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SHARP ENDPOINT INEQUALITY FOR MULTILINEAR

LITTLEWOOD-PALEY OPERATOR

Lanzhe Liu

Abstract

We establish a sharp inequality for multilinear Littlewood-Paley operator. As

application, we obtain the weighted norm inequalities and L log L type endpoint esti-

mate for the multilinear operator.

1. Introduction and result

Let c be a function on Rn which satisfies the following properties:
(1)

Ð
cðxÞ dx ¼ 0,

(2) jcðxÞjaCð1 þ jxjÞ�ðnþ1Þ,
(3) jcðxþ yÞ � cðxÞjaCjyjð1 þ jxjÞ�ðnþ2Þ when 2jyj < jxj;
Let m be a positive integer and A be a function on Rn. We denote that

GðxÞ ¼ fðy; tÞ A Rnþ1
þ : jx� yj < tg and the characteristic function of GðxÞ by

wGðxÞ. The multilinear Littlewood-Paley operator is defined by

SA
c ð f ÞðxÞ ¼

ðð
GðxÞ

jF A
t ð f ÞðyÞj2 dydt

tnþ1

" #1=2

;

where

F A
t ð f Þðx; yÞ ¼

ð
Rn

f ðzÞctðy� zÞ
jx� zjm Rmþ1ðA; x; zÞ dz;

Rmþ1ðA; x; yÞ ¼ AðxÞ �
X
jajam

1

a!
DaAðyÞðx� yÞa;

and ctðxÞ ¼ t�ncðx=tÞ for t > 0. We write Ftð f ÞðxÞ ¼ f � ctðxÞ. We also define
that

Scð f ÞðxÞ ¼
ðð

GðxÞ
jFtð f ÞðxÞj2

dydt

tnþ1

 !1=2

;
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which is the Littlewood-Paley operator (see [12]).

Let H be the Hilbert space H ¼ h : khk ¼
Ð Ð

Rnþ1
þ

jhðtÞj2 dydt

t nþ1

� �1=2

< y

� �
.

Then for each fixed x A Rn, F A
t ð f ÞðxÞ and Ftð f ÞðxÞ may be viewed as a mapping

from ð0;þyÞ to H, and it is clear that

SA
c ð f ÞðxÞ ¼ kwGðxÞF A

t ð f Þðx; yÞk:
Note that when m ¼ 0, SA

c is just the commutator of Littlewood-Paley operator
(see [9]), while when m > 0, it is non-trivial generalizations of the commutators.
It is well known that multilinear operators are of great interest in harmonic anal-
ysis and have been widely studied by many authors (see [1–5]). In [8], authors
establish a variant sharp estimate for the multilinear singular integral operators.
The main purpose of this paper is to establish a sharp estimate for the multilinear
Littlewood-Paley operator, then the weighted norm inequalities and the L log L
type endpoint estimate for the multilinear operator are obtained by using the
sharp estimate. We point out that some of our ideas come from [8] and [10].
First, let us introduce some notation (see [6] [7] [10]).

For any locally integrable function f , the sharp function of f is defined by

f #ðxÞ ¼ sup
x AQ

1

jQj

ð
Q

j f ðyÞ � fQj dy;

where, and in what follows, Q will denote a cube with sides parallel to the axes,
and fQ ¼ jQj�1 Ð

Q
f ðxÞ dx. It is well-known that

f #ðxÞ ¼ sup
x AQ

inf
c AC

1

jQj

ð
Q

j f ðyÞ � cj dy:

We say that f belongs to BMOðRnÞ if f # belongs to LyðRnÞ. For 0 < r < y,
we denote f #

r by

f #
r ðxÞ ¼ ½ðj f jrÞ#ðxÞ�1=r:

Let M be the Hardy-Littlewood maximal operator, that is

Mf ðxÞ ¼ sup
x AQ

1

jQj

ð
Q

j f ðyÞj dy;

we write that Mp f ¼ ðMð f pÞÞ1=p, for k A N, we denote by Mk the operator M
iterated k times, i.e., M 1 f ðxÞ ¼ Mf ðxÞ and

Mk f ðxÞ ¼ MðMk�1 f ÞðxÞ when kb 2:

Let B be a Young function and ~BB be the complementary associated to B, we
denote that, for a function f

k f kB;Q ¼ inf l > 0 :
1

jQj

ð
Q

B
j f ðyÞj

l

� �
dya 1

� �

and the maximal function by
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MB f ðxÞ ¼ sup
x AQ

k f kB;Q;

The main Young function to be using in this paper is BðtÞ ¼ tð1 þ logþ tÞ and its
complementary ~BB ¼ exp t, the corresponding maximal denoted by ML logL and
MexpL. We have the generalized Holder’s inequality (see [10])

1

jQj

ð
Q

j f ðyÞgðyÞj dya k f kB;QkgkB;Q

and the following inequality (in fact they are equivalent), for any x A Rn

ML logL f ðxÞaCM 2 f ðxÞ
and the following inequalities, for all cube Q any b A BMOðRnÞ

kb� bQkexpL;Q aCkbkBMO

and

jb2kþ1Q � b2Qja 2kkbkBMO:

We denote the Muckenhoupt weights by Ap for 1a p < y (see [6]).
Now we state the results in this paper as following.

Theorem 1. Let DaA A BMOðRnÞ for all a with jaj ¼ m. Then for any
0 < r < 1, there exists a constant C > 0 such that for any f A Cy

0 ðRnÞ and any
x A Rn,

ðSA
c ð f ÞÞ

#
r ðxÞaC

X
jaj¼m

kDaAkBMOM
2 f ðxÞ:

Theorem 2. Let 1 < p < y and DaA A BMOðRnÞ for all a with jaj ¼ m,
w A Ap. Then SA

c is bounded on LpðwÞ, that is

kSA
c ð f ÞkL pðwÞ aC

X
jaj¼m

kDaAkBMOk f kL pðwÞ:

Theorem 3. Let DaA A BMOðRnÞ for all a with jaj ¼ m, w A A1. Then
there exists a constant C > 0 such that for each l > 0,

wðfx A Rn : SA
c ð f ÞðxÞ > lgÞ

aC
X
jaj¼m

kDaAkBMO

ð
Rn

j f ðxÞj
l

1 þ logþ j f ðxÞj
l

� �� �
wðxÞ dx:

As in [10], Theorem 2 and 3 follow from Theorem 1 and the boundedness of Sc

with M. So we only need to prove Theorem 1.

2. Some lemmas

We begin with some preliminary lemmas.
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Lemma 1 (Kolmogorov, [7, p. 485]). Let 0 < p < q < y and for any func-
tion f b 0. We define that

k f kWLq ¼ sup
l>0

ljfx A Rn : f ðxÞ > lgj1=q;

Np;qð f Þ ¼ sup
E

k f wEkL p=kwEkLr ; ð1=r ¼ 1=p� 1=qÞ

where the sup is taken for all measurable sets E with 0 < jEj < y. Then

k f kWLq aNp;qð f Þa ðq=ðq� pÞÞ1=pk f kWLq :

Lemma 2 ([10, p. 165]). Let w A A1. Then there exists a constant C > 0
such that for any function f and for all l > 0,

wðfy A Rn : M 2 f ðyÞ > lgÞaCl�1

ð
Rn

j f ðyÞjð1 þ logþðl�1j f ðyÞjÞÞwðyÞ dy:

Lemma 3 ([3, p. 448]). Let A be a function on Rn and DaA A LqðRnÞ for all
a with jaj ¼ m and some q > n. Then

jRmðA; x; yÞjaCjx� yjm
X
jaj¼m

1

j ~QQðx; yÞj

ð
~QQðx;yÞ

jDaAðzÞjq dz
 !1=q

;

where ~QQðx; yÞ is the cube centered at x and having side length 5
ffiffiffi
n

p
jx� yj.

