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NORMAL CRITERIA CONCERNING SHARING VALUES

Qingcai Zhang

Abstract

In this paper the normality criterions concerning sharing values are researched and

the old Montel theorem and Bloch-Valiron theorem are improved.

1. Introduction and main results

According to Bloch’s principle every condition, which reduces a meromorphic
function in the plane to a constant, makes a family of meromorphic functions in a
domain G normal. Although the principle is false in general ([4]), many authors
proved normality criteria for families of meromorphic functions by starting from
Picard type theorems ([1], [7], [8]). It is also more interesting to prove normality
criteria by using conditions knowing from sharing value theorems. W. Schwick
([5]) first proved a interesting result that a family of meromorphic functions in a
domain is normal if in which every function shares three distinct finite complex
numbers with its first derivative. And in the preface of his paper, he also pointed
out from Nevanlinna’s famous five point theorem that if each pair functions f
and g of meromorphic functions of a family share five fixed values aj, the set
f ð�1ÞðfajgÞ are independent from f and the normality follows immediately from
Montel’s theorem. In fact the number of sharing values in the result in his paper
preface need only three, which has been proved by D. Sun in [6], and also will be
seen later on in this paper.

We continue to study this problem in this paper, and first introduce some
notations as follows.

Let D be a domain in the complex plane C, S be a nonempty set of C U fyg,
h be a meromorphic function in D and l be a positive integer. Put

ElÞðS; hÞ ¼ 6
a AS

fz j hðzÞ � a ¼ 0; z A D; with zero multiplicitya lg;

where the multiple zero is only counted once time (ignoring multiplicity).
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When S contains only one element, i.e. S ¼ fag, we denote ElÞða; hÞ ¼
El Þðfag; hÞ. While l ! y, we denote EðS; hÞ ¼ EþyÞðS; hÞ and Eða; hÞ ¼
EþyÞða; hÞ. We have some following definitions:

Two meromorphic functions f and g in D are said to share the set S IM
with multiplicitya l if ElÞðS; f Þ ¼ ElÞðS; gÞ; to share the set S IM if EðS; f Þ ¼
EðS; gÞ; to share the value a IM with multiplicitya l if ElÞða; f Þ ¼ ElÞða; gÞ; and
to share the value a IM if Eða; f Þ ¼ Eða; gÞ.

It is assumed that the reader is familiar with the notations of Nevanlinna
theory such that Tðr; f Þ, mðr; f Þ, Nðr; f Þ, Nðr; f Þ, Sðr; f Þ and so on ([2]). The
following two theorems are well-known in normality theory of meromorphic func-
tions.

Montel’s Theorem ([1], [2], [8]). Let F be a family of meromorphic func-
tions in a domain D, a1; a2; a3 be three distinct complex numbers in C U fyg, if for
every function f A F , f 0 aj ð j ¼ 1; 2; 3Þ in D, then F is normal.

Bloch-Valiron Theorem ([7], [8]). Let F be a family of meromorphic
functions in a domain D, aj ð j ¼ 1; 2; . . . ; qÞ be q distinct complex numbers in
C U fyg. If for every function f A F , the zeros of f � aj have multiplicityb
lj þ 1 ð j ¼ 1; 2; . . . ; qÞ in D, where l1; l2; . . . ; lq are q positive integers such that

Xq

j¼1

1� 1

lj þ 1

� �
> 2;ð1Þ

then F is normal.

In this paper, we continue to research these problems, and obtain the fol-
lowing results that are improvement of the two famous theorems.

Theorem 1. Let F be a family of meromorphic functions in a domain D, f0
be a meromorphic function in D (possibly not included in F ), aj ð j ¼ 1; 2; . . . ; qÞ
be q distinct complex numbers in C U fyg. bj ð j ¼ 1; 2; . . . ; pÞ be also p distinct
complex numbers in C U fyg. If for every function f A F ,

6
q

j¼1

EljÞðaj; f ÞJ 6
p

j¼1

Eðbj; f0Þ;ð2Þ

where l1; l2; . . . ; lq are q positive integers satisfying (1), then F is normal.

For stating briefly, throughout this paper we always use F to denote a family
of meromorphic functions in a domain D, a1; a2; . . . ; aq are q distinct complex
numbers in C U fyg, l1; l2; . . . ; lq are positive integers, which will not be defined
again when they appear later on. In Theorem 1, choose f0 A F , p ¼ q, bj ¼ aj
ð j ¼ 1; 2; . . . ; qÞ, we have as a special case

Theorem 2. If each pair f and g of F share the value aj with multiplicitya lj ,
i.e. EljÞðaj; f Þ ¼ EljÞðaj; gÞ ð j ¼ 1; 2; . . . ; qÞ in D, where l1; l2; . . . ; lq satisfying (1),

then F is normal.
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When EljÞðaj; f Þ ¼ EljÞðaj; gÞ ¼ j ð j ¼ 1; 2; . . . ; qÞ in Theorem 2, we get Bloch-
Valiron theorem.

