Holomorphic endomorphisms of P (C)
related to a Lie algebra of type A5 and
catastrophe theory

Keisuke Uchimura

Abstract The typical chaotic maps f(z) = 4z(1 — x) and g(z) = 22 — 2 are well known.
Veselov generalized these maps. We consider a class of maps P;{S of those generalized
maps, view them as holomorphic endomorphisms of P3(C), and make use of methods of
complex dynamics in higher dimension developed by Bedford, Fornaess, Jonsson, and
Sibony. We determine Juliasets J1, Ja, J3, Jir and the global forms of external rays. Then
we have a foliation of the Julia set Js formed by stable disks that are composed of exter-
nal rays.

‘We also show some relations between those maps and catastrophe theory. The set of
the critical values of each map restricted to a real three-dimensional subspace decom-
poses into a tangent developable of an astroid in space and two real curves. They coin-
cide with a cross section of the set obtained by Poston and Stewart where binary quartic
forms are degenerate. The tangent developable encloses the Julia set J3 and joins to a
Mébius strip, which is the Julia set Ji7 in the plane at infinity in P3(C). Rulings of the
Moébius strip correspond to rulings of the surface of J3 by external rays.

1. Introduction

The typical chaotic map f(x) = 4z(1 — ) is well known (see, e.g., [21]). Its
complex version is a Chebyshev map g(z) = 22 — 2. It is also a chaotic map.
Generalized Chebyshev functions and maps in several variables were studied by
several researchers (see Koornwinder [14], Lidl [15], Beerends [2], Veselov [22],
Hoffman and Withers [11], and Uchimura [19]).

A polynomial endomorphism Pfjg(zl, 29,23) of degree d on C3 is defined by
the following. We consider the jth elementary symmetric function in ¢1,ts,%3,t4
with t4 = 1/(t1t2t3) for 7=1,2,3. Let

z1=1t1 +ta+1t3+

titats’

(1.1) b bty oty 4+ ——
. 2o = ,
2 102 143 203 t1t2 t1t3 t2t3
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1 1 1
23 =— 4+ — 4+ — +t1tats (tJEC\{O})
t1 ta t3

Set
@1 (t1,t2,t3) = (21, 22, 23)-
Then Pjg_ satisfies the following commutative diagram:

(t17t27t3) S (tlli7tg?tg)
(1.2) o) o)

(21,29,23) ——— Pﬁs (21,22, 23)
Clearly, ®; is a branched covering map. We show two examples:
Pi3(zl,22,23) = (22 — 229,22 — 22123 + 2,232) — 229),
ng(zl, 29,23) = (23 — 32120 + 323,25 — 3212023 + 3235 + 327 — 32y,
zs — 32322 + 321).

These are based on the definition given by Veselov [22]. Veselov [22] defined
generalized Chebyshev maps as follows. Let G be a simple complex Lie algebra
of rank n, H be its Cartan subalgebra, H* be its dual space, £ be a lattice of
weights in H* generated by the fundamental weights wq,...,w,, and L be the
dual lattice in H. One defines

¢c:H/L—=C", ¢cg=(01,...,0n), ©r= Z exp [2miw(wy)],
weWw
where W is the Weyl group acting on the space H*.
To each G of rank n is associated an infinite series of integrable polynomial
mappings Pg from C™ to C™,d=2,3,..., determined by the condition

¢c(dz) = P& (¢c(z)).

For n =1 there is a unique simple algebra A;. Here ¢4, = 2cos(2rx) and the
Pj{l are, within a linear substitution, Chebyshev polynomials of a single variable.
Here A, is the Lie algebra of SL(n + 1,C).

The dynamics of Pﬁz was studied in [20]. In this article, we consider maps
Pﬁz, view them as holomorphic endomorphisms of P3(C), and make use of meth-
ods of complex dynamics in higher dimension developed by Fornaess and Sibony
[9] and Bedford and Jonsson [1].

In this article we will provide a typical example of complex dynamics in
higher dimension. In this higher-dimensional dynamics, classical geometrical fig-
ures, for example, a Mdbius strip and a special ruled surface (tangent devel-
opable), which is called the Holy Grail in catastrophe theory, appear with their
chaotic dynamical structures.

The main tools used in this article are Julia sets and external rays. We
present some background on Julia sets. The main references are [1], [9], and [18].
Let f:CF — CF be a regular polynomial endomorphism of degree d (see the
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paragraph before Proposition 2.1). Set
K(f):={z€CF:{f"(z)} is bounded}.
We define the Green function of f as
— 15 —n + n
G(z) = nh_)rrgod log™ || f"(2)

!, zeCk.

The Green current Tix 1= idch is a positive closed (1,1)-current. A regular
polynomial endomorphism f extends to a holomorphic endomorphism of P¥, still
denoted by f.

