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CURVATURE CHARACTERIZATIONS OF TWISTOR SPACES OVER
FOUR-DIMENSIONAL RIEMANNIAN MANIFOLDS

BRENDAN FOREMANT

Abstract

In this paper, we study the complex contact structure of a twistor space over a self-
dual, Einstein 4-manifold with nonzero scalar curvature. Although the existence of
such a structure has been known and well utilized by researchers for several decades
now, the Hermitian geometry resulting from the complex contact structure is still in the
process of being fully developed. Here we give a characterization of such twistor spaces
as those satisfying a curvature (and hence purely geometric) identity. Later, we describe
how this result fits in with other areas of research in complex contact geometry.

1. Introduction

The study of the twistor spaces over Riemannian four-manifolds began with
the seminal results by Atiyah, Hitchin and Singer in [2] regarding the SO(4)-
splitting of the Weyl curvature tensor. Following the heels of this paper, were
the results found independently by Salamon ([23]) and Bérard-Bergery ([3]), which
characterized the defined almost complex structures on the twistor spaces accord-
ing to what was happening with the metric structure of the base manifold. In all
three lines of research, the object was to encode the information of the downstairs
manifold into the complex (or at least almost complex) geometry of the twistor
space.

Since the publication of these three important papers, the field of twistor
theory has exploded. Although for many researchers, the emphasis continues to
be what information about the base manifold can be gleaned from the twistor
space, many researchers have studied the twistor spaces as geometric objects of
their own. Most notable for our purposes here are the curvature equations
derived by Davidov and Muscarov in [8] and the famous Inverse Twistor Con-
struction (see [22]). Although this theorem generalizes to any odd dimension for
Z, this last theorem is stated by Swann in [24] as follows.

THEOREM 1.1. Let Z be a three-dimensional complex manifold such that

1991 Mathematics Subject Classification: Primary 53T58.
fResearch supported by NSF grant #DMS95-20481
Received April 5, 2001; revised May 27, 2002.

167



168 BRENDAN FOREMAN

1. There is a holomorphic line bundle & over Z and a one-form 0 € Q'(Z, %)
such that 0 A dO vanishes nowhere, that is, Z is a complex contact
manifold,

2. The fibration Z — M is not holomorphic, but the fibres are complex lines
with normal bundle 20(1) and these lines are transverse to the contact
distribution, that is, 0 is nowhere zero on the vertical fibres, and

3. Z admits a real structure o, that is, an anti-holomorphic involution such
that o preserves the vertical fibres and o*0 = 0.

Then Z is the twistor space over a four-dimensional self-dual, Einstein Riemannian
manifold.

One aspect of twistor geometry that is still being developed is the rich
Hermitian geometry that arises from the complex contact structure. There has
been much work since the 1950s in this area regarding real contact geometry (see,
for example, [5]), but the complex contact side of things is still being mapped
out. In this paper, we will use this Hermitian geometry associated to the com-
plex contact structure to prove the following theorem.

THEOREM 6.1. Let (Z,J) be a three-dimensional manifold. Then Z is
biholomorphic to the twistor space of a self-dual, FEinstein four-manifold with non-
zero scalar curvature, if and only if Z has a hermitian metric h and a J-invariant
splitting TZ = V" @ A such that dimg # =4, V" is totally geodesic (and hence
integrable), # is holomorphic with h bundlelike through ¥, and, for every unit
U eV, the Riemannian curvature of Z, R, satisfies

RyyU = /lu( Y)C%X + ,uv( Y)J/X
— (X)) AY — uw(X)J'Y
+ AJ'X,Y) +vh(J"X, Y]V,

where V.= —JU, u(E) = h(U,E), v(E) =h(V,E) and J' =J o H# and J" =J o V"
for some constants, A, u, vi and vy, such that A+ u+#0 and v, > 0.

The curvature identity in the theorem above is actually a generalization
of what is called a “normal complex contact structure.” This notion—derived
from an analogue in real contact geometry—was first developed by Ishihara and
Konishi in [17] but later expanded more satisfactorily by Korkmaz in [21]. More
recently, some work has been done regarding another category of normal com-
plex contact structures, of which the complex Heisenberg group is an element, in
[10] and [11].

After a brief tour of complex contact geometry in the first section, we
conduct a quick exposition of twistor theory over four-dimensional Riemannian
manifolds, including a few well-known results. Next, restricting our attention
to the twistor spaces over self-dual, Einstein four-manifolds with non-zero scalar
curvature, we explore some aspects of their holomorphic structures, including
their complex contact structures. This section ends with a very technical the-
orem detailing some Hermitian and curvature identities. In the fifth section, we
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detail some results regarding holomorphic subbundles of codimension one, so that
we can prove the main theorem in the sixth section. Finally, in the last section,
we discuss how this results fits within the current research in the Hermitian
geometry of complex contact manifolds, giving us the ability to re-state the
theorem in more aesthetically pleasing ways.

Unlike the seminal work by Davidov and Muscarov in [8], we will be using
the standard wedge coefficients for forms in order to conform with the currently
used terminology of complex contact geometry in [18], [21] and [11]. So, for
example, if « and f are vectors, then the 2-vector o A f is defined to be:

TN

A particular consequence of this is that, for any vectors E, F and 1-form f,

dP(E, F) = 5 (EB(F) — FB(E) ~ B(IE. FI)).

I thank David Blair of Michigan State University, Johann Davidov and
Oleg Muscarov of the Bulgarian Academy of Sciences, and David Singer of Case
Western Reserve University, all of whom provided valuable help and inspiration
for this work.

