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DARBOUX TRANSFORMATIONS AND ISOMETRIC IMMERSIONS OF

RIEMANNIAN PRODUCTS OF SPACE FORMS

Qun He and Yi-Bing Shen

Abstract

By using the Darboux transformation in Soliton theory, we give the explicit con-

struction for local isometric immersions of the Riemannian product Mn1
1 ðc1Þ �Mn2

2 ðc2Þ
into space forms MmðcÞ with flat normal bundle via purely algebraic algorithm.

§0. Introduction

The problem on isometric immersions of Riemannian manifolds into space
forms is an interesting classical problem. There are a lot of nonexistence results
in this area ([CK], [Hi], [Pe], [Xa], etc.). Recently, it has been found that the
integrability condition for isometric immersions of space forms, i.e., Gauss-
Codazzi-Ricci equations, is equivalent to the condition of a family of connections
to be flat ([FP], [Ter]). This enable us to apply the soliton theory to the study of
some problems on isometric immersions of space forms. For instance, some
Bäcklund transformations for such isometric immersions were considered in [FP]
and [TU]. The Darboux transformation method for the explicit expressions of
such isometric immersions via purely algebraic algorithm has been given in [Zh,
HS], respectively. It is natural to consider the problem on isometric immersions
of Riemannian product Mn1

1 ðc1Þ �Mn2
2 ðc2Þ into space forms MmðcÞ.

The purpose of this paper is to apply the Darboux transformation method
to the study of local isometric immersions from the Riemannian product of
space forms into space forms with flat normal bundle. Some fundamental
theory on local isometric immersions of Mn1

1 ðc1Þ �Mn2
2 ðc2Þ into MmðcÞ with c ¼

c1c2=ðc1 þ c2Þ is developed in §1. In §2, a zero curvature condition for such local
isometric immersions is given, i.e., a family of connection 1-forms including one
parameter are flat. It is di¤erent from [FP]. In §3, the Darboux transforma-
tions for the explicit expressions of such isometric immersions are shown. This is
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a purely algebraic algorithm. Finally, in §4, we give an explicit construction of
such isometric immersions from a trivial (degenerated) isometric immersion via
the Darboux transformation for the twisted soðp; q; rÞ-hierarchy. It is possible
that the method of this paper may be used to study local isometric immersions of
the Riemannian product of several space forms into space forms.

§1. Isometric immersions of Riemannian products

Let MnðcÞ denote an n-dimensional space form of constant curvature c. Let
rc : M

mðcÞ ! Rmþ1
c be the following standard isometric embedding:

MmðcÞ ¼ ðx0; x1; . . . ; xmÞ A Rmþ1 j
Xm
A¼1

x2
A þ x2

0 ¼ 1

c2

( )
for c > 0;

MmðcÞ ¼ ðx0; x1; . . . ; xmÞ A Rm;1 j
Xm
A¼1

x2
A � x2

0 ¼ � 1

c2

( )
for c < 0;

Mmð0Þ ¼ fðx0; x1; . . . ; xmÞ A Rmþ1 j x0 ¼ 0g:

Consider a locally isometric immersion j : Mn1
1 ðc1Þ �Mn2

2 ðc2ÞIU ! MmðcÞ
with c2 0 0 and c ¼ c1c2=ðc1 þ c2Þ, where m > n1 þ n2 ¼ n and, without loss of
generality, c ¼G1 or 0. We shall make use of the following convention on the
ranges of indices unless otherwise stated:

i; j; k; . . . ¼ 1; . . . ; n1; q; s; t; . . . ¼ n1 þ 1; . . . ; n;

I ; J;K ; . . . ¼ 1; . . . ; n; r ¼ 1; 2; a; b; . . . ¼ 1; . . . ;m� n:

Then the composition map r ¼ rc � j : U ! Rmþ1
c is a local isometric immersion

into Rmþ1
c . Set

Jc ¼
c 0

0 Im

� �
; socðmþ 1Þ ¼ fX A slðmþ 1;RÞ jXJc þ JcX

T ¼ 0g:

Denote by SOcðmþ 1Þ the Lie group of which the Lie algebra is socðmþ 1Þ.
Consider a framing field C ¼ ðe0; e1; . . . ; emÞ : U ! SOcðmþ 1Þ in Rmþ1

c so that
r ¼ J 2

c e0, feig and fesg are tangent to Mn1
1 ðc1Þ and Mn2

2 ðc2Þ respectively, and
fenþag are normal to M1 �M2 in MmðcÞ. Clearly, e0 is normal to MmðcÞ for
c0 0. Let X ¼ C�1 dC be the pull back of the Maurer-Cartan form of
SOcðmþ 1Þ by C, which is an socðmþ 1Þ-valued 1-form. We then have

dC ¼ CX;

Cð0Þ ¼ Imþ1;

�
where X ¼

0 �cyT
1 �cyT

2 0

y1 o1 0 b1
y2 0 o2 b2
0 �bT

1 �bT
2 h

0
BBB@

1
CCCA;ð1:1Þ

where y1 ¼ ðy1; . . . ; yn1ÞT and y2 ¼ ðyn1þ1; . . . ; ynÞT are dual fields of feig and fesg
respectively, o1 ¼ ðoijÞ and o2 ¼ ðostÞ are the Levi-Civita connection 1-forms of
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Mn1
1 ðc1Þ and Mn2

2 ðc2Þ respectively, b1 ¼ ðoi;nþaÞ and b2 ¼ ðos;nþaÞ are the second
fundamental form of the isometric immersion j, h ¼ ðonþa;nþbÞ is the normal
connection of j.

The integrability condition for the existence of such a framing field C is that
X satisfies the Maurer-Cartan equation

dXþ X5X ¼ 0;

i.e.,

dyr þ or5yr ¼ 0;

dor þ or5or � cyr5yT
r � br5bT

r ¼ 0;

dbr þ br5hþ or5br ¼ 0;

dhþ h5h� bT
1 5b1 � bT

2 5b2 ¼ 0;

b15bT
2 þ cy15yT

2 ¼ 0;

yT
1 5b1 þ yT

2 5b2 ¼ 0:

ð1:2Þ

Since Mn1
1 ðc1Þ and Mn2

2 ðc2Þ have constant curvatures c1 and c2 respectively, then

dor þ or5or ¼ cryr5yT
r :ð1:3Þ

It follows from (1.2)2 and (1.3) that

br5bT
r þ ðc� crÞyr5yT

r ¼ 0:ð1:4Þ
If the normal bundle of j is flat, then

dhþ h5h ¼ bT
1 5b1 þ bT

2 5b2 ¼ 0:ð1:5Þ
Set

er ¼ sgnðcrÞ; kr ¼
1 for cr ¼ 0;ffiffiffiffiffiffiffi

jcrj
p

for cr 0 0;

�
e ¼ sgnðc� c2Þ; n1 ¼ ec

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jc� c1j

p
; n2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jc� c2j

p
:

ð1:6Þ

Clearly, we see that e2; n2; e; kr 0 0, and e ¼ sgnðc� c1Þ ¼ sgnðc� c2Þ when c0 0.
Noting that c2 ¼ 1 or 0, thus, (1.2)5 and (1.4) can be rewritten as

b15bT
2 þ en1n2y15yT

2 ¼ 0;

br5bT
r þ en2r yr5yT

r ¼ 0:
ð1:7Þ

Definition 1.1. Let j : Mn1
1 �Mn2

2 ! Mm be an isometric immersion. If
Weingarten endomorphisms for j preserve TM1 and TM2 invariant, respectively,
i.e., b1 and b2 can be expressed linearly by y1 and y2 respectively, then the second
fundamental form of j is called to be separable.

