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ON HOLOMORPHIC FAMILIES OF RATIONAL MAPS:
FINITENESS, RIGIDITY AND STABILITY

HIROSHIGE SHIGA

Abstract

We consider holomorphic families of rational maps from the viewpoint of complex
dynamics.

First, we consider some classes of families of rational maps which satisfy a certain
stability condition. We show a finiteness theorem for such holomorphic families of
rational maps parameterized by a Riemann surface of finite type.

Next, we consider the monodromy of quasiconformally stable holomorphic families
of rational maps over a punctured disk, and study the action of the monodromy on the
Julia set.

1. Introduction

D. Sullivan proposed a project to look up similar phenomena between the
theory of Kleinian groups and the theory of complex dynamics of rational maps
(cf. [Su]). The list of collected phenomena is called “Sullivan’s dictionary”.
For example, the number of generators of finitely generated Kleinian groups
corresponds to the degree of rational maps, and as many computer graphics
show, the Julia sets of rational maps look like the limit sets of Kleinian groups.
Furthermore, Teichmiiller spaces for rational maps are defined and it is shown
that they have the similar properties to Teichmiiller spaces of Kleinian groups.

In this paper, we consider holomorphic families of rational functions par-
ameterized by Riemann surfaces. From the standpoint of Sullivan’s dictionary,
we find a natural correspondence of families of Riemann surfaces to those of
rational maps. Actually, if we consider a holomorphic family of (hyperbolic)
Riemann surfaces, then it produces a holomorphic assignment from the para-
meter space to quasi-Fuchsian groups uniformizing the Riemann surfaces.
According to the dictionary, quasi-Fuchsian groups correspond to rational maps.
Therefore, we consider that holomorphic families of rational maps correspond to
those of Riemann surfaces.

First of all, we recall the following finiteness theorem for holomorphic
families of Riemann surfaces parameterized by a Riemann surface of finite type.
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THEOREM 1.1 (Parshin-Arakelov). Let X be a Riemann surface of finite type.
Then, there are only finitely many non-isomorphic and locally non-trivial holomor-
phic families of Riemann surfaces of fixed finite type (g,n) with 29 —2+n>0
over X.

This theorem was first conjectured by Shafarevich and it is called Shafarevich
conjecture in the function field case. Parshin proved it for a compact Riemann
surface X and holomorphic families of Riemann surfaces of type (g,0) (g > 2).
Arakelov proved it for X of finite type and holomorphic families of Riemann
surfaces of type (g,0) (¢ =2). In [ISh], the theorem with the condition as above
is shown by using the theory of Teichmiiller spaces and Kleinian groups.

Once the finiteness theorem is established, uniform boundedness of the
number of families is an interesting question, that is, if the Riemann surface X
varies in the moduli space, then whether or not there exists an upper bound of
the numbers of holomorphic families over X which does not depend on X.

Recently, we have obtained a partial answer to this problem ([Sh2]).

THEOREM 1.2. Let X be a Riemann surface of type (p,k). Then, the number
of non-isomorphic and locally non-trivial holomorphic families of Riemann surfaces
of type (g,n) over X is uniformly bounded if (g,n) = (0,n),(1,1),(1,2) or (2,0)
(n>4).

As a corresponding problem in holomorphic families of rational functions,
we shall consider the following one.

ProBLEM. Let X be a Riemann surface of type (g,n). Then, are there at
most finitely many non-isomorphic and locally non-trivial holomorphic families
of rational maps of degree d >2? And if it is finite, then is there an upper
bound of the number of families which depends only on d,g and n?

Unfortunately, this problem has a negative answer. Namely, we can find
a Riemann surface of finite type over which there are infinitely many non-
isomorphic and locally non-trivial holomorphic families of rational maps.
However, we shall show that if we restrict our families to ones which satisfy a
certain reasonable condition, then the number of families over a Riemann surface
of finite type is finite.

Secondly, we consider the monodromy of holomorphic families.

In case of holomorphic families of Riemann surfaces, all Riemann surfaces
which appear in fibers of the family are quasiconformally equivalent to each
other. So, analytic continuations of closed curves in the parameter space de-
termines a (homotopy class of) quasiconformal self mapping of the Riemann
surfaces. It induces a homomorphisms of the fundamental group of the surface
to the mapping class group which is called monodromy. It is known that the
monodromy groups play an important role in holomorphic families of Riemann
surfaces (cf. [ISh], [Sh2]).

On the other hand, in case of holomorphic families of rational maps with
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the same degree, all rational maps in a family are not necessarily quasiconform-
ally equivalent to each other. In this paper, we consider holomorphic families
of rational maps over the punctured disk A* = {0 < |z| < 1}, and assume that
they are obtained by quasiconformal deformations. We shall show that under a
condition the monodromy for a simple closed curve in A* around the origin is
of infinite order (Theorem 4.7). It is a generalization of a result in a paper of
McMullen [Mc2]. The result corresponds to the fact that for a holomorphic
family of Riemann surfaces over the punctured disk, the monodromy for a simple
closed curve around the origin is a Dehn twist if the family does not have an
analytic continuation to the origin ([I]). Our proof deeply depends on the theory
of Teichmiiller spaces of complex dynamics which is developed in a paper of
McMullen and Sullivan [MSu].