Lemma 4. Let 1 < p < y, 1 < ray, 1=q ¼ 1=pþ 1=r and DaA A
BMOðRnÞ for all a with jaj ¼ m. Then SA

c is bound from LpðRnÞ to LqðRnÞ, that
is

kSA
c ð f ÞkLq aC

X
jaj¼m

kDaAkBMOk f kL p :

Proof. By Minkowski inequality and the condition of c, we have

SA
c ð f ÞðxÞa

ð
Rn

j f ðzÞj jRmþ1ðA; x; zÞj
jx� zjm

ð
GðxÞ

jctðy� zÞj2 dydt
t1þn

 !1=2

dz

aC

ð
Rn

j f ðzÞj jRmþ1ðA; x; zÞj
jx� zjm

ðy
0

ð
jx�yjat

t�2n

ð1 þ jy� zj=tÞ2nþ4

dydt

t1þn

 !1=2

dz

aC

ð
Rn

j f ðzÞj jRmþ1ðA; x; zÞj
jx� zjm

ðy
0

ð
jx�yjat

t�2n

ð1 þ jy� zj=tÞ2nþ4

dydt

tnþ1

 !1=2

dz;

aC

ð
Rn

j f ðzÞj jRmþ1ðA; x; zÞj
jx� zjm

ðy
0

ð
jx�yjat

22nþ4 � t1�n

ð2tþ jy� zjÞ2nþ2
dydt

 !1=2

dz;
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noting that 2tþ jy� zjb 2tþ jx� zj � jx� yjb tþ jx� zj when jx� yja t andðy
0

tdt

ðtþ jx� zjÞ2nþ2
¼ Cjx� zj�2n;

we obtain

SA
c ð f ÞðxÞaC

ð
Rn

j f ðzÞj
jx� zjm jRmþ1ðA; x; zÞj

ðy
0

tdt

ðtþ jx� zjÞ2nþ2

 !1=2

dz

¼ C

ð
Rn

j f ðzÞj
jx� zjmþn jRmþ1ðA; x; zÞj dz;

thus, the lemma follows from [4] [5].

3. Proof of Theorems

We first prove Theorem 1.

Proof of Theorem 1. For ~xx A Rn, let Q ¼ Qðx0; lÞ be a cube centered at x0

and having side length l such that ~xx A Q. It is su‰ce to prove for f A Cy
0 ðRnÞ

and some constant C0, the following inequality holds:

1

jQj

ð
Q

jSA
c ð f ÞðxÞ � C0jr dx

� �1=r

aCM 2 f ð~xxÞ:

Set ~QQ ¼ 5
ffiffiffi
n

p
Q and ~AAðxÞ ¼ AðxÞ �

P
jaj¼m

1
a! ðDaAÞ ~QQx

a, then RmðA; x; yÞ ¼

Rmð ~AA; x; yÞ and Da ~AA ¼ DaA� ðDaAÞ ~QQ for jaj ¼ m. We write, for f1 ¼ f w ~QQ and
f2 ¼ f wRnn ~QQ,

F A
t ð f Þðx; yÞ ¼

ð
Rmþ1ðA; x; zÞ

jx� zjm ctðy� zÞ f ðzÞ dz

¼
ð
Rmþ1ð ~AA; x; zÞ

jx� zjm ctðy� zÞ f2ðzÞ dzþ
ð
Rmð ~AA; x; zÞ
jx� zjm ctðy� zÞ f1ðzÞ dz

�
X
jaj¼m

1

a!

ð ðx� zÞaDa ~AAðzÞ
jx� zjm ctðy� zÞ f1ðzÞ dz

then

jSA
c ð f ÞðxÞ � S

~AA
c ð f2Þðx0Þj

¼ j kwGðxÞF A
t ð f Þðx; yÞk � kwGðx0ÞF

~AA
t ð f Þðx0; yÞk j

a kwGðxÞF A
t ð f Þðx; yÞ � wGðx0ÞF

~AA
t ð f Þðx0; yÞk
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a wGðxÞFt

Rmð ~AA; x; �Þ
jx� �jm f1

 !
ðyÞ

�����
�����þ

X
jaj¼m

1

a!
wGðxÞFt

ðx� �Þa

jx� �jm Da ~AAf1

� �
ðyÞ

����
����

þ kwGðxÞF
~AA

t ð f2Þðx; yÞ � wGðx0ÞF
~AA

t ð f2Þðx0; yÞk

1 IðxÞ þ IIðxÞ þ IIIðxÞ;

thus,

1

jQj

ð
Q

jSA
c ð f ÞðxÞ � S

~AA
c ð f2Þðx0Þj r dx

� �1=r

a
C

jQj

ð
Q

IðxÞr dx
� �1=r

þ C

jQj

ð
Q

IIðxÞr dx
� �1=r

þ C

jQj

ð
Q

IIIðxÞr dx
� �1=r

1 I þ II þ III :

Now, let us estimate I ; II and III , respectively. First, for x A Q and y A ~QQ, using
Lemma 2, we get