For c0 0 and e > 0, (1.7) implies that the second fundamental form ca ¼P
I oI ;nþa n y I and the symmetric bilinear form c ¼ n1y

T
1 n y1 þ n2y

T
2 n y2 are
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exteriorly orthogonal, and they can be simultaneously diagonalized for m ¼
2n� 1 by virtue of Cartan’s theorem [Mo]. Thus, the immersion j has flat
normal bundle. Hence, in the way similar to the case of isometric immersions of
space forms [Mo], we have the following

Proposition 1.2. There is no isometric immersion j : Mn1
1 ðc1Þ �Mn2

2 ðc2Þ !
M 2n�2ðcÞ with c ¼ c1c2=ðc1 þ c2Þ > c1. Moreover, if j : Mn1

1 ðc1Þ �Mn2
2 ðc2Þ !

M 2n�1ðcÞ is a local isometric immersion with c ¼ c1c2=ðc1 þ c2Þ > c1, then the
normal connection of j is flat.

In general, if the isometric immersion j has flat normal bundle, then the
second fundamental of j can be simultaneously diagonalized. In addition, if the
second fundamental form of j is separable, then we can choose the tangent
frame fields feig to Mn1

1 ðc1Þ and fesg to Mn2
2 ðc2Þ such that oi;nþa ¼ biay

i and
os;nþa ¼ bsay

s. Moreover, we can choose a parallel normal frame fields feag so
that h ¼ 0.

On putting

oij ¼
X
k

Gk
ij y

k; ost ¼
X
q

G
q
sty

q;

we have from (1.2), (1.4) and (1.7)X
a

biabja þ en21 ¼ 0; ði0 jÞ

X
a

bsabta þ en22 ¼ 0; ðs0 tÞ

X
a

biabsa þ en1n2 ¼ 0;

ðbia � bjaÞGk
ij ¼ ðbia � bkaÞG j

ik; ði; j; k0Þ
ð1:8Þ

ðbsa � btaÞGq
st ¼ ðbsa � bqaÞG t

sq; ðq; s; t0Þ
ejðbiaÞ ¼ ðbja � biaÞG i

ij ; ði0 jÞ
etðbsaÞ ¼ ðbta � bsaÞGs

st; ðs0 tÞ
esðbiaÞ ¼ eiðbsaÞ ¼ 0:

Set

B1 ¼ ðbiaÞ; B2 ¼ ðbsaÞ; V1 ¼ ðn1; . . . ; n1|fflfflfflfflffl{zfflfflfflfflffl}
n1

ÞT ; V2 ¼ ðn2; . . . ; n2|fflfflfflfflffl{zfflfflfflfflffl}
n2

ÞT ;

B ¼ B1 V1

B2 V2

� �
; ~JJe ¼

Im�n 0

0 e

� �
:ð1:9Þ
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Then we see from ð1:8Þ1�3 that B ~JJBT ¼ diagðr1; . . . ; rnÞ, where

ri ¼
X
a

b2ia þ en21 ; rs ¼
X
a

b2sa þ en22 :ð1:10Þ

Lemma 1.3. Let j : Mn1
1 ðc1Þ �Mn2

2 ðc2ÞIU ! MmðcÞ be a locally isometric
product immersion with flat normal bundle and the separable second fundamental
form. Assume that rI 0 0 for all I where rI are smooth functions defined by
(1.10). Then there exist a line of curvature coordinates ðxi; xsÞ on U such that the
first and second fundamental forms of j can be given by

I ¼
X
i

a2i dx2
i þ

X
s

a2s dx2
s ;

ð1:11Þ
II ¼

X
a

X
i

a2i bia dx
2
i þ

X
a2s bsa dx

2
s

 !
enþa:

Proof. Since rI 0 0 then we can write rI ¼GðaI Þ�2 with aI > 0. It follows
from (1.8) and (1.10)

ejðaiÞ ¼ aiG
i
ij; etðasÞ ¼ asG

s
st:ð1:12Þ

For any point x A U , if we choose enþ1 at x so that b11ðxÞ0 0, b12ðxÞ ¼ � � � ¼
b1;m�nðxÞ ¼ 0, then it follows from ð1:8Þ1 and ð1:10Þ1 that

bi1ðxÞ ¼ � en21
b11ðxÞ

ði0 1Þ; b211ðxÞ þ en21 ¼ r1 0 0:ð1:13Þ

By taking a ¼ j ¼ 1 in ð1:8Þ4, we see from (1.13) that Gk
i1ðxÞ ¼ 0. Since x is

arbitrary, then it follows that Gk
i1 ¼ 0 for i; k; 1 distinct. We know that the

components Gk
ij of oij are independent of the choice of the fields of normal

frames. Thus, we have Gk
ij ¼ 0 for i; j; k distinct. By the same reason, we have

also G
q
st ¼ 0 for q; s; t distinct. Hence, by using (1.12) and the skew-symmetry,

we conclude that

oij ¼
ejðaiÞ
ai

y i � eiðajÞ
aj

y j ; ost ¼
etðasÞ
as

ys � esðatÞ
at

y t:ð1:14Þ

As the same as in [Mo], it is easy from (1.14) to see that there exist a line of
curvature coordinates ðxi; xsÞ on U so that q=qxi ¼ aiei, q=qxs ¼ ases, y

i ¼ ai dxi,
y s ¼ as dxs. Thus, the first and second fundamental forms of j are given by
(1.11). r

Definition 1.4. Let j : Mn ! ~MMm be an isometric immersion. Denote
by Ax the Weingarten endomorphism with respect to x A T?M. If for any

x A T?M, the rank of Ax is equal to minfn;m� ng, then the normal bundle of j
is said to be nondegenerate.

darboux transformations and isometric immersions 325



Definition 1.5. Let ðM1; g1Þ and ðM2; g2Þ be two Riemannian manifolds,
and j : M1 �M2 ! ~MM an isometric immersion of Riemannian product. If for a
x A T?ðM1 �M2Þ, there exist functions l1 and l2 such that hx ¼ l1g1 þ l2g2
where hx is the second fundamental tensor of j with respect to x, then j is
called to be special quasiumbilical with respect to x. In particular, a special
quasiumbilical immersion j with respect to x A T?ðM1 �M2Þ is umbilical when
l1 ¼ l2.