2. A brief introduction to complex contact geometry

Although we will not be using too many of the ideas from this section, it will
be useful to give a brief explanation of the current terms regarding complex con-
tact geometry. Recall that a complex contact manifold is a complex manifold
(Z,J) of complex dimension 2z + 1 such that there is an open atlas % = {0} of
Z for which the following statements hold:

1. On each O e, there is a holomorphic 1-form 5 such 7 A (d)" #0

everywhere on (.

2. For 0,0 € % with respective 1-forms 7, #’, there is holomorphic function

f:0N0" — C* such that ' = fn.

If we define #"0=(J,_,ker(n))NT10Z, then #"" is a well-defined, hol-
omorphic subbundle of 7':°Z of maximal rank and complex dimension 2n, called
the holomorphic contact subbundle of Z. Set # = {X e TRZ : X —iJX e #"°}.
Thus, # is a subbundle of 7Z with maximal rank, which is holomorphic in the
sense that there are local bases of # {X),...,Xs,} such that Py J =0 for j=
1,...,4n. We will call # the holomorphic contact subbundle or simply the con-
tact subbundle.

Let (Z,J) be a complex contact manifold with complex contact subbundle
H. We say that a set of C-valued 1-forms {z} whose domains cover Z is a
normalized contact structure, if any two 1-forms 7,7’ in this set with respective
domains O, 0" satisfy:

1. # =ker(n) on 0.

2. 0On ONCO', n' = frn for some f:ONO — S'.
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Note that for any =z in this set, 7 = u — iv where u and v are real 1-forms such
that v =uoJ. By taking a hermitian metric on the complex line bundle L =
{weA"’Z :w(#) =0}, it is fairly easy to construct a normalized contact
structure on Z. This very construction shows that such structures are far from
unique. However, they are handy objects to use because of the next theorem
(See [9] for proof of all the following results).

THEOREM 2.1.  Given a normalized contact structure {n} on a complex contact
manifold Z, there is a unique, two-real-dimensional, J-invariant subbundle V" of TZ
such that

1. TZ=2=#®7.

2. For any element m = u — iv of the normalized contact structure, there is a

local basis of v, {U,JU} defined by:
(@) u(U)=1, v(U)=0, u(JU) =0, v(JU) = —1,
(b) du(U,X) =0, dv(JU,X) =0 for any X € A.

Since there is a splitting 72 =~ # @ /", we have two natural projections 7Z — #
and TZ — v. We will denote these respective projections by the same name as
their corresponding subbundles, # and 7. .
For a specific normalized contact structure, we define two new 2-forms, G
and H, by
GX,Y)=du(AX, HY),
HX,Y)=do(#X, HY).
Then it is not difficult to show that
G=du—onv,
H=dv+0oAu,

where o is a connection form of the bundle L. We call ¢ the Ishihara-Konishi
connection of the normalized contact structure and do its Ishihara-Konishi cur-
vature.
Given a normalized contact structure {z}, a hermitian metric / is called
associated to n, if it satisfies the following statements:
1. For any unit, vertical vector field U € I'*(7"), the real endomorphism ky
defined by

kU(X) = skew(X — <7/V}(U)

satisfies k% = —idy, kyjy =Joky = —kyoJ.
2. v Lo
Thus, the covariant derivatives VU and V(JU) of an associated metric induce
a quaternionic structure {ky,k,;y,J' =Jo #} on #. Associated metrics were
shown to exist in [18]. Note also that for any unit vertical vector U,

1
dO’(U,JU) :Eh(RUJUJU7 U)
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3. The twistor space of a four-dimensional Riemannian manifold

Let (M,{,)) be a 4-dimensional Riemannian manifold. For any open set
U of M, there is an orthonormal, oriented basis {e;, e, e3,e4} of TM with dual
basis {e',e?, e’ e*} of T*M.

On A? = A*(TM), the Hodge star operator is an involution, i.e. ** = id.
So, the eigenvalues of % are +1 and —1. In fact, the eigenspaces are locally
given by:

AiM: Wy, Wo, W3, Wa )y, A%M: Wi, Wy, w3, way,
where
Wl =e ANey—e3Anes W=e ANey+e3ney
Wr==e€e  ANe3s—esNey Wry=e ANe3s+esNne
W3 =¢e€ ANeg—er ANe3 W3=¢e Aeés+ ey Aes.
The inner product <,» on TM induces a metric on A>’M by setting:

a7 {a,0)
By LB,0)

and defining bilinearly on general 2-vectors.

The induced Levi-Civita connection on A’M from that of the original
Riemannian metric {,» on TM is the bundle connection for this new metric on
A’M. Furthermore, taking {w;, w2, w3} as the oriented, orthonormal basis of
A M , we have a well-defined cross-product on A’ M with wy X wy = w;.

The Riemannian curvature R of (M, {,)) induces an operator # on A*M
by

1 C
{a APy Ad)y = 5‘ for primitive 2-vectors,

(RXANY),ZAWY=—RyyZ, W).
Also, the bundle connection V on A’M induces a bundle curvature given by:
R}, y(ZAW)=Ry,yZ AW +Z ARy yW.
It is well-known that the relationship between these curvatures on A’ is given by:
Ry, By = (Ao x f), X A Y,

for o,fe A> (see [8] for details).
With respect to the basis {iw, iy, w3, wi, wa, w3}, we write Z : Ai DA —

Ai @ A® as a block matrix:
P Ay B
B A4,)’

where A; and A4; are 3 x 3 anti-symmetric matrices.
Recall the definition of the Weyl curvature tensor:
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CxyZ = RyyZ

+$<<Qx, ZyY —{QY, Z)X + (X, Z)QY — (¥, Z)0X)
T
C(n-1)(n-2)
Let # : A> — A? be defined by
WX ANY),ZAW)Y=—CxyZ, W).

