Moduli spaces of stable sheaves on
Enriques surfaces
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Abstract We study the existence condition of p-stable sheaves on Enriques surfaces.
We also give a different proof of the irreducibility of the moduli spaces of rank 2 stable

sheaves.
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0. Introduction

Let X be an Enriques surface defined over an algebraically closed field &k of
characteristic not equal to 2. A number of authors have studied moduli spaces of
stable sheaves on X, in particular in cases where the nonemptiness of the moduli
spaces is completely determined (see [8], [14], [28]) and where the irreducibility
of the moduli spaces is proved if X is unnodal and the associated Mukai vector is
primitive (see [8], [14], [24]). In this article, we discuss the existence problem of
u-stable sheaves on Enriques surfaces. We also offer a remark on the irreducibility
of the moduli spaces.

For a coherent sheaf £ on X or an element E of K(X), let v(E) :=
ch(E)vtdx € H*(X,Q) be the Mukai vector of E. We introduce the Mukai pair-
ing on H*(X,Q) by (z,y) := — [ z¥ Ay, where for z = (x¢,21,22) € H*(X,Q),
xV :=(x9,—x1,%2). Then

(0.1) (v(K(X)),(,))

is the Mukai lattice of X. For a Mukai vector v, we use the expressions

v=(r,§a)=r+¢&+aox, rGZ,feNSf(X),ngan,
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where ox € H*(X,Z) is the fundamental class of X, and NS¢(X) is the torsion-
free quotient of NS(X); that is, NS¢(X) = NS(X)/ZKx. The quotient NS¢(X)
is nothing but the numerical equivalence class group Num(X) of X.

For the Mukai vector v € H*(X,Q) of a torsion-free sheaf, we assume that a
polarization H is general with respect to v (see Definition 0.2). We point out that
the problem of constructing u-stable locally free sheaves was studied by Kim in
the rank 2 case and by Nuer [14] in the rank 4 case.

For a Mukai vector v, M(v) denotes the moduli stack of coherent sheaves E
with v(E) =v. Let H be an ample divisor on X. Let Mg (v)® (resp., Mg (v)®)
denote the substack of M(v) consisting of (Gieseker) semistable sheaves (resp.,
stable sheaves). Let M (v) be the moduli scheme of S-equivalence classes of
semistable sheaves, and let My (v) be the open subscheme consisting of stable
sheaves. If v = (r, &, a) with r > 0, then My (v)* (resp., My (v)*®) denotes the
substack of M(v) consisting of pu-semistable sheaves (resp., py-stable sheaves). As
in [24], we also introduce Mg (v, L)% (resp., Mg (v,L)*, Mg (v,L), Mg (v,L))
as the locus of My (v)% (resp., My (v)S, Mg (v), My (v)) consisting of E with
c1(F) =L in NS(X), where [L mod Kx]=¢.

For a K3 surface, the existence condition of u-stable sheaves was completely
described in [23]. For an Enriques surface, we get a similar result.

THEOREM 0.1 (Theorem 2.1)
Let v=(Ir,1¢, %) be a Mukai vector such that ged(r,§) =1 and (v?) >0. Let H

be a general polarization with respect to v. Then My (v, L)% contains a u-stable
sheaf if and only if

(i) there is no stable sheaf E such that v(E) = (r,&,b) and (v(E)?) = —1,-2,
and (v?) >0; or

(ii) there is a stable sheaf E such that v(E) = (r,&,b) and (v(E)?) = —1, and
(v?) >12; or

(iii) there is a stable sheaf E such that v(E) = (r,£,b) and (v(E)?) = -2,
and (v?) > 212,

Moreover, if lr > 1, then under the same condition, Mg (v,L)* contains a -
stable locally free sheaf.

In the second part of the article, we will study the irreducibility of the moduli
spaces My (v, L)®*. The irreducibility of these moduli spaces on an arbitrary
surface was proved by Gieseker and Li [4] and O’Grady [15, Theorem D] when
the expected dimension d is larger than a constant N(r) that depends only on
the rank r. We can expect a better estimate for N(r) in the Enriques case,
as occurs for K3 and Abelian surfaces, since an Enriques surface also has a
numerically trivial canonical divisor. Let v = (,&, §) be a primitive Mukai vector
on an Enriques surface. If r is odd, then the irreducibility of My (v, L)* was
proved in [24]. If r = 2, then the irreducibility was investigated by Kim [8] and
Nuer [14] if X is unnodal. Kim reduced the problem to the cases where s =1,2
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and proved the irreducibility for s = 1. For the second case, Nuer reduced to the
first case. Then by using Bridgeland stability, Nuer [14, Theorem 1.1] completed
the proof of irreducibility for the even rank case. In this article, we will give a
different proof of the irreducibility for = 2. Combining a deformation argument
with results in [24] and [28], we get the following result.

THEOREM 0.2

Letv=(r,&,3) be a primitive Mukai vector on an Enriques surface X, let L be a
divisor on X with [L mod Kx]=¢, and let H be an ample divisor general for v.
Then we have the following.

(1) My (v,L)* is connected.
(2) If X is unnodal or (v?) >4, then Mg (v, L)* is irreducible.

The strategy of our proof is the same as our proof for the similar problem on K3
surfaces (see [24, Theorem 3.18]). Thus we reduce the problem to the moduli of
stable 1-dimensional sheaves by a relative Fourier—Mukai transform associated
to an elliptic fibration. Then by a detailed estimate of the locus of stable sheaves
whose supports are reducible or nonreduced, we show that the moduli space
is birationally equivalent to an Abelian fiber space over an open subset of a
projective space. Unlike in the case of K3 surfaces, we need the Mukai vector
to be primitive. Indeed, if the Mukai vector is of the form v =m(r,§,5) (m,r €
Zo, £ €NS(X), 2|r —s, and 2¢r), then we cannot reduce to the rank 0 case.
Moreover, it is not so easy to study stable 1-dimensional sheaves on nonreduced
curves. Hence we can only deal with 1-dimensional sheaves on nonreduced curves
of multiplicity 2, which is sufficient to treat the primitive case. We give partial
generalizations in Remarks 4.3 and 4.4. In the course of the proof, we also show
that [17, Assumption 2.16] holds for v = (0,¢, 5) such that £ is primitive (see
Corollary 4.5). In particular, we get the following corollary by [17, Theorem 5.1]
and [28].

COROLLARY 0.3 ([3, p. 83])
We have that by (Mp (v, L)) = 11 if X satisfies (1.3) and v = (r,&, 5) is a primitive
Mukai vector such that 2 |r, 21€, and (v?) > 4.

NOTATION
For an Enriques surface X, let @ : X — X be the covering K3 surface, and let
t: X — X be the covering involution.

0.1. Preliminaries

An Enriques surface X is nodal if there is a smooth rational curve, and X is
unnodal if X is not nodal (see [3, p. 178]). For an unnodal Enriques surface,
every effective divisor D is nef, and D is ample if and only if (D?) > 0. Polarized
Enriques surfaces form 10-dimensional moduli spaces, and general members are
unnodal.
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We collect some properties of the Mukai lattice of Enriques surfaces.

(i) We have an isomorphism of lattices:

(0.2) (v(K(X)).(,)) = ((1) 01> T ((1) é) @ Ex(—1).

(ii) For a Mukai vector v = (r,&, %), (v?) is even if and only if 7 is even.

(iii) A Mukai vector v = (r,&, §) € v(K (X)) is primitive if and only if r, s € Z,
2| (r+s), £ e NS¢(X), and ged(r,&, =52) = 1.

(iv) For a primitive Mukai vector v = (r,c1, 5), we set £(v) := ged(r,c1, 5).
Then 4(v) =1,2 (see [5, Lemma 2.5]).

Thanks to the Auslander—-Buchsbaum formula, the following facts are well
known for a purely 1-dimensional sheaf on a smooth projective surface.

LEMMA 0.4
Let X be a smooth projective surface.

(1) A 1-dimensional coherent sheaf E is purely 1-dimensional if and only if
there is an injective homomorphism ¢ : V_1 — Vi of locally free sheaves V_1,Vj
of the same rank and coker p = E. Thus we have a locally free resolution of E:

(0.3) 0V, 5V E—0.

(2) A coherent sheaf E is purely 1-dimensional if and only if R Home, (E,
Ox)[1] € Coh(X) and is purely 1-dimensional.

DEFINITION 0.1

For a coherent sheaf £ on X, rkE denotes the rank of E. For a purely 1-
dimensional sheaf E on X, Div(E) denotes the effective divisor C' such that E
is an O¢-module and ¢;(E) = C. By using a locally free resolution (0.3), DivE
is given by the Cartier divisor det .

0.2. Stabilities and their moduli stacks
Let X be a smooth projective surface, and let H be an ample divisor on X.

DEFINITION 0.2
(1) A torsion-free sheaf E is py-semistable (resp., u-stable) if
((F),H) _ (a(E) H)
rk F (<) rk B
for any subsheaf F' of F with 0 <tk ' <tk F.
(2) A polarization H is general with respect to v if for any p-semistable
sheaf F with v(F)=wv and any subsheaf F of E,
(cr(F),H) _(ca(E) H) a(F) _alE)
tkF tkE tkF tkE

(0.4)

(0.5)
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DEFINITION 0.3 (see [10], [25])
Let G be an element of K (X) with rkG > 0.

(1) A torsion-free sheaf E is G-twisted semistable (resp., G-twisted stable)
if
\(G.FnH)) _ x(C.E(nH))
rk F (<) rk B
for any subsheaf F' of E with 0 <tk F <tk FE.

(2) A purely 1-dimensional sheaf E is G-twisted semistable (resp., G-twisted
stable) if

(0.6) (n>0)

WG.F) _ x(G.E)
(Cl(F)’H) (<) (Cl(E)vH)

for any proper subsheaf F' # 0 of E.

(3) Since G-twisted semistability depends only on v(G), we also define w-
twisted semistability as a G-twisted semistability, where v(G) = w.

(4) MG (v)* (resp., M%G(v)®) denotes the moduli stack of G-twisted semis-
table sheaves (resp., G-twisted stable sheaves).

(0.7)

REMARK 0.1

(1) G-twisted semistability depends only on ¢1(G)/rkG.

(2) If H is general with respect to v, then G-twisted semistability is inde-
pendent of the choice of G.

Let us recall a quotient stack description of Mg (v)** and its open substacks.
For an ample divisor H' on X, let Q(mH’,v) be the open subscheme of the
quot-scheme Quotey  (_,,pryen/x consisting of points

(0.8) N:Ox(—mH)®N - F
such that

(i) v(E)=wv,

ii) A induces an isomorphism HO(X,0%N) >~ HO(X, E(mH’)), and
X

(iii) HY(X,E(mH'))=0,i>0.

Let OQ(mH/,U)XX(—mH’)@N — Q, be the universal quotient. We set V, :=
Ox(—mH")®N . For our purpose, the choice of mH’ is not so important. Hence
we simply denote Q(mH',v) by Q(v). Let M(v) be the moduli stack of coherent
sheaves E with v(E) =wv, and let g, : Q(v) — M(v) be the natural map. We
denote the pullbacks g, (Mg (v)"5), gy (Mg (v)®),... by Q(v)",Q(v)™,...,
respectively. If we choose a suitable Q(v), then g, : Q(v)"* — Mg (v)#* is sur-
jective and Mg (v)#* is a quotient stack of Q(v)** by the natural action of
GL(N):

(0.9) Mz ()" = [Q(v)"/ GL(N)].
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From now on, we assume that ¢, : Q(v)"*® — My (v)* is surjective. We have

(0.10) dim Mg (v)#** = dim Q(v)*** — dim GL(N).

REMARK 0.2
Since PGL(N) acts freely on Qg (v)®, we have dim Mg (v)® = dim My (v) — 1.

LEMMA 0.5
Let M be an irreducible component of My (v)#sS. Then dim M > (v?).

Proof

We take a quotient (0.8). Then we see that Ext?(ker A, E)) = 0. By the deformation
theory of the quot-scheme, the Zariski tangent space of the quot-scheme at (0.8)
is Hom(ker \, E) and the obstruction space is Ext' (ker \, E) = Ext?(E, E). Hence
the dimension of an irreducible component of Q(v)*** containing the point (0.8)
is at least

dim Hom(ker \, F) — dim Ext! (ker \, E) = N? — x(E, E) = (v?) 4+ dim GL(N).

Hence we get the claim. O
The following formula is used frequently in this article.

LEMMA 0.6 ([9, Lemma 5.2])
Let F(v1,v2) be the stack of filtrations 0 C Eq C E such that Eq is a coherent sheaf
with v(E1) =v1 and Ey := E/E; is a coherent sheaf with v(Es) =vy. We have a
morphism Dy, v, + F (V1,02) = M(v1) X M(ve) by sending E1 C E to (Eq,E/Ey).
We set

Nn(’l)l , 1)2)

:={(B1, E2) € M(v1) x M(v2) | dimHom (E1, E2(Kx)) =n},
(0.11)  F"(vi,v2)
::pgllﬂm( n(vl’UQ))

={(F1 C E) € F(v1,v2) | dimHom(Fy, (E/F;)(Kx)) =n}.

Then

(012) dim]—""(vl,vg) :dim./\/"(vl,vg) + <’U1,U2> “+n.

Proof

Since dim Ext?(Ey, Ey) = dim Hom(F,, Fy(Kx)) = n, the same proof of [9, Lem-
ma 5.2] works. O

1. The dimension of moduli stacks

In this section, we assume that X is an Enriques surface, and we estimate the
dimension of various substacks of Mg (v). We also show that Mg (v)®™ is a
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reduced stack if (v?) >0 or v is a primitive and isotropic Mukai vector. Before
giving estimates, we first recall the nonemptiness of the moduli stacks.

THEOREM 1.1 ([14, Theorem 1.1], [28, Theorem 3.1])

Let X be an Enriques surface over k. We take r,s € Z (r >0) and L € NS(X)
such that r+s is even. We set £ := [L mod Kx]. Assume that ged(r, &, 552) = 1;
that is, the Mukai vector v:= (r,&,3) is primitive. Then My (v,L)* #0 for a
general H if and only if

(i) £(v)=1 and <v2) > -1, or
(i) £(v)=2 and (v?) >2, or
(111) () 2, (v¥) =0, and L=5Kx mod 2, or
=-2, L=D+ LKx mod?2, where D is a nodal cycle, that is,
2
(D*) = -2 and H'(Op) =0.

