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Abstract In this article, we show the stability of the doubly Feller property of the resol-

vent for Markov processes, generalizing a work by Kai-Lai Chung on the stability of the

doubly Feller property of a semigroup with multiplicative functionals. The stability of

the doubly Feller property of the resolvent under time change is also presented.

1. Introduction

Let (E,d) be a locally compact separable metric space, E∂ := E ∪ {∂} its one-

point compactification, B(E) its Borel σ-field on E, and B(E∂) its Borel σ-field

on E∂ . It is well known that B(E∂) =B(E)∪{B∪{∂} |B ∈B(E)}. Any function

f defined on E is extended to E∂ by setting f(∂) = 0. Denote by Bb(E) (resp., by

Cb(E)) the family of bounded Borel functions on E (resp., the family of bounded

continuous functions on E), and denote by C0(E) (resp., by C∞(E)) the family of

continuous functions on E with compact support (resp., the family of continuous

functions on E vanishing at infinity).

We consider a Hunt process X = (Ω,Ft,F∞,Xt, ζ,Px)x∈E∂
defined on E∂

and denote by (Pt)t≥0 (resp., (Rα)α>0) its transition semigroup (resp., its resol-

vent kernel), that is, Ptf(x) =Ex[f(Xt)] =
∫
Ω
f(Xt(ω))Px(dω) (resp., Rαf(x) =∫ ∞

0
e−αtPtf(x)dt) for f ∈ Bb(E∂). Here ζ := inf{t ≥ 0 | Xt = ∂} is the lifetime

of X and ∂ is a cemetery point of X, that is, Xt = ∂ for all t≥ ζ under Px for

x ∈E. The transition semigroup (Pt)t≥0 of X is said to have the Feller property

if the following two conditions are satisfied.

(i) For each t > 0 and f ∈C∞(E), we have Ptf ∈C∞(E).

(ii) For each f ∈C∞(E) and x ∈E, we have limt→0Ptf(x) = f(x).

The resolvent (Rα)α>0 of X is said to have the Feller property if the following

two conditions are satisfied.

(i)′ For each α > 0 and f ∈C∞(E), we have Rαf ∈C∞(E).

(ii)′ For each f ∈C∞(E) and x ∈E, we have limα→∞αRαf(x) = f(x).

It is known that (i) and (ii) together imply the following.
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(iii) For each f ∈C∞(E), we have limt→0 ‖Ptf − f‖∞ = 0.

Since

Rβf =

∫ ∞

0

e−βtPtf dt

and

Ptf = lim
β→∞

e−tβ
∞∑

n=0

(tβ)n

n!
(βRβ)

nf, f ∈C∞(E),

hold in (C∞(E),‖ · ‖∞), the condition (i) is equivalent to (i)′. It is easy to see

that (ii) implies (ii)′. Conversely, the conditions (i)′ and (ii)′ imply (ii). Indeed,

it is known that these conditions together imply the following.

(iii)′ For each f ∈C∞(E), we have limβ→∞ ‖βRβf − f‖∞ = 0.

From (iii)′, we have∣∣Ptf(x)− f(x)
∣∣ ≤ ∣∣Ptf(x)− βRβPtf(x)

∣∣+ ∣∣βRβPtf(x)− f(x)
∣∣

≤ 2‖βRβf − f‖∞

+ β
∣∣∣(eβt − 1)

∫ ∞

t

e−βsPsf(x)ds−
∫ t

0

e−βsPsf(x)ds
∣∣∣.

Hence, limt→0 |Ptf(x) − f(x)| ≤ 2‖βRβf − f‖∞ → 0 as β → ∞. Consequently,

the Feller property of (Pt)t≥0 is equivalent to the Feller property of (Rα)α>0.

So we can say that X has the Feller property if (i) and (ii) or (i)′ and (ii)′

hold.

The semigroup (Pt)t≥0 is said to have the strong Feller property if

(iv) for each f ∈Bb(E) and t > 0, we have Ptf ∈Cb(E).

The resolvent (Rα)α>0 is said to have the strong Feller property if

(iv)′ for each f ∈Bb(E) and α> 0, we have Rαf ∈Cb(E).

When E is compact, ∂ is an isolated point of E∂ ; hence, any function f on E∂ with

f(∂) = 0, which is continuous on E, belongs to C∞(E). In this case, the strong

Feller property of the semigroup (resp., the resolvent) implies (i) (resp., (i)′).

REMARK 1.1

It is well known that the strong Feller property of (Pt)t≥0 implies the strong Feller

property of (Rα)α>0, but the converse assertion is not true. Indeed, the following

semigroups are not strong Feller, but their resolvents enjoy strong Feller.

(1) The shift semigroup (Pt)t≥0 on R defined by Ptf(x) := f(x+ t�), x ∈R,

� ∈R\{0}, does not enjoy the strong Feller property, but the resolvent enjoys the

strong Feller property in view of Rαf(x) =
e
αx
�

�

∫ ∞
x

e−
αy
� f(y)dy (resp., Rαf(x) =

e
αx
�

−�

∫ x

−∞ e−
αy
� f(y)dy) for f ∈Bb(R) and � > 0 (resp., � < 0).
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(2) The semigroup (Pt)t≥0 of space-time Brownian motion (Bt, t) under

P(x,τ) :=P
(1)
x ⊗P

(2)
τ for (x, τ) ∈R

2 defined by

Ptf(x, τ) :=E(x,τ)

[
f(Bt, t)

]
=E(1)

x ⊗E(2)
τ

[
f(Bt, t)

]
, f ∈Bb(R

2),

does not enjoy the strong Feller property, but the resolvent enjoys the strong

Feller property. Here P
(1)
x is the law for 1-dimensional Brownian motion starting

from x and P
(2)
τ is the law for uniform motion to the right starting from τ with

speed 1, that is, E
(2)
τ [g(t)] = g(τ + t). More generally, the product semigroup of

a strong Feller semigroup and the semigroup of uniform motion to the right is

not a strong Feller semigroup, but its resolvent enjoys the strong Feller property.