It was proven by Atiyah, Hitchin and Singer in [2] that #~ preserves the fibration
A’ =A_ @A, so that

Wi+ 2id ‘B
g?: 6 T 9
B Wt gid

where # and #_ are the restrictions of # on A, and A_, respectively, and the

operator %, given by
0 B
A=
(5 o)

is the traceless Ricci operator. We say (M, <, ) is self~dual, if #~ =0 and anti-
self-dual, if W, = 0

Set ZM = {Z Law; e A? (@) +-- + (a3)> =1} = S%  Z is called the
twistor space of (M {,>). Let m:Z — M be the natural projection. Each
element z € Z, M defines an almost complex structure S. on T, M by:

(S.X,Y>=2(z,X A YD

Since the space of almost complex structures compatible with a given inner
product and orientation of R* is S, we see that 7~ !(x) is the space of all almost
complex structures which are compatible with (7 M, {,») and which are oppo-
sitely oriented to the given orientation of {ej,es,es,es}.

For ze Z, set 72 =ker(n,),. Note that, if x =n(z), we can identify 7
with all elements of (A_M), which are orthogonal to z. So, if s is a section of
Z and X € T.M, we have <sz sy =(1/2)X<s,s) =0, i.e. Vyse ¥ (V here is
the bundle connection on A’M induced by the Riemannian connection of <, ).

For XeT.M and section s of Z, set X’ =5, X —Vys and # =
{X” :X e T M,s(x) =z}, or equivalently

H.={s,X : X e TyM, s a section of Z such that s(x) =z and Vs =0 at x}.

This definition gives us a splitting TM = # @ ¥". We denote the natural pro-
jections from 7'M to the respective subbundles by the same letter:

HTM — A, V. TM — V.
Set J/=Jo# and J"=Jo .
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4. Almost complex and hermitian structures on twistor spaces

4.1. The almost complex structure
We define an almost complex structure on Z as follows. Let ze Z. Define
J on T.Z by:

JY = X xz if Xev;
~ | (hor,0S.0om )X if X e .

Lemma 4.1, Let zy,zo e n ' (p), then
S, 08, = =8z,

Proof. Without loss of generality, assume that z; = w; and z; = w», so that

we need only show that S,, oS,, = —S,,. Using the definitions of w;,w, and
ws, it is easily seen that, with respect to the basis {ej,ez,e3,es},
0 —-1] 0 0
1 0 0 0 0
Swl = ) Sw2 = )
0 0 0 1 1 0|0 0
0 0 1[-10 0110 0
0 010 -1
0o o1 O
Sw; =\ T -
) 0 —-1/0 0
1 010 O

It is then easily verified that S, oS, = —S,,.
Then the following result is well-known (see [8]):

THEOREM 4.2. The almost complex structure J is integrable if and only if {,
is self-dual.  Furthermore, suppose that <, is self-dual, then S is holomorphic if
and only if {,) is also Einstein.

4.2. Hermitian geometry of a twistor space
From this point on, we will assume that <, is self-dual and Einstein. For
te R — (0), define the pseudo-Riemannian metric 4, on Z by:

h[:ﬂf*<7>+f<7>v,

where <, > is the restriction of the bundle metric on #. This metric is called the
Salamon-Bérard-Bergery metric with vertical coefficient z. For convenience, we’ll
refer to these as SBB metrics, and frequently the value for ¢ will be explicitly
given or understood.

These metrics have many widely-known properties, the proofs and statements



174 BRENDAN FOREMAN

of which can be found in [8]. We will just list a few here. It should be noted
that most of these properties hold true for the SBB metric of the twistor space of
any four-dimensional Riemannian manifold, not necessarily only one that is self-
dual and Einstein.

THEOREM 4.3. Let Z be the twistor space over a self-dual, Einstein four-
mamfold (M, <, >) with SBB metric h,. Then the following statements are true.
. hy is hermitian with respect to the complex structure J.
2. V" is a totally geodesic foliation with respect to h;. R
3. Let X be a horizontal vector in T.Z such that n,(X)=X and W be
any vertical vector field defined in an open neighborhood of z. Then, by
identifying V. with 2-vectors in (AZ_M) .y that are perpendicular to z,

H(Vx W), = —% hor.((R.(JW)X)),

where hor, : TyM — T.Z is the horizontal lift.

4.3. Complex contact geometry of a twistor space
Suppose ¢ >0 so that /4, is a Riemannian metric. Let U’ be any local
vertical vector field on Z such that <U’,U'>" =1. Set

1
Ut:%U/; V,=-JU,

u,(E) =h (U, E), v(E)=h(V,,E).
Then, for X, Y € # with p =n(z), X = n.(X), Y = n.(Y),
2du(X,Y) = —u([X, Y]
= —h(U,, X, Y])
=h(U,R,(X,Y)z)
= KRy (X, Y)z, Uy>
= VI{R,(X,Y)z,U")
=VKR(:zxU),XAY)

:\ﬁ(%><z>< U.XAY)
:\ﬁ(l—fz)zgx U, X AT
—\/_( ><S2XU’X Y>

If we set h(kyX,Y)=du(X,Y) and ky,, =0, then at zeZ, ky =
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Vi(t/24)S-yr.  In particular, kg, 1 = —idj if and only if 7= (24/7)*. We
also get the following relationship between dv, and du,.

Lemma 4.4. For X,Y € A, dvo,(X,Y) =du,(JX,Y). Also, ky, =ky,oJ =
—Joky,. Finally, ky X = VyU,.