By taking a direct sum, we get the following corollary of Theorem 1.1.

COROLLARY 1.2
Let v=(r,&,%) be a primitive Mukai vector with (v?) > 0. Then Mg (lv, L) # 0
for a general H, where [ mod Kx]=1I¢.

LEMMA 1.3
Let v=(r,§, %) be a Mukai vector with (v?) > 0. Then

(1) Mg (v,L)* is reduced and dim Mg (v, L)* = (v?),
(2) Mg (v,L)® is normal, unless
(i) v=2vp with (v3)=1 and L=5Kx mod 2, or
(i) (v?*) =2.

Proof
(1) We introduce the substack

Mu (v, L)%y, = {E € Mg (v,L)* | Ext*(E,E) # 0}

(1.1)
={EeMy(v,L)’| EXE(Kx)},

which is expected to be the singular locus of My (v, L)®. Indeed, the singular
locus of Mpy(v,L)* is contained in Mpg(v,L)5,,, and they coincide if
dim My (v, L)g;,, < (v?) by the deformation theory of coherent sheaves. So we
will estimate dim My (v,L)5,,- We set v = (r,c1,5). If 7 is odd, then
Mu (v, L) = 0 since det(E(Kx)) = (det E)(Kx). Hence we assume that r
is even. By [7] (see also Remark 1.1) or [18], dimMpg(v, L), is odd and

sing
dim My (v, L), < <22> + 1. Moreover, if the equality holds, then 2 |¢; and

L=%Kx mod 2, and if v is primitive, then (v?) =0 mod 8 (see Lemma 1.4).
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In particular, we have

) g, (v¥y=0 mod 4,

dim Mg (v Lsm = ;
(v?) — 1 (0, L)ing {(v;>’ (v¥y=2 mod 4.

Since Mg (v,L)*\ Mg (v, L), is smooth of dimension (v®), by the proof of
Lemma 0.5, we see that Mg (v, L)® is a locally complete intersection stack of
dim Mg (v, L)* = (v?). In particular, Mg (v, L)* is reduced.

(2) In order to prove the normality of Mg (v, L)s, it is sufficient to prove

(1.2) (v*) —dim My (v, L);

%) -
If (v?) > 6, then obviously (1.2) holds. If (v?) =4 and v does not satisfy (i),
then dim Mg (v, L)%, < <U ) +1=3, which implies that dim Mg (v, L)%, <1.

sing sing —

In particular, (v?) — dim M H(v L) > 3. Therefore (2) holds. O

sing =

5mg

LEMMA 1.4 (Nuer [14], Sacca [17, Theorem 2.9])
Assume that

(1.3) @* (Pic(X)) = Pic(X);

thus v acts on Plc(X) trivially.
Let v:=(1,¢&, %) be a primitive Mukai vector. Then My (v, L)* is smooth of
dim Mg (v, L)* = (v?), unless £((r,&, %)) =2 and L=5Kx mod 2.

Proof

By using (—1)-reflection (see Remark 1.1), we may assume that Mg (v, L)® con-
sists of p-stable locally free sheaves. Assume that E =~ E(Kx). Then r is even and
there is a locally free sheaf F' such that w,.(F)=E. Then w*(E) = F & *(F).
By our assumption on X, ¢*(¢1(F)) =c1(F) and ¢1(F) = ¢1(w* (L)), where L €
Pic(X). Hence det F = w*(L) and w*(c1(E)) = c1(F) + t*(c1(F)) = 2w™*(e1(L)).
Then

(14)  c1(BE) =c1(m(F)) = c1(w.(det(F))) + (g — 1>KX =2¢1(L) + gKX

by [28, Lemma 3.5]. Hence c;(F) = §Kx mod 2. O
REMARK 1.1
In [7], it is assumed that B € My (v)5;,, is locally free. Indeed My (v)* is iso-

morphic to a moduli stack of p-stable locally free sheaves by using an autoequiv-
alence ® of D(X) called (—1)-reflection in [24, Section 4]. A similar claim to [26,
Theorem 1.7] holds for @ (see [28, Remark 2.19]) and for a sufficiently large n
(depending only on v),

(1.5) ®(E)=ker(H(E(nH))®O0x®H’(E(Kx+nH))®O0x(Kx)— E(nH))

is a p-stable locally free sheaf. Thus we can reduce the general case to the case
of p-stable locally free sheaves.
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LEMMA 1.5
Let v be a Mukai vector with (v?) >0. We set
(1.6) My (V)P :={E € Mg (v)*® | E is properly semistable}.

Assume that H is general with respect to v. Then

(1) dim Mg (v)Pss < (v2) —1; moreover, dim Mg (v)P* < (v?) —2 unless v =
2vg with (v3) =1;
(2) Mg(v)*#0 and dim Mg (v)* = (v?).

Proof

We set v = lvg, where vy is primitive and [ € Z~. We first note that the first
claim of (1) implies (2) by Lemma 0.5, Lemma 1.3, and Corollary 1.2. The proof
of (1) is almost the same as that of [9, Lemma 3.2]. So we only remark that [9,
Lemma 5.1] is replaced by Lemma 0.5, and [9, (3.4)] is replaced by

dimJ(’Ul,Ug) S <’U2> — (<’U1,’U2> — max{lz/h — ].,O})7
where J(v1,v2) is the substack whose member F fits in an exact sequence
(1.7) 0—=E —-E—E—0

such that F; is a stable sheaf with v; :=l3vy and F5 is a semistable sheaf with
v := lavg. We note that —1 on the right-hand side comes from the vanishing
Hom(F1, F2(Kx)) =0 for a general stable sheaf Ej, since E; is not rigid. We
first assume that (v2) > 2. Then

(v1,v2) —max{la/ly — 1,0} = l1l2<v§> —max{lz/l; — 1,0} > 2.

Hence dim J(v1,v2) < (v?) — 2, so the second claim of (1) holds if (v3) > 1, and
a fortiori the first claim. So we may assume that (vZ) = 1. Then the first claim
of (1) clearly holds from the dimension estimate on J(vi,vs), so let us prove the
second claim. We set

Hy = {(E1, E2) | E1 € My (v1)®, Es € My (v2)™,dimHom (E, E2(Kx)) =k}

For (Ey, E2) € Hy, E2/(E1(Kx)®*) is a semistable sheaf with the Mukai vector
vy — kvy by [9, Lemma 3.1]. Hence F; is determined by F5 as a factor of a
Jordan—Holder filtration of Ey. Moreover, if k > 2, then E5 is properly semistable.
Therefore dim H; < (v3) and dim Hy < (v3) — 1 for k> 1. If k> 2, then

s (v1,v2) + k + dim Hy, < (v) — ((v1,v2) + (v3) + 1 — k)

1.8

< (v?) —2.

If k=1 and lllg Z 27 then

19) <vl,vg>—|—k+dimHk§<v2>—(<v1,v2>+<vf>—1)

1.9

< (v?) —2.

Therefore dim J(vy,ve) < maxy (dim Hy, + (v1,ve) + k) < (v?) — 2 if [1ly > 2. The
remaining case is v = 2vg, which is excluded. Therefore (1) holds. O
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COROLLARY 1.6

Let v=(r,§, %) be a Mukai vector with (v?) > 0. Then for a general polarization
H, we have the following.

(1) Mg (v,L)* is reduced and dim Mg (v, L)% = (v?).
(2) Mpg(v,L)*™® is normal, unless
(i) v="2vp with (v3)=1 and L=%5Kx mod 2, or

(i) (v?) =2.

Proof
By Lemmas 1.3 and 1.5, (1) holds. Moreover, (2) also holds unless (i) v = 2vy with
(v3) =1 or (ii) (v?) = 2. Therefore we will treat the moduli stack M g (2vg, L)
with (v3) =1 and L# 5Kx mod 2. By Lemma 1.3(2), My (2vo, L)® is normal.
We will prove that M g (2vg, L) is smooth in a neighborhood of the bound-
ary. Since (v3) = 1, rkvg is odd, which implies that 5Kx =Kx mod 2. Since 2 | §
in NS¢(X), we have L =2D,2D 4+ Kx (D € NS(X)). Therefore L =2D by L #
5 Kx = Kx mod 2. Assume that £ € My (2vg, L)* is S-equivalent to E; © Es.
By det By = (det E5')(L) and the fact that rkvg is odd, Hom(E;, E;(Kx)) =0
for all 1 <4,j <2. Thus Ext*(E, E) = Hom(E, E(Kx))" =0, which implies that
M (2vg, L)* is smooth at E. Therefore My (2vg, L)* is a normal stack. O

1.1. Isotropic case
Let v=(r,&,3) be a primitive and isotropic Mukai vector, and take a general
polarization H with respect to v.

LEMMA 1.7

(1) Ift(v) =1, then My (v)® = Mg (v)* is a reduced stack of dim Mg (v)® =
(v?) =0.
(2) If £(v) =2 and L = §Kx mod 2, then Mpg(v,L)* = Mpy(v,L)* is
smooth of dim My (v,L)* =1 and Mpy(v,L+ Kx)* =1.

Proof
(1) Assume that ¢(v) = 1. Since 21¢, by the proof of Lemma 1.3, we see that
dim M (v)5;,, = —1. Thus My (v)* is reduced and dim My (v)* = 0.

(2) If {(v) =2 and L =L Kx mod 2, then there is an irreducible component
M of the coarse moduli scheme M g (v, L) = Mg (v, L) with dim M > 2 (see [14,
Theorem 5.2], [28, Section 3]). Since the Zariski tangent space Ext'(E,E) of
My (v, L) at E € My(v, L) satisfies

dimExt"(E, E) = dimHom(E, E(Kx)) +1 < 2,

M is smooth of dimension 2 and F(Kx) = E for E € M. Since the Mukai lattice
is unimodular, Mg (v,L) is a fine moduli space. Then by using the Fourier—
Mukai transform, we see that My (v, L) itself is smooth of dim Mg (v, L) =2 and
My (v,L+ Kx) =0 (see also the proof of [27, Lemma 3.1.6]). For the claim on
dim My (v, L), we recall Remark 0.2. O
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We next study the nonprimitive case. We assume that H is a general polarization
with respect to lv. Then H is also a general polarization with respect to v for
1< <l. For Eg € Mpg(lpv)®, we set

(1.10) J(l,Eo) :={E € Mg (lv)* | E is generated by Eo(pKx), p€Z},
where Ig | [.
REMARK 1.2

If ¢(v) =2, then Eo(Kx) = Ey for all Eyg € Mg (v)®, and if £(v) =1, then
Eo(Kx) 2 Ey for a general Eg € My (v)3.

LEMMA 1.8
We have dim J (I, Ey) < —1.

Proof
For F € {Ey(pKx) | p€Z}, we set
(1.11) J(, By, F&"):={E € J(l, Ey) | dim Hom(F, E) =n}.

For E € J(l, Ey, F®"), we have an exact sequence
(1.12) 0—Hom(F,E)® F—+E—E —0
and E' € J (I—nly, Eo, F(Kx)®") (n' >0).Letp: J (I, Eo, F®") — J (I—nlo, Eo)

be the morphism sending E € J (I, Ey, F®™) to E' in (1.12). Then the proof of
Lemma 0.6 implies that

(1.13) dimp~H(E") <nn' —n?, E' € J(l—nly, By, F(Kx)®").
Then the same proof of [9, (3.8)] works here. O

PROPOSITION 1.9

Assume that X is an Enriques surface. Let v be an isotropic and primitive Mukai
vector.

(1) Assume that My (lv)® is nonempty. Then [ =1,2.
(2) Mg (2v,L)° #0 if and only if £(v) =1 and L=0 mod 2. Moreover,

Mp(2v)° ={w@.(F)|F e w (i) (W) L (F) 2F},

w

where w = w*(v). In particular, Mg (2v)® is smooth of dimension 1.
(3) We have dim Mg (lv)*s < 1. If £(v) =1, then dim Mg (lv)* < [£].

Proof

(1) Since H is general, My (lv)® is the same as the moduli stack of v-twisted
stable sheaves. Let w be a primitive and isotropic Mukai vector of X with @ (v)=
mw (m € Zsg). For E € My (lv)®, w*(E) is w-twisted semistable with respect to
w*(H). Indeed, by the uniqueness of the Harder—Narasimhan filtration of w*(E),
it is ¢-invariant. Since w is étale, it comes from a filtration on X. In order to show
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1=1,2, we first treat the case where w*(F) is properly w-twisted semistable in
(a), and then we treat the other case in (b).
(a) Assume that w*(E) is not w-twisted stable, and let F' be a w-twisted

stable proper subsheaf of w*(E) with
x(@"(E), F(nw*(H))) _ x(@"(E),w"(E)(nw"(H)))
(1.14) o F = ko (B) (neZ).
Then *(F) is also a w-twisted stable subsheaf of ww*(F) with
x(@ (E), " (F)(nw*(H))) _ x(w"(E), @"(E)(nw"(H)))
(1.15) rko*(F) N rkoo*(E) (n€Z).

If o*(F) = F, then we can introduce an action of ¢ on F', and hence there is a
coherent sheaf Fy on X such that F' = w*(E;). Since

Hom (F,@*(E)) = Hom(E1, @, (=" (E)))
= Hom(El,E &) E(KX))7

we see that E; or F1(Kx) is a subsheaf of E, which shows that E is properly
v-twisted semistable. Hence ¢*(F) 2 F. We note that ¢ : F @& *(F) — @w*(F) is
injective. Indeed, let G be a w-twisted stable subsheaf of ker ¢ with

x(@ (E),Gnw*(H))) _ x(w"(E),w"(E)(nw"(H)))
(1.16) e = k= (E) (neZ).
Then G — F and G — *(F') are isomorphic or zero. Since F' and *(F) are
subsheaves of @w*(F), we get G = F and G = /*(F), which is a contradiction.
Therefore ¢ is injective. By the v-twisted stability of E, ¢ is also surjective.
Thus F @ *(F) & w*(E). Then w,.(F)®? =~ F @ E(Kx) implies that w,(F) =
E = FE(Kx). By [27, Lemma 2.3.6], F is a factor of a Jordan-Hoélder filtration
of a w-twisted semistable sheaf of Mukai vector w, and hence rk F' < rkw and
the equality holds if and only if v(F') = w. Hence Imrkw =rk E < 2rkw, which
shows that Im < 2. Moreover, Im = 2 implies that v(F) = w.