Indeed, for xn → x, τn → τ , f ∈Bb(R
2), we see that∣∣Rαf(xn, τn)−Rαf(x, τ)

∣∣
≤ |eατn − eατ |

∫ ∞

τn

e−αsE(xn,0)

[
|f |(Bs−τn , s)

]
ds

+ eατ
∣∣∣∫ ∞

τn

e−αsE(xn,0)

[
f(Bs−τn , s)

]
ds−

∫ ∞

τ

e−αsE(x,0)

[
f(Bs−τ , s)

]
ds

∣∣∣
≤ |eατn − eατ |‖f‖∞/α

+ eατ
∫ ∞

0

e−αs
∣∣1]τn,∞[(s)P

(1)
s−τn

(
f(·, s)

)
(xn)− 1]τ,∞[(s)P

(1)
s−τ

(
f(·, s)

)
(x)

∣∣ds
→ 0 as n→∞.

Here we use that the strong Feller property of the semigroup (P
(1)
t )t≥0 of 1-

dimensional Brownian motion implies the continuity of ]0,∞[×R 
 (t, x) �→
P

(1)
t g(x) for any g ∈ Bb(R). On the other hand, Ptf(x, τ) = P

(1)
t f1(x)f2(τ + s)

for f = f1⊗f2, fi ∈Bb(R) (i= 1,2), does not enjoy Ptf ∈Cb(R
2) for f2 /∈Cb(R).

Under (iv)′, we see that R11 ∈ C∞(E) implies (i)′. Moreover, under (iv), R11 ∈
C∞(E) implies (i) (see [1, Proposition 1]). The semigroup (Pt)t≥0 or X is said

to have the doubly Feller property if it enjoys both the Feller property and the

strong Feller property. The Hunt process X is said to have the doubly resolvent

Feller property if its resolvent enjoys both the Feller property and the strong

Feller property. X is said to be a Feller process (resp., strong Feller process,

doubly Feller process) if it enjoys the Feller property (resp., strong Feller property,

doubly Feller property). X is said to be a resolvent strong Feller process (resp.,

doubly resolvent Feller process) if it enjoys the resolvent strong Feller property

(resp., doubly resolvent Feller property).

In [4], the stability of the doubly Feller property of a semigroup (of a part

process) with multiplicative functionals was proved. In [2], another criterion for

the stability was presented, and its stability was discussed under Feynman–Kac

and Girsanov transformations. In this article, we show that the same conditions

as in [4] also remain valid for the stability of the doubly Feller property of the

resolvent of a part process (see Section 3), and with multiplicative functionals
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(see Sections 4, 5). The same conditions as in [2] also remain valid for the stability

of the doubly Feller property of the resolvent of a part process with multiplicative

functionals (see Section 6). Moreover, we prove that the stability of the (doubly)

Feller property of the resolvent under time change holds in the framework of

symmetric Markov processes (see Section 7).

We close this section with the following convention: for a, b ∈ R, a ∨ b :=

max{a, b} and a∧ b := min{a, b}.

2. Preliminary lemmas

For each B ∈B(E), denote by σB the hitting time to B, σB := inf{t > 0 |Xt ∈B},
and denote by τB the first exit time from B, τB := inf{t > 0 | Xt /∈ B}. Note
that τB = σE\B ∧ ζ . It is known that, for each t > 0, {σB < t} ∈ Ft, and the

function x �→ Px(σB < t) is universally measurable and is denoted by B∗(E).

The following lemma is a counterpart of [4, Lemma 1] and its proof is similar to

that of [4, Lemma 1].

LEMMA 2.1 (CF. [4, LEMMA 1])

If X has the resolvent strong Feller property, then for each f ∈B∗
b(E) and α> 0,

we have Rαf ∈Cb(E).

The following result is proved in [4, Lemma 2] (see [5] or see [3, p. 73, Exercise 2]).

Though the treatment of the first exit time τB in [4] is slightly different from

ours, its proof remains valid.

LEMMA 2.2 (SEE [4, LEMMA 2])

Let X be a Feller process. For each nonempty open subset B of E and its compact

subset K of B, we have

lim
t→0

sup
x∈K

Px(τB ≤ t) = 0; in particular, lim
t→0

sup
x∈K

Px(ζ ≤ t) = 0.

Proof

Since τB = σE\B ∧ ζ and limt→0 supx∈K Px(σE\B ≤ t) = 0 holds for any compact

subset K of B by [5, (2.5) Lemma], it suffices to prove only the latter assertion.

By the Feller property of (Pt)t>0, for each f ∈ C∞(E) and ε > 0, there exists

t0 > 0 such that

(2.1) sup
t≤t0

‖Ptf − f‖∞ < ε.

Choose f ∈ C0(E) with 0 ≤ f ≤ 1 on E and f = 1 on K. Since Ptf ≤ 1, (2.1)

yields

(2.2) inf
t≤t0

inf
x∈K

Ptf(x)> 1− ε.

By (2.2), we have 1−ε <Ex[f(Xt0) : t0 < ζ]≤Px(t0 < ζ); hence, supx∈K Px(ζ ≤
t0)< ε. �
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The following lemma is a counterpart of [4, Lemma 3].

LEMMA 2.3 (CF. [4, LEMMA 3])

Suppose that X enjoys the strong Feller property of the resolvent. Then for each

B ∈B(E∂) and α > 0, x �→Ex[
∫ σB

0
e−αt dt] is upper semicontinuous on E.

Proof

It follows that

αEx

[∫ σB

0

e−αt dt
]

=

{
1− α ↑ limβ↑∞ βRβ+αφ

α
B(x) if ∂ /∈B,

1 + α ↓ limβ↑∞ βRβ+α(φ
α
B(∂)− φα

B)(x)− αφα
B(∂) if ∂ ∈B,

where φα
B(x) :=Ex[

∫ ∞
σB

e−αt dt] is a bounded universally measurable function on

E∂ . Note that ∂ /∈ B (resp., ∂ ∈ B) implies φα
B(∂) = 0 (resp., φα

B(∂) =

E∂ [
∫ ∞
0

e−αt dt] = 1
α ). If ∂ ∈ B, then φα

B(∂)− φα
B is a bounded nonnegative uni-

versally measurable function on E vanishing at infinity. Then we can obtain the

assertion by Lemma 2.1. �

The following theorem seems to be unknown.

THEOREM 2.1

Let X be a Hunt process that has the doubly resolvent Feller property. Then

for each nonempty open subset B of E and α > 0, x �→ Ex[e
−ατB ] and x �→

Ex[e
−ασE\B ] belong to Cb(B), and x �→Ex[e

−αζ ] belongs to Cb(E).