We give some examples of families for Theorem 4.7 in the last section.

As for terminologies (e.g. Julia set, Fatou set etc.) and fundamental facts of
complex dynamics of rational maps, we refer to [B] and [CG].

The author thanks Curt McMullen for his helpful comments and suggestions.
He also thanks the referee who carefully read the manisucript and gave useful
comments.

2. Holomorphic families of rational maps

Throughout this paper, the degree d of a rational map is not less than 2.
We denote by Rat,; the space of rational functions of degree d. Since Rat; is
identified with P2/ — {some algebraic varieties}, it has a natural complex
structure.

DerFiNiTION 2.1, Let {R;},.,, be a family of rational functions para-
meterized by a complex manifold M. Then it is called a holomorphic family over
M if the assignment

M > +— R; € Rat,
is holomorphic.

DerINITION 2.2, Let {Rﬁj)} sem (J=1,2) be holomorphic families of
rational maps over a complex manifold M. They are called isomorphic if there
exists a holomorphic mapping ¢ from M to PSL(2,C) such that

$(4) o RY = RP o g(1) for all ie M.

A holomorphic family {R;},.,, of rational maps over M is called locally trivial
if for each point z € M there exist a neighbourhood U of z and a rational map
Ry such that the restricted family {R,},.,, on U is isomorphic to a trivial family
{Ro} x U over U.

First, we construct a Riemann surface X of finite type which gives a negative
answer to the problem in the introduction. Namely, X admits infinitely many
non-isomorphic and locally non-trivial holomorphic families of rational maps.
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Example 2.1. Let X be a compact Riemann surface and R be an arbitrary
rational map. For each non-constant meromorphic function f(1) on X, consider
an assignment

(2.1) X=X-Z3)i+ R, =f())R € Rat,,

where Z be the set of zeros and poles of f on X. Then above assignment
determines a holomorphic family over X. Obviously, X is a Riemann surface of
finite type.

We can find a rational map R so that the above family is locally non-trivial.
For example, if R has at least three critical points, then the family {R;},_y is
not locally trivial. Indeed, if it is locally trivial, then there exists a y € PSL(2, C)
such that

7o Ri(z) = R;roy(2)

for A'(# /) in a small neighbourhood of A in X. Since y maps the set of critical
points of R, to that of R,/ from the above relation and all of critical points are
constants with respect to 4 from (2.1), y fixes these critical points. Hence we see
that y must be the identity because the set of critical points contains three points.
On the other hand, R,  is actually different from R, because f is non-constant.
Thus we have a contradiction and we conclude that the family is not locally
trivial.

S1m1lar1y, we have infinitely many locally non-trivial holomorphic families
{R }/leX by

X3}|—>R =f(A)"ReRaty (n=2,3,...).

By the similar reason as above, we verify that a family {R } <y Is not iso-
morphic to {R"},_y if n# m. Therefore the Riemann surface X admits in-
finitely many locally non-trivial and non-isomorphic holomorphic families.

Here, we reconsider the problem for some classes of holomorphic families
of rational maps which appear in many situations. In fact, there are several
important classes of holomorphic families (cf. [MSu]). We recall the definition of
stable families and quasiconformally stable families.

DEerFINITION 2.3 (Stability). Let {R,},.,, be a holomorphic family of ra-
tional maps over a complex manifold M. Then it is stable (resp. quasicon-
formally stable) if for each point A€ M there exists a nelghbourhood U of
such that the action of R, on its Julia set J(R;) (resp. on C) is quasmonformally
conjugate to the action of R, on the Julia set J(R;) (resp. on C) for each A" e
U. More precisely, there exists a quasiconformal self—mappmg S of C for each
/' € U such that f;» depends holomorphically on A" and

Jir o Ri(2) = Ry o f;:(2)
holds for every z e J(R;) (resp. z € C).

Stable families are well investigated by many authors. It is known that
there are some equivalent conditions for stable families.
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ProposiTION 2.1.  Let {R)},.) be a holomorphic family of rational maps
over a complex manifold M. Let Jy be an any point in M. Then the following
conditions are equivalent.

1. {R;},cu is a stable family.

2. The number of attracting cycles of R; is locally bounded at Xy.

3. The Julia set J), of R, depends continuously on A (in the Hausdorff
topology) on a neighbourhood of .

McMullen considers stable holomorphic families of rational maps over a
“nearly” compact complex manifold.

ProposITION 2.2 (McMullen [Mc2]). Let M be a complex manifold on which
there do not exist non-constant bounded holomorphic functions. Then, any stable
family of rational maps over M is either affine or trivial.

In the above proposition, a family of rational maps is called affine if the
family consists of affine rational maps. Affine rational maps are rational maps
constructed by the following way.