(b) If w*(F) is w-twisted stable, then by using [27, Lemma 2.3.6], we have
rk F <rkw, which shows that | =m =1.

(2) In the proof of (1), for E € My (2v)*, we have £(v) =1 and E = w,.(F)
with ¢*(v(F)) = v(F). In particular, v(F') = w and Mg (2v)® is smooth of dimen-
sion 1. By (1.3) and 4 |tk E, we have 2| ¢ (F) in NS(X).

We note that for a primitive and isotropic Mukai vector v with ¢(v) =1,
w :=w*(v) is a primitive and isotropic Mukai vector on X such that o*(w) = w.
For such a vector w, we have M2, ) (w)* # () (see [27, Corollary 1.3.3]), and the
fixed point set of the ¢*-action on M;”*(H)(w)s is 1-dimensional by Lemma 1.7.
For F'e€ M2. jy(w)* with o*(F) # F, *(F) ® F = @"(w@.(F)) does not contain
an (-invariant proper subsheaf G satisfying (1.16) for F = w,(F), where w.(F)
is a stable sheaf with respect to H. Therefore (2) holds.

(3) We have a decomposition

My (lv) = U [15" Mu(liv),

(nily,...,nely)€S @
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where

Sy = {(nllla-“antlt) Lh<ly<---<lgyng,...,my €Z>O,Z7’Zili zl}.

We have a morphism ¢ : My (lv)** — M g (lv). Let = be a point of M g (lv). Then
there are stable sheaves E; € Mg (k;v)® such that E; 2 E;(pKx) for i # j and
x=@;_, P, E:(pKx)®"». Since

Hom(E;, E;) = Ext?(E;, E;) =0
for i #j and x(E;,E;) =0, for E € ¢~ (), there are G; € j(zpnipki,Ei)

and E =@, G;. By Lemma 1.8, we see that dim¢~'(z) < —t. We note that
dim My (v(E;))*=1,2 by (1), (2), and Lemma 1.7. We set

(117)  t1:={i|dim My (v(E;)) =1},  to:={i|dim My (v(E;)) =2}.
Then we have
dimMpg(l0)* < max {—t+t;+2t2}= max t2<l.
z€M g (lv) z€M g (lv)

Moreover, if £(v) =1, then dim Mgy (v(E;)) = 2 implies that v(E;) = 2v, which
implies that t3 <1/2. Hence the second claim also holds. O

REMARK 1.3
Assume that ¢(v) =1. If [ is even, then EBl/2 E; (E; € My(2v)®) forms a com-
ponent of dimension [/2. If [ is odd, then F & @ (- 1 )12 |, (FeMpuWw),E; €

My (2v)®) forms a component of dimension (I — 1)/2. Thus the equality holds
in (3).

REMARK 1.4

Assume that ¢(v) = 1. If E is a singular point of My (v)?, then E(Kx) 2 E, and
hence E =@, (F) (F € Coh(X)). In this case, @w*(E) is properly w-semistable
and [=m=1.

REMARK 1.5

Let m: X — C be an elliptic surface, and let mD be a tame multiple fiber. Let
v:=(0,7D,d) be a primitive Mukai vector; that is, gcd(r,d) = 1. For a semistable
sheaf F with v(F) = lv and Div(E) = IrD, we will show in Lemma 3.9 that E is S-
equivalent to @, E;, where E; € My (v)®. Assume that m{r. Then E; @ K x % Ej,
which implies that dim Mg (v)® = 0. Hence we see that dim Mg (lv)™ < [lmﬁ],
where my = ged(r,m).

2. u-stability

In this section, we continue to assume that X is an Enriques surface, and we
study the existence condition of u-stable locally free sheaves. For a Mukai vector
v of rkv > 0, we have a decomposition v = (Ir,[&, 5), where ged(r,§) = 1, 1 € Z,
s E€Z, lr — s € 27Z. We divide this into three cases.
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(A) There is no stable sheaf E such that v(E) = (r,£,b) and (v(E)?) =
—-1,-2.

(B) There is a stable sheaf E such that v(E) = (r,&,b) and (v(E)?) = —1.

(C) There is a stable sheaf E such that v(E) = (r,&,b) and (v(E)?) = —2.

REMARK 2.1
We note that r is odd for case B and even for case C.

We use a case-by-case approach to prove the following result.

THEOREM 2.1

Let v=(Ir,1¢, %) be a Mukai vector such that ged(r,&) =1 and (v?) > 0. Let H be
a general polarization with respect to v. Then for L € NS(X) with [L mod Kx| =
&, Mg (v,L)*® contains a p-stable sheaf if and only if

(A) there is no stable sheaf E such that v(E) = (r,£,b), (v(E)?) = —1,-2,
and (v?) >0; or

(B) there is a stable sheaf E such that v(E) = (r,&,b), (v(E)?) = -1, and
(v?) > 12; or

(C) there is a stable sheaf E such that v(E) = (r,&,b), (v(E)?) = -2, and
(v?) > 212,

Moreover, if Ir > 1, then under the same condition, My (v, L)* contains a p-
stable locally free sheaf.

By Corollary 1.2, My (v, L)* # ( if (v?) > 0. Hence it is sufficient to compute
the codimension of Mg (v, L)#S\ Mg (v, L)#s. Although the arguments in this
section are similar to those of [23], we repeat them here since several estimates
are slightly different. Throughout this section, H is a general polarization with
respect to v.

2.1. CaseA
In this section, we treat case A. Let v:=1(r + &) + apx € H*(X,Q) be a Mukai
vector. We first estimate the dimension of various locally closed substacks of

M(v).

LEMMA 2.2

If Mg (v)#ss £ 0, then (v?) > 0. If the equality holds, then Mg (v)* = M (v)
and E € Mg (v)® is S-equivalent to @, E;, where the E;’s are p-stable locally
free sheaves with v(E;) € Qu.

Proof
Let E be a u-semistable sheaf of v(E) = v, and choose a Jordan—Holder filtration
of E with respect to p-stability whose factors are u-stable sheaves E; (1 <i < s).
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We set
(2.1) V(E;):=Li(r+¢&) +aox, 1<i<s.

By our assumption, (v(E;)?) =1;(;(€?) — 2ra;) # —1,—2. Thus {(v(E;)?) >0 for
all 7. Since

’02 ® v i 2
i=1 ¢

we get (v?) > 0. Assume that (v2) = 0. Then (v(E;)?) =0 for all i. Since

(v(Ei)?) 2 a;
wEy )
(2.3)
X(Bi) 1 a
rk(El) 2 Tli’

we see that x(E;)/rk(E;) = x(E)/rk(E) for all i. Thus E is semistable. Since
EYV are p-stable locally free sheaves with (v(EYY)?) >0 and 0= (v(E;)?) =
(w(EYV)?) + 2tk E;x(EYV/E;), we see that x(EYV/E;) = 0. Thus all E;’s are
locally free, which shows that E is also locally free. O

COROLLARY 2.3
If (v?) =0, then My (v)*S consists of locally free sheaves.

DEFINITION 2.1
Let w=lo(r + &) +aogox (lp >0) be a primitive Mukai vector such that (w?) = 0.
Since ag/lp = (£€2)/(2r), w is uniquely determined.

By Lemma 2.2 and Corollary 2.3, Mg (w)* consists of p-stable locally free
sheaves. Since lp(£2) — 2agr =0, lor is even. In particular, ag € Z.

LEMMA 2.4
For a Mukai vector u= (Ir,1€,a), r | {(u,w).

Proof
We note that lpr is even and ag € Z. If r is even, then a € Z. If r is odd, then [
is even. Hence lpa € Z. Then (u,w) = (lag — lpa)r is divisible by r. O
LEMMA 2.5

(1) We have that
(2.4) dim (M g (0)#°\ Mg (v)*) < (v*) — 1.

(2) Assume that (v?) >0. Then
(2.5) dim (Mg (v)"* \ My (v)*) < (%) — 1.

In particular, if Mg (v)*S # 0, then My (v)* # 0 and dim M g (v)# = (v?).
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Proof
By Lemma 1.5, it is sufficient to prove (1). Let F' be a p-semistable sheaf of
v(F) =v. We assume that F' is not semistable. Let

(2.6) OckhhCcFk,Cc---CF,=F

be the Harder-Narasimhan filtration of F'. We set

(2.7) vi:=v(F;/Fio1)=L(r+£&) +aox, 1<i<s.

Since x(F;/F;—1)/tk(F;/F;—1) > x(Fi41/F;)/ vk(Fi41/ F;), we get that
ap _ ai

a9 Qg
2.8 K B
(2:8) lO_ll>l2> >ls7

where the leftmost inequality is a consequence of (w?) =0, (v?) >0, and (2.3).
Let FHN(vy,vs,...,v,) be the substack of My (v)*** whose element E has the

Harder-Narasimhan filtration of the above type. We will prove that dim FHN (v,
va,...,vs) < (v?) — 1. Since

Hom(F;/F;_1,Fj/F;—1(Kx)) =0
for i < j, [9, Lemma 5.3] implies that
(2.9) dim FN(vy, v, ... ,vs) = zs:dimMH(vi)ss + Z<Uj’vi>'
i=1 i<j
For i < j, by using Lemma 2.2 and (2.8), we see that
(viy05) = Ll (€2) — (Lia + Laq)r
=1;1;(€%) = 2lair + (a;l; — ajl;)r
=1;(L;(&%) = 2a;7) + (ailj — ajl;)r

Z (ailj — (Ijli)’/‘ Z 7“/2 Z 1,

(2.10)

where the inequality r > 2 comes from our assumption for case A. Hence if
(v?) > 0 for all i, then, by using Lemma 1.5, we see that
(2.11) dim FN (vy,vg,...,v5) = (07) = Y (w5, 05) < (v%) — 1.
1<j
Assume that (v?) = 0; that is, v; = llw, I} € Z. Then i =1 and 7 | (vj,w) by

Lemma 2.4. Hence
(212) (v1,v5) = 1y =17 ((w,v;) — 1)
' > (r—1)>0.

In this case, by using Proposition 1.9, we see that
(2.13) dim FN(v1,vg,...,0s) < (0?) — (Z(vi,vj> - l’l) < (v?) — 1.
i<j

Hence we get our lemma. |
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PROPOSITION 2.6
Assume that (v?) > 0. Then for a general H,
(2.14) dim (Mg (v)*\ Mg (v)") < (0%).

In particular, Mg (v)*s # (0. Moreover, there is a p-stable locally free sheaf in
each irreducible component.

Proof
Let E be a stable sheaf with v(F) = v, and let E; be a u-stable subsheaf of E
such that E/E; is torsion-free. We set

vy :==v(Er) = (lir, 11§, ar),
vy :=v(E/Ey) = (lar, 12§, az).
Since x(E1)/tk By < x(E)/1k E, we get (v(E1)?) >0 and

(2.15)

a1 a2
Lol
Let J(vi,v2) be the substack of My (v)® consisting of E which has a subsheaf
E; C E. We will use Lemma 0.6 to estimate dim J(v1,v2). By [9, Lemma 3.1],
dimHom(E4, (E/E1)(Kx)) <l2/l1. We will bound the dimension of the substack

N (v1,02) :={(E1, E2) € My (v1)"® x M (va)" | dim(EYY /Ey) =n,
dim Hom (E,, Bs(Kx)) #0}.
For a fixed Fy € Mg (vg)Hs,
(2.18) #{EY" | By € My(v1)",Hom(Ey, E2(Kx)) #0} < oc.

Indeed the double dual of the graded object associated to the Jordan—Holder
filtration with respect to u-stability is well defined and EYV must be one of
these stable factors. For a locally free sheaf, let Quot /x be the quot-scheme
parameterizing all quotients F' — A such that A is a 0-dimensional sheaf of
X(A4) =n. In [19, Theorem 0.4, Section 5], we computed the number of rational
points of Quot’ /x over finite fields, which implies that

(2.16)

(2.17)

(2.19) dim Quoty, y = (tk F'+ 1)n.
Since Ey € My(v1)#® is simple, we see that

dim{E; € My (v1)* | dim(EY" /Ey) = n,Hom(Ey, E2(Kx)) #0}
(2.20 < (tkvy +1)n — 1.
Since EYV is p-stable, Lemma 2.2 implies that (v(EY")?) > 0. Then we get
(2.21) dim M g (v1)* = (v7) = 2lyrn + (v(EYY)?) > 2lrn.
Since r > 2, we get

dim N, (v1,v2) < dim M g (v1)*® + dim M g (v9)*** — ((llr —n+ 1)

(2.22)
< dim Mg (v1)#® + dim M g (v9)#** — 2
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if n> 0. If n =0, then the same inequality also holds, since (v}) > 0= 2l;rn.
Moreover, if (v3) = 0, then by Lemma 2.2, Hom(FE}, F2) # 0 implies that v(EY") €
Qus, which shows that [ € [oZ. Therefore N, (v1,v2) =0 unless Iy € lgZ.

If (v3) >0, then Lemma 2.5 implies that dim Mg (v9)*s% = (v3). We also
have dim M g (v1)*® = (v}) by (v}) > 0. Hence Lemma 0.6 and (2.22) imply that

l
dim Mg (v)® — dim J(vy,v2) = min((vl,02> - i +2, (01,1)2))

{v3) (v}) ly
=l + g — max (11 20)>0.

We next treat the case where (vZ) = 0. Then vy = lbw, I, € Z. By Proposition 1.9,
dim M g (vg)#ss < (v3) +14. If Iy € lgZ, then I3 /1; < 1. In this case, by using (2.22)
and Lemma 2.4, we see that

dim/\/lH(v)s — dimJ(Ul,U2> Z <’U1,U2> - lg/ll - Z/Q +2

(2.23)

(2.24)
> Uy (v, w) —2) +2>0.