Proof

It suffices to prove ψα
B :=E·[e

−ατB ] ∈ Cb(B). The proofs for the other cases are

similar. First we prove that for each compact subset K of E

(2.3) lim
β→∞

sup
x∈K

ψβ
B(x) = 0.

Indeed, by Lemma 2.2 and

ψβ
B(x) =Ex[e

−βτB ] =Ex

[∫ ∞

τB

βe−βt dt
]
= β

∫ ∞

0

e−βtPx(τB ≤ t)dt,

we have (2.3). From (2.3) and

nRn+αψ
α
B(x) = nEx

[∫ τB

0

e−nte−ατB dt
]
+ nEx

[∫ ∞

τB

e−nte−α(t+τB◦θt) dt
]

= ψα
B(x)−ψα+n

B (x) + nEx

[∫ ∞

τB

e−nte−α(t+τB◦θt) dt
]
,
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we have

sup
x∈K

∣∣ψα
B(x)− nRn+αψ

α
B(x)

∣∣ ≤ sup
x∈K

ψα+n
B (x) + sup

x∈K
nEx

[∫ ∞

τB

e−nte−α(t+τB◦θt) dt
]

≤ sup
x∈K

ψα+n
B (x) + sup

x∈K
ψn
B(x)→ 0 as n→∞.

Therefore, we obtain the assertion by Lemma 2.1. �

3. Resolvent strong Feller property of the part of processes

Let B be an open subset of E with B �=E, and let B∂ :=B ∪ {∂}. Define

XB
t :=

{
Xt if t < τB ,

∂ if t≥ τB .

The process XB = (Ω,XB
t ,Px) is called “the process X killed outside B” or “the

part of X on B.” Its state space is B∂ , and its transition semigroup (PB
t )t≥0 is

given by

(3.1)

{
PB
t (x,A) :=Px(Xt ∈A, t < τB) if x ∈B and A ∈B(E),

PB
t (x,{∂}) := 1− PB

t (x,E) if x ∈B,PB
t (∂,{∂}) := 1.

If X is a Hunt process, it can be verified that XB is also a Hunt process. We

denote by Bb(B), B∗
b(B), Cb(B) the indicated classes of functions restricted to B.

The following theorem is the main result of this section.

THEOREM 3.1 (CF. [4, THEOREM 1])

Suppose that the Hunt process X has the doubly resolvent Feller property. Let B

be a nonempty proper open subset of E. Then XB has the resolvent strong Feller

property.

Proof

It suffices to prove that, for f ∈B+
b (B), φα

B(x) := αEx[
∫ ∞
τB

e−αtf(Xt)dt] belongs

to Cb(B). The proofs for other cases are similar. From (2.3) and

nRn+αφ
α
B(x) = nαEx

[∫ τB

0

e−nt

∫ ∞

τB

e−αuf(Xu)dudt
]

+ nαEx

[∫ ∞

τB

e−nt

∫ ∞

t+τB◦θt
e−αuf(Xu)dudt

]

= φα
B(x)− αEx

[
e−nτB

∫ ∞

τB

e−αuf(Xu)du
]

+ nαEx

[∫ ∞

τB

e−nt

∫ ∞

t+τB◦θt
e−αuf(Xu)dudt

]
,

we have for each compact set K of B

sup
x∈K

∣∣φα
B(x)− nRn+αφ

α
B(x)

∣∣ ≤ 2‖f‖∞ sup
x∈K

ψn
B(x)→ 0 as n→∞.

Therefore, we obtain the assertion by Theorem 2.1. �
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4. Doubly resolvent Feller property of the part of processes

Let ∂∗B be the boundary of B in E∂ . Note that ∂
∗B = ∂B ∪{∂} holds; in partic-

ular, ∂B = ∂∗B ∩E, where ∂B :=B \B is the usual boundary of B in E. When

f is defined only on B, we extend it to E∂ by setting it to be zero outside B.

We set C∞(B) := {f ∈ C(B) | limx→z∈∂∗B f(x) = 0}. The open set B is said to

be regular if, for each z ∈ ∂∗B ∩E, we have Pz(σE\B = 0) = 1.

The third main result of this article is the following.

THEOREM 4.1 (CF. [4, THEOREM 1])

Suppose that the Hunt process X has the doubly resolvent Feller property. Let B

be a nonempty proper regular open subset of E. Then XB also has the doubly

resolvent Feller property. If further B is relatively compact, then for each α > 0

and f ∈Bb(B), we have RB
α f ∈C∞(B).

Proof

Define RB
α f(x) :=Ex[

∫ τB
0

e−αtf(Xt)dt] for f ∈Bb(B). It suffices to prove RB
α f ∈

C∞(B) for f ∈C∞(B) and αRB
α f(x)→ f(x) as α→∞ for f ∈C∞(B) and x ∈B.

Since ∂∗B may contain ∂, let us first consider this case. We then have, as x ∈B,

x→ ∂,

RB
α |f |(x)≤Rα|f |(x)→ 0,

since f ∈C∞(B) can be regarded as a function in C∞(E). On the other hand, if

x→ z ∈ ∂∗B ∩E, then we have by Lemma 2.3 and the regularity assumption

(4.1) lim
x→z

RB
α 1(x) = lim

x→z
Ex

[∫ τB

0

e−αt dt
]
≤Ez

[∫ τB

0

e−αt dt
]
= 0,

and consequently, as x ∈B, x→ z, |RB
α f(x)| ≤ ‖f‖∞Ex[

∫ τB
0

e−αt dt]→ 0. Thus,

we have RB
α f ∈C∞(B) by Theorem 3.1. Since Px(τB > 0) = 1 for x ∈B, we have

that for x ∈B∣∣αRαf(x)− αRB
α f(x)

∣∣ ≤ αEx

[∫ ∞

τB

e−αt
∣∣f(Xt)

∣∣dt]
≤ Ex[e

−ατB ]‖f‖∞ → 0 as α→∞.

The Feller property of X implies limα→∞αRαf(x) = f(x); hence,

lim
α→∞

αRB
α f(x) = f(x).