While lj ! þy ð j ¼ 1; 2; . . . ; qÞ in (1), then qb 3, we get from Theorem 2

Theorem 3. If each pair f and g of F share the three distinct value a1; a2; a3
IM, i.e. Eðaj ; f Þ ¼ Eðaj; gÞ ð j ¼ 1; 2; 3Þ in D, then F is normal.

This theorem has been proved by D. Sun using Ahlfors geometrical method
in [6].

When Eðaj; f Þ ¼ Eðaj; gÞ ¼ j ð j ¼ 1; 2; 3Þ in Theorem 3, we obtain Montel’s
Theorem.

If l1 ¼ l2 ¼ � � � ¼ lq ¼ l in (1), then q > 2þ 2=l. From Theorem 1 we also get

Theorem 4. Let l; q be two positive integers satisfying q > 2þ 2=l, if each
pair f and g of F share the set S ¼ fa1; a2; . . . ; aqg IM with multiplicitya l, i.e.

ElÞðS; f Þ ¼ ElÞðS; gÞ ð j ¼ 1; 2; . . . ; qÞ in D, then F is normal.

As corollaries of Theorem 4, we have

Corollary. If each pair f and g of F share the set S ¼ fa1; a2; a3; a4; a5g
IM with single zeros in D, then F is normal.

If each pair f and g of F share the set S ¼ fa1; a2; a3; a4g IM with multiplicity
a 2 in D, then F is normal.

If each pair f and g of F share the set S ¼ fa1; a2; a3g IM with multiplicity
a 3 in D, then F is normal.

Especially while l ! þy in Theorem 4, we have

Theorem 5. If each pair f and g of F share the set S ¼ fa1; a2; a3g IM, i.e.
EðS; f Þ ¼ EðS; gÞ in D, then F is normal.

Theorem 5 is further improvement of Montel’s Theorem and Theorem 3.
Clearly the number of elements of sharing set in Theorem 5 is sharp from

the family fenzg is not normal but each pair of it share the set f0;yg IM in the
unit disk.

2. Main lemmas

Lemma 1 ([3]). Let UðrÞ be a nonnegative, increasing function on an interval
½R1;R2� ð0<R1 <R2 <þyÞ, a; b be two positive constants satisfying b> ðaþ 2Þ2.
If the inequality

UðrÞ < a logþ UðrÞ þ log
r

r� r

� �
þ b
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holds for every pair of r; r ðR1 < r < r < R2Þ, then we have

UðrÞ < 2a log
R2

R2 � r
þ 2b:

Lemma 2 ([2], [8]). A family F of functions analytic or meromorphic in D is
normal if and only if the functions

f ]ðzÞ ¼ j f 0ðzÞj
1þ j f ðzÞj2

f A F

are uniformly bounded on each compact subset of D.

Lemma 3 ([9]). Let F be a family of meromorphic functions in the unit disk
D, then F is not normal at z ¼ 0 if and only if there exist a sequence fn A F , a point
sequence zn ! 0 and a positive sequence rn ! 0 such that gnðzÞ ¼ fnðzn þ rnzÞ con-
verges locally and uniformly to a nonconstant meromorphic function gðzÞ in the plane.

3. Proof of theorems

We only need to prove Theorem 1.
Without loss generality we can assume that all of fa1; a2; . . . ; aqg are finite

values, otherwise we can choose a finite value d0 a1; a2; . . . ; aq and turn to prove
the normality of family f1=ð f � dÞg since the family F is as same as f1=ð f � dÞg
in the normality.

By contrary suppose that the family F is not normal in D, then there exists at
least one point z0 A D such that F is not normal at z0. Without loss of generality,
we may suppose that z0 ¼ 0. By Lemma 3, there exist a sequence fn A F , a point
sequence zn ! 0, and a positive sequence rn ! 0 such that gnðzÞ ¼ fnðznþrnzÞ tends
to a nonconstant meromorphic function gðzÞ uniformly on each compact subset of
the plane C, i.e.

gnðzÞ ¼ fnðzn þ rnzÞ ) gðzÞ;ð3Þ

therefore

g 0
nðzÞ ¼ rn f

0
n ðzn þ rnzÞ ) g 0ðzÞ:ð4Þ

Since gðzÞ is nonconstant, we may choose a point z0 such that

gðz0Þ0 0;y; a1; a2; . . . ; aq; g 0ðz0Þ0 0;y:ð5Þ

Set

hnðzÞ ¼ fnðzn þ rnz0 þ zÞ; fnðzÞ ¼ f0ðzn þ rnz0 þ zÞ;ð6Þ

then

hnð0Þ ¼ fnðzn þ rnz0Þ ! gðz0Þ; h 0
nð0Þ ¼ f 0

n ðzn þ rnz0Þ ! y;ð7Þ
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and from (5) so for su‰ciently large n,

hnð0Þ0 0;y; a1; a2; . . . ; aq; h 0
nð0Þ0 0;y:ð8Þ

Let d ¼ inf
�
jzj j z A qD

�
, since zn þ rnz0 ! 0, then for su‰cently large n,

jzn þ rnz0j < d=4, and zn þ rnz0 þ z A D, jzn þ rnz0 þ zj < ð3=4Þd when jzj < d=2.
Using the second fundamental theorem for hnðzÞ in jzj < d=2, we have