Take a torus T = C/A determined by an integral lattice A and consider a
multiplicative map g, : z — oz for some o € C with |¢| > 1. We assume that g,
is equivariant with respect to the action of A. (Take o in Z, for example.)
Since g, is also equivariant to the involution E:z~ —z, it is projected to a
holomorphic mapping of C/{A,E} = C onto itself. Therefore, the projected
mapping is a rational map. We call rational functions obtained by this way
affine rational maps.

Note that the degree of an affine rational map obtained from g, as above
is |«|* and that the Julia set of any affine rational map is C.

From Proposition 2.2, we have a finiteness theorem for stable holomorphic
families of rational maps over a Riemann surface of finite type.

COROLLARY 2.3. There are only finitely many non-isomorphic and locally
non-trivial holomorphic stable families of rational maps of degree d over a Riemann
surface X of type (g,n). Moreover, there exists a number N = N(g,n,d) de-
pending only on g,n and d such that the number of non-isomorphic and locally non-
trivial stable families over X is less than N.

Proof. Since X admits no non-constant bounded holomorphic functions,
any locally non-trivial holomorphic family {R;},_, of rational maps over X must
be affine from Proposition 2.2.

Let o; and T be a constant and a torus which define an affine rational map
R, for A e X. Let n;:T; — C be the ramified covering map induced by E
above. Then, the postcritical set P(R;) defined by

P(R;) = R}(c),
ceC(R;),n>0
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coincides with the set of the critical values of x;, where C(R)) is the set of critical
points of R;,. Hence, P(R;) consists of four points and any two points of them
do not collide for any A€ X. Since R; depends holomorphically on A, so does
each point of P(R;). By taking a finite covering of X if necessary, we may
assume that these four points are holomorphic mapping of X to the sphere C and
three of them are 0,1 and oo by taking a conjugation via a Mobius transform-
ation. Thus, the rest of them, say ¢(1), defines a holomorphic mapping of X to
C — {0,1}, and it determines 7; and 7,. It is known that there are only finitely
many holomorphic mappings of X to C — {0, 1} (see Proposition 3.4). Thus, we
verify that there are only finitely many possibilities for ¢(4) and for T} if ¢(4) is
non-constant with respect to A.

As for oy, it is easily seen that there are only finitely many possibilities for o,
because d = |oc;,|2 . Therefore, we verify that the number of non-isomorphic and
locally non-trivial stable holomorphic families of rational maps of degree d over
X is bounded by some number depending only on g,n and d. O

3. Weakly stable families and finiteness theorem

We have shown a finiteness theorem of stable holomorphic families of
rational maps over a Riemann surface X of finite type. But, as we have seen,
stable families over a Riemann surface of finite type are strongly restrictive, i.e.,
trivial or affine. In this section, we give a finiteness theorem for holomorphic
families of rational maps belonging to a certain class which is a generalization of
stable families.

DErFINITION 3.1 (Weakly stable family). Let {R,},.,, be a holomorphic
family of rational maps of degree d over a complex manifold M and k a positive
integer. Then, it is called a weakly k-stable family over M if it satisfies the
following condition.

« There exists some period p such that the set of periodic points E, of R,
with period p consists of exactly k& points for every 1e M (cf. [CG] III
Lemma 2.5).

If a holomorphic family {R;},_,, is weakly k-stable, then we see that there exists
a neighbourhood U of 1€ M such that each points of E;s is holomorphic with
respect to ' e U.

We can show that any stable family is weakly stable.

PrOPOSITION 3.1.  Let {R;},.,, be a stable holomorphic families of rational
maps of degree d over a complex manifold M. Then, it is a weakly k-stable family
over M for a sufficiently large order k.

Proof. From a characterization of stable families (Proposition 2.1), we see
that periods of attractive cycles of the family are uniformly bounded. Therefore,
any indifferent periodic point is stable because if not, the multiplier moves
holomorphically and it produces a new attractive periodic point. Thus, if we
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take periodic cycles for a sufficiently large period p, all of then are repelling and
they are in the Julia sets. Since a stable family has a quasiconformal conjugacy
on the Julia sets and the quasiconformal mappings depend holomorphically on
Ae M, we verify that the family is weakly stable. O

For any holomorphic family {R;},_,, of rational maps over a complex
manifold M, we denote by M®@Pe the set of stable parameters A in M and by
MYl the set of weakly stable parameters A with order k in M. From
Proposition 3.1 Ms@Pe < [ ], M¥-stable ¢ js known that M*%P¢ is an open dense

subset of M. For MY we can show more.

ProrosiTION 3.2.  For any ko, M — M ,fV'S‘able consists of a locally finite union
of analytic varieties on M for some k > ky.

Proof. Let us consider an algebraic equation
(3.1) Ri(z)—z=0

for some pe N. On a neighbourhood U of Aye M, we denote by Ny the
maximal number of the solutions of (3.1) in U. Since any collision of solutions
of (3.1) gives algebraic equations of coefficients of (3.1), the complement of the
set of 4 € U for which the number of solutions of (3.1) is Ny is a finite union of
analytic varieties on U. If we take p sufficiently large, then we have k = Ny >
ko. Hence the set of A€ U for which the number of the solutions of (3.1) is k
gives a weakly k-stable family. Thus, we complete the proof. O

There is a weakly stable family of rational maps which is not stable. Thus,
the weakly stability is actually a generalization of the stability.