Finally, RB
α 1 ∈ C∞(B) under the relative compactness of B is already shown

in (4.1). In this case, ∂ /∈ ∂∗B = ∂B. From RB
α 1 ∈ C∞(B) and Theorem 3.1, we

obtain RB
α f ∈C∞(B) for f ∈Bb(B) under the relative compactness of B. �

Let (E ,F) be a regular symmetric Dirichlet form on L2(E;m), where m is a

positive Radon measure with full topological support. Let B be an open subset

of E. The part space (EB ,FB), defined by FB := {u ∈ F | u = 0 q.e. on E \B}
and EB(u, v) := E(u, v) for u, v ∈ FB , is a regular Dirichlet form on L2(B;m).
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COROLLARY 4.1

Suppose that X is an m-symmetric Hunt process associated to a regular Dirichlet

form (E ,F) on L2(E;m) and that it has the doubly resolvent Feller property.

Let B be a nonempty regular open proper subset of E, which is connected and

relatively compact. Then, the embedding FB in L2(B;m) is compact; equivalently,

the semigroup (TB
t )t≥0 associated to (EB ,FB) on L2(B;m) is a compact operator

on L2(B;m).

For the proof of Corollary 4.1, we need the following lemma.

LEMMA 4.1

Suppose that X is an m-symmetric Hunt process associated to a regular Dirichlet

form (E ,F) on L2(E;m), and suppose it has the resolvent strong Feller property.

Here m is a positive Radon measure with full topological support. Assume E is

connected. Then X is m-irreducible, that is, any invariant set B satisfies m(B) =

0 or m(E \B) = 0.

Proof

Suppose that B is invariant in the sense that Rα1Bu = 1BRαu m-a.e. for u ∈
L2(E;m) and α> 0. By taking a bounded strictly positive u ∈ L2(E;m), 1B has

a bounded continuous m-version f . Since m has full topological support, we get

f2 = f . Then the set O := {x ∈E | f(x) = 1} is an open and closed set which is

an m-version of B. Owing to the connectedness of E, we see O = ∅ or O = E,

implying m(B) = 0 or m(E \B) = 0. �

Proof of Corollary 4.1

Let B be a regular open proper subset of E which is connected and relatively com-

pact. By Theorem 4.1, the m-symmetric Hunt process XB associated to (EB ,FB)

on L2(B;m) is a doubly resolvent Feller process satisfying RB
α 1 ∈ C∞(B). By

Lemma 4.1, XB is m-irreducible. Thus, XB belongs to the class (T) in [12]. Here

a symmetric Markov process X is said to be in class (T) if it is an m-irreducible

resolvent strong Feller process and satisfies Rα1 ∈ C∞(E). Applying [12, Theo-

rem 4.4 and Corollary 4.1], we obtain the conclusion. �

5. Doubly resolvent Feller property with multiplicative functionals, I

Let (Zt)t≥0 be a multiplicative functional associated with X. Namely, for each

x ∈E, Px-a.s., Z0 = 1, 0≤ Zt <∞, Zt ∈ Ft for t≥ 0, and

(5.1) Zt+s = Zs · (Zt ◦ θs), for all t, s≥ 0.

We now impose a set of special conditions on (Zt)t≥0 as follows.

(a) For some t > 0, at := supx∈E sups∈[0,t]Ex[Zs]<∞.

It follows from this, condition (5.1), and the Markov property that (at)t≥0 is

submultiplicative, that is, at+s ≤ at · as for t, s ∈ [0,∞[. Indeed, since (at)t≥0 is
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increasing and at ≥Ex[Z0] = 1 for any t≥ 0,

at+s = sup
x∈E

sup
u∈[0,t+s]

Ex[Zu] = sup
x∈E

sup
u∈[0,s]

Ex[Zu]∨ sup
x∈E

sup
u∈[s,t+s]

Ex[Zu]

= as ∨ sup
x∈E

sup
u∈[0,t]

Ex

[
EXs [Zu]Zs

]
≤ as ∨ (as · at)≤ as · at.

Hence, by induction, (a) is in fact true for all (finite) t > 0. The submultiplicativ-

ity of (at)t≥0 implies that t �→ loga
1/t
t is decreasing and at ≤ a

t/t0
t0 for any t≥ t0

with any given t0 > 0. Hence, for α > α0 := infs∈ ]0,∞[ loga
1/s
s ≥ 0 and taking

t0 > 0 with α > loga
1/t0
t0 , we see that∫ ∞

0

e−αtat dt≤
∫ t0

0

e−αtat dt+

∫ ∞

t0

e−αta
t/t0
t0 dt <∞.

(b) For each t > 0, there exists a number p = p(t) > 1 such that

supx∈E Ex[Z
p
t ]<∞.

(c)w For each compact subset K of E, we have

lim
t→0

sup
x∈K

Ex

[
|Zt − 1|

]
= 0.

(c)s limt→0 supx∈E Ex[|Zt − 1|] = 0.

REMARK 5.1

(1) The condition (c)s is stronger than (c)w.

(2) The condition (c)s implies (a). Indeed, under (c)s, for any given ε >

0, there exists δ > 0 such that supt∈[0,δ] supx∈E Ex[|Zt − 1|] ≤ ε. Then we have

supt∈[0,δ] supx∈E Ex[|Zt|]≤ ε+ 1<∞, which shows (a).

Now we proceed to extend the results in the previous section to a process with

multiplicative functionals. We begin by defining (Qt)t≥0 as follows: for f ∈Bb(E),

Qtf(x) :=Ex

[
Ztf(Xt)

]
.

By means of (5.1), we can verify that (Qt)t≥0 forms a semigroup, not necessarily

sub-Markovian. But we have, for each t > 0,

‖Qtf‖∞ ≤
(
sup
x∈E

Ex[Zt]
)
‖f‖∞ ≤ at‖f‖∞

by (a), so that each Qt maps Bb(E) into Bb(E). For α> α0 := infs∈ ]0,∞[ loga
1/s
s

and f ∈Bb(E), we set

Sαf(x) :=Ex

[∫ ∞

0

e−αtZtf(Xt)dt
]

and call (Sα)α>α0 the resolvent of the transformed process from X by the mul-

tiplicative functional (Zt)t≥0.