If Iy ¢ loZ, then since Ny, (v1,v2) =), we see that
(2.25) dim Mg (v)® — dim J (v1,v2) =I5 ((v1,w) — 1) >0
by Lemma 2.4.
We will prove that there is a u-stable locally free sheaf. Let Mg (v)™ be the

closed substack of Mg (v)*® consisting of nonlocally free sheaves. By (2.19), we
have

dim M g (v)™F < rlrjlag((dimMH(v +box )" + (rl + 1)b)
>

(2.26)
< () 40— (rl — 1),
where
%a U+bQX* %wag(w):2a
(2.27) 6=k, vt box = b t(w) =1,
0, otherwise.
If {(w) =1, then
(rl—1)—06> li(rlofl/2)71>0
0
since rlg is even. If /(w) =2, then
l
(rl—1)—46> l—(rlo—l)—1>0
0

unless rly =2, [ =1y. In this case, we see that »r =1 and w = 2¢¢. Since u :=
2

(1,¢, %) is a Mukai vector satisfying (u?) = —1, this case does not occur.

Therefore dim Mg (v)™ < (v2) and the last claim holds. O
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2.2. CaseB

Assume that 7 | (¢€2) + 1. Then vg := (r,&,a9) is a primitive Mukai vector with
2

(v3) = —1, where ag = % € Z+ 1. We take a general polarization H with

respect to vg. Let F' be the p-stable locally free sheaf with v(F') = vy.

LEMMA 2.7
If there is a u-stable sheaf E with v(E) = lvg + box, then (v(E)?) >1? or B =
F,F(Kx).

Proof

If rk E=r, then [ =1 and b <0, which implies the claim. Assume that rk £ > r.
By the p-stability of E,F, Hom(F,E) = Hom(E, F(Kx)) = 0. Hence 0 >
X(F,E) = —{vg,v(E)) =1+ br. Since (v(E)?) =1(—1— 2br), we get the claim. O

REMARK 2.2
Since | = ged(rtk E, c1(E)) € Z, we have v(E),lvg € v(K (X)), which implies that
beZ.

LEMMA 2.8 (see [22, Lemma 4.4])
Let v be an arbitrary Mukai vector of kv > 0. Let Mg (v)* be the moduli
stack of p-semistable sheaves E of v(E) =wv, and let My (v)P** be the closed

substack of My (v)**S consisting of properly u-semistable sheaves. We assume
that (v?) >12. Then

(1)
(% 1

(2.28) (v?) — dim M g (v)P*s > o —5 !
unless T =1 and | =2;

(2) if My (v)Hs is not empty, then there is a u-stable locally free sheaf E of
v(E) =v in each irreducible component, unless v = (2,0, —1)e$;

(3) if v=(2,0,—1)es, then there is an irreducible component of My (v, L)
containing pu-stable locally free sheaves.

Proof
(1) By Lemma 0.5, we get that
(2.29) dim M g (v)#5 > (v?).
We will show that
2 l
| (oo < 1oy (L)
(2.30) dim M (0)7 < (%) — ( o5 1)

For this purpose, we estimate the moduli number of Jordan—Hélder filtrations.
Let E be a p-semistable sheaf of v(E) =wv, and let

(2.31) OCHhCFkFC---CFE=FE
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be a Jordan—Hélder filtration of E with respect to p-stability. We set F; :=
F;/F;_1. We also set

v(E) :=lvy + apx, v(E;) :=livg + a;0x.

By Lemma 2.7, (v?) # 0. Hence dim M g (v;)*s = (v?). Let J(v1,v2,...,v:) be the
substack of Mg (v)#** such that E € My (v)"* has a filtration (2.31). By using
Lemma 0.6 successively, we see that

dim J (vy,ve,...,v¢)

<> dimMp(v)" + ) (dimExt' (B, E;) — dim Hom(E}, E;))

i<j

(2.32)
=—X(E,E)+ > x(Ej;,E)+ Y _ dimExt*(E;, E;).
i>j 1<y

Since (v(E;),v(E;)) = —lil; —r(l;a; +1;a;), we see that

2
(233) Yo B) =Y (u(E) () = -y LWED),
i>j i>j i ‘
We set max;{l;} = (I — k). If (v(E;)?) = —1 for all i, then v(E;) = vy for all i. As
(v(E)?) > [2, this is impossible. So there is an integer iy such that (v(E;,)?) > 0.
Since (I —k)+ (t —1) <> .l; =1, we obtain that t <k + 1. Since l —l; — k>0
and (v(E;)?) > —1, we get that

oy BB |~ U=l — R (E)?)
Z(v(Ej),v(Ei»*kzi: 2, Jrz 21,

i>7 ]

K2

pE?) Z (L=l — k) (v(E:)?)

21 - 2l;

(v(£)?) (L—li—Fk)
> _
2k 21 Z 2

i#1g
2 1=
>k(v(E) ) (-1 k;)k:
- 21 2
Assume that Ext?(E;, E;) = 0 for some i < j. Then we get that
> dimExt®(Ej, B;) < (]H;l)k —1.

i<j
Then the moduli number of these filtrations is bounded by
2 I-1-kk (k+1)k (W% 1

234) () — ki) ! —1 ) —1-k( - 5):
@34) ) =k T < () 2 2>
Therefore we get a desired estimate for this case.

Assume that Ext?(E;, E;) #0 for all i < j. Then EYY = EYY(Kx). In par-
ticular, {; = [; for all 4 < j. Suppose first that I; > 2 for all 4. Then [; =1 -k
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implies that k <[ —2 and
)
Z<U“U]> =k T
1>]
Since 4 <y +1lp =2(1—k) <>, 1; =1, we have 2 <[/2 < k. Hence the dimension
of these filtrations is bounded by

v v? _
(2.35) <vz>_k%+w < (v?) —k(<_l>_lTl)
S0 - (%—é+l).

If instead [; =1 for all ¢, then we must have ¢t = 2, and hence [ = 2. Indeed,
if we have h <i < j, then EYY = EYY(Kx), EYY = E/Y(Kx), and EY =
EJW(KX), from which it follows that EYV = EYV(Kx). As tk E; is odd, this
is impossible, so t = 2 as claimed, and [ = 2 follows from this and I; = 1.

Assume that r > 1. Then a general member E; € My (v1)"® is locally free
by a similar estimate to (2.26). If there is a nonzero homomorphism ¢ : Ey —
E5(Kx), then ¢ is injective and coker ¢ is 0-dimensional by the p-stability of
E; and E,. Since Ej is locally free, E1 = Fy(Kx). In particular v; = vs and
v =2v;. Since (v2) > 12, (v?) = (v2) > 0. Then for a general locally free sheaf
E,, we have Hom(E1, E2(Kx)) = 0. Therefore for a general filtration, we have
Ext?(Es, F1) = 0, which shows that the same estimate of (2.34) holds. Therefore
(1) holds.

(2) The existence of a locally free sheaf follows from Lemma 2.7 and the
last paragraph of the proof of Proposition 2.6, unless r =1 and [ =2. So we
assume that » =1 and [ = 2. This case is treated by Kim [8]. For completeness,
we give a different argument. If Es is not locally free or det £; = det E5, then
Ext?(Ey, E1) = 0 for a general filtration, and hence the same estimate of (2.34)
holds. On the other hand, if Ey is locally free and E; = Iz ® Eo(Kx) (which
implies that E is not locally free), then we only have the estimate

(236) <’U2> _ k‘% + (l — 127 k)k + (kzl)k < <’02> _ <<U > _ £>

21 2/

In this case, if (v?) > 4, then there is a u-stable locally free sheaf.

(3) Weset v:=(2,0,—1). We have that M g (v,0)% contains a p-stable locally
free sheaf by the proof of (2). Indeed, we have det E'; = det E5, which shows (2.34).
We next treat My (v, Kx)®. By the proof of (2), it is sufficient to construct a
p-semistable locally free sheaf E of v(E) =v and det E = Ox(Kx). Indeed, for
an irreducible component containing a locally free sheaf, F; is a locally free sheaf
and there is an ideal sheaf of two points with Es = E1(Kx) ® I/, which shows
(2.34).

For the ideal sheaf Iz of two points, we have

Hom(Iz(Kx),Ox) =Ext*(Iz(Kx),0x) =0.
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Hence dimExt'(Iz(Kx),Ox) = 1. We take a nontrivial extension
(2.37) 0—-0x -FE—Iz(Kx)—0.

Since Extl(IW(KX),OX) =0 for co(Iy) = 0,1, if E is not locally free, then
EVY 2 0Ox ®0Ox(Kx), which shows that the exact sequence (2.37) splits. There-
fore F is locally free. O

REMARK 2.3
For surjective homomorphisms ¢ : Ox — k; @ ky and ¢2: Ox(Kx) — kg ® ky,
the kernel F of

Ox® Ox(Kx) (¢1—7¢>2) k, & k‘y

is a stable nonlocally free sheaf. Then they form an irreducible component of
My (v, Kx)* consisting of nonlocally free sheaves. Therefore My (v, Kx)* has
at least two irreducible components. Combining [24, Remark 4.1], the
My (2vg, L) are reducible if (v) =1 and L= Kx mod 2.

By the reflection associated to vy (see [24]), we get the following result.

PROPOSITION 2.9
Assume that 2br — 1 > 0; that is, {(lvg — box)?) =1(2br —1) > 0. Then

Mz (g — box )™ = My ((2br — vy —box)™.

2.3. CaseC

Assume that there is a stable sheaf Fy such that v(Ey) = (1,£,ag) and (v(Ep)?) =
—2. Thus we assume that r is even, 7 | (§2)/2+1,and § = D+ 5 Kx mod 2, where
D is a nodal cycle (see Theorem 1.1). We set vg = (1,&,a0). As in the proof of
Lemma 2.7, we have the following.

LEMMA 2.10
If My (v)Hs =0, then (v?) >2I? or v=1y.

PROPOSITION 2.11
Assume that (v?) > 212, Then My (v)*s # 0. Moreover, each irreducible compo-
nent contains a p-stable locally free sheaf.

Proof

By Lemma 0.5, we get that

(2.38) dim Mg (v) > (v?).
We will show that

(2.39) dim M g (v)PHs < (%) — (% . 1).
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For this purpose, we estimate the moduli number of Jordan—Holder filtrations.
Let E be a p-semistable sheaf of v(E) =wv, and let

(2.40) OCFhiCFkC---CE=FE

be a Jordan—Holder filtration of E with respect to p-stability. We set E; :=
F;/F;_1. We also set

v(E) :=lvy + apx, v(E;) :==livg + a;0x.-
By Lemma 2.10, (v?) # 0. Hence

(v?), if v; # v,

2.41 dim M g (v; ) =
(2.41) (v3) {(vf)Jrll, if v; = vg.

Since (v?) > 0, there is an integer iy such that v; # vg. Let J(vi,vo,...,v¢) be the
substack of Mg (v)** such that E € My (v)#** has a filtration (2.40). By using
[9, Lemma 5.2] successively, we see that

dim J(vy,v9,...,0t)

<Y dim My (0)* + > (dimExt' (E;, E;) — dim Hom(E;, E;))

(2.42) i<

<—X(E,E)+ Y x(E;,E)+ > dimExt*(E;, E;) + (t—1).
i>j i<j
By the same computation of [22, Lemma 4.4], we get the desired estimate. Hence
the existence of a locally free sheaf follows by Lemma 2.10 and the last paragraph
of the proof of Proposition 2.6. a

By the (—2)-reflection associated to vy, we also get the following.

PROPOSITION 2.12
Assume that br — 1> 0; that is, {(lvg — box)?) =2l(br — 1) > 0. Then

Mir(Ivo = box)* = M ((br = v = box)™.

3. Moduli spaces on elliptic surfaces

3.1. f-semistability
In this section, we study moduli spaces of semistable sheaves on elliptic sur-
faces. Then we apply the results to the moduli spaces on Enriques surfaces, since
Enriques surfaces have elliptic fibrations. Since we use the Bogomolov inequality,
we assume that the characteristic of k is zero or the Bogomolov inequality holds.
In particular, we can apply the results for moduli spaces on Enriques surfaces by
Theorem 1.1.

Let m: X — C be an elliptic surface such that every fiber is irreducible. Let
f be a fiber of 7. We have a homomorphism

T K(X) - ZoeNSX)aeZ,

(3.1) E = (kE.c(E)x(E).
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We set K (X)op :=K(X)/kert. For e € K(X)4op, let M(e) be the moduli stack
of coherent sheaves E whose topological invariants are e. Let My (e)*® (resp.,
M (e)?) be the substack of M(e) consisting of semistable sheaves (resp., stable
sheaves). Let F be a torsion-free sheaf on X. We denote by e € K(X) the class
of Ein K(X). Let H be an ample divisor on X, and set Hy := H +nf, where n
is a sufficiently large integer depending on e. Let D be a curve on X such that
(D, f)=0. For a coherent sheaf F' on D, we set

deg(F) := x(F) — x(Op) = x(F),
degp(F) := deg(EY @ F) =1k(E)deg F — (c1(E),c1(F)) = x(E, F).
DEFINITION 3.1
For a coherent sheaf F, we set

A(E) =21k Ecy(E) — 0k E — 1) (e1(E)?).

DEFINITION 3.2
(1) A torsion-free sheaf E is f-semistable if for all subsheaves F'# 0 of E,
(Cl(F)af) < (Cl(E)af)
tkE —  rtkE

If the inequality is strict for all subsheaves I’ of E with 0 <tk F <rk E, then E
is f-stable.
(2) Let My(e)* bethesubstack of M(e) consisting of f-semistable sheaves E.

REMARK 3.1

(1) The f-semistability of E is equivalent to the semistability of the restric-
tion E ® k(n) of E to the generic fiber; f-semistability is an open condition.
Indeed, E is f-semistable if and only if Ej;-1(;) is semistable for a point ¢ € C,
which is an open condition.

(2) My (e)™ is not bounded in general. For a positive number B, let M¢(e)%
be the open substack of M(e)* consisting of E such that for any subsheaf F’
of E,

(Cl(F)aH) < (Cl(E)vH)
rk I - rk B
Then My(e)% is bounded (see [11], [12]) and Ms(e)* =]z My(e)%.

+ B.

LEMMA 3.1

We set

(H, f)*(rke)*A(e) —2(H?)
4(H, f) '

(3.3) N(H,e):=

Then we have the following results.