Example 3.1 (A weakly stable family which is not stable.). Let X be a
compact Riemann surface and f be a non-constant meromorphic function on X.
We take a rational function R(z) of degree d and consider a family defined by

4= fA)R(z) = Ri(2)

over X as Example 2.1. We assume that the Julia set J(R;) of R;(z) =f(A)R(z)
is not the sphere C for all 4 in some open set in X. (Take a polynomial, for
example.) Let Z be the zeros and the poles of fin X. We may also assume
that the family {R;},_g_, is not locally trivial as Example 2.1.

Now, we consider the periodic points of R, with some period p. They are
solutions of an algebraic equation

P —
R)(z) —z=0.
Therefore, the number of the periodic points is constant except at most finitely

many points ¥ on X, because a point in Y, which makes a collision of these
periodic points, is a zero of some meromorphic functions on X. Hence, X =



ON HOLOMORPHIC FAMILIES OF RATIONAL MAPS 55

X —Y—Z is a Riemann surface of finite type and the family {R;}, ., is a
weakly stable family from the construction. But it is not stable. Indeed, if the
family is stable, then it is an affine family from Proposition 2.2, because it is not
trivial. Thus, the Julia set J(R;) for any rational map R; for A € X is the sphere
C. It contradicts our choice of R. Hence this is our desired example.

We extend Corollary 2.3 to weakly stable families.

THEOREM 3.3. Let X be a Riemann surface of type (g,n). We denote by
N(X,d, k) the number of non-isomorphic and locally non-trivial weakly k-stable
holomorphic families of rational maps of degree d over X. If k > 3(2d?> + 1), then
there exists an N = N(g,n,d k) depending only on g,n,d and k such that
N(X,d,k) < N for all X of type (g,n).

Proof. Let {R;},.y be a locally non-trivial weakly k-stable holomorphic
family of rational maps over X for k > 3(2d?> + 1) and denote by E; = {a;(1),
a(2),...,ar(1)} the finite set associated to R, in the definition of weakly stable
family. From the definition, each @;(4) is holomorphic on an open set U in X.
Hence, taking a smooth covering X over X, we verify that each a;(1) is lifted to a
holomorphic function on X.

Indeed, take a base point 4y € U and consider an analytic continuation of
aj(%) along a cem(X,4). We denote by af(4) a holomorphic germ at iy
obtained by the analytic continuation of @;(A) along c. Since R;(E;) = E;, we
verify that af(1) € E;,. Therefore, we have a homomorphism p : 7 (X, 4) — %%
by

e ()(A) = a; (2)

for cemi(X, %), where ¥ is the k-symmetric group. The kernel Kerp c
71(X, Ao) determines a finite-sheeted smooth covering X over X, and the index
[71(X,A) : Ker p] is the number of the sheets, which is not greater than k!
From the construction, each a;(4) is lifted to an analytic function 4;(1) on X.
Note that the genus g and the number of punctures, 77 of X have an upper bound
depending only on g,n and k.

Taking conjugations via Mobius transformations, we may assume that
A1(2) =0, Ay(A) =1 and A43(4) = o for all A€ X. Therefore, A4(2),...,Ar(A)
are holomorphic mappings from X to C — {0,1}. Here, we note the following
fact (cf. [Mc2], [Sh2]).

ProPOSITION 3.4. Let X be a Riemann surface of type (g,n). Then, there
are only finitely many holomorphic functions on X which do not take 0 and 1.
Moreover, the number of these holomorphic functions on X has an upper bound
M (g,n) which depends only on g and n.

Hence, if some A4;(4) is not a constant on X, there are only finitely many
possibilities of 4;(1). Let Con(k) be the set of j € {1,2,...,k} so that 4;(4) is a
constant functlon on X and NCon(k) = {1,2,...,k} — Con(k).
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Lemma 3.5, Let R; (j=1,2) be rational maps of degree d. If there are
(2d + 1) points zi,z2,...,204+1 in C such that R\(z;) = Ra(z;) (i=1,2,...,
2d + 1), then Ry = R,.

Proof of the lemma. By taking a conjugation via a Md&bius transformation,
we may assume that z;, Ri(zj), R»(z;) are in C (j=1,2,...,2d +1). Since the
degree of a rational map R = R; — R; is less than (2d + 1), R is at most 2d-
valent holomorphic mapping of € into itself. Hence R must be identically zero
because it has (2d + 1) zeros. O

Since R;(E,) = E;, R) determines an element ¢ € % with
Ry(Aj(2)) = Agj(4) (J=1,2,... k).

Then, for je{l,2,...,k} the following cases are possible.

P1: Both j and O’( ) belong to Con(k).

P2: Both j and o(j) belong to NCon(k).

P3: j belongs to NCon(k) but a(j) belongs to Con(k).

P4: j belongs to Con(k) but o(j) belongs to NCon(k).

1. If there are (2d 4 1) numbers j € {1,2,...,k} which satisfy P1, then R,
is locally constant with respect to A from Lemma 3.5. This means {R;}, ¢ is
locally trivial. Hence, we do not need to consider such a case.