THEOREM 5.1 (CF. [4, THEOREM 2])

Suppose that X has the resolvent strong Feller property and that conditions (a)

and (c)w hold. Then, for f ∈Bb(E) and α > α0, Sαf ∈Cb(E).
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Proof

Fix a compact set K, and take x ∈K. Since∣∣Sαf(x)− βRβ+αSαf(x)
∣∣

≤
∣∣Sαf(x)− βSβ+αSαf(x)

∣∣+ ∣∣βSβ+αSαf(x)− βRβ+αSαf(x)
∣∣

≤
∣∣∣β ∫ ∞

0

e−βs
(
Sαf(x)−Ex

[
e−αsZsSαf(Xs)

])
ds

∣∣∣
+ βEx

[∫ ∞

0

e−(β+α)s|Zs − 1|Sα|f |(Xs)ds
]

≤ β

∫ ∞

0

e−βs
∣∣∣Sαf(x)−Ex

[∫ ∞

s

e−αtZtf(Xt)dt
]∣∣∣ds

+ β

∫ ∞

0

e−(β+α)sEx

[
|Zs − 1|

]
ds · ‖Sαf‖∞

≤ β

∫ ∞

0

e−βsEx

[∫ s

0

e−αtZt|f |(Xt)dt
]
ds

+ β

∫ ∞

0

e−(β+α)s sup
x∈K

Ex

[
|Zs − 1|

]
ds

(∫ ∞

0

e−αtat dt
)
‖f‖∞

≤ β

∫ ∞

0

e−βs
(∫ s

0

e−αtat dt
)
ds · ‖f‖∞

+ β

∫ ∞

0

e−βs sup
x∈K

Ex

[
|Zs − 1|

]
ds

(∫ ∞

0

e−αtat dt
)
‖f‖∞,

we have that under (c)w and
∫ ∞
0

e−αtat dt <∞ for α> α0

sup
x∈K

∣∣Sαf(x)− βRβ+αSαf(x)
∣∣ → 0 as β →∞.

This implies the assertion. �

COROLLARY 5.1 (CF. [2, COROLLARY 1.2])

Suppose that X has the resolvent strong Feller property and that condition (c)s

holds. Then, for f ∈Bb(E) and α> α0, Sαf ∈Cb(E).

THEOREM 5.2 (CF. [4, THEOREM 2])

Suppose that X has the doubly resolvent Feller property, and suppose conditions

(a), (b), and (c)w hold. Then, for f ∈ C∞(E) and α > α0, Sαf ∈ C∞(E) and

limα→∞αSαf(x) = f(x) for f ∈C∞(E) and x ∈E.

Proof

Under the Feller property of X, we can show that limx→∂ Qtf(x) = 0, for f ∈
C∞(E) and t > 0, holds under (b) and that limt→0Qtf(x) = f(x), for f ∈C∞(E),

holds under (c)w. Since Qt|f |(x)≤ at‖f‖∞ for x ∈E∂ and f ∈C∞(E) and since

e−αtat is integrable on [0,∞[ for α> α0, we can apply the dominated convergence
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theorem so that

lim
x→∂

Sα|f |(x) = lim
x→∂

∫ ∞

0

e−αtQt|f |(x)dt=
∫ ∞

0

e−αt lim
x→∂

Qt|f |(x)dt= 0.

Then we conclude that Sαf ∈C∞(E) for α> α0 by Theorem 5.1. Next we show

the latter assertion. For ε > 0, there is δ > 0 such that |Qtf(x)− f(x)| < ε for

any t ∈ [0, δ]. Then, for α> loga
1/δ
δ we have

∣∣αSαf(x)− f(x)
∣∣ = α

∫ δ

0

e−αt
∣∣Qtf(x)− f(x)

∣∣dt
+ α

∫ ∞

δ

e−αt
∣∣Qtf(x)− f(x)

∣∣dt
≤ ε+ α

∫ ∞

δ

e−αt(at + 1)dt · ‖f‖∞

≤ ε+ α

∫ ∞

δ

e−αt(a
t/δ
δ + 1)dt · ‖f‖∞

= ε+ α
(e−(α−loga

1/δ
δ )δ

α− loga
1/δ
δ

+
e−αδ

α

)
‖f‖∞.

Thus, we obtain limα→∞ |αSαf(x)− f(x)| ≤ ε. �

COROLLARY 5.2

Suppose that X has the doubly resolvent Feller property, and suppose condi-

tions (b) and (c)s hold. Then, for f ∈ C∞(E) and α > α0, Sαf ∈ C∞(E) and

limα→∞αSαf(x) = f(x) for f ∈C∞(E) and x ∈E.

Combining Theorems 4.1 and 5.2, we obtain the following result.

THEOREM 5.3 (CF. [4, THEOREM 3])

Let X be a doubly resolvent Feller process, let B be as in Theorem 4.1, and let

(Zt)t≥0 be as in Theorem 5.2. Define for x ∈E, α > α0, and f ∈Bb(B)

SB
α f(x) :=Ex

[∫ τB

0

e−αtZtf(Xt)dt
]
.

Then we have SB
α f ∈ Cb(B) for f ∈ Bb(B), and we have SB

α f ∈ C∞(B) and

limα→∞ SB
α f(x) = f(x) for f ∈ C∞(B) and x ∈ B. Moreover, if B is relatively

compact, then SB
α f ∈C∞(B) for α> α0, f ∈Bb(B).

6. Doubly resolvent Feller property with multiplicative functionals, II

Let (Zt)t≥0 be as in the previous section. In this section, we will give another

criterion on the doubly resolvent Feller property. Throughout this section, we fix

a nonempty open set B. The following conditions are dependent on B.

(a)B For some t > 0, aBt := supx∈B sups∈[0,t]Ex[Zs : s < τB ]<∞.
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(a)∗B There exists p > 1 such that

aBt (p) := sup
x∈B

sup
s∈[0,t]

Ex[Z
p
s : s < τB ]<∞ for some t > 0.

As shown in the previous section, we can deduce that t �→ aBt is submultiplica-

tive under (a)B . This implies that t �→ log(aBt )
1/t is decreasing, aBt ≤ (aBt0)

t/t0 for

all t ≥ t0 with given t0 > 0, and for any α > αB
0 := infs∈ ]0,∞[ log(a

B
s )

1/s ≥ 0,∫ ∞
0

e−αtaBt dt < ∞. Under (a)∗B , we have a similar statement including α >

αB
0 (p) := infs∈ ]0,∞[ log(a

B
s (p))

1/s ≥ 0,
∫ ∞
0

e−αtaBt (p)dt <∞.