Rmð ~AA; x; yÞaCjx� yjm
X
jaj¼m

kDaAkBMO;

thus, by Lemma 1 and the weak type ð1; 1Þ of Sc (see [9] [12]), we obtain

I aC
X
jaj¼m

kDaAkBMOjQj�1 kScð f1ÞwQkLr

kwQkLr=ð1�rÞ

aC
X
jaj¼m

kDaAkBMOjQj�1kScð f1Þð f1ÞkWL1

aC
X
jaj¼m

kDaAkBMOj ~QQj�1

ð
~QQ

j f ðyÞj dy

aC
X
jaj¼m

kDaAkBMOMð f Þð~xxÞ;

For II , similar to the proof of I , we get

II aC
X
jaj¼m

jQj�1 kScðDa ~AAf1ÞwQkLr

kwQkLr=ð1�rÞ
aC

X
jaj¼m

jQj�1kScðDa ~AAf1ÞkWL1

aC
X
jaj¼m

jQj�1

ð
~QQ

jDa ~AAðyÞj j f ðyÞj dyaC
X
jaj¼m

kDaAkexpL; ~QQk f kL logL; ~QQ

aC
X
jaj¼m

kDaAkBMOML logL f ð~xxÞaC
X
jaj¼m

kDaAkBMOM
2 f ð~xxÞ;
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Now let us estimate III . We write

wGðxÞF
~AA

t ð f2Þðx; yÞ � wGðx0ÞF
~AA

t ð f2Þðx0; yÞ

¼
ð
Rn

1

jx� zjm � 1

jx0 � zjm
	 


wGðxÞctðy� zÞRmð ~AA; x; zÞ f2ðzÞ dz

þ
ð
wGðxÞctðy� zÞ f2ðzÞ

jx0 � zjm ½Rmð ~AA; x; zÞ � Rmð ~AA; x0; zÞ� dz

þ
ð
ðwGðxÞ � wGðx0ÞÞ

ctðy� zÞRmð ~AA; x0; zÞ f2ðzÞ
jx0 � zjm dz

�
X
jaj¼m

1

a!

ð
wGðxÞðx� zÞa

jx� zjm �
wGðx0Þðx0 � zÞa

jx0 � zjm

" #
ctðy� zÞDa ~AAðzÞ f2ðzÞ dz

¼ III1 þ III2 þ III3 þ III4:

Note that jx� zj@ jx0 � zj for x A Q and z A Rnn ~QQ. By Lemma 3 and the fol-
lowing inequality (see [7])

jbQ1
� bQ2

jaC logðjQ2j=jQ1jÞkbkBMO; for Q1 HQ2;

we know that, for x A Q and z A 2kþ1 ~QQn2k ~QQ,

jRmð ~AA; x; zÞjaCjx� zjm
X
jaj¼m

ðkDaAkBMO þ jðDaAÞ ~QQðx; zÞ � ðDaAÞ ~QQjÞ

aCkjx� zjm
X
jaj¼m

kDaAkBMO;

For III1, by the condition on c and similar to the proof of Lemma 4, we get

kIII1ka
ð
Rnn ~QQ

jx� x0j j f ðzÞj
jx� zjnþmþ1

jRmð ~AA; x; zÞj dz

a
Xy
k¼0

ð
2kþ1 ~QQn2k ~QQ

jx� x0j j f ðzÞj
jx� zjnþmþ1

jRmð ~AA; x; zÞj dz

aC
X
jaj¼m

kDaAkBMO

Xy
k¼1

k2�kMð f Þð~xxÞ

aC
X
jaj¼m

kDaAkBMOMð f Þð~xxÞ;

For III2, by the formula (see [3]):