2. Assume that there are (24 + 1) numbers je {1,2,...,k} which satisfy
P2. From Proposition 3.4, there are only finitely many possibilities for 4;(4)
and A,(;(4) = R;(A4;(4)). Hence, we verify that there are also finitely many
possibilities for R, from Lemma 3.5, and it shows the finiteness of families.

3. Suppose that j satisfies P3. From Proposition 3.4, there are only finitely
many possibilities for 4;(1). But there rnay be infinitely many possibilities for a
constant function Ag; )(/1). We consider o2(j).

(a) If o?(j) belongs to Con(k), then the relationship between () and
a%(j) is P1. Thus, we can apply the first argument above and we
conclude that the family is locally trivial if there are (2d + 1) such
numbers j.

(b) If o2(j) belongs to NCon(k), then the relationship of j and &*(j) is
P2. There are only finitely many possibilities for 4;(1) and A4,2(;(4)
= R2(4;(4)). Thus, we can apply the second argument above for
RZ. Since R? is a rational map of degree d?, if there are (2d*+ 1)
such numbers j, we verify the finiteness of R7. And it also shows the
finiteness of R;.

4. 1f j satisfies P4, by the similar argument as (3), we verify the finiteness of
R;.

From our assumption, k > 3(2d* 4 1), we see that one of these cases occurs in E;
and the finiteness is shown as above.

Moreover, if we find (2d> + 1) numbers j such that j,a*(j) € NCon(k) or
(2d + 1) numbers j such that j, o(j) € NCon(k), then we conclude that the number



ON HOLOMORPHIC FAMILIES OF RATIONAL MAPS 57

of such families is at most M(g,ﬁ)z‘l2+~1 or M(g, ﬁ)z‘”l, where M(g,n) is a

constant given in Proposition 3.4 for X. Hence, we complete the proof of
Theorem 3.3. ]

4. Monodromy of holomorphic families of rational maps

We review the theory of Teichmiiller spaces of rational maps developed in
[MSu]. See [MSu] for the details.

Let R be a rational mapping of degree d > 2. We consider quasiconformal
maps ¢: C — C such that R =po Rogp ! are rational maps. Such quasi-
conformal mappings are said to be compatible with the rational map R. Two
quasiconformal mappings ¢, and ¢, are equivalent to each other if there exists a
Mobius transformation 4 such that ¢, = Ao p,. We denote by Def(R) the set
of equivalence classes of quasiconformal mappings ¢ compatible with R.

The quasiconformal automorphism group QC(R) is the set of quasicon-
formal maps o such that R® = R. The group QC(R) acts on Def(R) by

(4.1) g [powl],
where [p] means the equivalence class of ¢.

A normal subgroup QC,(R) of QC(R) consists of quasiconformal mappings
wo € QC(R) admitting a quasiconformal isotopy {w/},.;; iIn QC(R) such that
W] = id. ’

DerFmNiTiON 4.1. The Teichmiiller space of a rational map R is the
quotient space Def(R)/QCy(R) via the action (4.1). The quotient space
Mod(R) = QC(R)/QC,(R) is called the modular group (or mapping class group)
and each element [w] € Mod(R) is called a modular transformation.

Let w;,w; be in QC(R). If they determines the same modular transform-
ation, then w = w; ow;' € QCy(R). Then, we see that w fixes each repelling
periodic points of R. Since w is a quasiconformal mapping of C, we conclude
that w is the identity on J(R) because the set of repelling periodic points is dense
in the Julia set J(R) of R. Hence, if w; and w; determine the same modular
transformation, they have the same value on the Julia set.

As for the action of the modular group, the following is known.

PrOPOSITION 4.1.  The action of the modular group Mod(R) on the Teich-
miiller space Teich(R) is properly discontinuous.

One of the important results in [MSu] is a structural theorem of Teichmiiller
spaces of rational maps. To describe the theorem, it is necessary to understand
how the Beltrami differentials of quasiconformal mappings compatible with R are
determined on C.

If a quasiconformal mapping ¢ is compatible with a rational map R, then the
Beltrami differential x, of ¢ satisfies
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(4.2) Hy(REDR (R (2)) 7 = 1,(2)

for almost all ze C. Therefore we verify that #,(z) determines p,(w) for we
UZCZI R7"(z). It leads us the notion of the grand orbit relation with respect to
the action of R.

DEFINITION 4.2.  The grant orbit of z € C is the set of w such that R"(z) =
R™(w) for some n,m >0. Then, z and w belong to the same grand orbit
equivalence class and we denote by z ~ w the grand orbit equivalence relation.

From the equation (4.2), we verify that the quotient space C/~ is essential
for Beltrami differentials of quasiconformal mappings which are compatible with
R. Generally, the quotient space may be complicated. Fortunately, every
connected component of the Fatou set F(R) of R is preperiodic. Namely, the
following result is known.

PrOPOSITION 4.2.  Every connected component D of F(R) is eventually

periodic, that is, there exists some n € N such that R"(D) is a periodic component
of R.