(b)wB For each t > 0 and any compact subset K of B, there exists a number

p= p(K, t)> 1 such that supx∈K Ex[Z
p
t ]<∞.

(b)sB For each t > 0, there exists a number p = p(t) > 1 such that

supx∈B Ex[Z
p
t ]<∞.

(c)wB For any relatively compact open subset D of B, we have

lim
t→0

sup
x∈D

Ex

[
|Zt − 1| : t < τD

]
= 0.

(c)sB limt→0 supx∈B Ex[|Zt − 1| : t < τB ] = 0.

REMARK 6.1

(1) The condition (b)sB (resp., (c)sB) is stronger than (b)wB (resp., (c)wB).

(2) The condition (c)sB implies the condition (a)B . Indeed, under (c)sB , for

any given ε > 0, there exists δ > 0 such that supt∈[0,δ] supx∈B Ex[|Zt − 1| : t <
τB ]≤ ε. Then we have supt∈[0,δ] supx∈B Ex[|Zt| : t < τB ]≤ ε+1<∞, which shows

(a)B .

THEOREM 6.1 (CF. [2, THEOREM 1.4])

Let X be a doubly resolvent Feller process, and let B be an open subset of E.

Under (a)B , (b)
w
B , and (c)wB , for any α > αB

0 := infs∈ ]0,∞[ log(a
B
s )

1/s ≥ 0, SB
α f ∈

Cb(B) for f ∈Bb(B).

REMARK 6.2

In [2, Theorem 1.4], condition (a)B is missing from the strong Feller property of

(QB
t )t≥0, and it should be added.

Proof of Theorem 6.1

Let D be a relatively compact open subset of B. The resolvent strong Feller

property of the part process XD holds under the doubly resolvent Feller property

of X by Theorem 3.1. By applying Corollary 5.1 and (c)wB to XD, the resolvent

(SD
α )α>αD

0
defined by SD

α f(x) := Ex[
∫ τD
0

e−αtZtf(Xt)dt], f ∈ Bb(D), has the

strong Feller property. Take g ∈ Bb(B). Let {Dn} be an increasing sequence of

relatively compact open sets converging to B. Then the quasileft continuity of X

yields Px(limn→∞ τDn = τB) = 1 for any x ∈B. Take a compact subset K of B.
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Then there exists an n0 ∈N so that K ⊂Dn for all n≥ n0 and

sup
x∈K

∣∣SB
α g(x)− SDn

α g(x)
∣∣ ≤ ‖g‖∞

∫ ∞

0

e−αt sup
x∈K

Ex[Zt : τDn ≤ t < τB ]dt.

Since supx∈K Ex[Zt : τDn ≤ t < τB] ≤ aBt and
∫ ∞
0

e−αtaBt dt <∞ for α > αB
0 , it

suffices to show that, for each t > 0, limn→∞ supx∈K Ex[Zt : τDn ≤ t < τB ] = 0.

By (b)wB and

sup
x∈K

Ex[Zt : τDn ≤ t < τB ]≤ sup
x∈K

Ex[Z
p
t ]

1
p · sup

x∈K
Px(τDn ≤ t < τB)

p−1
p ,

we can obtain SB
α g ∈ Cb(B) for α > αB

0 , because limn→∞ supx∈K Px(τDn ≤ t <

τB) = 0 is proved in [2, Theorem 1.4]. �

A positive additive functional (PAF) Bt in the classical sense is said to be in the

Kato class of X if limt→0 supx∈E Ex[Bt] = 0. A PAF Bt in the classical sense is

said to be in the local Kato class if, for any relatively compact open subset G of

E, (1G ∗B)t :=
∫ t

0
1G(Xs)dBs is of Kato class (see [2, Section 2] for the PAF of

(local) Kato class).

COROLLARY 6.1 (CF. [2, THEOREM 2.5])

Let X be a doubly resolvent Feller process. Let Bt be a PAF of local Kato class.

Then the subprocess killed by e−Bt enjoys the doubly Feller property of the resol-

vent.

Proof

First we prove the strong Feller property of the resolvent of the subprocess. By

definition, 1G ∗B is of Kato class for any relatively compact open subset G of E.

Set Zt := e−Bt . Then Zt satisfies the conditions (a)G with αG
0 = 0, (b)sG, and (c)sG

for such G. Hence, SG
α ϕ ∈Cb(G) for ϕ ∈Bb(E) and α> 0 by Theorem 6.1. Letting

G ↑E, we see the lower semicontinuity of x �→ Sαϕ(x) for nonnegative ϕ ∈Bb(E).

On the other hand, we know the continuity of x �→ Ex[
∫ ∞
0

e−(1G∗B)tϕ(Xt)dt]

for nonnegative ϕ ∈ Bb(E) from Corollary 5.1, because (1G ∗ B)t is of Kato

class. Letting G ↑ E, we see the upper semicontinuity of Sαϕ for nonnegative

ϕ ∈Bb(E). Therefore, we obtain the continuity of Sαϕ for nonnegative ϕ ∈Bb(E)

and, hence, for general ϕ ∈Bb(E). The Feller property of the subprocess easily

follows from 0≤ Sαϕ≤Rαϕ for nonnegative ϕ. �

THEOREM 6.2 (CF. [2, THEOREM 1.4])

Let X be a doubly resolvent Feller process, and let B be an open subset of E.

Suppose that B is regular. Under (a)B , (b)sB , and (c)sB , for any α > αB
0 :=

infs∈ ]0,∞[ log(a
B
s )

1/s ≥ 0, we have SB
α f ∈ C∞(B) and limα→∞αSB

α f(x) = f(x)

for f ∈ C∞(B) and x ∈ B. Suppose further that B is relatively compact, and

assume (a)∗B or that there exists an open set C with B ⊂C such that (c)sC holds.

Then SB
α f ∈C∞(B) for f ∈Bb(B).
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Proof

By Theorem 6.1, we already know that SB
α f ∈Cb(B) for f ∈C∞(B) and α> αB

0 .

Recall the boundary ∂∗B of B in E∂ . Since XB is also a Feller process on B by

Theorem 4.1, we then have that by (b)sB

QB
t |f |(x)≤ sup

y∈B
Ey[Z

p
t : t < τB ]

1
p
(
PB
t |f |

p
p−1 (x)

) p−1
p → 0 as B 
 x→ z ∈ ∂∗B.