Proof. Let p=rn(z),X =n,(X), and Y =7, (Y). From the above work,
we have:

2dv,(X,Y) = ﬂ(%) (Sor X, Y
= \/_< ><SJU X, Y

—\/—< ><SU’><A>< X Y>

= Vi L )¢Su X, 7.
12
Also, using the above work,

2 du,(JX7 Y) = ﬁ(%) {S.xpr o SZX, f,>

——J( )<S,W XY

=—\f( ><SU’X Y.
This proves the first equation as well as the relation ky, = ky, o J.
Note that
duy(X,JY) = hi(ky,X,JY) = —h,(J o ky, X, Y)
as well as

2 du (X, JY) =1 (ﬁ) (Sexvr X,S. Y
— _\f( )<S-OS,WX )9
= \/_< )<Sz>< (zxU") © S7X Y>

= —\f( )(SUro&X Y

= 2 (ky, 0 JX,Y)
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Thus, ky, o J = —J oky,. Finally, by its definition, /, is a bundlelike metric on
Z with respect to the fibration z: Z — M, that is, (%y ) (X,Y)=0. This is
equivalent to

0 == h[(VXU[, Y) + h[(VYU[,X).
Thus,
h[(lCU’AX7 Y) == du[(X, Y)
1

=5 (Xu(Y) = Yu(X) — w([X, Y1)

1
- —Eh[(Uf,VXY— VXY)

1 1
- Eh[(VX U)j, Y) - Eht(vy U[, X)

= hI(VX Uta Y)

This proves the lemma.
All of these results allow us to prove the following proposition.

ProposITION 4.5. Let (M,g) be a 4-dimensional Riemannian manifold with
twistor space Z. Then (Z,J,#) is a complex contact manifold if and only if g is
self-dual and Einstein.

Proof. Clearly, we need only to show that if # is holomorphic, then # is
a complex contact structure.

Fix t > 0. Let U be a local unit vertical vector field on Z with respect to #;.
Let u = 4, and v = v, be the 1-forms as defined in the previous paragraph. Set

n=u—iv (#0).
Then # = ker(n) so that me ¥ *N.#+. Note also that
dn = du — i dv,

which is nondegenerate on .
Also, n(T%'M) = (0). Since # is holomorphic, there exists a local func-
tion f such that the 1-form w = f7 is holomorphic. Then

ondo=(fr)A(df nm+ fdn)
= 1?7 A dn.

Since drn is non-degenerate on #, we know that = A dn (and hence w A dw) is
nowhere zero on its domain. This proves that # is a complex contact structure.

By combining the above result with the work from the previous paragraph,
we get the following proposition.
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PRrROPOSITION 4.6.  Suppose that (M, g) is a self-dual, Einstein manifold with
scalar curvature t. Then the SBB metric h, is associated to the complex contact
structure A if and only if t = (24/7)%.

From this point on, we will drop the subscripts of “#” when they are easily
understood. For any vertical, unit vector U, define the local 1-form gy by

O'U(E) = —h(VEU, JU)

It is easily seen that ¢;y = oy and that doy is a globally-defined 2-form on Z.
The following technical proposition has several identities that we will need
for the main theorem. Note that the first and second are true for any associated
metric of a complex contact manifold, whereas the rest are particular to the
associated metric of twistor spaces. Recall that J'=Jo# and J" =Jo 7 .

ProrosiTiON 4.7. Let U be a vertical vector field. Set V =—JU and
o=ay. Let u and v be the 1-forms corresponding to U and V with respect to
h. Then, for E;F e TZ,
hkyE,F) = (du— o A v)(E,F).

VUkU = —O'(U)kJU.

do(E,F)=th(J"E,F) + (t/24)h(J'E, F).

do(E,F) = (1/2)h(Rer U, V) + 1(z/24)*h(J'E, F).

hRerU, V) =2th(J"E,F) + 2(t/24)(1 — t(t/24))h(J'E, F).
Vyvky = (t/24)(1 = 2¢(z/24))J" — a(JU )kyy.

VuJ = (t/24)(1 = 2t(7/24))ky.

Nk W=

Proof. Proof of 1. By definition, h(kyX,Y)=du(X,Y) for two hori-
zontal vectors X and Y. Now suppose that W = U or V and F = U,V or in
. Then

2du(W,F) = —u([W,F))
= —h(VwF,U) + h(Ve W, U)
=h(VwU,F)—h(VrU, W)
= —a(F)v(W) + a(W)u(F)
=2(o AV)(W,F).

This proves the first statement. ~
Proof of 2. Let ky be the 2-form given by ky(E,F) = h(kyE,F). Then,
by 1.,

dIEU:—da/\v—&—a/\dv
Now,

3 dky(E, F,G) = h(Vegky)F, G) + h(Vekv)E, F) 4+ h((Vrky)G, E).
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So, for Y, Z e i,

3(ondv)(U,Y,Z)=h((Vuku)Y,Z)+ h((Vzky)U,Y) + h((Vyky)Z, U).
Hence,

W(Voky)Y,Z)=(c Andv)(U,Y,Z) = h((Vzky)U,Y) — h((Vyky)Z, U)

=a(U)dv(Y,Z) -~ h(VzU,kyY) = h(Vy(kuZ), U)

U)dv(Y,Z)—h(VzUkyY)+ hkyZ,VyU)
U)do(Y,Z) = h(kvZ,kuY)+h(kuZ,kyY)
)h(kVY Z)
—a(U)h(kuY,Z).

This proves the second statement.

Proof of 3. Let U be any unit vertical field with respect to /4, and X be a
horizontal vector field. Set V= —JU. Since 7" is totally geodesic with respect
to Ay,

o
= o
o

0=h(RyyU, V)

= h(VxVuU, V) = h(VuVx U, V) = h(Vix. iU, V)
h(Vx(a(U)U), V) = h(Vu(a(X)V + 2kyX), V) - o([X, U])

= Xo(U) — Ua(X) — o([X, U])

=2do(X, ).