This result shows that periodic components of F(R) determine the Beltrami
differential on F(R).

A fundamental theorem of the complex dynamics gives a complete classi-
fication of periodic components of the Fatou set (cf. [CG]).

PROPOSITION 4.3. A periodic component D of the Fatou set of a rational map
is one of the following types.

1. An attractive basin.

2. A super-attractive basin.

3. A parabolic basin.

4. A Siegel disk.

5. A Herman ring.

After a deep analysis on grand orbit relations on periodic components, we
see that the grand orbit relations on attractive basins and parabolic basins
produce Riemann surfaces of type (1,m) and (0,n), respectively while annuli with
foliations are obtained from the grand orbit relations on super-attractive basins,
Siegel disks and Herman rings. The Teichmiiller spaces corresponding to the
former ones are denoted by Teich(Q%, R) and the latter ones are denoted by
Teich(Q™! R).

The space of Beltrami differentials supported on the Julia set J(R) is
identified with the set of invariant line fields. Therefore, we have the following.

THEOREM 4.4. The Teichmiiller space Teich(R) of a rational map R is
isomorphic to
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M\ (J(R)) x Teich(Q™, R) x Teich(Q%, R),

where M\ (J(R)) is the set of invariant line fields on the Julia set J(R) of
R.  Moreover, Mi(J(R)) and Teich(Q™ R) are isomorphic to polydisks, and
Teich(QS, R) is isomorphic to finite products of Teichmiiller spaces of Riemann
surfaces of type (0,n) and (1,m).

Now, we describe a motivation of the problem treated in this section. In
[Mc2], McMullen considers a holomorphic family of polynomials P, over X =
{A10 < |4 < 0} (A" ={z]|0 < |z] < 1}) defined by

Pi(z) =20 + 22°.

It is shown that the family is quasiconformally stable. Hence, for any point 4 in
X there exists a neighbourhood U; of A in X such that P;; and P, are quasi-
conformally conjugate to each other for each A’ in U;. Thus, we may take a
quasiconformal self-mapping f;» of C such that

(43) Pyofy(z) =y 0 Pa(z)

for all ze €. We take a circle C = {re”’|0 < <2n} = X. Then, an analytic
continuation of P, along C determines a quasiconformal mapping f¢ satisfying

(4.4) P ofe(z) =fco Piz).
Hence, the quasiconformal mapping fc determines a modular transformation
a)[c].

The quasiconformal mapping fc is not uniquely determined by C, but from
(4.4) the restriction fc|;p, on the Julia set J(P;) is uniquely determined.

Moreover, fc|;p, depends only on the homotopy class [C] of C in £. So, we

denote it by wJC(P"> and call it monodromy of the family for [C] on the Julia set.

Then, the following is shown ([Mc2]).

PROPOSITION 4.5. The order of a)[Jé]P s infinite.

The proof is done by using an approximation of the Julia set J(P;) via a
nested sequence of closed curves in the Fatou set F(P;) and by a careful analysis
of the action of f¢ on the nested sequence. To extend Proposition 4.5, we derive
a similar result by a different method to quasiconformal stable families of rational
maps over the punctured disk A*.

Let {R;}, 5+ be a quasiconformally stable family over the punctured disk
A”*. We consider a monodromy wj¢) of the family for a simple closed curve C
around the origin. Then, we have the following theorem.

THEOREM 4.6. Let {R;}, A+ be a locally non-trivial quasiconformally stable
Sfamily over the punctured disk A*. We assume that the limit lim;_ R, does not
exist in the Teichmiiller space of a rational map R,, for some lo € A*. Then, the
order of wc is infinite.
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Proof. Suppose that the order of w is finite, say k. Take k-sheeted
unramified covering of A*. Then, the covering surface is still the punctured disk
A". Thus, we have a quasiconformally stable holomorphic family {R;}, ., from
{R;},ca-- From the construction, the monodromy for a simple closed curve
around the origin is trivial. Therefore, we see that the assignment A* 5 { — R;
induces a holomorphic mapping /# of A* to the Teichmiiller space Teich(R;,) of
some R in the family.

Here, we consider about complex analytic properties of Teich(R;,). It is
well known that the polydisk and the upper half plane, which are ingredients of
M;(J(Rz,)) x Teich(Q™), are complete with respect to the Carathéodory metrics
on each spaces. Also, it is known that any finite dimensional Teichmdiller space
of Riemann surfaces is complete with respect to the Carathéodory metric (cf. [E],
[Shl] etc.?. Therefore, Teich(R;,), which are finite products of M;(J(R,)) X
Teich(Q™') and finite dimensional Teichmiiller spaces of Riemann surfaces, is
complete with respect to the Carathéodory metric ([K]). This implies that
the origin is a removable singularity of the holomorphic mapping 4:A* —
Teich(R;,) and the limit limg o A({) exists in Teich(Ry,). It contradicts our
assumption. O

The statement of Theorem 4.6 is similar to that of Proposition 4.5, but it
does not cover that of Proposition 4.5 because wJC(R") may be of finite order even
if w(¢) is of infinite order. Here, we extend Proposition 4.5 by the following way.