The Green current Trx has an extension as a positive closed current to P*
in the following manner. Every holomorphic endomorphism f of P* has a lift
F:CFt! — CF+1. The projection 7 : C**1\ {0} — P* semiconjugates I to f :
mo F'= fom. The Green function Gg of F is defined by

Gr = lim d"log||F"(z)|.
n—oo
The Green current T'=Tpr of f is defined by
1
7T*T = —dchF.
27

We can define the currents 7% :=T A--- AT (I terms). The Ith Julia set J;(f) is
the support of T'. The Green measure f ¢ of f is defined by

py = (T,

The measure jif is a probability measure that is invariant under f and maximizes
entropy.

In our case we counsider four kinds of Julia sets, Ji(f), J2(f), J3(f), and
Jo(fm1), where fr1 denotes the restriction of f to the hyperplane II at infinity. We
will determine these four kinds of Julia sets in Theorems 2.7, 3.2, and 4.2.

We will determine the Julia set J5(f) and the maximal entropy measure
py in Theorem 2.7. The Julia set Js(f) coincides with the set K(f). To obtain
Theorem 2.7 we use Briend and Duval’s theorem in complex dynamics and some
results of the theory of Lie groups.

We will determine the Julia set Jo(fir) and the maximal entropy measure
in Theorem 3.2. The Julia set Ja(f1) is a Mobius strip M. On the Mobius strip
M we give a dynamical measure. The map fiy restricted to C? is a polynomial
skew product map of C2. The maximal entropy measure for fi restricted to the
base curve which is a unit circle is df/27, and that restricted to each ruling is
the invariant measure of Chebyshev maps in one variable.

Next we provide some background on external rays. External rays play an
important role in the theory of dynamics in one complex variable. Let f:P—P
be a monic polynomial map of degree d > 2. Suppose that the set K = K(f) is
connected. Then the complement C\ K is conformally isomorphic to the com-
plement C\ D under the Bottcher map ¢. The external rays for K are defined
by
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{z:arg(¢(2)) = const}.

The image of an external ray under f is also another external ray.

Bedford and Jonsson [1] defined external rays for holomorphic endomor-
phisms of P*. We will determine the global forms of external rays of our maps
f= Pg3~ The image of each external ray under the extended map f on P2 is
also an external ray. We will show in Theorem 4.2 that the Julia set Jo(f) is a
foliated space and leaves of the space are stable disks composed of external rays.
The image of a stable disk under the map f is another stable disk.

Next we consider the dynamics of Pj{g restricted to a real three-dimensional
subspace. The map Pjg :C3 — C? admits an invariant space

R3:={(21,22,23) € C*: 21 = z3 and 2, is real}.

We consider the dynamics of P§_ restricted to Rs. The set J3(f) = K(f) lies in
the space R3. Sometimes we may regard Rz as R3. Then J3(f) is isomorphic to
a closed domain in R3 bounded by the ruled surface A whose base curve is an
astroid in space (see Proposition 2.4). In particular, A is a part of the tangent
developable of an astroid in space, and so, we call it an astroidalhedron. A ruled
surface is called a tangent developable if its rulings are tangent lines to its base
curve. The ruled surface A has a relationship to the root system of a Lie algebra
of type A3 and a (v/3,/3,2)-tetrahedron.

The external rays included in R3 are half-lines that connect the ruled surface
A and the Mdobius strip M = Jo(fn1). By this fact, we will show that rulings of
M correspond to rulings of A by external rays in Proposition 4.9.

Next we will show some relations between those maps and catastrophe theory.
The dynamics of the maps PZQ on C? was studied in [20]. The set of critical values
of P‘Afz restricted to {z; = Z»} is proved to be a deltoid. The deltoid coincides with
a cross section of the bifurcation set (caustics) of the elliptic umbilic catastrophe
map (Dy). In [20], it was shown that the external rays and their extensions
constitute a family of lines whose envelope is the deltoid. Hence, these lines are
real “rays” of caustics.

In addition to the caustics, the deltoid has relations with binary cubic forms

f(z,y) = ax® 4+ b2’y + cxy® + dy®, a,b,c,d €R.

Let V be the set where the discriminant of f(x,y) vanishes. To understand the
geometry of the set V', Zeeman [23] pursued a different tack. Zeeman [23] showed
that V' N.S3 is mapped diffeomorphically to the “umbilic bracelet.” It has a deltoid
section that rotates 1/3 twist going once round the bracelet.

We return to the study of the maps P{ . In this case we will show that the
set of critical values of P{ restricted to R3 has relations with binary quartic
forms.

Poston and Stewart [16], [17] studied quartic forms in two variables,

f(z,y) = azx® + 4ba3y + 6ca’y® + 4dxy® + ey, a,b,c,d,e €R.
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Let A be the discriminant of f(z,y), and let 2 C R® be the algebraic set given
by A =0. The set # = 2N S° is decomposed into #; and #... Then #; is
diffeomorphic to % . They considered a cross section 2 of % . The shape for 2 is
called the Holy Grail in catastrophe theory. We will show in Proposition 5.8 that
the set 2 coincides with the set of critical values of Pﬁ3 restricted to Rz by a
coordinate transformation. We will show that the set decomposes into a tangent
developable T of an astroid in space and two real curves in Proposition 5.5. The
astroidalhedron A is a part of T.