Moreover, |QB
t f(x)| ≤ ‖f‖∞aBt and

∫ ∞
0

e−αtaBt dt < ∞ imply SB
α f(x) =∫ ∞

0
e−αtQB

t f(x)dt→ 0 as B 
 x→ z ∈ ∂∗B. Next, we prove limα→∞αSB
α f(x) =

f(x) for f ∈C∞(B) and x ∈B. Owing to (c)sB , for any ε > 0, there is δ > 0 such

that supt∈[0,δ] supx∈B Ex[|Zt − 1| : t < τB ]≤ ε. Then

∣∣αSB
α f(x)− αRB

α f(x)
∣∣ ≤ ‖f‖∞α

∫ ∞

0

e−αtEx

[
|Zt − 1| : t < τB

]
dt

≤ ε‖f‖∞ + ‖f‖∞α

∫ ∞

δ

e−αt
(
sup
x∈B

Ex[Zt : t < τB ] + 1
)
dt

≤ ‖f‖∞ε+ ‖f‖∞α

∫ ∞

δ

e−αt
(
(aBδ )

t/δ + 1
)
dt.

In the same way as in the proof of Theorem 5.2, we have limα→∞ |αSB
α f(x)−

αRB
α f(x)| ≤ ε‖f‖∞. Therefore, we obtain the conclusion by Theorem 4.1. Finally

we suppose the relative compactness of B. If (c)sC holds for an open set C ⊃
B, then SC

α φ ∈ Cb(C) for any φ ∈ Bb(C) and α > αC
0 by Corollary 5.1. Then

SB
α 1(x) = SC

α 1(x)− ↑ limβ→∞ βSC
α+βφ

Z
B,C(x) yields the upper semicontinuity of

C 
 x �→ SB
α 1(x), where φZ

B,C(x) :=Ex[
∫ τC
τB

e−αtZt dt]; in particular,

lim
x→z∈∂B

SB
α 1(x)≤ SB

α 1(z) = 0 for α > αC
0 .

If (a)∗B holds, then for α> αB
0 (p) with some p > 1,

(6.1) lim
x→z∈∂B

SB
α 1(x)≤

(∫ ∞

0

e−αtaBt (p)dt
) 1

p (
RB

α 1(z)
) p−1

p = 0,

where we use the upper semicontinuity of x �→RB
α 1(x) by Lemma 2.3. In view of

the resolvent equation for (SB
α )α>αB

0
, we have limx→z∈∂B SB

α 1(x) = 0 for α> αB
0 .

Consequently, |SB
α f(x)| ≤ ‖f‖∞SB

α 1(x)→ 0 as B 
 x→ z ∈ ∂B for α> αB
0 . �

7. Doubly resolvent Feller property of time-changed process

In this section, we assume that X is an m-symmetric Markov process on E

whose Dirichlet form (E ,F) on L2(E;m) is regular. We assume that X satisfies

the absolute continuity condition (AC): Pt(x,dy)� m(dy) for each x ∈ E and

t > 0. Under (AC), we always have the α-order resolvent kernel Rα(x, y) (0-order

resolvent or Green kernel R(x, y) provided X is transient).

Let S1(X) be the family of positive smooth measures in the strict sense; that

is, any ν ∈ S1(X) is a Revuz measure of a positive continuous additive functional

(PCAF) Bt in the strict sense (see [7, Theorem 5.1.7]):
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∫
E

f(x)ν(dx) =↑ lim
t↓0

1

t
Em

[∫ t

0

f(Xs)dBs

]
.

A measure ν ∈ S1(X) is said to be in the Kato class of X if

limα→∞ supx∈E Rαν(x) = 0 and ν ∈ S1(X) is said to be in the local Kato class

of X if 1Gν is of Kato class for any relatively compact open set G. Denote by

S1
K(X) (resp., S1

LK (X)) the family of measures of Kato class (resp., local Kato

class).

For ν ∈ S1(X) and its associated PCAF B in the strict sense, let (X̌, ν)

be the time-changed process defined by (X̌, ν) := (Ω,Xτt ,Px)x∈Ỹ , where τt :=

inf{s > 0 |Bs > t} is the right continuous inverse of the PCAF Bt and Ỹ is the

fine support of ν defined by Ỹ := {x ∈ E |Px(R = 0) = 1} with R := inf{t > 0 |
Bt > 0}. It is known that (X̌, ν) is a ν-symmetric right process on Ỹ , and it can

be realized as a Hunt process on Y := supp[ν] (consequently on Ỹ ) (see [7], [10]).

The following is proved in [9, Lemma 4.1] provided X is transient, but the

proof can be done without transience.

LEMMA 7.1 (CF. [9, LEMMA 4.1])

Suppose that X enjoys the strong Feller property of the resolvent. Let ν be a

nonnegative smooth measure such that ν ∈ S1
K(X). Then the time-changed process

(X̌, ν) enjoys the strong Feller property of the resolvent. More strongly,

Řβϕ(x) :=Ex

[∫ ∞

0

e−βBtϕ(Xt)dBt

]
satisfies Řβϕ ∈Cb(E) for ϕ ∈Bb(E) and β > 0.

Our main result in this section is the following.

THEOREM 7.1

Suppose that X enjoys the doubly Feller property of the resolvent. Assume ν ∈
S1
LK (X). Then the time-changed process (X̌, ν) enjoys the doubly Feller property

of the resolvent. More strongly, we have Řβϕ ∈Cb(E) (resp., Řβϕ ∈C∞(E)) for

ϕ ∈Bb(E) (resp., ϕ ∈Bb(E) having compact support) and β > 0.