So, we see that do(¥,#) =0. 5 5
Now, suppose that X, Y € #2 with p =7(z), X = n.(X), Y =n.(Y). Then,
from the identities of Theorem 4.3, we get

t

2do(X,Y).=Xo(Y). - Yo(X), — o([X, Y])

|- |-

=X{DryU,zx U) — Y<D7Z*XU52 x Uy — <D[7Z*X‘n*Y]UaZ x U)
=(RY(X,Y)U,zx U

=X AT D

_* /

= 12h,(J X,Y).

Finally, #{, »" is the standard metric on S? with sectional curvature /7. So,
for any vertical vectors Wi, W>,

dO'(Wl, Wz) = I<JW1, W2>v.
Proof of 4. Let E,FeTZ. Then
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2do(E,F) = Eo(F) — Fa(E) — o(|E, F])

= Eh(VrU, V) = Fi(VEU, V) = h(Vig, U, V)

=h(VEVrU, V) +h(VpU,VEV) — h(VEVEU, V)
—h(VEU,VEV) = h(Vig, U, V)

=hRerU,V)+ hlkyF,kyE) — h(kyE,kyF)

=hRerU, V) — hlkyF,kjuE) + h(kvE, kjuF)

=hRerU, V) + h((kvkjy — kjukv)E, F)

= W(RerU, V) + 2t(2—T4)2h(J’E, F)

Proof of 5. This comes from combining statements 3. and 4.
Proof of 6. By statement 1., for Y,Z € #,

h(Vyku)Y,Z) +h((Vyko)Z, V) +h((Vzky)V, Y)
=(—dornv+ond)(V,Y,Z).
Now
LHS = —h((Vyuky) Y, Z) + h(Vy(kuZ), V) — h(kyVZV, ¥)
= —h((Voukv)Y,Z) — h(kvZ,VyV) — h(kukvZ, Y)
= —h(Voukv)Y,Z)+ h(kvZ,kjuY) + h(kvkjuZ, Y)

= —h((Vyukv)Y,Z) — t<2—T4>2h(Z, JY) + t<2—14>2h(JZ7 Y)

. 2
= —h((VJUkU) Y,Z) - 2l(ﬁ> /’Z(Z,JY),

whereas
RHS = —do A v(Y,Z,V)+a(V) dv(Y,Z)
= —dO'(Y, Z) + O'(JU)h(kJU Y, Z)

- 2—T4h(JY, Z) + a(JU)h(ksu Y, Z).
Thus,

h(Vyukv)Y,Z) — 2[<T>2h(2, JY)=——h(JY,Z) +c(JU)h(ku Y, Z).

24
This proves the statement.
Proof of 7. Note that by substituting “JU” for “U” in statement 6, we
get:

T
il
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Vokjy = — == <1 - ti)ﬁ +a(U)ky.
24 24
It is easily seen that VyJ = VyJ'. Then
VuJ = —Vuy(ksu o ky)
= —(Vuvkv)kv — kjuVuky

S (—;4 <1 - 2t274)J' + J(U)ku)ku = kju(=a(U)kyv)

T T

5. Holomorphic subbundles of complex codimension one

In this section, we will study some of the properties of a holomorphic
subbundle with codimension one for a complex manifold. Throughout this
section, we will assume that (Z,J) is a complex manifold with 72 = # @ v~
where both J# and 7~ are J-invariant and dim¢ ¥ = 1.

Recall that 2 is holomorphic if and only if it is locally spanned by a set
of infinitesimal automorphisms of J, i.e. there is a local basis {X,..., Xon} such
that %y J =0 for each j. This is equivalent to the dual subbundle 7" being
holomorphic, that is, there is a local holomorphic 1-form, @, such that
A = ker(w). Thus, # is holomorphic if and only if there is a complex-valued
I-form o such that

H = ker(w), dw = 0.

We will use this fact to show the following proposition.

ProrosITION 5.1. Let (Z,J) be a complex manifold with J-invariant sub-
bundle fibration TZ = # @ V. Let u and v=uoJ be a pair of local 1-forms
such that # < ker(u) Nker(v). If A is holomorphic, then, for X,Y € A,

du(X,Y) = —du(JX,JY)
dv(X,Y)=du(JX,7).
Proof. Let X and Y be local holomorphic sections of #, i.e. as explained
above, X, Y e # and ¥xJ = %yJ =0. Then
du(JX,JY) =JXu(JY) — JYu(JX) —u([JX,JY])
= —u([JX,JY])
= —u(J?[X,Y))
= u([X, Y])
=—du(X,Y).
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Since # is spanned by a basis of holomorphic sections, we know that the first
part of the proposition holds in general.
Similarly, using the same X and Y as described above, we have

do(X,Y) = Xuo(Y) — Yu(X) — o([X, Y])
— —u([X, ¥))
= —uoJ([X,Y)
— —u(lJX, Y])
= du(JX, Y).

This proves the proposition.

6. Main theorem

We are now in a suitable position to state and prove the main theorem.

THEOREM 6.1. Let (Z,J) be a three-dimensional manifold. Then Z is biho-
lomorphic to the twistor space of a self-dual, Einstein four-manifold with non-zero
scalar curvature, if and only if Z has a hermitian metric h and a J-invariant
splitting TZ = V" @ A such that dimg # =4, V" is totally geodesic (and hence

integrable), A is holomorphic with h bundlelike through ¥, and, for every unit
U e V', the Riemannian curvature of Z, R, satisfies

RyyU = du(Y)HX + uo(Y)J'X
— u(X)AY — w(X)J'Y
+mh(J'X,Y) +vwh(J"X, V)|V,
where V.= —JU, u(E) = h(U,E), v(E) = h(V,E) and J' =J o H and J" = J o V"

for some constants, A, u, vy and v,, such that 2+ u +#0 and vy > 0.