In the case that e > 0, if c0 0, then we see from ð1:8Þ1�3 that rank B ¼ n,
which implies that m� nb n� 1 and rI > 0 for all I. If c ¼ c1 ¼ 0, then we
see that m� nb n2 � 1. In particular, when either m� n ¼ n� 1 for c0 0 or
m� n ¼ n2 � 1 for c ¼ c1 ¼ 0, then the normal bundle of j is nondegenerate and
j satisfies one of the following conditions:

ðiÞ j is not special quasiumbilical;

ðiiÞ j is special quasiumbilical with respect to some x A T?ðM1 �M2Þ;
i:e:; hx ¼ l1g1 þ l2g2; and l1n1 0 l2n2:

ð1:15Þ

In the case that e < 0, if either m� n < n� 1 for c0 0 or m� n < n2 � 1
for c ¼ c1 ¼ 0, then j is special quasiumbilical with respect to some x A
T?ðM1 �M2Þ, satisfying l1n1 ¼ l2n2. Hence, if the immersion j satisfies one
of (1.15), then we have either m� nb n� 1 for c0 0 or m� nb n2 � 1 for
c ¼ c1 ¼ 0.

For simplicity, in the following, we assume always that m ¼ 2n� 1 ¼
2ðn1 þ n2Þ � 1. In such a case, B of (1.9) is a non-degenerate n� n matrix, and
rI 0 0 where only one of frIg has the same sign as e, and the remains are
positive. Without loss of generality, suppose that ra ¼ ðaaÞ�2, rn ¼ eðanÞ�2. On
putting

aIa ¼ aIbIa; ain ¼ n1ai; asn ¼ n2as; A ¼ ðaIJÞ;

we see that A satisfies A ~JJeA
T ¼ ~JJe. So, by Lemma 1.3, we have immediately

Proposition 1.6. Let j : Mn1
1 ðc1Þ �Mn2

2 ðc2ÞIU ! M 2n�1ðcÞ be a locally
isometric immersion with the flat normal bundle and the separable second fun-
damental form. If j satisfies one of (1.15), then there exist a line of curvature
coordinates ðxi; xsÞ such that the first and second fundamental forms of j can be
written as

I ¼
X
i

a2i dx2
i þ

X
s

a2s dx2
s ;

ð1:16Þ
II ¼

X
a

X
i

aiaia dx
2
i þ

X
s

asasa dx
2
s

 !
enþa;

and
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A ¼ ðaIJÞ : Rn ! SOeðnÞ;ð1:17Þ

where ain ¼ n1ai, asn ¼ n2as.

Corollary 1.7. Under the same hypothesis as in Proposition 1.5, if c0 0,
then there exist a line of curvature spherical (hyperbolic) coordinates fxi; xsg such
that the first and second fundamental forms of j can be written as

I ¼
X
i

a2i dx2
i þ

X
s

a2s dx2
s ;

ð1:18Þ
II ¼

X
a

X
i

n1aiaia dx
2
i þ

X
s

n2asasa dx
2
s

 !
enþa;

where A ¼ ðaIJÞ : Rn ! SOeðnÞ, ain ¼ ai (resp. asn ¼ as) are dependent only on xi
(resp. xs).

§2. The zero-curvature condition

Consider the Lie algebra

soexðmþ 3Þ ¼ fX A slðmþ 3Þ jXJ þ JX T ¼ 0g; J ¼

e1

e2

Im

e

0
BBB@

1
CCCA:ð2:1Þ

The Lie group SOexðmþ 3Þ corresponding to soexðmþ 3Þ is

SOexðmþ 3Þ ¼ fA A SLðmþ 3Þ jAJAT ¼ Jg:

We now define a family of soexðmþ 3;CÞ-valued 1-forms parameterized by
l A C � ¼ Cnf0g as follows

~YYl ¼

0 0 �e1k1y
T
1 0 0 0

0 0 0 �e2k2y
T
2 0 0

k1y1 0 o1 0 lb1 ln1y1

0 k2y2 0 o2 lb2 ln2y2

0 0 �lbT
1 �lbT

2 h 0

0 0 �len1y
T
1 �len2y

T
2 0 0

0
BBBBBBBB@

1
CCCCCCCCA
:ð2:2Þ

Lemma 2.1. There exists a locally isometric immersion j : Mn1
1 ðc1Þ�

Mn2
2 ðc2ÞIU ! MmðcÞ with flat normal bundle and the separable second fun-

damental form if and only if

d ~YYl þ ~YYl5 ~YYl ¼ 0ð2:3Þ

for l A C �.
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Proof. By (2.2), it is easy to see that (2.3) is equivalent to

dyr þ or5yr ¼ 0;

dor þ or5or � cryr5yT
r ¼ 0;

br5bT
r þ en2r yr5yT

r ¼ 0;

b15bT
2 þ en1n2y15yT

2 ¼ 0;ð2:4Þ
dhþ h5h ¼ 0; yT

r 5br ¼ 0;

bT
1 5b1 þ bT

2 5b2 ¼ 0;

dbr þ br5hþ or5br ¼ 0:

On the other hand, since b1 and b2 may be expressed by y1 and y2,
respectively, then ð1:2Þ6 is equivalent to ð2:4Þ6. Hence, (2.4) is equivalent to
ð1:2Þ@ð1:4Þ. r

In the following, we assume m ¼ 2n� 1. Under the same hypothesis as in
Proposition 1.6, we set

fij ¼
qjai

aj
ði0 jÞ; fii ¼ 0; fst ¼

qtas

at
ðs0 tÞ; fss ¼ 0;

ð2:5Þ b1 ¼ k1ða1; . . . ; an1Þ
T ; b2 ¼ k2ðan1þ1; . . . ; anÞT ; b ¼ k�1

1 n1b1

k�1
2 n2b2

� �
;

d1 ¼ diagðdx1; . . . ; dxn1Þ; d2 ¼ diagðdxn1þ1; . . . ; dxnÞ;
A1 ¼ ðaiaÞ; A2 ¼ ðasaÞ; F1 ¼ ð fijÞ; F2 ¼ ð fstÞ:

We then see that

b ¼ AEn A Sn�1ðeÞ; Fr A glðnrÞ� ¼ fY ¼ ðyijÞ A glðnrÞ j yii ¼ 0g;
where En ¼ diagð0; . . . ; 0|fflfflfflffl{zfflfflfflffl}

n�1

; 1Þ. Choose parallel frame fields in the normal bundle

so that h ¼ 0. Thus, X of (1.1) and ~YYl of (2.2) are reduced as

X ¼

0 �ck�1
1 bT

1 d1 �ck�1
2 bT

2 d2 0

k�1
1 d1b1 o1 0 d1A1

k�1
2 d2b2 0 o2 d2A2

0 �AT
1 d1 �AT

2 d2 0

0
BBB@

1
CCCA;ð2:6Þ

~YYl ¼

0 0 �e1b
T
1 d1 0 0 0

0 0 0 �e2b
T
2 d2 0 0

d1b1 0 o1 0 ld1A1 lk�1
1 n1d1b1

0 d2b2 0 o2 ld2A2 lk�1
2 n2d2b2

0 0 �lAT
1 d1 �lAT

2 d2 0 0

0 0 �lek�1
1 n1b

T
1 d1 �lek�1

2 n2b
T
2 d2 0 0

0
BBBBBBB@

1
CCCCCCCA
:ð2:7Þ
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Lemma 2.2. Let h : Rn ! R2nþ2 satisfy the equation dh ¼ h~YY1. Write h as
a row vector