THEOREM 4.7. Let {P,},.po- be a locally non-trivial quasiconformal stable
holomorphic family of polynomials of degree d over the punctured disk A* and C().)
the set of finite critical points of P;. Suppose that the limit lim;_y P, does not
exist in the Teichmiiller space of a rational map P, for some Jy € A*, and that the
set C(1) has the following properties.

1. There exists a non-empty subset A(1) of C(A) such that any c € A() is
attracted to oo, that is, lim,_,, PJ(c) = 0.

2. C(A) — A(A) is not empty, and any ce C(A)— A(A) is either a super-
attracting periodic point or it lands in a parabolic component of F(P)).
Furthermore, if ¢ is in a parabolic component, then it is a unique critical point
which lands in the component.

Then, w[JC(]P"‘> is of infinite order.

Remark 4.1. We have some comments about the above assumption.

« From the assumption in Theorem 4.7, we have d > 3. Furthermore, we
see that the Julia set J(P;) is not connected.

+ Suppose that a holomorphic family of rational maps satisfies the above
conditions (1) and (2), and that the postcritical sets of critical points in A(4) are
disjoint to each other for any 1€ A*. Then the postcritical set gives a holo-
morphic motion on A*. It follows from Corollary 7.5 in [MSu] that the family
is quasiconformally stable. In particular, if A(A) consists of only one critical
point, then the family satisfying the condition (1) and (2) is quasiconformally
stable.
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Proof. First of all, we note that under the condition of the theorem, every
P, is expansive in the sense of Denker and Urbanski ((DU]) because the Julia set
J(P;) has no critical point (([DU] Theorem 4). Therefore, J(P;) has zero area
((DU] Theorem 14) and the space of invariant line fields on the Julia set is trivial.

Let f be a quasiconformal self-mapping of C which determines the mon-
odromy wc). Since the quasiconformal self-mapping f satisfies P, of = f o P,
the mapping f preserves both F(P;) and the set of critical points of P;. Thus, by
taking a finite-sheeted covering of A* which is still A* if necessary, we may
assume that any component F of F(P;) with F N C(1) # § is preserved by f. So,
f determines modular transformations of Teichmiiller spaces of Riemann surfaces
and holomorphic mappings of H both of which are factors of Teich(P;). Since
w|c) is of infinite order from Theorem 4.6, at least one modular transformation
on a factored Teichmiiller space is of infinite order. Only Fatou components
which contain forward orbits of critical points contribute to the Teichmiiller space
of P;. Hence, we consider only super-attractive basin at oo and Fatou com-
ponents which meet with C(4).

Let F be a component of F(P;) with FNC(A) #@. From our assumption,
F is either parabolic or super-attractive.

If Fis parabolic, then the set of grand orbit equivalence classes in F gives the
Teichmiiller space of thrice punctured sphere because F contains only one critical
orbit. Therefore, the Teichmiiller space is trivial, and we do not need to care
about such a component.

If F belongs to a bounded super-attractive cycle, then F contains only a
super-attracting periodic point in the post-critical set from our assumptions.
Thus, the Teichmiiller space for F is also trivial and we do not need to consider
it.

Hence, the rest is a super-attractive component F,, of co with critical points.
As we have seen, w¢) induces a modular transformation of infinite order acting
on the space of grand orbits in F.,,. First, we assume that |F, N C(1)|=1.
Then, F,, contains a super-attracting fixed point co and a critical point ¢; which
is attracted to co. Consider the grand orbit equivalence classes in F,. They
consists of a foliated annuli bounded by leaves containing grand orbits of the
critical point c;.

To see this, take a holomorphic mapping ¢ in the neighbourhood of co with
¢(o0) =0 and

(4.5) 0(Py(2) = p(2)".

Then, It is known that log|g(z)| is defined all over F,, and that it is Green’s
function of F., with pole at co. ¢! has an analytic continuation along any line
from O unless the line encounters ¢(ci).

Let A, = {|z| <r} be the maximal disk where ¢~! is defined. In D, =
o Y(A) = Fyp, o7 ({|z| = p})(p < r) is a subset of the closure of the grand orbits
of any pe ¢ '({|z] =p}), and L, = D, contains a union of finite number of
simple closed curves Ay,..., A, attached to each other at ¢;. Set Ly = P;(L;).
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FIGURE 1

Then, Ly is a simple closed curve and an annulus U; bounded by Ly and L; is
foliated by leaves of the closure of grand orbits equivalence classes. Actually,
the leaves are level curves of ¢.

From our assumption, There exist a critical point ¢ ¢ {o0,c;} of P; and a
simple closed curve 4; (1 <j <n) such that ¢ belongs to a component of C — 4;
not containing co. We denote the curve 4; by Bj.

NotAaTiON.  For any simple closed curve C with C 3 oo, we call a com-
ponent of C — C which does not contain oo the inside of C and denote it by
I1(C).

LeEMMA 4.8. There exists a component By of P;'(By) such that 1(B;) =
I(By)UBy 2 cand Py : Uy — U, is a covering map of some degree k > 2, where U,
is a component of P;I(Ul) with 60U, o Bs.