(1) For rational numbers ny,ny withny,ng > N(H,e), H+nif and H+nsf
are not separated by a wall with respect to e. Thus Mpin, (€)% = Mpuyn, r(€)%.
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(2) A torsion-free sheaf E is semistable with respect to H+nf (n> N(H,e))
if and only if E is f-semistable and for any subsheaf F # 0 with (tk Eci(F) —
rk Fey(E), f) =0,

X(F(kH)) _ x(E(kH))
rk -

(34) F rk B

(k>0).

Proof
(1) Assume that there is a wall between H +n4 f and H +naf (N(H,e) <ny <
ny). Then by [20, Definition 2.1], there is an exact sequence

(3.5) 0—-FE —-—FE—Ey,—0
such that

(i) Ey and Fs are (H + Af)-semistable, and
(ii) &€:=rk Eyci1(Ey) —tk Eici(Eq) € (H + Af)t (ny <A< ny).

We express & as E =azH +yf+D (De H-N f+). Then y = —Wgz;{#x.
Since z(H, ) = (&, f) is an integer, if « # 0, then we get

(€)= —=2*((H?) +2(H, f)A) + (D?)

_((H?) +2(H, )N

(3.6) - (H, f)?
(tke)?A(e)
—
By [20, Lemma 2.1], we see that —(£2) < (rke)2A(e)/2 (see also [24, Section 5]).
Hence we get = 0. Thus there is no wall between H +n f and H +nof (n1 <

ng).
(2) Let E be a torsion-free sheaf with a topological invariant e. By (1), the

following conditions are equivalent.

(a) For a rational number n > N(H,e),
(c1(F), H +nf) _ (@(B), H +nf)
rk F - tk E
for all subsheaves F'# 0 of E; that is, E is u-semistable with respect to H +nf.
(b) For any rational number n > N(H,e),
(cl(F)vH+nf) < (Cl(E)vH+nf)
rk F - tk E
for all subsheaves F'#0 of E.
(¢) We have that

(3.7)

(3.8)

(Cl(F)’f) < (CI(E)’f)

(3.9)

rk F’ rk E
(cr(F), f) _ (aa(E), f) (ar(F), H) _ (e1(E), H)
(3.10) tkF ~ 1kE rk F = tk E

for all subsheaves F'#0 of E.
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Obviously (b) < (a) and (b) = (c) hold. We prove that (c) implies (a). For
a torsion-free sheaf E satisfying (c), let N(E)(> N(H,e)) be a rational number
satisfying
(3.11) N(E)> (tkEci(F) — 1tk Fey(E), H)

for all subsheaves F' of E. Let F' be a subsheaf of FE. By (c), it is sufficient to
prove that (tk Ecy(F) —rkFei(E),H +nf) <0 for n > N(FE) if (tkEc,(F) —
rk Fe;(E), f) <0. By (3.11),

(tk Eci(F) — 1tk Fey(E), H 4+ nf)
(3.12) = (tkEcy(F) =tk Fey (E), H) + n(rk Ecy (F) — tk Fey (E), f)
<N(E)—n<O0.
Therefore (a) holds. Hence the claim holds. O

DEFINITION 3.3
A torsion-free sheaf E is semistable with respect to Hy if E/ is semistable with
respect to H +nf for all n>> 0.

PROPOSITION 3.2

Let n be a rational number with n > N(H,e) + 2. Assume that (e,z) € (H+ N
5o x Q satisfies |(€2)] < (H,f) and |z| < 1. Then M(gie)+(nia)s(€)™ =
Mt1e);(€)%. Thus for a chamber C with Hy € C, there is e € (H+ N f1)g such
that (H+¢)f €C.

Proof
Since n > N(H,e) + 2, we get

n+xz>N(H,e)+2—|z|>N(H,e)+1>N(H+e¢,e).

Applying Lemma 3.1(1), we get M (o) 4 (nta)7(€)™ = Mpie), (€)% 0

LEMMA 3.3 (Bogomolov inequality)
If My(e)® #0, then Ae) > 0.

Proof
If F is an f-stable sheaf E, then it is Hy-stable, and hence A(E) >0 by the
Bogomolov inequality.

We next treat the general case. We note that £ € M¢(e)* is a successive
extension of f-stable sheaves E; with (¢1(E;), f)/rkE; = (c1(E), f)/rk E. For an

extension

0—-FL—>FE—FEy,—0
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of F; € Mf(ei)ss with (Cl(E1)7f)/I'kE1 = (Cl(EQ),f)/I‘kEQ, we have

o A(El) A(EQ) ((rkElcl(Eg) — rkEgcl(El))z)
(3 13) A(E) =kl I‘kEl +I‘kE I‘kE2 B I‘kEl I‘kE2
' A(E) A(Ez)
> = ——
>rkFE X E, +rk E X E,
Hence by the induction of rk E/, we get the claim. O
DEFINITION 3.4
We set
(3.14) N :=NS¢(X)/(Qf NNS¢(X)).

Let V be the set of (D,n) € N x Z such that

D= I‘kECl (El) - rkE1(31 (E) mod Qf,
(3.15)

n = A(El),

where E; is a subsheaf of E € My (e)* satisfying

(1) E/E; is a torsion-free sheaf, and
(2) (I‘kEC]_ (El) - I‘kElc]_(E), f) =0.

LEMMA 3.4

(1) V is a finite set.

(2) There is a small neighborhood U of NS(X)gr N H* N f+ such that for
e € UNNS(X)g and any (D,n) €V,

(D, H +¢)>0= (D, H) >0,

Proof
(1) We note that E; and F; := E/E; are f-semistable sheaves. Hence A(Ey),
A(E3) > 0 by Lemma 3.3. Since rk FEsci(E1) — rkEycq(E2) =tk Eci(Eq) —

rk Fyci(E), (3.13) implies that
(tk E)?A(E) > —(D?) >0,
(3.16)
A(E)>A(E))=n>0.

Since N'N f is negative definite, the choice of D is finite. Therefore V is a finite
set.
(2) This is obvious. O

DEFINITION 3.5
Let Vg g be the set of 7 € 7(K (X)), where there is an exact sequence

(3.17) 0—FE  —-F—FEy—0
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such that E € My(e)3, E- is a torsion-free sheaf, and F; satisfies
T(E1) =T,
(3.18) (tk Eci(E1) —tk Eyci(E), f) =0,
(tk Eci(E1) —tk Eyci(E), H) > 0.

LEMMA 3.5
We have that Vg g is a finite set.

Proof
By

(3.19) B(rkE)* > Brk Erk By > (rkEcl(El) —rkElcl(E),H) >0

and Lemma 3.4, we get the claim. O

PROPOSITION 3.6
We can take e € (H- N f1)q satisfying the following properties:

1) )] <(H,f);
(ii) for E€ My (H,e)3§, let

(3.20) OCHhHCF,C---CF,=F

be the Harder—Narasimhan filtration with respect to (H + €) + nf, where n >
N(H,e) +1; then

(1) E;:=F;/F,_1 are semistable sheaves with respect to (H +¢€)y,

(2) (tkEci(E;) —rkEci1(E), f)=0,

(3) H + € is general with respect to T(E;) for all i.

Proof
For E € M¢(e)*, let N(E) be a number such that
(3.21) N(E) > (rk(E)cy(F) — tk(F)ei (E), H + ¢€)

for all subsheaves F' of E. Let
(3.22) OchhCcFkCc---CF,=F
be the Harder—Narasimhan filtration with respect to (H 4 €) + N(E) f. We set
D; :=(tk E)ci(F;) — (rtk F;)e1 (E) € NS(X).
Then (D;,H+e+N(E)f)>0foralli. If (D;, f) <0, then by (3.21) and (D;, f) €
Z, we have
(D, H+ e+ N(E)f) <N(E)+N(E)(D;, f) <0.

Therefore (D;, f) > 0. On the other hand, E € M(e)*® implies that (D;, f) <0.
Therefore we have (D, f) = 0, which implies that (D;, A(F;)) € V, where D; =
D; mod Qf. Since E is f-semistable, every F; is f-semistable. We set E; :=
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F;/F;_1. Then the E;’s are f-semistable, and hence A(FE;) > 0. By using (3.13)
and (rk Eey (E;) —rk Eje1(E), f) =0, we see that A(E;) < A(E). Hence

N(H+¢,E;))<N(H+¢,e)<N(H,e)+ 1.

Applying Lemma 3.1 to E;, the E;’s are semistable with respect to (H +¢)+nf
for all n > N(H,e) + 1. Since
<C1 (E:)  c(Eiga)

_ H )
KB kB, D TetnS

is independent of n, (3.22) is the Harder—Narasimhan filtration with respect to
(H+e¢€)+nf foralln>N(H,e)+ 1.

By Lemma 3.4(2), we get (D;,H) > 0. Thus 7(F;) € Vg . Since Vg p is a
finite set, we can take € such that H + € is general for all (r9,&2, x2) — (11,&1, X1),
where (r;,&;,x:) € Vp.u (i =1,2) satisfies 73 > 1. Therefore H + € is general
with respect to 7(E;). O

(3.23)

3.2. Some estimates on substacks

LEMMA 3.7
For E € M;(e)®, there is an exact sequence

(3.24) 0=E—E—F—0
such that

(i) E‘D s a stable purely 1-dimensional sheaf for every fiber D with reduced
structure,

(ii) F is a purely 1-dimensional sheaf supported on fibers, and

(ili) Hom(E',F)=0 if E is a coherent sheaf of rank r on X such that E{p,

is a semistable sheaf of degree (c1(E), D) for every D.

By these properties, E and F are uniquely determined by E.

Proof

If Ejp is not purely 1-dimensional or purely 1-dimensional but not semistable,
then we take a surjective homomorphism ¢ : E'— E|p — G such that G is a
semistable 1-dimensional sheaf with degp(G) < 0. We set E’ := ker ¢. Then E’
is an f-semistable sheaf with rk £ =1k F and (¢;(E’), D) = (1 (E), D). If E"D is
not semistable, then we continue the same procedure. Since

0<A(E")=A(E)+2degr G < A(E),
we finally get a desired subsheaf E of E. We set F:=FE / E. Since F is a succes-
sive extension of semistable 1-dimensional sheaves G with degy(G) < 0, we have
Hom(E',F)=0. 0
For the quotient F' of E in (3.24), let
(3.25) OcCFhCcF,Cc---CF,=F
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be the Harder—Narasimhan filtration of F' with respect to H. We remark that
semistability is independent of the choice of H by the irreducibility of fibers of 7.
Then

(3.26) Hom (F;/F;_1,Fj/Fj_1(Kx)) =0, i<j.

By the construction of F, degg(F;/F;_1) <0 for all i. In particular,
(3.27) Hom(E, F;/F;_1(Kx)) =0

for all 7. Let

(3.28) Fioi=F10CF 11CCFiyni1=F=Fy,

be a filtration of F; such that F; ;/F; j_1 are stable sheaves; thus, F;/F;_1 is
S-equivalent to @;’S{l) F;_1,/Fi—1,j-1. We set E; ; :=ker(E — F/F; ;). Then
we have a filtration

0cC E = EO,O C EO,I c---C EO,n(O) = EI,O C El,l c--C ESflyn(Sfl) = ES =E

such that F; ;/E; j_1 =2 F; ;/F; j—1. By Lemma 3.9, F; ;/F; j_1 are stable sheaves
on a reduced and irreducible divisor D;;. Since the FE; ;’s are torsion-free and
E,;— F; j/F; j_1 are surjective, we have

tkE=1kE; j >1k F; j/F; ;1.

Let f; € K(X)top be the class of F;/F;_1, and let € € K (X )sop be the class of E.
We set

(rijDij, dij) = (c1(Fij [ Fij—1), x(Fij/ Fi j-1)),
where 7;,d;; € Z and ged(r;j,d;;) = 1. Then
0 < rij S r,

—degE(Fi,j/Fm_l) =Tij (Cl (E)7 Dij) — rdij > 0,

A(E) = 22(7"” (Cl (E), ng) — ’I“dij) + A(E)

(3.29)

Hence we see that the choice of f; is finite.

PROPOSITION 3.8

Let F(e,fy,...,f5) be the stack of filtrations

(330) OCE:ﬁbCﬁlCﬁQC"'CﬁS_1CﬁS:E

such that E € My (€)™ satisfies Lemma 3.7(1) and F;/Fi_y € My(£)* for all i.
Then

(3.31)  dimF(&f,....f) == x(£,8)+dimM;(@)™ +> My(f;)*.
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Proof
By (3.26), (3.27), and the Serre duality, we have

EXtQ(Fj/Fj_hFi/Fi_l):()7 i<j,
(3.32) N
Eth(Fi/Fi—hE):O, 1<i<s.

Then the proof of [9, Lemma 5.3] implies that
dm F(&,f1,...,£,)

= —ZX(fi,E) - ZX(fjafz‘) +dim M (€)™ + ZMH(fi)SS

1<j

(3.33)

= —Zx(fi,'é) + dim M 4 (8)* + ZMH(fi)SS.

LEMMA 3.9

Let D be a reduced and irreducible curve on X with (D?)=0. For an element
Gy € K(X) with tkGy > 0, let E be a Gy-twisted stable purely 1-dimensional
sheaf such that Div(E) =rD and x(E) =d. Then E is a stable sheaf on D. In
particular, ged(r,d) =1.

Proof
We note that Op(D) is a numerically trivial line bundle on D. Let T be the tor-
sion submodule of E|p. Then E = E|p/T has the Harder-Narasimhan filtration

0=F0CF1CF2C---CF5=E/.