Proof. Let Z be the twistor space of a four-dimensional self-dual, Einstein
manifold (M, {,>) with scalar curvature 7 # 0. Let 2=/, be the SBB metric
on Z for some ¢ > 0. We will first prove a number of claims, which, when taken
together, will give us the desired curvature condition.

Before we go on to the claims, recall that the O’Neill tensors 7" and A4 are
defined by:

A(E,F) = #VNyp?V' F + V' VypHF,
T(E,F) = #NygV'F+ vV, g AF.

Since 7~ is totally geodesic, we know that 7 = 0.

Cram 1. Suppose X, Ye#. Then RyyU=2(t/24)(1—1t(z/24)h(J'X,Y)V.
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By one of O’Neill’s equations, h(RyxyZ,U) = —h((VzA4)(X,Y),U) for any
ZeA#. Byd3, atzeZ h(Vz4)(X,Y),U)=t(Vz%(X,Y),zx U). Further-
more, since % = constant(id) on A_, V#=0. Thus, h(RxyZ,U)=0, or
# RyyU = 0. The fifth equation of Proposition 4.7 gives the rest of the claim.

CLamM 2. RyyU =2tV.

Since 7~ is totally geodesic, we know that # Ry, = 0. Proposition 4.7, part 5
tells us then that Ryy U = 2tV

CLAIM 3. #RyyU = —1(1/24)*Y for Y € A.
HRyyU = HVyVyU — HVyVyU — #Vy yU
= #VylkyY +0(Y)U) + #Vy(a(U)JU) — #ky[U, Y]
= HVy(kpY) +o(U)AVy(JU) — Hky(VyY) + HkyVyU
=H#(Vuko)Y +o(U)kju Y + kyky Y

2
= —o(U)kyy Y + a(U)kyu ¥ — t(i> Y

24
o \2
- (a)”
Cram 4. HRyyU = (r/24)(1 — 1(z/24))JX for X € A.

For X, Z e #,
h(Ryy U, Z) = h(VyVy U = ViVyU = Viy U, Z)
=h(Vx(a(V)V), Z) = h(Vy(a(X)V + kuX),Z)
—h(VyyvU,Z) + h(Vy,xU,Z)
=a(Mh(VxV,Z) = h(Vy(kvX),Z)
—W(Vi,xU,Z) + h(kyVvX,Z)
— o(Wh(ky X, Z) — h(Vyko) X, Z) — hkuky X, Z)
= o(JU)h(kjuX,Z) + h((Voukv)X, Z) + hikvkju X, Z)

= o(JU)h(kyu X, Z) + h (% (1 - 21%) JX, Z> — o(JU)h(kyu X, Z)

2
AT
+z(24) hJ'X,Z)

BN L PR
(5 (1))
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Combining Claims 1 through 4, we get

24 24

- t<2—1>2u(X)JfY - % (1 - 12—T4> o(X)J'Y

+ [2214 (1 - z(ﬁ))h(J’X, Y)+2th(J" X, Y)} V.

In this context, the coefficients ¢ and 4 as indicated in the main theorem are

given by:
\2
A=t|l—
(56)

_T 1 ZT
K= 24)

We now suppose that Z satisfies the given curvature identity. Since
h(RyyyU,JU) =1, the leaves of the foliation ¥~ foliate 2-spheres in Z. By
Theorem 4.4 in [13] and the fact that S? is simply-connected, Z fibres over a
4-manifold M = Z/7". Let = be the projection from Z to M. The metric / is
bundle-like with respect to 7~ on Z, so that there is a Riemannian metric g on M
such that the projection 7 : (Z,h) — (M,g) is a Riemannian submersion.

Let Z, be the twistor space of (M,g) with projection 7, : Z, — M. View-
ing Z, as the space of almost complex structures on M, which are hermitian with
respect to g, we define a map ¢: Z — Z, as follows.

For ze Z and x = zn(z), let ¢(z) € (ng)_l(x) be the almost complex structure
on T.M given by:

#(z)X = (n.oJohor,)(X) for each X € Ty M,

where hor, : T\M — #, is the horizontal lift.

Since all of the maps involved with the definition of ¢ are clearly continuous,
¢ is a continuous map. Also, ¢ maps the vertical leaves of Z to the vertical
leaves of Z,, that is, restricted to a vertical leaf of Z, ¢ is simply a continuous
map from S? to S2. Thus, if we can show that ¢ is locally one-to-one, i.e. an
immersion, we will have proven the theorem.

Let xe M,zen'(x). Let U be a unit vector in ¥; and extend it as a
geodesic vector field about a neighborhood of z. Let ¢+ y(t) e n~'(x) be the
unique geodesic such that y(0) =z and 7,(0) = U.. Since ¢(y(t)) =n.o0Jo
hor,, € Z,, we know that ¢,(U) # 0 if and only if

RyyU = t<l>2u( Y)HX +— <1 - t%) o(Y)I'X

so that A+ u=1/24 #0.

d
E((n* oJohor,,)X),_, #0 for any nonzero X € T, M.
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Fix a nonzero X € TyM. Let {y,} be the local family of isometries which
generate U (so that y(f) = ,(z)). In order to continue, we will need some very
technical results derived from the curvature identity.