1 1 n1 n2 n� 1 1

ðx1; x2; h1; h2; z; ~zzÞ;
where ~zz satisfies that ~zzð0Þ ¼ k�1

1 n1x1ð0Þ þ k�1
2 n2x2ð0Þ. Then ~hh ¼ ðx; h1; h2; zÞ :

Rn ! R2n satisfies the equation d~hh ¼ ~hhX, where x ¼ k�1
1 x1 þ k�1

2 x2.

Proof. Since h satisfies dh ¼ h~YY1, then we have from (2.7)

dxr ¼ hrdrbr;

dhr ¼ hror � zAT
r dr � ðerxr þ ek�1

r nr~zzÞbT
r dr;

dz ¼ h1d1A1 þ h2d2A2;

d~zz ¼ k�1
1 n1h1d1b1 þ k�1

2 n2h2d2b2 ¼ k�1
1 n1 dx1 þ k�1

2 n2 dx2:

By the last equation and the initial condition, we see that

~zz ¼ k�1
1 n1x1 þ k�1

2 n2x2:

It follows that

e1x1 þ ek�1
1 n1~zz ¼ k�1

1 fðk1e1 þ en21k
�1
1 Þx1 þ en1n2k

�1
2 x2g

¼ ck�1
1 ðk�1

1 x1 þ k�1
2 x2Þ ¼ ck�1

1 x:

In the similar way, we can obtain e2x2 þ ek�1
2 n2~zz ¼ ck�1

2 x. Hence, we have

dx ¼ k�1
1 h1d1b1 þ k�1

2 h2d2b2;

dhr ¼ hror � zAT
r dr � ck�1

r xbT
r dr;

dz ¼ h1d1A1 þ h2d2A2;

i.e., ~hh ¼ ðx; h1; h2; zÞ satisfies d~hh ¼ ~hhX. r

For simplicity, we write a p� ð2nþ 2Þ matrix M as a row matrix

1 1 n1 n2 n1 n2

ðMð1Þ Mð2Þ Mð3Þ Mð4Þ Mð5Þ Mð6ÞÞ:
Particularly, we write a ð2nþ 2Þ � ð2nþ 2Þ matrix M as a block matrix

1 1 n1 n2 n1 n2

Mð11Þ Mð12Þ Mð13Þ Mð14Þ Mð15Þ Mð16Þ 1

Mð21Þ Mð22Þ Mð23Þ Mð24Þ Mð25Þ Mð26Þ 1

Mð31Þ Mð32Þ Mð33Þ Mð34Þ Mð35Þ Mð36Þ n1

Mð41Þ Mð42Þ Mð43Þ Mð44Þ Mð45Þ Mð46Þ n2

Mð51Þ Mð52Þ Mð53Þ Mð54Þ Mð55Þ Mð56Þ n1

0
BBBBBBBB@

Mð61Þ Mð62Þ Mð63Þ Mð64Þ Mð65Þ Mð66Þ

1
CCCCCCCCA

:

n2
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By using the guage transformation

Yl ¼ H ~YYlH
�1 � dHH�1; where H ¼ Inþ2 0

0 A

� �
A SOexð2nþ 2Þ;ð2:8Þ

we obtain

Yl ¼

0 0 �e1b
T
1 d1 0 0 0

0 0 0 �e2b
T
2 d2 0 0

d1b1 0 o1 0 ld1 0

0 d2b2 0 o2 0 ld2

0 0 �ld1 0 Q1 0

0 0 0 �lJe d2 0 Q2

0
BBBBBBB@

1
CCCCCCCA
;ð2:9Þ

where

or ¼ drFr � F T
r dr; Q1 ¼ d1F

T
1 � F1d1; Q2 ¼ Je d2F

T
2 Je � F2d2;

ð2:10Þ
Je ¼

In2�1 0

0 e

� �
:

It is easy to see that dYl þYl5Yl ¼ 0 if and only if d ~YYl þ ~YYl5 ~YYl ¼ 0,
which is equivalent to that ðF1;F2;AÞ satisfies the following system of PDE:

dAr ¼ �QrAr;

dbr ¼ �Qrbr;

dor þ or5or � erdrbr5bT
r dr ¼ 0;

8<
:ð2:11Þ

i.e., the Gauss-Codazzi-Ricci equations for the isometric immersion j.
On putting

a ¼

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 d1 0

0 0 0 0 0 d2

0 0 �d1 0 0 0

0 0 0 �d2 0 0

0
BBBBBBB@

1
CCCCCCCA
; v ¼

0 0 0 0 �e1b
T
1 0

0 0 0 0 0 �e2b
T
2 Je

0 0 0 0 �F T
1 0

0 0 0 0 0 �F T
2 Je

b1 0 F1 0 0 0

0 b2 0 F2 0 0

0
BBBBBBB@

1
CCCCCCCA
;

s ¼ Inþ2 0

0 �In

� �
; s 0 ¼

1

�1 0

In1
�In2

0 In1
�In2

0
BBBBBBB@

1
CCCCCCCA
;ð2:12Þ

we have
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Yl ¼ alþ ½a; v�;
b1 ¼ vð51Þ; b2 ¼ vð62Þ; F1 ¼ vð53Þ; F2 ¼ vð64Þ:

ð2:13Þ

With respect to s and s 0, the Lie algebra G ¼ soexð2nþ 2Þ has the Cartan
decompositions G ¼ PlK ¼ P 0 lK 0, respectively. Let

Ga ¼ fy A G j ½a; y� ¼ 0g; G?
a ¼ fz A G j trðzyÞ ¼ 0 for y A Gag;

5s;s 0G ¼ fX ðlÞ A5G j sXðlÞs ¼ X ð�lÞ; s 0XðlÞs 0 ¼ X ðlÞg:

Clearly, a is ðPVK 0Þ-valued 1-form, v : U ! g?a VPVK 0 is a smooth map.
Thus, Yl is a 5s;s 0G-valued 1-form.