We set (¢1(F;/F;i—1),x(Fi/F;—1)) := (r;D,d;). Then r; € Zso, >, 7 <7 and
d d ds
.
™ T2 Ts

By the G1-twisted stability of E, we have

(rkGl)d— (Cl(Gl),T.D) < (kal)dS - (Cl(Gl),TSD)
(rD,H) - (r«D,H) ’
where the inequality is strict unless £ F/F,_1. Hence d/r <d/rs.
There is a positive integer k£ such that E is an Og4q)p-module and

E(-kD) M E is nonzero. Then we have a nonzero homomorphism
E\p(=kD) — E. Then Hom(F;/F;_1(=kD),E) # 0 for some 4, which implies
that d;/r; <d/r. Theni= s and d/r = ds/rs. By the stability of E, E — Fy/Fs_1
is an isomorphism. In particular, E is a stable sheaf on D. Since D is a reduced
and irreducible curve of g(D) =1, there is an elliptic surface X’ with a section
such that D is a fiber. We set m := ged(r,d) and (v/,d’) := (r/m,d/m). For a
general polarization H' on X', we consider the moduli space Y := My (0,7’ f,d’)
of stable sheaves F' of dimension 1 on X’ whose Chern character is (0,7 f,d’),
where f is a fiber. Let £ be a universal family. Then by the general theory of
Fourier-Mukai transforms (see [27, Proof of Lemma 2.3.6]), we see that E is
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a successive extension of £ x/x (1 (y €Y). Since E is stable, m = 1. Therefore
ged(r,d) =1. O

COROLLARY 3.10
For E € Mg(0,rf,d)*, we have a decomposition E = &, E; such that D; :=
Supp(F;) are fibers of m with reduced scheme structure, the E;’s are successive

X(Eij) _ _d _
(B, (b = rihamy nd DinD; =

extensions of stable sheaves E;; on D; with

0 fori+#j.

LEMMA 3.11

Let D be a reduced and irreducible curve on X with (D?)=0. For a torsion-free
sheaf E on X, Ey,p is semistable if and only if E|p is semistable. Moreover, if
E|p is semistable, then E is locally free in a neighborhood of D.

Proof
We have a filtration

(3.34) 0CE(-nD)CE(—(n—1)D)CE(—(n—2)D)C---C E(—D) C E.

We set L:=Op(—D). Then E(—kD)/E(—(k+1)D) = E|p ® L®* and x(E|p ®
L®*) = x(E|p) for 0 <k < (n—1). Hence E},,p is semistable if and only if E|p is
semistable. If E|p is semistable, then F|p is purely 1-dimensional, which shows
that F is locally free in a neighborhood of D. |

3.3. For the case of an unnodal Enriques surface

Let X be an unnodal Enriques surface. Let U := Ze; + Zes be a hyperbolic
sublattice of the lattice H2(X,Z);. We assume that ey, ey are effective and that
|2e1| gives an elliptic fibration 7 : X — P!. Since X is unnodal, every fiber of
is irreducible. Let 2I1;,2II5 be the multiple fibers of . Let € P! be the generic
point of PL. Let u := (r,des, 0) be a primitive and isotropic Mukai vector. We note
that r is even. We assume that ged(r,d) = 1. For a Mukai vector v € (0,7e,d)*,
we can write

v=Iu-+ne +9d+aox,

where [,n,a € Z and 6 € U*. If v is primitive and £(v) =2, then 2 |[,2|n,2]|§
and 2ta. We can easily show the following claims.

LEMMA 3.12
Let v; :=Liu+ ner + 6; + a0x (i =1,2) be two primitive Mukai vectors with
lini,a; €Z and 6; € UL,

(1) We have that

(3.35) (or,09) = 22 (02) + 1L (03

_ 2
o T (1261 — 1165)?).

317,
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(2) If t(vy) =2, then
(336) <U1,1)2> = (ll’ng + lgnl)d + (51,52) — (llaz + lgal)r € 27.
Moreover, if £(va) =2 also holds, then (vi,vs) € 47Z.

Let E be a f-stable sheaf with v(E) =lu+ ne; + 0 + aox, where I,n,a € Z and
§ € U+. Since the f-stability implies the Hg-stability, tk E = Ir is even, and X
is unnodal, we have (v(FE)?) > 0. Then as in the proof of Lemma 3.3, by using
Lemma 3.12, we get the following inequality.

LEMMA 3.13
If M¢(v)* #£0, then (v?) > 0.

PROPOSITION 3.14
Assume that r is even and (r,d) =1. We set

vi=lu+ne +06+aox, lLnacZdcU".

(1) Assume that (v*) > 0. Then My, (v)* is an open and dense substack of
Mg (v)*. In particular, dim M ¢(v)* = (v?).
(2) Assume that (v?) =0. Then dim M (v)* < [L].

Proof

It is sufficient to prove the claim for bounded substacks Mf(v)%, B € Q. Replac-
ing Hy by (H + €)s in Proposition 3.6, we may assume that (1), (2), and (3) in
Proposition 3.6 hold for the Harder—Narasimhan filtration

(3.37) 0OCFhHCF,C---CF,=F

of F'€ My(v)g. Indeed, if Mg ye,(v)™ is dense, then since Proposition 3.2
implies that Mgy, (v)* C Mpu, (v)*, My, (v)™ is also dense.

By the boundedness of M(v)3 (or Lemma 3.5), the choice of v(F;/F;_1)
(1<i<s) is finite. We set

(338) Vi ::v(Fi/Fi_l):liu+niel+5¢+aigx, 1<i<s.

By Lemma 3.13, (v) >0 for all 4. Let F'N(vq,v9,...,v5) be the substack of
M (v)#%° whose element E has the Harder-Narasimhan filtration of the above
type.

(1) Assume that (v?) > 0. We will prove that

(3.39) dim FIN (v1, v, ..., v,) < (0).
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Since Hom(F;/F;_1,F;/F;_1(Kx))=0 for i < j, [9, Lemma 5.3] implies that

dim FEN (v, vy, ..., v,)

— Z dimMH(Ui)SS -+ Z<Uj7 Ui>
=1

(3.40) i<j
= (%) = (Y togsd + D2 (02) — dim Mar (o)) ).

If v; is isotropic, then we write v; = k;u;, where u; is primitive and k; € Z~g.
By Proposition 1.9, dim Mg (v;)* < k;/2,k; according as f(u;) = 1,2. If there
is v, with (v2) >0, then Lemma 3.12 implies that (v, v;) = ki(vp, us) > kq, 2k
according as £(u;) = 1,2. Hence (3.39) holds. Assume that all v; are isotropic. By
Lemma 3.12, (v,v;) > 0 for all i. Hence for all 4, there is a positive integer n(7)
such that (v, vy;)) > 0. We set € :=£(u;) + £(uj) — 2. Then

2°k;k; — dim Mg (v;)* — dim Mg (v;)* > 0.
Hence
Do () > Y dimMp ()™,
Therefore (3.39) holds.
(2) Assume that (v?) = 0. By Lemma 3.13, Lemma 3.12(1), and (v?
8

)
)

D2:{07) + 3052 (visvg), we see that (vj,v;) =0 for i # j, every v; in (3.38) is
isotropic, and dim Mg (v;)* < [k;/2],k; according as £(u;) = 1,2. If £(u;) =2,
then I; > 2k;. Hence dim Mg (v;)® <1;/2 for all i. Therefore
l
dim 7N cvg) =) di )P < <
im F (v, v2, ..., Us) EZ: im Mg (v;) <3 0

DEFINITION 3.6

(1) Let My (v)$® be the open substack of Mg (v)® consisting of E such that
E| 1) is semistable for all ¢ € P. By Lemma 3.11, Mg (v)® consists of E such
that E|;—1(),,, is semistable for all ¢t € P!, where ™! (t)req is the reduced part
of 7=1(t).

(2) Let My (v)3® be the open substack of M ¢(v)* consisting of E such that
Ejr-1(t),., 18 semistable for all ¢t € P!

red

PROPOSITION 3.15
We set v:=lu+ne,+0+apx, wherel,n,a € Z,1 >0, and § € U*. Then My (v)¥
is an open and dense substack of My(v)™.

Proof
For E € My (v)*, we have the filtration (3.24). For the filtration (3.25), we set

v =v(F;/Fi_1) = k;(0,7;e1,d;),
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where (0,7;e1,d;) are primitive. By Proposition 3.8,

(v?) — dim F(9,v1,...,vs)

(3.41) =S Uki(rid — rdg) — 3 dim My (0, — (dim My (5 — (2)).
We first assume that @ is isotropic. Then dim M ¢(3)* — (3%) < [4] by Proposi-
tion 3.14(2). If £((0,r;e1,d;)) =2, then r; is even. In this case, we have (r;d —
rd,;) € 27Z. Hence

lki(rid — rd;) — dim My (v;)® — (dim M ¢ (8)> — (%))

(3.42) > min{lki - [%} - [%],211@ —hi— [é} }

> 0.

If © is not isotropic, then by using Proposition 3.14(1), we get (v?) — dim F (7,
v1,...,0s) > 0. Therefore our claim holds. O

By the proof of Proposition 3.15, we can compute the boundary components of
M (v)¥. Indeed, we see that

(3.43) Ui (rid — rd;) — dim Mgz (v,)* — (dim M (7)™ — (7%)) =1

implies that (1,k;) = (1,1),(1,2),(2,1). If (v?) — dim F(?,v1,...,vs) = 1, then we
see that s =1 and r;d —rd; =1 for £(v;) =1 and s=1 and r;d — rd; =2 for
¢(v;) = 2. Thus a general member E of M;(v)*\ M;(v)¥ fits in an exten-
sion

(3.44) 0—>E —-E—F—0,

where E' € My (v1)% and F € My (v1)%.

Assume that [ =1. Then dim M ;(v)* =0, and hence we only need to con-
sider F fitting in (3.44). We take integers (p,q) such that 0 < p <r and pd —
rq =1, and we set uy := (0,pe1,q). Let F(v — ui,uq1)® be the open substack
parameterizing torsion-free sheaves E fitting in the extension (3.44) such that
Div(F) = plII;. Then it defines a divisor D; on M ¢(v)*®.

We note that Mg (2u1,pf)® consists of stable locally free sheaves of rank p
and degree 2¢ on a smooth fiber f. Let F(v — 2uy,2uq)® be the open substack
parameterizing torsion-free sheaves F fitting in the extension (3.44) such that
Div(F) =pf. Then it defines a divisor D3 on M s(v)*.

We set ug := (0,2p’e1,2¢"), where 0 < p' <r, (p/,¢') = (p£7r/2,9+d/2). Then
ug is a primitive Mukai vector with (v,us) = (2p")d — r(2¢’) = 2. We note that
My (ug,p' f)F consists of stable locally free sheaves of rank p’ and degree 2¢’ on a
smooth fiber. Let F (v — ug,u2)® be the open substack parameterizing torsion-free
sheaves F fitting in the extension (3.44) such that Div(F) = p’f. Then it defines
a divisor Dy on M ¢(v)™.
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Since [ =1, we have M (v)* = My, (v)**, and hence
(345) MHf (’U)SS:MHf (v)iSUDl UDQUDgUD4

up to codimension 2.

EXAMPLE 3.1
For v = (2,e2 + ney + d,a) with u=(2,e3,0), we have
(pa Q) - (170)a
(3.46) 1 1
#'q) = (poa) + 5 (r.d) = (2,5).

In particular, u; = (0,e1,0) and us = (0,4e1, 1). As we will see in the next section,
(3.45) holds without removing codimension 2 subsets.

4. Irreducibility

4.1. Unnodal case

Assume that X is an unnodal Enriques surface and that f is a smooth fiber of
the elliptic fibration 7 : X — P! defined by [2e1]. Let v = (r,&, %) be a primitive
Mukai vector such that r is even. Then for L € NS(X) with [L mod Kx]=¢, we
have an equality of “Hodge polynomials” of the stacks defined in [24] (see [28,
Proposition 2.4, Theorem 2.6])

e(Mir (0.4 Kx) ) = (M, (0, L + Kx)™),

where Hy = H+nf (n>>0), v/ =(2,(,%), [[/ mod Kx]=¢, L=L" mod 2,
(%) = ('), and ¢ =0 if £(v) = 2. Assume that £(v) = £(v/) = 2. Then v/ =
(2,0,—2n) for some n € Z. We set v’ = (4,2(e2 + (n + 1)e1),1). Then
e(Mp, (v, L' + Kx)*) = e(Mpg,(v",L")*), where L' = L mod 2. In order to
prove the irreducibility of Mg (v, L)®, it is sufficient to prove the irreducibility
for the following two cases:

(1) v=(2,e2+ne; +9,a),
(2) v=(4,2(ea+ (n+1)e1),1).

In particular, u = (2, e, 0) in the notation of Section 3.3. We note that Mg (0, f,1)
is a fine moduli space, that it is isomorphic to X, and that it parameterizes
torsion-free sheaves of rank 1 on a reduced and irreducible fiber 7=!(¢) and
stable vector bundles of rank 2 and degree 1 on II;. Thus

MH(07f7 1) = U P_icjrfl(t) U MHI (27 1) U an (27 1)7

teP}

where 7 has reduced fibers over PJ, W},,l(w are the compactified Jacobians of
degree 1, and My, (2,1) are the moduli spaces of stable vector bundles of rank
2 and degree 1 on II;. We take an identification My (0, f,1) = X. Let £ be a
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universal family on X x X. By [2],

(4.1) Exx{zy @ Kx ZExx(a}, TEX,
and
(4.2) ‘I’iax : D(X) — D(X),

E —  Rpas (p’{(E) ®5)

is an equivalence, that is, a Fourier—Mukai transform, where p; : X x X — X
(i=1,2) are projections. We consider a contravariant Fourier—-Mukai transform

¥: D(X) — D(X),

(4.3) E  — RHom,(pi(E),£).

Since ¥(Oyx) is a line bundle, replacing the universal family, we may assume that
U(Ox)=0x. We set V(E):=H°(¥(E)[i]) € Coh(X).

LEMMA 4.1
We have ¥(0,0,1) = (0,2e1,1), ¥(0,4e1,1) = (0,—2e1,1), and ¥(0,e1,0) =
(0,—61,0).

Proof

We note that W(k;) = {51 x x [—2]. Hence ¢1 (¥ (k) = 2e1. Since 1 = x(Ox, k;) =
—(¥(k;),¥(Ox)), we have ¥(0,0,1) = (0,2e1,1). Since V(€| x x {2}) = kz[—2], we
have ¥(0,2e1,1) = (0,0,1). Since

(0,4e1,1) =2(0,2e1,1) — (0,0,1),

(4.4)
2(036170) = (0a2€13 1) - (0707 1)7
we have
\11(074617 1) = (0, —2617 1),
(4.5)

\11(0,6170):(0,—61,0). ([l

For cases (1) and (2), by [27, Proposition 3.4.5], ¥ induces an isomorphism
(4.6) U My, (0)% = MG (w)™,

where w = (0,£,a) with (§,e1) =1,2, ME, (w)® is the moduli stack of G’-twisted
semistable sheaves, and H' € NS(X)g and G’ € K(X) depend on the choice of
H and v.