Let V=—JU. Set kyE = #VgU, so that du(X,Y) =h(kyX,Y) for any
X,Y € #, where the 1-form u is defined by u(E) = h(U,E). Also, set a(E) =
—h(VgU,JU).

Since £ is a bundlelike metric, ky is skew-symmetric with respect to /.
Also, the first equation of Proposition 5.1 tells us that ky o J = —J o ky, whereas
the second tells us that k;py = Joky.

Coam. LyJ = (A+pw)/Mkju on K.
Proof of Claim. Using the fact that ¥ is totally geodesic, for Y,Z e #,
—Jh(Y,Z) = h(RyyU,Z)
=h(VyVyU = VyVyU - Viy yU,Z)
=h(Vy(kyY) = Vy(a(U)V) = Vy,yU + Vy, 0 U, Z)
=h(VylkyY) —a(U)VyV —ky(VuY) + kY, Z)
=h((Vuko)Y +o(U)ku Y, Z) + h(k} Y, Z).

Since the transformation Vyky + a(U)kyy is skew-symmetric and k%,—i—id is
symmetric (with respect to 5),

Vuky +a(U)ky =0, ki =—Jid on A

Note that this also 1mplles that kU o kJU = _kJU o] kU =AJ".
Similarly,

—uh(JX,Z) = h(RxyjuU,Z)
=h(VxVjuU —VuVx U — Viy jyU, Z)
= W(Vy(~o(JUNIU) = Vyu(kyX) — Vo, ) U + Vy,,x U, Z)
= —a(JU)W(Vx(JU),Z) — h((Vsukv)X,Z) — h(ky o kju X, Z)
— (U h(ksu X, Z) — h(Vyuko)X, Z) — h(JX, Z).
Thus, V,pky = —o(JU)k;y — (u— 4)J’, or
Vokiy = o(U)ky + (u—A)J'.
Then,
WVuJ = —Vylky o ky)
— _(Vuksu) o ko —kyy o (Voky)
— —(0(U)ku + 2 — 2)J") o ks — ki o (=a(U)kso)
= (u— k.
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Now, suppose that X is a horizontal, projectable vector field. Then
H(LyHX = #(U,JX] - J[U, X))
=HVy(JX) — HVxU—J'VyX +J'VyU
=H(Vy)X — #V;xU +J'VyU

.y
- <"T) kv — kuJX + JkyX

- <u+2>kJUX

<}ﬂ) kX,

s

~

This proves the claim.

Now, continuing with the proof of the main theorem,

d d
ar (.o J ohor,))X),_o = ar (.0 J o (¥_,), ohoryg)X),_,

1
= lim A [(m.0J o (Y¥_,), ohoryg))X — (. o J o hor,)) X]

t—0
o1
= 1;11% P [77:* o ((lpt)*.] o (lﬁ_[)* — J) o hory(o)X]

= (7'C* ] gUJ o hOI’},(O))X
= (T) (T[* ] kJU o hor},(o))X

# 0.
Thus, ¢,(U) # 0, and that proves the theorem.

7. Remarks

The main theorem had its origin in a desire to understand the low-
dimensional twistor spaces from a complex contact perspective. This had
already been achieved to some extent in the higher dimensions by Theorem 6.1
in [11], which we restate here.

THEOREM 7.1. Let M be a complex contact manifold with contact subbundle
A and normalized contact structure {xt = u — iv}. Let TM = H# @ V" be the cor-
responding splitting with local vertical vector fields {U,V} corresponding to the
real forms u and v. Suppose g is an associated metric on M. Then (M, g) is
isometric to a twistor space for a quaternionic-Kdhler manifold with positive scalar
curvature if and only if
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RyyU=u()X —u(X)Y +0o(Y)JX —v(X)JY +29(JX, V)V,
RyyV =—0v()X+v(X)Y —u(Y)JX +u(X)JY —29(JX,Y)U.

This theorem and the main theorem of this paper both spring from two current
topics in complex contact geometry: normal complex contact manifolds and
fibrated complex contact manifolds.

7.1. Normal complex contact manifolds

The first subject area that motivates Theorem 6.1 is that of normal complex
contact manifolds. Modelled after the original definition in the real contact
category, a normal complex contact manifold is a complex contact manifold Z
with associated metric / such that, for every unit U € ¥/, and any X, Y,Z e TZ,

h(RyyU,Z) = u(Y)h(X,Z) — o(Y)(h(JX, Z) — do(X, Z))
—u(X)W(Y,Z) +v(X)(h(JY,Z) — da(Y, Z))
+0(Z)[-2h(J'X, Y) + do(X, Y) — do(ku X, ky Y)]V.

By setting da* to be the (1,1)-tensor defined by /i(da*(E), F) = do(E, F), we
can rewrite this definition as follows:

RyyU =u(Y)X —v(Y)JX —u(X)Y + v(X)JY
+o(Y)da* (X) — v(X) do*(Y)
+[<2h(J'X, Y) +do(X, Y) — dolku X, ky Y)]V.

This concept was originally due to Ishihara and Konishi in [17] but was
recently redefined by Korkmaz in [21]. Using this definition, we can rewrite
Theorem 6.1 as follows.

THEOREM 7.2. A three-dimensional complex manifold (Z,J) is biholomorphic
to the twistor space of a self-dual, Einstein four-manifold with non-zero scalar
curvature if and only if Z is a normal complex contact manifold such that the
Ishihara-Konishi curvature do is non-degenerate on TZ and positive on V.

Proof. First, we show that the SBB metrics such that 7= (/24)7%, i.e.
those which are associated to the complex contact structure, are normal. Note
that Proposition 4.7 already tells us that do is non-degenerate on 7Z and positive
on 7.

