app’171/2 a71p1 1/2 LR a;lpn71/2}’

and the Satake p-parameters of Fy(,y, are given by

Voo = pilkfiz(n+1)/2p2k72nf3’
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{yp, | IR yp72(ﬂ+2)}

— {appl—l/2 a—lpn 1/2 O(pp}H-l/Z’(%ppn+3/2 Oc—lp}H-l/Z ;lpn+3/2}.
From that, we obtain the spinor L-function of Fy,;):
LP (Xv FZ(n+2)a Spin)
= H L,(p* X, Fy,, spin)
x=-2n-1,0,1,2,2n+3
X H L,(p* =120, X | Fy,, spin) L, (p* =12 ' X, Fyy, spin)

y=—n—2,—n—1,n,n+1

X Ly( przk X, Fy, spin) L, (p* 1 X, FZn,spin)L,,(ocljszk’lX,an,spin).
The assumption and Lemma 4.2 lead that
L(Sv FZ(n+2)7 Spin)

n
- H H HL’”(S - (11 + 2— m)k + llm,n + X, f)r’”‘"(lm‘">
x=—2n—1,0,1,2,2n+3 m=0 iy

x H H H Lm I’l +2- }’)’l)k + hn-1,n yaf)rmil‘”(im*l‘”)

y=—n=2,—n—1,n,n+1 m=1in_1

X H H H Lm I’l—|—2 m)k+1m+1 n y+l’f)r’”+1-71(inl+l,n>

y=—n=2,—n—1,n,n+1 m=0ini1,n

n+2
X H H Lm(S - (}’l + 2 — m)k + im—Z,m f) n=2.n(im-2,0)
m=2lm-2,n

n
X H HLH’I(S - (n + 2 — m)k + imA’n + l’f)rlﬂ.lz(’m.n)

m=1 iy n

X H H Lm I’l +2— m)k + lm+2 a2 f)”m+2n Im+2.n)

m=0 iy2,n

n+2

= H H Lm I’l +2 - m)k + lm 2 f) r,,,,AnJrz(i,,,A,,H).

m=0 iy _ni2

Here the sum is taken over interval m(m —1)/2 — (n+2)(n+1)/2 < iy pi2 <
(n+2)(n+3)/2—m(m+1)/2, and ry pi2(imnt2) satisfies (3.1). This proves
Theorem 3.1. n
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5. The Ikeda lift of odd degree
For me Z-y, ne Z-,, and i, , € Z, the function ¢, ,(i ,) With values in
Z- is defined by

(51) tm,n+2(im,n+2) = Z tm,n(l’rn_nJrz — x)
x=-2n-1,0,2,2n+3

+ § tmfl,n(im,nJrZ +y)
y=—n-2,—n—1,n,n+1

+ tm72,n(l.m,n+2)7
to1(io1) =1 if i1 =0,1, (i) =1 if i,=0,
ta(in) =1 if i1 =0, tip(i2) =1 if ij,=-1,0,1,2,

tm,l(i;11,1) =0 if otherwise, 1012(1'0’2 =1 if l.(),z =-1,0,2,3,

)
)
)
)

tm2(im2) =0 if otherwise.
: > : : . (2n+2r) .
For Siegel’s Eisenstein series £, ", the integral

(Z _
J E2) (( ,))g(Z’)(det Im Z')< =1 az’
L\, Z

is a scalar multiple of the Klingen’s Eisenstein series [g]""(Z) (cf. [2)).

If r is odd in Theorem 2.3, the Ikeda lift %, ,(Z) of (f,g) is a Hecke
eigenform with odd degree 2n + r and weight k +n+r. Let r =1, and we argue
in the same way as the proof of Theorem 3.1 and replacing Siegel’s Eisenstein

series by Klingen’s Eisenstein series. Then we have the following theorem.

THEOREM 5.1. Assume k=n+1 (mod2). Let feSu(lh), g€ Sktnt1(ln)
be normalized Hecke eigenforms, and Fy,i1 € Siini1(Tant1) be the Ikeda lift of
(f,g9). Then we have

(52)  L(s, Fanrr,spin) = [ J] L(s = (2 = m)k + imn, g x f x o x f)mrline),
N ——r

m=0 iy n m times

where the product is taken over m(m —1)/2 —n(n—1)/2 <ip,<nn+1)/2 —
m(m+1)/2, and ty, ,(im,n) satisfies the above relations (5.1).