Consider the system

dFl ¼ Flðalþ ½a; v�Þ ¼ FlYl;

Flð0Þ ¼ I2nþ2;

�
ð2:14Þ

of which the integrability condition is (2.11). For the solution Fl to (2.14), we
have

A ¼ F
ð55Þ
0 F

ð56Þ
0 Je

JeF
ð65Þ
0 JeF

ð66Þ
0 Je

 !T
Að0Þ:ð2:15Þ

Set ~FFl ¼ Q1H
�1ð0ÞFlH, where

Q1 ¼

1 0 0 0 k�1
2 n2

0 1 0 0 k�1
1 n1

0 0 In 0 0

0 0 0 A2ð0Þ 0

0 0 0 A1ð0Þ 0

0
BBBBB@

1
CCCCCA:

Then ~FFl satisfies

d ~FFl ¼ ~FFl
~YYl:

Write

~FF1 ¼ ðr1; r2; ~ee1; . . . ; ~ee2nÞ; ~rr ¼ 1

k1
r1 þ

1

k2
r2; ~CC ¼ ð~rr; ~ee1; . . . ; ~ee2n�1Þ:

By a straightforward calculation, one can see that ~ee2nð0Þ ¼ n1k
�1
1 r1ð0Þþ

n2k
�1
2 r2ð0Þ. So, it follows from Lemma 2.2 that ~CC satisfies the following system

d ~CC ¼ ~CCX; ~CCð0Þ ¼
k�1
1 k�1

2 0 0 0

0 0 In 0 0

0 0 0 A1ð0ÞT A2ð0ÞT

0
B@

1
CA
T

;

where X is defined in (2.6). Set
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C ¼ Q2
~CC with Q2 ¼

1

2
k1

1

2
k2 0 0 0

0 0 In 0 0

0 0 0 A1ð0ÞT A2ð0ÞTJe

0
BB@

1
CCA:

Then C : U ! SOcð2nÞ satisfies the system (1.1). Hence, we obtain

r ¼ J 2Q2~rr ¼ J 2Q2Q1H
�1ð0ÞF1ðk�1

1 Hð1Þ þ k�1
2 Hð2ÞÞð2:16Þ

¼ Qðk�1
1 F

ð1Þ
1 þ k�1

2 F
ð2Þ
1 Þ;

where

Q ¼

c2

2
k1

c2

2
k2 0

cð2� cc1Þ
2k1

bT
1 ð0Þ

cð2� cc2Þ
2k2

bT
2 ð0ÞJe

0 0 In 0 0

0 0 0 A1ð0ÞT A2ð0ÞTJe

0
BB@

1
CCAð2:17Þ

is a constant 2n� ð2nþ 2Þ matrix. Summing up and combining Proposition 1.6,
we have proved the following

Theorem 2.3. Let U HMn1
1 ðc1Þ �Mn2

2 ðc2Þ be a simply-connected domain
around the origin x ¼ 0, and j : U ! M 2n�1ðcÞ, n ¼ n1 þ n2, a locally isometric
immersion, of which the first and second fundamental forms can be written as
(1.16). Then there exists a smooth map ðF1;F2; bÞ : U ! glðn1Þ� � glðn2Þ� �
Sn�1ðeÞ such that Yl defined by (2.9) is a flat connection and the system (2.14) has
a unique solution Fl satisfying

r ¼ rc � j ¼ Qðk�1
1 F

ð1Þ
1 þ k�1

2 F
ð2Þ
1 Þ:ð2:18Þ

Conversely, for a map ðF1;F2; bÞ : Rn ! glðn1Þ� � glðn2Þ� � Sn�1ðeÞ, if (2.14)
has a unique solution Fl, then there exists a smooth map A ¼ ðaijÞ : U ! OeðnÞ
such that b ¼ AEn. Moreover, if U ¼ fx A Rn j aiðxÞ0 0; asðxÞ0 0 for all i; sg is
not empty, then there exists an isometric immersion j : U ! M 2n�1ðcÞ with flat
normal bundle such that the first and second fundamental forms of j are given by
(1.16), and (2.18) holds.

§3. Darboux transformation

We now consider the Darboux transformation for solutions of the system
(2.14). Since Yl ¼ alþ ½a; u� is a 5s;s 0G-valued 1-form, then Fl satisfies the
following K 0=ðK VK 0Þ-reality condition (cf. [TU]):

f ðlÞJf ðlÞ� ¼ J; f ðlÞ ¼ f ðlÞ; s f ðlÞs ¼ f ð�lÞ; s 0f ðlÞs 0 ¼ f ðlÞ:ð3:1Þ
Let Oy be an open neighborhood around y in C U fyg ¼ S2, and let

Gm
� ¼ f f : Oy ! GLðN;CÞ j f is a holomorphic rational fraction

satisfying ð3:1Þ1 and f ðyÞ ¼ INg;

ðGm
� Þs;s 0 ¼ f f ðlÞ A Gm

� j f ðlÞ satisfies ð3:1Þg:
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A map p : V ! C N is called a J-Hermitian projection if

p2 ¼ p; Jp� ¼ pJ:

Clearly, p 0 ¼ I � p is also a J-Hermitian projection if p is one. Thus, a simple
element of Gm

� is of the form [TU]:

ha;pðlÞ ¼ p 0 þ l� a

l� a
p ¼ I � a� a

l� a
pð3:2Þ

for a A C � ¼ Cnf0g. Let t be a diagonal complex matrix satisfying t2 ¼ s. A
direct computation yields the following

Lemma 3.1. Let p0 be a J-Hermitian projection in C N satisfying

p0 ¼ p0; sp0sp0 ¼ p0sp0s; s 0p0s
0 ¼ p0:

If p ¼ t�1p0t, then f ðlÞ ¼ ha;ph�a;sps A ðGm
� Þs;s 0 for a A

ffiffiffiffiffiffiffi
�1

p
R.

Let Fl be a solution to (2.14), L a constant complex s�N matrix satisfying

LJsLT ¼ 0; spanfLs 0g ¼ spanfLg; detðLJLTÞ0 0:ð3:3Þ
Set

p0 ¼ JLTðLJLTÞ�1
L; p ¼ t�1p0t;

h ¼ LtFa; ~pp1 ¼ Jh�ðhJh�Þ�1
h;

Cl ¼ ha;pFlha; ~pp1 ;
~hh ¼ LtsC�a; ~pp2 ¼ J~hh�ð~hhJ~hh�Þ�1~hh:

Let

a ¼
ffiffiffiffiffiffiffi
�1

p
m for m A Rnf0g;

D ¼ 1

2
hJh�; ~DD ¼ 1

2
~hhJ~hh�; h 0 ¼ dh

dm
; r ¼ �h 0sth�:

Then it is easy to see that p0 satisfies conditions in Lemma 3.1, r is a real skew-
symmetric s� s matrix, D and ~DD all are real symmetric invertible s� s matrices.
Hence, we may write the following Darboux matrix [HS]:

Dl ¼ h ffiffiffiffiffi�1
p

m; ~pp1
h�

ffiffiffiffiffi
�1

p
m; ~pp2

¼ I � 2
ffiffiffiffiffiffiffi
�1

p
m

lþ
ffiffiffiffiffiffiffi
�1

p
m
~pp1

 !
I þ 2

ffiffiffiffiffiffiffi
�1

p
m

l�
ffiffiffiffiffiffiffi
�1

p
m
~pp2

 !
ð3:4Þ

¼ I �
ffiffiffiffiffiffiffi
�1

p
m

lþ
ffiffiffiffiffiffiffi
�1

p
m
Jh�D�1h

þ
ffiffiffiffiffiffiffi
�1

p
m

l�
ffiffiffiffiffiffiffi
�1

p
m
Jðsh� þ mh�D�1rÞ~DD�1ðhs� mrD�1hÞ

þ 2m3

l2 þ m2
Jh�D�1r~DD�1ðhs� mrD�1hÞ;
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d1 ¼
dDl�1

dl

� �����
l¼0

¼ 2
ffiffiffiffiffiffiffi
�1

p
mð~pp?