ðq� 2ÞTðr; hnÞ <
Xq

j¼1

N r;
1

hn � aj

� �
þ Sðr; hnÞ;ð9Þ

Sðr; hnÞ ¼ m r;
h 0
n

hn

� �
þ
Xq

j¼1

m r;
h 0
n

hn � aj

� �
þ q logþ

2q

s
þ log 2ð10Þ

þ log
1

jh 0
nð0Þj

þ
Xq

j¼1

logjhnð0Þ � ajj;

where s ¼ min1ai< jaqfjai � ajjg. Since

N r;
1

hn � aj

� �
aNljÞ r;

1

hn � aj

� �
þ 1

lj þ 1
Tðr; hnÞ þ

1

lj þ 1
log

1

jhnð0Þ � ajj
;

and considering l1; l2; . . . ; lq satisfying (1), we have further

Tðr; hnÞ < C
Xq

j¼1

NljÞ r;
1

hn � aj

� �
þ
Xq

j¼1

logþ
1

jhnð0Þ � ajj
þ Sðr; hnÞ

( )
:

Throughout this paper, C is a constant independent of hn, which are not possibly
the same for each appearing. From (6) and (2), for su‰ciently large n we have
in jzj < d=2

Xq

j¼1

NljÞ r;
1

hn � aj

� �
a

Xp

j¼1

N r;
1

fn � bj

� �
a

Xp

j¼1

N
3

4
d;

1

f0 � bj

� �
:

We denote Aðð3=4Þd; f0Þ ¼
Pp

j¼1 Nðð3=4Þd; 1=ð f0 � bjÞÞ which is a constant in-
dependent of hn. So

Tðr; hnÞ < C A
3

4
d; f0

� �
þ
Xq

j¼1

logþ
1

jhnð0Þ � ajj
þ Sðr; hnÞ

( )
:

Using Nevanlinna logarithmic derivative lemma ([3, p. 36)] for Sðr; hnÞ, and no-
ticing that for x A ð0; e�1Þ

log xþ b logþ logþ
1

x
a logþ xþ bðlog b � 1Þ;
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here b is a positive constant, we have for 0 < r < r < d=2

Tðr; hnÞ < C

�
1þ

Xq

j¼1

logþjhnð0Þ � ajj þ
Xq

j¼1

logþ
1

jhnð0Þ � ajj
þ logþ

1

jh 0
nð0Þj

þ logþ logþ
1

jhnð0Þj
þ logþ rþ logþ

1

r
þ logþ

1

r� r
þ logþ Tðr; hnÞ

�
:

From (7) and (5), for su‰ciently large n, we know for 0 < r < r < d=2

Tðr; hnÞ < C 1þ logþ rþ logþ
1

r
þ logþ

1

r� r
þ logþTðr; hnÞ

� �
:ð11Þ

Applying Lemma 1 for d=8 < r < r < d=2, from (11) we can deduce that

Tðr; hnÞ < 2C1 1þ log
d=2

ðd=2Þ � r

� �
holds for d=8 < r < d=2, therefore

T
d

4
; hn

� �
< C:ð12Þ

For su‰ciently large n, from (8), we know hnð0Þ0y. Let z� be a pole of
hn in jzj < d=4, then

log
d=4

jz�j aN
d

4
; hn

� �
aT

d

4
; hn

� �
aC;

so jz�jb d=ð4eCÞ. Making C large enough such that d=ð4eCÞ < d=4, let d1 ¼
d=ð4eCÞ, then hn is holomorphic in jzj < d1, and

logþ M
d1

2
; hn

� �
a

d1 þ ðd1=2Þ
d1 � ðd1=2Þ

Tðd1; hnÞ < C;

so for su‰ciently large n, hn are bounded uniformly in jzj < d1=2, therefore fhng is
normal in jzj < d1=2, and so f fng is normal in jzj < d1=4. By Lemma 2, we know
that f ]

n are bounded uniformly in jzja d1=8. And from

g]ðzÞ ¼ lim
n!y

rn f
]
n ðzn þ rnzÞ ¼ 0;

we deduce that gðzÞ is constant which is a contradiction with gðzÞ being a non-
constant meromorphic function. This completes the proof of Theorem 1.
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