REMARK 4.1
Since H is a general polarization, M% ( )* is independent of the choice of G.
Hence we do not need to consider tw1sted semistability.

We have a support map

MG (w,L)* = L],

Q:
(4.7) E —  detFE.



902 Kota Yoshioka

LEMMA 4.2
We have that My (v)*® is isomorphic to the open substack MS, (w)* of ME, (w)™
consisting of G'-twisted semistable sheaves E such that Div(E) is flat over P!.

Proof

As we remarked, ¥ induces an isomorphism Mgy, (v)** — MG (w)™. In partic-
ular, U(E)[1] = ¥!(E) is a sheaf for E € My, (v)* (see 27, Proposition 3.4.5]).
By ¥%(E) =0 and 1k U(E) =0, U(E)[1] is represented by a two-term complex
of locally free sheaves of the same rank, and we have

Supp(V'(E)) = {2 € X | Ext'(E, €|x xs}) # 0}

(4.8)
= {1‘ cX | HOHl(E,5|X><{ac}) # O}'

For E € My (v)%, the semistability of E|;-1(+) implies that F| -1 is a successive
extension of & x x (5} (z € 7 1(¢)). Hence Hom(E, £ x « {»}) = 0 for a general point
of ¥ € 771(t). Then by (4.8), Supp(¥!(E)) does not contain a fiber, which implies
that Div(¥!(E)) is flat over P!.

Conversely for L € M&, (w)®, L* := LV[1] is a purely 1-dimensional sheaf on
X (see Lemma 0.4). Hence

B =Ext}, (p5(L),€) =p1.(p3(L") @ &)

is a locally free sheaf on X such that E|,-1() is semistable for all ¢ € P!. Indeed,
if there is a quotient | -1 — F with v(F') = (0,ae1,b), a > 2b, then W(F)[1] is
a torsion sheaf on w~1(¢) with an injective homomorphism ! (F) — U}(E) =L,
which is a contradiction. Therefore the claim holds. |

For case (1), we have w = (0,&,a) with (§,e1) =1. We take L € NS(X) with [L
mod Kx] = €. Then for E € M%, (w, L)%, Div(E) is integral. Let |L|, be the
open subscheme parameterizing integral curves. Then ¢ : M&, (w, L)% — |L|, is
a family of compactified Jacobians over |L|.. By [1], all fibers are irreducible of
dimension (L?)/2. Hence M$, (w, L)® is irreducible. Thus, by Proposition 3.15,
we have the following.

PROPOSITION 4.3
We have that M$, (w, L)* is irreducible.

We note that |L|\ |L|. is a Cartier divisor consisting of three irreducible compo-
nents:

Iy:={DelL||I;cD} (i=1,2),
(4.9)

I':'={De|Ll|r'(t)CcD,teP'}.
Hence My, (v)*\ Mgy, (v)$ is also a Cartier divisor. Then (3.45) holds without
removing codimension 2 subsets.
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REMARK 4.2
Set-theoretically, we have ¢~ }(T;) = ¥(D;) (i =1,2) and ¢ }(IV) = ¥(Ds) U
U (Dy).
Let u; and ug be the Mukai vectors in Example 3.1. From the exact sequence
0+E—-E—F—0
in (3.44) with F' € Mg (uq, pIL;)SUM g (2uy, pf)*UM g (ug, p' f)* and Ee My(v—
v(F))F,
(4.10) Ext®(F, € x x {2}) = Hom(E| x x (4}, F)¥ =0
for all z € X by (4.1), $=42> 1=0, and 1=4d> Z—: = 1. Since Hom(F,
E xx{zy) =0 for a general x € X, we see that
w(E)[1], W(E)[1], ¥(F)[1] € Coh(X),
and we have an exact sequence
0— UY(F) = U'(E) - U'(E)—0.
By using Lemma 4.1, we have the following description of the boundary divisors.

(i) For a general member FE € ¥(D;) (i =1,2), Div(E) =1I; + C, where C
is flat over 7.

(ii) For a general member E € U(D;) (i =3,4), Div(E) = f + C, where C is
flat over 7.

By this description of the boundary, we have the following claim.

PROPOSITION 4.4
We set

|L|ne :={D € |L|| D is not reduced}
and MG, (w, L)% = ¢~ (|L|u:). Then COdimMgﬁ(w,L)ss(Mg’ (w,L)s) > 2.

For a general G”, we also have a morphism

(4.11) ¥ MG, (w, L) — |L|.

COROLLARY 4.5 (see [17, Assumption 2.16])
For the morphism (/.11), we also have

codimMgl/ (w0, L) Pt (|L|nr) > 2.

Proof

We note that G”-twisted semistability of E is independent of the choice of G if
Div(E) is irreducible. Since M, (w, L)*> and M$, (w, L)* are irreducible with
torsion canonical bundles, we have a birational map

€ MG (w, L)+ — MG, (w, L)
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such that ¢ induces an isomorphism in codimension 1 and ¥ = ¢ o . Hence we
have a one-to-one correspondence of divisors. Therefore the claim holds. O

We next treat case (2). Since ¥(v) =2¥((2,e2 + (n + 1)e1,0)) + (0,2e4,1) by
Lemma 4.1, we set w = (0,2¢,a) with ged(2,a) = 1. Let L be a divisor with [L
mod Kx] = &. We will prove the irreducibility of M%, (w,2L)* and M, (w, 2L +
Kx)*. In order to prove the irreducibility of M$, (w,2L)*, we consider the
support map ¢ : M§, (w,2L)* — |2L|. We set

Ny :={De|2L|| D=2C},

(4.12)
Ny = {D € |2L‘ ’ D=C; 4+ Cs, (01761) = (02,61) =1,C1 # CQ},
and
(4.13) M; = {E e M%,(w,2L)¥ | Div(E) € N, }.
LEMMA 4.6

We have dim M < I(L?) —1.

Proof
Let E € M$,(w,2L)* satisfy Div(E) =2C, C € |L + eKx| (¢ =0,1). Assume
that F is not an O¢g-module. Then we have an exact sequence

E(-C) 5 E— E¢—0

with im 4 # 0. Since F is pure, im ¢ is purely 1-dimensional. For the O-dimensional
submodule T' of E|¢, we set Ey = E|c/T and E; =ker(E — Ey). Then we have
an exact sequence

(4.14) 0—-FE —-FE—Ey—0
and an injective homomorphism Fy(—C) = imy C E;. Since Div(Ey(—C)) =
Div(im) # 0, Div(Ey) = Div(Ey(—C)) = C and Div(E;) = C. In particular, Ej
and E; are Oc-modules. If C' is smooth, the locus of E fitting into (4.14) is of
dimension 2(C?) = 4g(C) — 4 by [6, Proposition 2.1], where we used Remark 0.2.
Since dim |C| = (C?)/2, M, is of dimension 5(L?)/2 in a neighborhood of E.
Assume that C is singular. We set v(E;) = v; := (0,C,a;). Since v(Ey(—C)) =
(0,C,ag — (C?)), we have
’U(El)ZUl:(0,0,&0—(02)4—]{3), kZO
Since 2ag — (C?) + k=a is odd, k > 1. Since C is an integral curve, and Ey and
E; are torsion-free sheaves of rank 1 on C, they are stable sheaves on C'. We set
n:=x(Eo) — x(E1) = (C?) — k.
Let P be a smooth point of C'. Then F; and E5 are locally free Oc-modules in
a neighborhood of P. Hence
dimHom(El,EO(KX)) < dimHom(El, Ey (KX —(n+ I)P)) +n+1

=(C*H —k+1<(C?).
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We set

(4.15) M;:={E¢€ MG (v;,C)% | Div(E) is singular}.

Since all fibers of @ : M$, (v;, C)%® — |C|, are of dimension (C2)/2 by [1], we get
(4.16) dim My x o) My < (C?)/2—1+2((C?)/2),

and hence

(4.17) dim My x ¢ My + (vo,v1) + (C?) < g(c“‘) -1,

which shows the locus of F fitting into (4.14) such that E; € M; is at most of
dimension 7(C?)/2 — 1 by Lemma 0.6.

Assume that E is an Og-module. If C is smooth, then E is a stable locally
free sheaf of rank 2 on C. Hence the dimension of M is dim|C|+4(g(C)—1) =
5(C?)/2 in a neighborhood of E. We assume that C is singular. We set a = 2k + 1.
Let O¢(1) be a line bundle of degree 1 on C. Since x(E(—k)) =1, we have a
homomorphism O¢ (k) — E. Hence we get an exact sequence

(4.18) 0=-E —-E—E;—0

such that Ey and E; are torsion-free of rank 1 and E; contains O¢ (k). We set
v(E;) =v; =(0,C,a;). Then

1) a1 =x(E1) =x(0c(k)) +1 (1=0),
ag=a—a; =2k +1—x(0c(k)) - L.
Since x(Oc(k)) =k — {22, we have
X(Eo) — x(E1) = (2k + 1) — 2x(Oc(k)) — 2 = 1+ (C?) —2L.
Hence dim Hom(E;, Eg(Kx)) < (C?)+2—21. If 1 > 1, then
(4.20) dim My x| My + (vg, v1) + (C?) < 5(02) —1.
If I =0, then E; = O¢(k). Hence
—1+ dim My + (vg, v1) + (C?) +2 < —1+ (C?) — 1 +2(C?) +2
=3(C?).

Since (C?)/2>1, 7(C?)/2 —1 — 3(C?) > 0. Hence the locus of E fitting into
(4.18) is at most of dimension 7(C?)/2 — 1 by Lemma 0.6. Therefore we get the
claim. O

(4.21)

LEMMA 4.7
We have dim My < 4(L?) — 2.

Proof
For F € M5, we have an exact sequence

(4.22) 0—-FE —FE—FEy—0,
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where DivE = Cy + Cy, Div(F;) = C1, and Div(Ey) = Cy. By the flatness of
Div(FE), C; and Cy are integral curves and Cy # Cs. By the stability of E, we
have
a___ x(E) X(E2) = (C1,Cp) . a

CLH) = (Cs H)’ (CoH) = @LH)

We set v; := v(E;) = (0,Cy,a;). By (4.23), the choice of v; is finite. Since
(Cy,e1) =1, the v;’s are primitive with £(v;) = 1. Hence dim M, (v;)® = (v?) =
(C?). Let J(v1,vq) be the substack of My such that E; € ./\/lg/(vi, C;)®. Since (4
and C; are different integral curves, we have Hom(E;, E2(Kx)) =0, and hence

dim J(’Ul,vg) = dlmMg,/ (’Ul, Cl>ss + dlmMg// (’1)2, 02)53 + (Cl, 02)
= (C}) +(C3) + (C1,C2) =4(L?) — (C1, ().

Since X is unnodal, we have (C%),(C3) > 0 (see Section 0.1). If (C%)
(C2) > 0, then (C1,C2)% > (C3)(C3) > 4. Hence (Cy,Cs) > 2. If one of (C2) =0,
then (C1,C2) = (2L,C;) — (C?) = 2(L,C;) > 2. Therefore dimJ(vi,vs) <
A(L?) — 2. O

(4.23)

(4.24)

We set MS, (w,2L)5 == MG, (w,2L)% \ (M1 U My).

PROPOSITION 4.8
We have that MG, (w,2L) is an open and dense substack of MG, (w,2L)%. In
particular, it is irreducible.

Proof
By Lemma 4.6 and Lemma 4.7, we get the first assertion. For an integral curve
C € |2L|, ¢~1(C) is irreducible by [1]. Hence the irreducibility follows. O

We next show the irreducibility of MG, (w,2L + Kx)*. We note that C; # Cs
for any C; + Cy € |2L 4+ Kx|. So we do not need to worry about nonreduced
curves in this case, and the analogue of Lemma 4.7 is enough. Hence we get the
following.

PROPOSITION 4.9
We have that M$, (w,2L + Kx ) is irreducible.

By Propositions 4.3, 4.8, and 4.9, Theorem 0.2 holds if X is unnodal.

REMARK 4.3

For w = (0,2¢,2b), we define M,;(C M, (w,2L)¥) in a similar way. Then we
see that dimM; < I(L?) and dim M, < 4(L?) — 2. Hence M, (w,2L)* and
MG, (w,2L + Kx)* are irreducible. In particular, Mg (2v, L)® is irreducible,
where v is primitive, rkv is even, and ¢(v) = 1.
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REMARK 4.4

For a divisor D' :=2™D + K x such that D(€ NS(X)) is primitive, D’ is not lin-
early equivalent to pC, p > 2. Hence we also see that M g (2™v, L)* is irreducible,
if v is primitive and L # 2L/, L’ € NS(X).

4.2. General cases

We will treat a general case by the arguments in [28; Section 3]. Let (X, H) — S
be a general deformation of (X, H) such that a general member is not nodal
and (Xp,Ho) = (X, H) (0€95). Let £ be a family of divisors such that Lo =
L € NS(X). Then we have a family of moduli spaces of semistable sheaves
¢ : M(x3)(v,L) — S. Since Pic(X,) = H*(X,,Z) is locally constant, we may
assume that Hg is general with respect to v for all s € S. Let My be the open
subscheme of My 3)(v) such that E € Coh(X,) belongs to M if and only if
Hom(FE,E(Kx,)) =0. Then My is smooth over S. By Lemma 1.3, M is a dense
subscheme of Mx (v, L). Since (Mp); is irreducible for any unnodal surface
X, My is irreducible, which implies that M x 3 (v, £) is also irreducible. By the
Zariski connectedness theorem, all fibers are connected. In particular, My (v, L)
is connected. If (v2) >4, then Mg (v, L) is irreducible by Lemmas 1.3 and 1.5(1).
Therefore we get the following.

THEOREM 4.10

Let v = (r,£,a) be a primitive Mukai vector such that r is even. Then My (v, L)
is connected for a general H. Moreover, if (v?) >4, then Mg (v, L) is irreducible
for a general H.