2 � ~pp?
1 Þð3:5Þ

¼
ffiffiffiffiffiffiffi
�1

p
mJfðsh� þ mh�D�1rÞ~DD�1ðhs� mrD�1hÞ � h�D�1hg:

Thus, in the similar way as in [HS], we have following

Theorem 3.2. Let Fl be a solution of the system (2.14), and L a real
constant s�N matrix. Set h ¼ LtF ffiffiffiffiffi

�1
p

m for m A Rnf0g. Then there is an open

neighbourhood U around the origin 0 such that on U, ~FFl ¼ Dlð0Þ�1FlDl satisfies
the system (2.14) with ~vv ¼ vþ ðd1ÞG?

a
: U ! G?

a VPVK 0, namely, alþ ½a; ~vv� is a
5s;s 0G-valued 1-form, where Dl and d1 are defined by (3.4) and (3.5), respectively.

In the following, we take N ¼ 2ðnþ 1Þ. By Theorem 2.3 and Theorem 3.2,
it is su‰cient to find the Darboux matrix (3.4) preserving bðxÞ A Sn�1ðeÞ.

Lemma 3.3. Let Fl be a solution of the system (2.14), L a complex constant
s� 2ðnþ 1Þ matrix. Assume that l0 A C and h ¼ LFl0 ¼ ðx1; x2; h1; h2; z1; z2Þ.
Then dðzrbr � l0xrÞ ¼ 0:

Proof. Since h satisfies the equation dh ¼ hYl0 , i.e.,

dxr ¼ hrdrbr;

dh1 ¼ �e1x1b
T
1 d1 þ h1o1 � l0z1d1;

dh2 ¼ �e2x2b
T
2 d2 þ h2o2 � l0Jez2d2;

dzr ¼ l0hrdr þ zrQr;

then, by (2.11), we get

dðzrbr � l0xrÞ ¼ ðdzrÞbr þ zr dbr � l0 dxr

¼ ðl0hrdr þ zrQrÞbr � zrQrbr � l0hrdrbr ¼ 0: r

Let m A Rnf0g, h ¼ LtF ffiffiffiffiffi
�1

p
m ¼ ðx1; x2; h1; h2;

ffiffiffiffiffiffiffi
�1

p
z1;

ffiffiffiffiffiffiffi
�1

p
z2Þ satisfying

dxr ¼ hrdrbr;

dh1 ¼ �e1x1b
T
1 d1 þ h1o1 þ mz1d1;

dh2 ¼ �e2x2b
T
2 d2 þ h2o2 þ mz2Je d2;

ð3:6Þ

dzr ¼ mhrdr þ zrQr:

By Theorem 3.2 and Lemma 3.3, if we choose L such that L satisfies (3.3) and

Lð5Þb1ð0ÞT � mLð1Þ ¼ 0; Lð6Þb2ð0ÞT � mLð2Þ ¼ 0;ð3:7Þ
then there exists an open neighbourhood U around the origin 0 such that h ¼
ðx1; x2; h1; h2;

ffiffiffiffiffiffiffi
�1

p
z1;

ffiffiffiffiffiffiffi
�1

p
z2Þ satisfies

qun he and yi-bing shen334



hJsh� ¼ e1x1x
T
1 þ e2x2x

T
2 þ h1h

T
1 þ h2h

T
2 � z1z

T
1 � z2Jez

T
2 ¼ 0;

detðhJh�Þ0 0; zrb
T
r � mxr ¼ 0;ð3:8Þ

spanfhs 0g ¼ spanfhg;
in U. Thus, (3.4) can be written as

ð3:9Þ

Dl ¼ I � 2m

l2 þ m2

�

me1x
T
1 D1x1 0 me1x

T
1 D1h1 0 �le1x

T
1 D2z1 0

0 me2x
T
2 D1x2 0 me2x

T
2 D1h2 0 �le2x

T
2 D2z2

mhT
1 D1x1 0 mhT

1 D1h1 0 �lhT
1 D2z1 0

0 mhT
2 D1x2 0 mhT

2 D1h2 0 �lhT
2 D2z2

lzT1 D1x1 0 lzT1 D1h1 0 mzT1 D2z1 0

0 lJez
T
2 D1x2 0 lJez

T
2 D1h2 0 mJez

T
2 D2z2

0
BBBBBBBB@

1
CCCCCCCCA
;

where

D1 ¼ ðDþ mrÞ�1; D2 ¼ ðD� mrÞ�1;

D ¼ 1

2
hJh� ¼ z1z

T
1 þ z2Jez

T
2 ¼ e1x1x

T
1 þ e2x2x

T
2 þ h1h

T
1 þ h2h

T
2 ;ð3:10Þ

r ¼ �h 0sJh� ¼ z 01z
T
1 þ z 02Jez

T
2 � e1x

0
1x

T
1 � e2x

0
2x

T
2 � h 0

1h
T
1 � h 0

2h
T
2 :

Here h 0 ¼ dh=dm ¼ ðx 0
1; x

0
2; h

0
1; h

0
2;

ffiffiffiffiffiffiffi
�1

p
z 01;

ffiffiffiffiffiffiffi
�1

p
z 02Þ.

Set ~FFl ¼ FlDl. It is easy from Theorem 3.2 to see that ~FFl satisfies the
system (2.14) with ~vv ¼ vþ ðd1ÞG?

a
. Thus, by (2.13) and (2.15), we have

~FF1 ¼ ð~vvð53ÞÞo¤ ¼ F1 � 2mðzT1 D1h1Þo¤ ;
~FF2 ¼ ð~vvð64ÞÞo¤ ¼ F2 � 2mðJezT2 D1h2Þo¤ ;

~bb1 ¼ ~vvð51Þ ¼ b1 � 2mzT1 D1x1 ¼ k�1
1 ð~aa1; . . . ; ~aan1Þ

T ;ð3:11Þ
~bb2 ¼ ~vvð64Þ ¼ b2 � 2mJez

T
2 D1x2 ¼ k�1

2 ð~aan1þ1; . . . ; ~aanÞT ;

~AA ¼
~FF
ð55Þ
0

~FF
ð56Þ
0 Je

Je ~FF
ð65Þ
0 Je ~FF

ð66Þ
0 Je

 !T
Að0Þ ¼ A� 2

zT1 D1z1 0

0 Jez
T
2 D1z2

� �
A:

Since zrbr ¼ mxr, then ~bbT ¼ ðk�1
1 n1~bb

T
1 ; k

�1
2 n2~bb

T
2 Þ ¼ ~AAEn. Noting that ~AA A OeðnÞ,

we see that ~bb A Sn�1ðeÞ. Hence, we have the following

Theorem 3.4. Let j : Mn1
1 ðc1Þ �Mn2

2 ðc2Þ ! M 2n�1ðcÞ, n ¼ n1 þ n2, be a
local isometric immersion whose first and second fundamental forms can be written
as (1.16). Suppose that Fl is a solution of the system (2.14), m A Rnf0g, and L
is a real constant s� 2ðnþ 1Þ matrix satisfying (3.7). Let h ¼ LtF ffiffiffiffiffi

�1
p

m and
~FFl ¼ FlDl where Dl is the Darboux matrix given by (3.4). If ~aajð0Þ0 0,
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~aasð0Þ0 0 for all j; s, then there exist an open neighbourhood U around the origin
0 A Mn1

1 ðc1Þ �Mn2
2 ðc2Þ and a local isometric immersion ~jj : U ! M 2n�1ðcÞ such

that ~rr ¼ rc � ~jj can be expressed explicitly by

~rr ¼ ~QQD�1
1 ð0Þðk�1

1
~FF
ð1Þ
1 þ k�1

2
~FF
ð2Þ
1 Þ ¼ ~QQD�1

1 ð0ÞF1ðk�1
1 D

ð1Þ
1 þ k�1

2 D
ð2Þ
1 Þ;ð3:12Þ

where ~QQ is a constant matrix defined by (2.17) with ~AAð0Þ, ~bb1ð0Þ and ~bb2ð0Þ.

Remark. The above process of the Darboux transformation is purely alge-
braic. Hence, starting from a special solution Fl to (2.14) for which the corre-

sponding r ¼ Qðk�1
1 F

ð1Þ
1 þ k�1

2 F
ð2Þ
1 Þ may be degenerated, we can repeat the pro-

cesses via the purely algebraic algorithm and obtain a sequence of solutions to

(2.14): Fl ! ~FFl ! ~~FF~FFl ! � � � ; from which we obtain a sequence of local isometric
immersions from Mn1

1 ðc1Þ �Mn2
2 ðc2Þ to M 2n�1ðcÞ.

§4. The construction of local isometric immersions from a trivial solution

For c0 0 we may take the following trivial solution of (2.11):

Fr ¼ 0; A ¼

In1�1 0 0 0

0 êe 0
1ffiffiffi
2

p

0 0 In2�1 0

0
�1ffiffiffi
2

p 0 eêe

0
BBBBBBB@

1
CCCCCCCA
; b ¼ AEn; êe ¼

ffiffiffiffiffiffiffiffiffiffiffi
1� e

2

r
:ð4:1Þ

Set

k1 ¼
k1

n1
ffiffiffi
2

p ; k2 ¼
k2eêe

n2
:ð4:2Þ

For c ¼ c1 ¼ 0, we may take the following trivial solution of (2.11):

Fr ¼ 0; A ¼ In; b ¼ AEn;

and set

k1 ¼ 1; k2 ¼ n�1
2 k2:

Thus, by writting bT
r ¼ ð0; . . . ; krÞ, the solution to (2.14) can be expressed as

a block matrix

Fl ¼ ðFðijÞ
l Þ; with F

ðijÞ
l ¼ 0 for i þ j ¼ odd; i; j ¼ 1; . . . ; 6;ð4:3Þ

where

F
ð11Þ
l ¼ 1

w21
ðe1k2

1Xn1 þ l2Þ; F
ð22Þ
l ¼ 1

w22
ðe2k2

2Xn þ el2Þ;

F
ð13Þ
l ¼ �e1ðFð31Þ

l ÞT ¼ �e1 0; . . . ; 0;
k1

w1
Yn1

� �
;
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F
ð24Þ
l ¼ �e2ðFð42Þ

l ÞT ¼ �e2 0; . . . ; 0;
k2

w2
Yn

� �
;

F
ð15Þ
l ¼ e1ðFð15Þ

l ÞT ¼ e1 0; . . . ; 0;
lk1

w21
ðXn1 � 1Þ

� �
;

F
ð26Þ
l ¼ e2

e
ðFð62Þ

l ÞT ¼ e2 0; . . . ; 0;
lk2

w22
ðXn � 1Þ

� �
;

F
ð33Þ
l ¼ diagðX1; . . . ;Xn1Þ; F

ð44Þ
l ¼ diagðXn1þ1; . . . ;XnÞ;

F
ð35Þ
l ¼ �F

ð53Þ
l ¼ diag Y1; . . . ;Yn1�1;

l

w1
Yn1

� �
;

F
ð64Þ
l ¼ �JeF

ð46Þ
l ¼ �diag Yn1þ1; . . . ;Yn�1;

el

w2
Yn

� �
;

F
ð55Þ
l ¼ diag X1; . . . ;Xn1�1;

1

w21
ðl2Xn1 þ e1k

2
1 Þ

� �
;

F
ð66Þ
l ¼ diag Xn1þ1; . . . ;Xn�1;

1

w22
ðel2Xn þ e2k

2
2 Þ

� �
;

w1 ¼ w1ðlÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ e1k

2
1

q
; w2 ¼ w2ðlÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
el2 þ e2k

2
2

q
;

XI ¼ cosðlxI Þ ðI 0 n1; nÞ; Xn1 ¼ cosðw1xn1Þ; Xn ¼ cosðw2xnÞ;
YI ¼ sinðlxI Þ ðI 0 n1; nÞ; Yn1 ¼ sinðw1xn1Þ; Yn ¼ sinðw2xnÞ:

For m A R, we choose the following constant 2� 2ðnþ 1Þ matrix L:

L ¼ L1 0 L3 0 L5 0

0 L2 0 L4 0 L6

� �
;ð4:4Þ

¼
l0 0 l1 � � � ln1 0 lnþ1 � � � lnþn1 0

0 l 00 0 ln1þ1 � � � ln 0 lnþn1þ1 � � � l2n

� �
;

such thatX
j

l2nþj ¼
X
j

l 2j þ e1l
2
0 0 0;

X
s0n

l2nþs þ el22n ¼
X
s

l2s þ e2l
02
0 0 0;

ð4:5Þ
k1lnþn1 � ml0 ¼ 0; k2l2n � ml 00 ¼ 0:

It is easy to see that L defined by (4.4) satisfies (3.3) and (3.7). Thus, we have

h ¼ LtF ffiffiffiffiffi
�1

p
m ¼

h1 0 h3 0
ffiffiffiffiffiffiffi
�1

p
h5 0

0 h2 0 h4 0
ffiffiffiffiffiffiffi
�1

p
h6

� �

¼ x1 0 h1 � � � hn1 0
ffiffiffiffiffiffiffi
�1

p
z1 � � �

ffiffiffiffiffiffiffi
�1

p
zn1 0

0 x2 0 hn1þ1 � � � hn 0
ffiffiffiffiffiffiffi
�1

p
zn1þ1 � � �

ffiffiffiffiffiffiffi
�1

p
zn

 !
;
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where

x1 ¼ l0 cosðg1
ffiffiffiffiffiffiffi
�1

p
xn1Þ � ln1

ffiffiffiffiffiffiffi
�1

p
g�1
1 k1 sinðg1

ffiffiffiffiffiffiffi
�1

p
xn1Þ ¼ m�1k1zn1 ;

x2 ¼ l 00 cosðg2
ffiffiffiffiffiffiffi
�1

p
xnÞ � ln

ffiffiffiffiffiffiffi
�1

p
g�1
2 k2 sinðg2

ffiffiffiffiffiffiffi
�1

p
xnÞ ¼ m�1k2zn;

hI ¼ lI chðmxI Þ þ lnþI shðmxI Þ; ðI 0 n1; nÞ
hn1 ¼ ln1 cosðg1

ffiffiffiffiffiffiffi
�1

p
xn1Þ � l0

ffiffiffiffiffiffiffi
�1

p
k�1
1 g1 sinðg1

ffiffiffiffiffiffiffi
�1

p
xn1Þ;ð4:6Þ

hn ¼ ln cosðg2
ffiffiffiffiffiffiffi
�1

p
xnÞ � l 00

ffiffiffiffiffiffiffi
�1

p
k�1
2 g2 sinðg2

ffiffiffiffiffiffiffi
�1

p
xnÞ;

zI ¼ lI shðmxI Þ þ lnþI chðmxI Þ; ðI 0 n1; nÞ;
gr ¼ �

ffiffiffiffiffiffiffi
�1

p
wrð

ffiffiffiffiffiffiffi
�1

p
mÞ:

It is clear that

hið0Þ ¼ Li for i ¼ 1; . . . ; 6:

When gr ¼ 0, we have

x1 ¼ l0; x2 ¼ l 00; zn ¼ l2n; zn1 ¼ lnþn1 :

It is easy to see that r ¼ �h 0sJh� is a 2� 2 diagonal matrix. Since r is skew-
symmetric, then we get r ¼ 0: Thus, by (3.9)@(3.11), we have

D ¼ D1 0

0 D2

� �
; D1 ¼ h5h

T
5 ¼

X
i

z2i ; D2 ¼ h6h
T
6

X
s

z2s ;

D
ð1Þ
1 ¼ 1

D1ð1þ m2Þ ðð1þ m2ÞD1 � 2e1k
2
1z

2
n1
; 0;�2mk1zn1h3; 0;�2k1zn1h5; 0Þ

T ;
ð4:7Þ

D
ð2Þ
1 ¼ 1

D2ð1þ m2Þ ð0; ð1þ m2ÞD2 � 2e2k
2
2z

2
n ; 0;�2mk2znh4; 0;�2k2znh6ÞT ;

~bb1 ¼
k1

D1
ð�2zn1 ĥh5; ĥh5ĥh

T
5 � z2n1Þ

T ; ~bb2 ¼
k2

D2
ð�2znĥh6; ĥh6ĥh

T
6 � z2nÞ

T ;

and

ð4:8Þ

~AA ¼

0
BBBBBBBBBBBBB@

In1�1 �
2

D1
ĥhT
5 ĥh5 � 2êe

D1
zn1 ĥh

T
5 0 �

ffiffiffi
2

p

D1
zn1 ĥh

T
5

� 2

D1
zn1 ĥh5 êe 1� 2

D1
z2n1

� �
0

ffiffiffi
2

p

2
�

ffiffiffi
2

p

D1
z2n1

0

ffiffiffi
2

p

D2
znĥh

T
6 In2�1 �

2

D2
ĥhT
6 ĥh6 � 2eêe

D2
znĥh

T
6

0

ffiffiffi
2

p

D2
z2n �

ffiffiffi
2

p

2
� 2

D2
znĥh6 eêe 1� 2

D2
z2n

� �

1
CCCCCCCCCCCCCA

ðc00Þ;
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~AA ¼
In1 �

2

D1
hT
5 h5 0

0 In2 �
2

D2
hT
6 h6

0
BB@

1
CCA ðc ¼ 0Þ;

where

ĥh1 ¼ ðz1; . . . ; zn1�1Þ; ĥh2 ¼ ðzn1þ1; . . . ; zn�1Þ:
By Theorem 3.4, if ~aajð0Þ0 0, ~aasð0Þ0 0 for all j; s; then there exist an open

neighbourhood U around the point x ¼ 0 in Mn1
1 ðc1Þ �Mn2

2 ðc2Þ and a non-
degenerated locally isometric immersion ~jj : U ! M 2n�1ðcÞ, such that its position
vector in R2n is

~rr ¼ rc � ~jj ¼ ~QQD�1
1 ð0Þðk�1

1
~FF
ð1Þ
1 þ k�1

2
~FF
ð2Þ
1 Þ ¼ ~QQD�1

1 ð0ÞF1ðk�1
1 D

ð1Þ
1 þ k�1

2 D
ð2Þ
1 Þ;

where ~QQ is a constant matrix defined by (2.17) with ~AAð0Þ; ~bb1ð0Þ and ~bb2ð0Þ.
Hence, it is su‰cient to choose suitably L such that

lnþI 0 0;
X
i0n1

l2nþi � l 2nþn1
0 0;

X
s0n

l 2nþs � l 22n 0 0:ð4:9Þ

Thus, starting from a trivial solution Fl and using the Darboux transformation
~FFl ¼ FlDl and (3.12), we can construct a series of locally isometric immersions
from Mn1

1 ðc1Þ �Mn2
2 ðc2Þ to M 2n�1ðcÞ.

Remark. It should be remarked that we may choose constant matrices
L satisfying (4.5) and (4.9) in a quite arbitrary way. For example, according to

the signs of g21 ¼ m2 � e1k
2
1 and g22 ¼ em2 � e2k

2
2 , we can choose L as follows. If

g21 b 0 and g22 < 0, then L may be taken as

L ¼ m�1k1ln1 0 L3 0 L5 0

0 m�1k2ln�1 0 L4 0 L6

� �
;

where

L3 ¼ ðl1; . . . ; ln1�1; m
�1g1ln1Þ; L5 ¼ ðl1; . . . ; ln1Þ;

L4 ¼ ðln1þ1; . . . ; ln�2; 0; 0Þ; L6 ¼ ðln1þ1; . . . ; ln�2;
ffiffiffiffiffiffiffi
�1

p
m�1g2ln�1; ln�1Þ;

such that

lI 0 0;
X
i0n1

l 2i � l2n1 0 0;
X

s0n�1;n

l2s þ ðe2m�2k2
2 � e� 1Þl 2n�1 0 0:
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