Proof of Lemma 4.8. From our assumption (2), the critical point ¢ is in a
forward invariant component of F(P;). Therefore, P;(c) is in I(B;). Thus, we
may find a component B, of P;!(B;) whose inside contains c.

A polynomial P;(z) — P)(c) has at least two zeros in I(B;) because I(Bj)
contains a critical point ¢. And it has no poles in 7(B;). It follows from the
argument principle that P, : U, — U; is a covering map with some degree
k>1. O

Denote by L, a component of P;!(L;) which contains B,. Note that L, is
a part of dU, and it consists of B, and smnple closed curves, say Co1,Coa, ...,
Cy/(2), which are attached to B, at points in P;'(cy).

We can continue the above procedure. Namely, we may find a simple
closed curve B, in I(B,) so that I(B,) > I(B,41)UB, 1 3¢ for n=1,2,....
Furthermore, there exists a nested sequence {U,},—, of annuli with dU, > B,
such that P”(U )="Uy and P, : U,y; — U, is a covering map with degree > 2.
We denote by L, a component of P;"*'(L;) which contains B,. As before, L, is
a part of dU, and it consists of B, and a finite number of simple closed curves,
say Cu1, G, ..., Cus(ny, Which are attached to B, at points in P;"(cy).
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Recall that w¢) induces a modular transformation of infinite order acting on
the space of grand orbits in F,,. Since f fixes the critical point ¢; in F,, it also
fixes any point on two simple closed curves Ly and P;(Ly). Therefore, the action
on an annulus Uy = P;(U;) must be a Dehn twist.

On the other hand, P} : U, — Uy is a covering map with degree not less
than 2" with the following commutative diagram.

n

U, —/)UO

(4.6) fl lf

U, — U
Py

Hence, for a sufficiently large n the action of f on U, is a “fractional” Dehn
twist. In other words, f|U, is regarded as a “‘rotation” with angle 2z/N, and
N, — oo as n — oo. Therefore, it gives a permutation on {C,1, G, ..., Cyn)}
and the order diverges as n — co. Since I(C,;) NJ(P;) # 0 for each C,;, we have
shown that coJéP") is of infinite order when |F,, NC(1)| = 1.

When |F,, N C(1)| > 2, we also have several foliated annuli in F,, bounded
by leaves containing critical points or postcritical points. Since wc) is of infinite
order, we verify that the action of fis a Dehn twist on some annulus. Hence the
same argument also works when |F, N C(1)] >2. The details are left to the
reader.

Thus, we complete the proof of Theorem 4.7. O

5. Examples

In this section, we exhibit some examples about Theorem 4.7. The fol-
lowing families are defined over {|A| > M} for some M > 0. As we noted in the
remark of Theorem 4.7, the holomorphic motion formed by the postcritical set
induces the quasiconformal stability of the family. Thus, we verify that all of
the following families are quasiconformally stable if they satisfy the conditions (1)
and (2) in Theorem 4.7.

Example 5.1. P;(z) =z¢ — Jz971 (d > 3).
This is a direct extension of an example given in McMullen [Mc2]. We
have

Pl(z) = dz? <z - %i) .

Thus, z = 0 is a super-attracting fixed point and o = (d — 1)4/d is another critical
point. We verify that if M > 0 is sufficiently large, then o is attracted to co.
Thus, the family satisfies the condition of Theorem 4.7.
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Example 5.2. For n > 2,

1 n+
(5.1) Pi(z) = m{(n + Dnz"+?
—(m+2)n(A+ D" 4 (n4+2)(n+ 1)1z"}.
We have
Py = DO ey,

(n+2)A—n

Hence, z =0, 1, 4 are critical points and z = 0,1 are super-attracting fixed points.
From (5.1), we have

|)L| n+1

|(n+2)A —n|

Hence, if |A| > 1, then |P,(4)/A] > 1. From

[P (A)] = |[nA —n=2|.

e T
P = o 2y
X n(n+1)z> —n(n+ 1)(A+ D)z + (n+1)(n +2) |
="
= m{n(rH— Dz = n(n+ 1)(|12] + 12|

b

it follows that if |z/A|> 1 and |A| > 1, then |P;(z)/z| > 1. Hence, we verify
that if M > 0 is sufficiently large, then A is attracted to oo. Thus, the example
satisfies the condition of Theorem 4.7.

N
A

—(n+1D)(n+2)

Finally, we give an example with a parabolic fixed point.
Example 5.3.

(5.2) Pi(z) :%23 —%(iJr)F')zerz.

We have
Pi(2)=(z =)z, PO)=1,

A

and P;(0) = 0. Hence, z = 0 is a parabolic fixed point and z = 1,2~ are critical
points of P;(z). We see that if M > 0 is sufficiently large, then P/'(1) — oo as
n — oo. On the other hand, a parabolic component contains a critical point
(cf. [CG] M. Theorem 2.3). Therefore, z= A" is attracted to z =0 and it is
contained in the parabolic component for z = 0. Thus, the example also satisfies
the condition of Theorem 4.7.
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