6. Examples

We calculate r,, (i, ) for the spinor L-function appearing in Theorem 3.1,
and compare with the following Andrianov’s conjecture about the spinor L-
function.
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CoNJECTURE 6.1 (cf. [1]). Let F € Si(I,) be a Hecke eigenform. We set
L(s, F,spin) := (27r)72"71syn’k(s)L(s, F,spin),
where the y, (s) are defined by the relations

Vl,k(s) =T(s), Vn‘k(s) = anl,k(s —k+ ”)anl,k(s) (n>1).

Then L(s, F,spin) can be meromorphically continued to the whole complex s-plane,
and the following functional equation holds

. 1 n2 A
L(nk — n(n2—|— )—I— 1—s,F, spin) = (—l)k'2 2L(S,F7 spin).

By calculating 7y, ,(im »), we have the following analytic properties of the
spinor L-function attached to the Ikeda lift with degree 3, 4, 5, 6 and 8.

The case of degree 4. Let k be even, and Fy € Si1»(Iy) be the Ikeda lift of
S €Su(l). We have the spinor L-function of Fy by (4.2) in the previous
section. The function L(s, Fy4,spin) is meromorphically continued to the whole
complex s-plane, and has at most simple poles at the points s = 2k + 2,2k + 1,
2k — 1,2k — 2, and satisfies the functional equation

L(s, Fy,spin) = L(4k — 1 — s, Fy, spin).

The case of degree 6. Let k be odd, and Fs € Siy3(I'¢) be the Ikeda lift of
f €Su(I7). Then the spinor L-function of Fy satisfies

L(s, F,spin) = Ls(s, f) H Ly(s—k+i3,f)

—2<i3<3

x I Lls=2k+is "m0 I =3k +ip5)™ ",

—3<i;3<5 —3<ip,3<6

where the exponent 7, 3(iy 3) are the following value;

. - 1 il,3:_3a_25455 . . 1 i0,3:_3a_27_1a4a5a6
nali) =y g 00,230 W)= 020123 '

The function L(s, Fs, spin) is meromorphically continued to the whole complex s-
plane, and has at most simple poles at the point s =3k +4. The functional
equation of L(s, Fg,spin) is equal to

L(s, Fs,spin) = L(6k — 2 — s, Fy, spin).
The case of degree 8. Let k be even, and Fg € Si4(I3) be the Ikeda lift of
f €Su(I1). Then the spinor L-function of Fg satisfies

L(s,Fg,spin) = La(s, /) [[ LsGs—k+isaf) [ La(s—2k+ing) >+

—3<iz4<4 —5<i4<7

% H L(S 3k + i1’4)r1.4(1‘1_4) H C(S _ 4k + 1.0’4);1),4(1‘0,4)7

—6<i;.4<9 —6<ip4<10
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where the exponent 7, 4(im 4) are the following value;

iL4=—6,-5389
ina=—417
in4=-3,-2,56

1
2
3
4 i4=-14
5
9,

1 iy =—5-4,67

raling) =42 ba=-3,-2,45 , ria(ig=
3 i274:_170717273

74787

ia=0,1,2,3
1 ipa=—6,—5, 10
. 2 Qg4 =-3,7
ro,4(io,4) = 3 dpa=-2.-1.5.6
4 ins=0,1,2,3,4

The function i(s, Fg, spin) is meromorphically continued to the whole com-
plex s-plane and has the functional equation

L(s, Fg,spin) = L(8k — 3 — s, Fg, spin).

The case of degree 3. Let k be even, and F; € Si.»(I3) be the Ikeda lift of
(f,g) € Sou(IT) x Sg42(I7). Then the spinor L-function of F; satisfies

L(Sa F3v spin) = L(S, f X g)L(S - k7 g)L(S —k + 119)
The function L(s, F3,spin) is holomorphically continued to the whole complex s-
plane, and satisfies the functional equation
L(s, F3,spin) = L(3k + 1 — s, F3, spin).

The case of degree 5. Let k be odd, and Fs € Si.3(I5) be the Ikeda lift of
(f,9) € Soux(T7) x Sky3(I7). Then the spinor L-function of Fs satisfies

L(s, Fs,spin)
=L(s, f X[ xg) H L(s—k+ii2 f%x9) H L(s—2k +ip2,9).

—1<ij <2 io2=—1,0,2,3

The function L(s, Fs,spin) is holomorphically continued to the whole complex s-
plane, and satisfies the functional equation

L(s, Fs,spin) = L(5k 4+ 1 — s, Fs, spin).
For n=3,4,5,6,8, we put

R (S) P Z(S7 Fl’l7 Spin)
" L(s, Fy, spin)’

then R,(s) is the ratio of gamma function, and also satisfies the functional
equation R,(s) = R,(nk —n(n+1)/2+1—5). This shows that our theorem
satisfies Andrianov’s conjecture [1, p. 115] on the spinor L-function.
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