Using 2the proof of Theorem 6.1, we see that, for an SBB metric such that
t= (/24) 2,

T

RyyU =u(Y)#X + (i - 1)U(Y)J’X —u(X)#Y — <ﬂ - 1>U(X)J’Y

+2 V.

(;4 - l)h(J’X, Y)+ (214)_2%:(1 "X, Y)
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Now, we use Proposition 4.7 to show that the right-hand side of the
definition of normality gives us the same expression as above. The following
computation uses two crucial facts. First, v=wuoJ, so that voJ = —u.
Also, we can rewrite the vertical bundle metric h(J"x,%) by h(J"E,F) =
—2(u Av)(E,F).

RHS =u(Y)X —o(Y)JX —u(X)Y + v(X)JY

+u(Y) ((%)ﬂ"x + %J’X) — o(X) <<i>_2ﬂ Y + i]’ Y)

)
—2h(J'X,Y) + <i> h(J"X,Y) —s—ih(]’X, Y)

+ 24

T !
— g hI'ku X ky Y)] v

-2
. _ i " i !
_u(Y)X+U(Y)< JX + (24) J X+24JX>

7\ T
—u(X)Y—v(X)(—JY—i— (ﬁ) J"Y—&—ﬁJ’Y)

-2
+ [—2n('x, Y)+<i) hJ"X, Y)+2~§h(J’X, | v

24

=u(Y)AX +u(Y)o(X)V +o(Y) <—J’X + iJ’X)

24
T -2
+ v(Y)v(—JX + <ﬁ> J”X) v

—uX)HY —u(X)o(Y)V — o(X) (—J’Y SRy Y)

24
_ U(X)v(—JY + <2—T4>2J” Y) 14

T

2
[2(ﬁ—l)h(J’X, Y)+(§) hJ"X,Y)|V

— u(Y)HX +u(Y)o(X)V + (i - 1) o(Y)J'X — ((ﬂ)z - 1) o(Y)u(X)V
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—u(X)AHY —u(X)o(Y)V — (i - 1)U(X)J’ Y

24
+ ((;4)4 - 1>U(X)u( 014

2 (274 - 1> hJ'X,Y) + <2T4>_2h(J”X, Y)

T

24

%

:u(Y)JfX+< o

<2T4 - 1>h(J’X, Y)+ <2T4>_2h(J "X, Y)

Thus, every associated SBB metric is a normal complex contact metric.

I)U(Y)J’X —u(X)HY — (i - 1>U(X)J’Y

2 V.

We now assume that (Z, %) is a normal complex contact manifold. From
page 1357 of [21], we know that

h((VEJ)F, G) = —u(E)(da(G, kUF) — 2/’l(kJUF, G))
+ v(E)(da(G, kyu F) — 2h(kyF, G)).

In particular, /((VyJ)Y,Z) =do(Z,kyY) —2h(kjyY,Z). Given that kyokyy =
—kjyoky, it is easily seen that #(VyJ)ky =ky(VyJ)H#. Also, (VJ)J =
—J(VJ). Combining both of these facts with the above identity, we find that,
for any X,Y e TZ,

dO’(kuX7kU Y) = 7d0'(%X, r}f)Y),
do(JX,JY) = —da(X, Y).

Now, since dimg # =4, dimg ¥ =2, do is nondegenerate on # and
positive on ¥, we know that, for any X,Y e TZ,

do(X,Y) = onh(J'X,Y) + axh(J"X, Y),

for some o) # 0 and oy > 0. Substituting this into the definition for normality
and simplifying, we get that, for any X,Y € TZ,

RyyU = u(Y)AX + (o) — Do(Y)J'X
—u(X)AY — (op — Do(X)J'Y
T 2(n — DAJ'X, Y) + 20h(J"X, V)| V.
With A=1, g=0o; — 1, v =2(oy — 1) and v, = 205, Theorem 6.1 then gives the

result.

7.2. Fibrated complex contact manifolds
The other subcategory of complex contact manifolds that motivates these
results is that of fibrated complex contact manifold. A fibrated complex contact
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manifold is a complex contact manifold Z foliated by leaves of ¥~ in such a way
that a fibration is formed,

R—Z—-Z/V =M.

In this case, R is necessarily a one-dimensional complex manifold with constant
curvature, so that R can only be C, the hyperbolic plane, S> up to a subgroup of
isometries.

A variety of fibrated complex contact manifolds are well-known. Twistorial
complex contact manifolds are clearly examples of S>-fibrated complex contact
manifolds. The complex Heisenberg group is an example of a C-fibration; in
fact, in [10], the author has shown that one can construct a complex torus fibra-
tion for every possible dimension. More recently, Blair, Davidov and Muscarov
have recently constructed a so-called hyperbolic twistor space, which gives an
example with vertical leaves forming the hyperbolic plane (see [6]).

Characterizing fibrated complex contact manifolds by their vertical leaves
remains an unsolved problem. In the case at hand, it is unknown whether
twistor spaces over quaternionic Ké&hler manifolds with nonzero scalar curvature
are the only S>-fibrated complex contact manifolds. Scrutiny of the proof of
Theorem 6.1 reveals that we can rewrite it as follows.

THEOREM 7.3. A three-dimensional complex manifold (Z,J) is biholomorphic
to the twistor space of a self-dual, Einstein four-manifold with non-zero scalar
curvature if and only if Z is an S*-fibrated complex contact manifold with a
bundlelike associated metric such that rank(H#LyJ) = 4 for every non-zero U € V.

The condition regarding %yJ corresponds roughly with conditions 2 and 3
of Theorem 1.1. This makes it seem likely that there are other S>-fibrated com-
plex contact manifolds which are not twistorial, although the author is not aware
of any such examples.
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