Rmð ~AA; x; zÞ � Rmð ~AA; x0; zÞ ¼
X
jbj<m

1

b!
Rm�jbjðDb ~AA; x; x0Þðx� zÞb
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and Lemma 3, we have

jRmð ~AA; x; zÞ � Rmð ~AA; x0; zÞjaC
X
jbj<m

X
jaj¼m

jx� x0jm�jbjjx� zjjbjkDaAkBMO

aC
X
jaj¼m

kDaAkBMOjx� x0j jx� zjm�1;

thus, similar to the proof of Lemma 4

kIII2ka
ð
Rnn ~QQ

jRmð ~AA; x; zÞ � Rmð ~AA; x0; zÞj
jx0 � zjmþn j f ðzÞj dz

aC
X
jaj¼m

kDaAkBMO

Xy
k¼0

ð
2kþ1 ~QQn2k ~QQ

jQj1=n

jx0 � zjnþ1
j f ðzÞj dz

aC
X
jaj¼m

kDaAkBMO

Xy
k¼1

2�k 1

j2k ~QQj

ð
2k ~QQ

j f ðzÞj dz

aC
X
jaj¼m

kDaAkBMOMð f Þð~xxÞ;

For III3, similar to the proof of Lemma 4, we obtain

kIII3kaC

ð
Rn

0
@ðð

Rnþ1
þ

"
jctðy� zÞj j f2ðzÞj jRmð ~AA; x0; zÞj

jx0 � zjm

� jwGðxÞðy; tÞ � wGðx0Þðy; tÞj
#2

dydt

tnþ1

1
A

1=2

dz

aC

ð
Rn

j f2ðzÞj jRmð ~AA; x0; zÞj
jx0 � zjm

�
ðð

GðxÞ

t1�n dydt

ðtþ jy� zjÞ2nþ2
�
ðð

Gðx0Þ

t1�n dydt

ðtþ jy� zjÞ2nþ2

�����
�����

1=2

dz

aC

ð
Rn

j f2ðzÞj jRmð ~AA; x0; zÞj
jx0 � zjm

�
ðð

jyjat

1

ðtþ jxþ y� zjÞ2nþ2
� 1

ðtþ jx0 þ y� zjÞ2nþ2

�����
����� dydttn�1

 !1=2

dz

aC

ð
Rn

j f2ðzÞj jRmð ~AA; x0; zÞj
jx0 � zjm

ðð
jyjat

jx� x0jt1�n dydt

ðtþ jxþ y� zjÞ2nþ3

 !1=2

dz
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aC

ð
Rn

j f2ðzÞj jx� x0j1=2jRmð ~AA; x0; zÞj
jx0 � zjmþnþ1=2

dz

aC
X
jaj¼m

kDaAkBMO

Xy
k¼1

2�k=2 1

j2k ~QQj

ð
2k ~QQ

j f ðzÞj dz

aC
X
jaj¼m

kDaAkBMOMð f Þð~xxÞ;

For III4, similar to the proof of III1 and III3, we get

kIII4kaC
X
jaj¼m

ð
Rn

jx� x0j
jx0 � zjnþ1

þ jx� x0j1=2

jx0 � zjnþ1=2

 !
jDa ~AAðyÞj j f2ðzÞj dz

aC
X
jaj¼m

Xy
k¼1

ð2�k þ 2�k=2Þ 1

j2k ~QQj

ð
2k ~QQ

j f ðzÞj jDaAðzÞ � ðDaAÞ ~QQj dz

aC
X
jaj¼m

Xy
k¼1

kð2�k þ 2�k=2ÞðkDaAkexpL;2k ~QQk f kL logL;2k ~QQ

þ kDaAkBMOMð f Þð~xxÞÞ

aC
X
jaj¼m

Xy
k¼1

kð2�k þ 2�k=2ÞkDaAkBMOML logLð f Þð~xxÞ

aC
X
jaj¼m

kDaAkBMOM
2ð f Þð~xxÞ:

Thus,

III aC
X
jaj¼m

kDaAkBMOM
2ð f Þð~xxÞ:

This completes the proof of Theorem 1.

From Theorem 1 and the weighted boundedness of Sc and M, we may
obtain the conclusion of Theorem 2.

From Theorem 1 and Lemma 2, we may obtain the conclusion of Theorem 3.
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