SS

REMARK 4.5
Let v be a primitive Mukai vector. By [24, Remark 4.1], the proof of [28, Theo-
rem 2.6], and [28, Remark 2.19], we have

e(Mpy(m)®) = e(Mp(mw)™),
where w = (1,0,—%) if rkv is odd, and w = (2,&,—3%) (1 <4< 2'%) with
{& mod2|1<i<2%) =NS¢(X) ®Z/2Z = (Z/27)%°

if rkv is even. By the works of Gieseker and Li [4] or O’Grady [15], moduli stacks
are asymptotically irreducible.

If rtkw =1, then there is Ny(m) such that My (mw,L)™ is irreducible for
(w?) > Ni(m). Assume that rkw = 2. For each (mrkw,mé;), there is N(m,&;)
such that Mg (mw, L)% is irreducible if (w?) > N(m,&;). We set No(m) :=
max; N(m,&;). Then Mpg(mv,L)* is irreducible if (v?) > N(m) :=
max{Nyi(m), Na(m)}.
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Appendix

A.1 Relative Fourier-Mukai transforms
Let m: X — C be an elliptic surface, and let f be a smooth fiber of 7. Let
e € K(X)iop be the class of a coherent sheaf E with tk E =1 and (¢, (E), f) =d.
Assume that ged(r,d) = 1. Then Mg, (e)* = My, (e)* is smooth of dimension
—x(e,e) + py, where p, :=dim H*(X,Ox) is the geometric genus of X. In this
case, Bridgeland [2, Theorem 1.1] showed that a suitable relative Fourier-Mukai
transform induces a birational map between My, (e) and the moduli of stable
sheaves of rank 1. In this section, we slightly refine the correspondence and
compare the Picard groups. We assume that every fiber is irreducible. Then, as
we will easily see from Proposition 3.8, the birational map is a regular map up
to codimension 1 for many cases; however, it is not if » = 2. In order to treat this
case, we use a composition of a Fourier—-Mukai transform and the taking dual
functor as in (4.3).

We first assume that there are no multiple fibers. Then we have a refinement
of Proposition 3.8. Let

OCF CF,C---CF,=F
be the filtration in (3.25). Since there are no multiple fibers, we can set
(c1(Fy/Fi1), x(Fi/Fiz1)) :=Li(rif, ds),

where l;,7;,d; € Z, ged(ry,d;) =1, and ; > 0. We set pimin(E) :=ds/rs. We define
F(e,fi,...,1;) as in Proposition 3.8. Then we have the following.

PROPOSITION A.1
We have codim F(e,fy,...,f) =", li((rid —rd;) — 1).

Proof

We note that F® Kx 2 F for E € Mg((0,r;f,d;))* = My ((0,r;f,d;))* and
dim Mg ((0,7; f,d;))®™ = 1. Then we see that every member of My (f;)% is gen-
erated by elements of Mg ((0,7;f,d;))s. Hence we get dim Mg (f;)%® = ;. Then
by Proposition 3.8,

(A1) dim F(&,f1,....f.) =Y _Li(rid —rd;) + dim Mg, (8)* + > 1.

Since x(e,f;) = x(f;,€), we get
dim My, (e)™ = —x(e,e) +p,

(A2) =—x(e,€) - Z2x(§, fi) + g

= dim My, (&) +2 li(rid — rd;).

Hence the claim holds. O
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Let YV := My (0,r'f,d’") be a fine moduli space of stable sheaves on X, and let
P be a universal family on X x Y. Then Y has an elliptic fibration 7’ : Y — C.
We also denote a smooth fiber of 7’ by f;px : X XY > X and py : X XY =Y
denote the projections. We consider a contravariant functor

oY ,oDx: D(X) — D(Y),

(A.3) E  +— RHom,, (pk(E),P).

By the Grothendieck-Serre duality, Dy o ®% Ly = @iv_[i],ébp xwx) Dx. Hence
oY o Dy is the inverse of ®% i o Dx. Assume that r'd — rd’ > 0. Then we
have the following.

LEMMA A.2
For E € My, (e)*, ®%_(EY)[1] € Coh(Y). Moreover, if jimin(E) >d'/r’, then
Y (EV)[1] is torsion-free. In particular, ®%_y (EV)[1] is f-semistable.

Proof
We note that

Pixx{y) ® Kx ZPxxqyy

for all y € Y by the general theory of Fourier-Mukai transforms (see [2]). By the
Serre duality and the torsion-freeness of F,

EXtZ(E,P|XX{y}) = HOIH(P|X><{y},E)V =0.

Hence H?(®%_, (EY)) =0. We note that Hom(E, P|x  (y}) = 0 if Ejr—1(x(y)) is
semistable. Since E|; is semistable for a general fiber of m, Hom(E, P|xx1y)) =0
for a general y € Y. Since H(®¥_,, (EVY)) is torsion-free, H°(®% | (EV))=0.
Therefore % | (EV)[1] € Coh(Y).

Assume that fpimin(E) > d'/r". If Hom(E,P|xx) # 0, then Fy/F,_; in
(3.25) is a semistable sheaf with u(Fs/Fs_1) =d'/r’ and we have a surjective
homomorphism Fy/Fs 1 — P|xxqy}. Assume that F,/Fs 1 is S-equivalent to
@f;l E;, where the E;’s are stable 1-dimensional sheaves with u(E;) =d'/r’.
Then P|x ¢,y € {E1, ..., Eg}. Therefore H' (@5 _,, (EVY)) is torsion-free (see [24,
Lemma 2.6]). Since semistability is preserved under any Fourier-Mukai transform
on an elliptic curve, H*(®% .\ (EY)) is f-semistable (see Remark 3.1). O

PROPOSITION A.3
Let € € K(Y) be the class of an ideal sheaf Iy € Hilby. Assume that > 2.
Then there is a (contravariant) Fourier—Mukai transform D(X) — D(Y) which
imduces an isomorphism

My, (e)®\ Z = My, (e)®\ 2/,
where 2b = —x(e,e) + x(Ox), Z C Mg, (e)*, and 2' C My, (') are closed

substacks with

dim 2, dim 2’ < dim M, ()* — 2,
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Proof
Let (p,q) be a pair of integers such that dp —rg =1 and 0 < p <r. We first
assume that p <r/2. If two integers z,y satisfy de —ry =m (m = 1,2), then
(z,y) =m(p,q) + n(r,d), where n € Z. If 0 < x <r, then we get n = 0; that is,
(x,y) =m(p,q). If a pair (z,y) of integers satisfy x >0 and y/z < d/r, then we
have y/x < q/p or x >r+p>r by [22, Lemma 5.1].

For the filtration (3.25), we have 0 <r; <r and d;/r; < d/r. Hence we have

q d1 dQ d

(A.4) S>> S>> 2
D 1 r2 Ts
Assume that
(A.5) codim F(&,fy,...,f,) = Z Li((rid—rd;) —1) < 1.

Then r;d —rd; = 1,2 and 0 < r; <r imply that (r;,d;) = (p,q), (2p,2q). We set
Z:={E e Mu,(e)” | pumin(E) <a/p}-

Then dim Z < dim M, (e)* — 2 by Proposition A.1. For (+,d’) = (p,q), we con-
sider the Fourier—Mukai transform (A.3). Then

(A.6) koM (e¥) = —x(e,Pxxpy)) =pd — g = 1.

—

Hence we may assume that @i[l_ly(ev) =e¢'. Then

r=x(e",kz) = x(e. Py xv[1]).
Hence we have 7(P|(.}xy) = (0,7 f, —r). We set
Z .= {E c MHf (e’)SS | ,Ltmin(E) < —r/p}.

Since r/p > 2, we have dim 2’ < dim My, (e)* — 2 by Proposition A.1. Hence
P . . .
¥y ©Dx induces an isomorphism

MHf (e)ss \ Z— MH; (e/)ss \ Z,

by Lemma A.2. We next assume that p > r/2. In this case, we have r > 3. Then
the closed substack W of My, (e)™ consisting of nonlocally free sheaves is of
codimension r — 1 > 2. For the topological invariant ev, (z,y) = (r — p,q — d)
satisfies 0 < r —p < r/2 and (—d)x —ry = 1. Applying the first part, we have a

o . . PY[2] . . .
similar isomorphism. Thus ®_.}- induces an isomorphism

Miz, () \ Z = My, (¢ \ Z/,

where (r',d') = (r — p,d — q), Z consists of E which is nonlocally free or
pmin(BY) < —(d — q)/(r — p) = —=d'/r', and Z' consists of F with pmin(F) <
—r/(r — p) = —r/r’. Indeed, we note that Q :=PV[1] is the universal family

on Mg (0,7'f,—d') x X by Lemma 0.4(2) and the irreducibility of fibers of .

Since @iﬂﬂ(E) = @?([i]y o Dx(EY), we get the isomorphism, where we use

tmin(F) # —r /7' for the local freeness of E. O
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For e € K(X)top, we set
K(X)e:={aeK(X)|x(a,e)=0}.
We have a homomorphism

fo: K(X)e —  Pic(Mg,(e)),

(A7) a = detp(E@pi(aY)),

where £ is a universal family. We note that 6 can be defined even if there is
no universal family by using a family on a quot-scheme. For the Fourier—Mukai
transform @ in Proposition A.3, we have a commutative diagram

K(X)e e K(Y)e
(A.8) 9.{ l"e'
Pic(My, (e)) Pic(My; ()

COROLLARY A4
Assume that dim My, (e) > 4+q(X) and k = C. Then we have an exact sequence

0 — ker7 — K(X)o % Pic(My, (e))/ Pic(Alb(Mp, (e))) — 0.

Proof

By Proposition A.3 and (A.8), it is sufficient to prove the claim for €’. In this case,
we note that 7 (Hilb%) 2 71 (Y) (see [16, Section 1]), H'(Hilb%,Z) = H (Y, Z),
and

2
H?(Hilby,, Z) = H*(Y,Z) & \ H'(Y,Z) & L5,

where 26 is the exceptional divisor of the Hilbert—Chow map. Then it is easy to
see that the claim holds (see [21, Section 3.2]). O

REMARK A.1

Assume that dim Mg, (e)® > dim Pic®(X). If v/ > r and dr’ — rd’ =1, then
@i[ﬂY(EV) is not torsion-free for any E € My, (e)*. Indeed there is a quo-
tient £ — F such that 7(F) = (0,7¢f,do), where drg —rdo =1 and 0 <rg <r.
Since do/ro < d'/r’, we see that ®FI(FVY) is a torsion subsheaf of CID?(D_],Y(EV).
We slightly generalize Proposition A.3 to the case where there is a multiple fiber.
Let mfy be a multiple fiber of w. Let F' be a semistable sheaf on mfy, and set
T(F) = li(O,T‘ifQ,di). Then

dim MH(O, li”'ifO, lidi)ss S [llml/m], m; = ng(Ti, m)

by Remark 1.5. Since (c1(E), fo) = (c1(E), f)/m =d/m for E € My, (e)*, we
have x(E, F) =rd; — r;d/m. Let (p,q) be a pair of integers such that dp —rq =

1 and 0 <p < r. Assume that mp <r. If r;d/m —rd; =1 (0 <r; <r), then
(riyd;) = (mp,q). If ryd/m —rd; =2 (0 <r; <r) and m | r;, then we also have
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(ri,d;) = (2mp,2q) by 0<2p,r;/m <r.If r;d/m —rd; > 3, then
Li(rid/m —rd;) —1; > 21; > 2.
If r;d/m —rd; =2 and m; <m (i.e., m{r;), then we have
Li(rid/m —rd;) — l;m;/m > 3l; /2.

Therefore there is a closed substack Z of My, (e)* such that @E[EY (E) is
torsion-free for £ € My, (e)* \ Z and dim Z < dim My, (e)*™ — 2, where ¥ =
My (0,pf,q). Then we also see that Proposition A.3 holds if mp <r for all mul-
tiple fibers m fy. In particular, for an unnodal Enriques surface, Proposition A.3
holds.

Let X be an unnodal Enriques surface. As we noted in Remark A.1, a relative
Fourier-Mukai transform does not preserve stability for any member of My, (v)*
in general. However, we have the following result.

PROPOSITION A5
For Y := My(0,7'(2e1),d’) (ged(2r',d') = 1), let % .y : D(X) — D(Y) be the
Fourier—-Mukai transform by a universal family P. Then for the Mukai vector

v=1Iu+mne; + 6+ apx in Section 3.3, ®% | preserves stability for a general
member of My, (v)*.

Proof

By Propositions 3.15 and 3.14, M;(v)$® is an open and dense substack of
My, (v)*. We note that £ € My (v);® is a locally free sheaf by Definition 3.6. Let
C be the reduced subscheme of 7~1(¢). Then E|c is a semistable locally free sheaf
and P|x¢,} a stable sheaf on C, where 7'(y) =t. If X(£ ® P|xx¢,}) =0, then
Lemma 4.2 implies that W(EY)[1] = @f([ﬂy (E) is a 1-dimensional stable sheaf.
If X(EY,P|xx{y}) <0, then Hom(E",P|x¢,}) =0 for all y € Y, which implies
that @i[ﬂY(E) is a locally free sheaf. By the proof of Lemma A.2, @i[ﬂy(E)
is f-semistable. Applying Proposition 3.14, ‘bf([ﬂy(E) is a stable sheaf for a
general F.

Assume that X(EY,P|xx(,)) > 0. Since Ext'(EY,P|xxy,)) = Hom(E,
(Pixxi)[1)Y =0, X, (E) is a locally free sheaf. By using Propositions
3.15 and 3.14 again, we see that ®% | (F) is a stable sheaf for a general E €
My, (v)™. O

In particular, if r is even and ged(r/2, (¢1,e1)) = 1, then for Y = My (0,7 (2¢1),d’)
with d'r/2 —1/(c1,e1) = 1, ®X ;. induces a birational map

s s’
Mpy, (7‘»01, 5) o= Mp, (2,@ 5>,

where ¢ € Pic(X) and (¢?) — 2s' = (¢?) —rs.
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REMARK A.2
If r =4, then Nuer [14, Section 6] constructed birational maps of the moduli
spaces by using (—1)-reflections.
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