Proof

Assume ν ∈ S1
LK (X) and the doubly resolvent Feller property of X. First we

prove that Řβϕ ∈ Cb(E) for ϕ ∈ Bb(E). Let Xβν be the subprocess of X killed

by e−βBt . Then Xβν also enjoys the doubly Feller property of the resolvent by

Corollary 6.1. Denote by Rβν
α the α-order resolvent of Xβν . We then see that

βRβν
n ν(x) = βEx

[∫ ζ

0

e−nt−βBt dBt

]
=Ex

[
1− e−nζ−βBζ −

∫ nζ

0

e−βBt/ne−t dt
]

uniformly converges to zero on each compact set K as n → ∞, because x �→
nEx[

∫ ζ

0
e−βBte−nt dt] (resp., x �→ Ex[e

−nζ ]) is continuous by the doubly Feller

property of the resolvent for Xβν (resp., by Theorem 2.1) and increasingly con-

vergent to 1 (resp., decreasingly convergent to zero) pointwise as n → ∞. Set
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gβνn := n(I − nRβν
n+1)R

βν
1 (ϕν). Then Rβν

1 (ϕν) − Rβν
1 gβνn = Rβν

n+1(ϕν) uniformly

converges to zero on each compact set K, which implies Rβν
1 (ϕν) ∈Cb(E). Owing

to the generalized resolvent equation (see [11, Lemma 4.1.1]), we conclude that

Řβϕ=Rβν(ϕν) =Rβν
1 (ϕν)+Rβν

1 (Rβν(ϕν)) ∈Cb(E) for general ϕ ∈Bb(E). Next

we prove the Feller property of X̌. For φ ∈Cb(E) and x ∈E, we see for x ∈E that∣∣βŘβφ(x)− φ(x)
∣∣ ≤Ex

[
EXσ

Ỹ

[∫ ∞

0

e−t
∣∣φ(Xτt/β )− φ(X0)

∣∣dt]]→ 0 as β →∞.

So it suffices to prove Řβϕ ∈ C∞(E) for ϕ ∈Bb(E) having compact support for

the Feller property of (X̌, ν), because C0(E) is uniformly dense in C∞(E). Fix

ϕ ∈Bb(E) having compact support K := supp[ϕ]. We may assume that ν is non-

trivial. Let Ỹ be the fine support of Bt, and set C := {x ∈E |Px(σỸ <∞)> 0}.
Then C is a Borel measurable (Tt)t≥0-invariant set such that C is finely open

and finely closed (see [7, (4.6.16)]). As seen in the proof of Lemma 4.1, 1C has

a bounded continuous m-version f by virtue of the strong Feller property of the

resolvent. Since both f and 1C are finely continuous and m has full fine sup-

port, 1C coincides with f , which means that C is open and closed. Moreover,

[7, (4.6.9), (4.6.10)] hold for x ∈ E, and the same equations hold with C being

replaced by E \C. Therefore, C is X-invariant in the sense of [7]. Note that the

restriction XC to C of X is a part process on C. Hence, XC is a doubly resolvent

Feller process in view of Theorem 4.1. It is proved in [7, Lemma 6.2.6(ii) with

Theorem 6.1.1] that the subprocess Xβ(ν+1Ccm) killed by e−β(Bt+
∫ t
0
1Cc (Xs)ds)

is transient. Replacing the state space E with C, we may always assume that

the subprocess Xβν killed by e−βBt is transient. Then there exists a strictly

positive bounded function g ∈ L1(E;m) such that Rβνg ∈Bb(E) (see [8]), where

Rβν is the 0-order resolvent of Xβν . Let At :=
∫ t

0
g(Xs)ds be a PCAF associated

to the measure gm. Let Xβν+αgm be the subprocess killed by e−αAt−βBt . By

Corollary 6.1, Xβν+αgm is a doubly resolvent Feller process. Let

‖Rβν+αgm
α ‖L(C∞(E)) := sup

f∈C∞(E),‖f‖∞=1

sup
x∈E

∣∣Rβν+αgm
α f(x)

∣∣
be the operator norm of Rβν+αgm

α :C∞(E)→C∞(E). If ‖αRβν+αgm
α ‖L(C∞(E)) =

1, then there exist f ∈ C∞(E) with ‖f‖∞ = 1 and xn ∈ E such that 1 − 1
n ≤

αRβν+αgm
α |f |(xn)≤ 1. Taking a subsequence if necessary, we may assume xn →

x ∈ E∂ . So αRβν+αgm
α |f |(x) = 1, because Rβν+αgm

α |f | ∈ C∞(E); consequently,

x �= ∂. Then α
∫ ∞
0

e−αtEx[1 − e−αAt−βBt |f |(Xt)]dt = 0, which yields a contra-

diction from ‖f‖∞ = 1. Thus, we have ‖αRβν+αgm
α ‖L(C∞(E)) < 1. This yields

(7.1) Rβν+αgm1K =

∞∑
n=0

(αRβν+αgm
α )nRβν+αgm

α 1K ∈C∞(E).

Since ν ∈ S1
LK (X), we see that 1Kν ∈ S1

K∞
(Xβν+αgm). Here S1

K∞
(Xβν+αgm) is

the class of Green-tight measures of Kato class with respect to Xβν+αgm (see [6]

or [9, Definition 4.1(2)] for the definition of Green-tight measures of Kato class).

Then one can apply [6, Lemma 2.3(5)] with (7.1) to Xβν+αgm so that for any

φ ∈Bb(E)
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(7.2) Rβν+αgmφ1Kν =E·
[∫ ∞

0

e−αAt−βBtφ(Xt)1K(Xt)dBt

]
∈C∞(E).

Though [6, Lemma 2.3(5)] is proved under the doubly Feller property of X, its

proof remains valid for the doubly resolvent Feller property of X. For φ ∈Bb(E),

we define V α,β
A,Bφ(x) := Ex[

∫ ∞
0

e−αAt−βBtφ(Xt)dBt]. Owing to the generalized

resolvent equation (see [11, Lemma 4.1.1]) V γ,β
A,Bφ− V α,β

A,Bφ= (α− γ)V β,α
B,AV

γ,β
A,Bφ

(α,β, γ ≥ 0), we have

Řβϕ= V α,β
A,Bϕ+ αV β,α

B,AV
0,β
A,Bϕ=Rβν+αgmϕ1Kν + αRβν+αgm(gV 0,β

A,Bϕ).

From this,

Řβ |ϕ|(x)≤Ex

[∫ ∞

0

e−αAt−βBt1K(Xt)dBt

]
· ‖ϕ‖∞ +

α

β
‖ϕ‖∞‖Rβνg‖∞.

Letting x→ ∂ with (7.2) and α→ 0, we obtain limx→∂ Řβϕ(x) = 0. This proves

Řβϕ ∈C∞(E). �
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