In Proposition 5.6, we will show that the rims of 7 join simply to the bound-
ary of M in the hyperplane II at infinity in P3(C). Poston and Stewart [16], [17]
dealt with the same situation by analyzing #,, in R®. It is complicated. But we
consider the situation in P3(C), and so, our description is simpler. We will show
that any ruling of 7, that is, any tangent line to the astroid, consists of two
external rays and their extension and that any external ray which is not a ruling
connects the astroidalhedron A and Mobius strip M.

In this article, we will show not only static aspects of catastrophe theory but
also dynamical aspects of catastrophe theory. We know that the sets of critical
values of P{_and P§_ restricted to the real subspaces have relations with binary
cubic forms and quartic forms, respectively. These relations will be generalized
for general maps Pj{n.

2. Thesets K (P4 )and J5(P3,)

In this section we determine the set K (P‘Afs) of bounded orbits and the third Julia
set Jg(Pfh). We will show that the surface of K(P$,) is a part of the tangent
developable of an astroid in space.

We consider the map Pﬁ3 defined by (1.1) and (1.2). Let

Pﬁ;ls = (g%d)(zl, 22, ZS)»géd)(Zl»Z% 23), Q;E,d) (21,22,23)).

Then, from [15, pp. 183-184] we know that the set of polynomials {g;d) (21,292,23)}
satisfies the following recurrence formulas:

k k— k— k— b
gt = 21917 = 229 4 2" — g1V,
(2.1) 0 J _ ‘
gly :Z(_l)r—lzrggj—r)+(_1)J(4_j)zj (j=0,1,2,3),20 = 1,
r=1

(2-2) Q:E,k) (21,22,23) =g§k)(23,zz,21)7

(k+4) (k+3)

(k) (k+5) | (2123 — 1)g5 — (21 — 220+ 23) g5

92 2292
(2:3) k42 k+1 k
+ (2123 — 1St — 208D 4 g =0,

Note that the formula in [15, p. 184] corresponding to (2.3) is incorrect. The

correct coefficient of g§k+3) is equal to —(27 — 222 + 23). And the correct initial
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values are given by

9(72) =25 — 22120+ 2, 9571) = 23, ng) =6, gél) = 22,

géQ) = é_Z), gé?’) =25 — 3212023 + 323 + 327 — 3zo.

A polynomial endomorphism f of degree d is called regular if the homoge-
neous part fj, of degree d satisfies f, ' (0) = {0}.

PROPOSITION 2.1
We have that st (21,22, 23) is a regular polynomial endomorphism.

Proof
Let f:= P4 (21,2,23). From (2.1), (2.2), and (2.3), we have f), = (zf,héd),zg),

where héd)(zl, 29, 23) is a polynomial satisfying the recurrence formulas

hgd+2) = Zgh(Qd+1) — leghéd),
(2.4)
hgl) = 29, héz) = z% — 221 23.

Then we deduce f, '(0)={0}. O

Next we study the set
K(PXS) = {z € C® : the orbit {(PXS)"(Z)} is bounded }.
Then K (ng) is described in the following form.

PROPOSITION 2.2 ([22])
We have that K(P3 ) = {®1(t1,t2,t3) : [t1] = |t2] = [ts] =1}.

The set K(P§, (21,22,23)) is given by (see [8])

2 = eioz + eiﬁ 4 ei'y + ei(—a—B—'y)’

29 = ei(o‘""B) -+ ei(a+7) + ei('Y"'B) -+ 6_7;(5+’Y) + e_i('7+o‘) + e_i(a+6)’
(2.5) 25 = e~ 4 =B | g7 4 gilatft)

—a—f-v<a<lB<y<L2r—a—-B—7.

We call R :={(o,8,7): —a— 8 —v<a<f<~v<21—a—[F—~} the natural
domain (see Figure 1).

We denote the real three-dimensional subspace {(z1,22,21) : 21 € C, 29 € R}
by R3. Then K (Pj{s) C Rj3, and Rj is invariant under the maps Pjs. Sometimes
we regard R3 as R3.

To facilitate computations we transform the Euclidean coordinates («, 3,7)
into new coordinates (s1, S2,s3) concerning the root system of type As. A base
{e;} for the root system and fundamental weights @, of type A3 are given by

alz(—%,—l,%), as = (V2,0,0), a3:(—%,1,%),
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Figure 1. The natural domain R’.

B 1 1 1 1 _ 11
=m=(0-375) ==(z075) =-03%)
One of the alcoves of A is the closed region R bounded by the polyhedron
V2r (O, w1, e, w3). We call the region R the fundamental region. The region
R’ is transformed to R by a transformation 7. The matrix associated with the
transformation T' from the («, 8,7) space to the (s1, $2,83) space is given by

s -1 z 0

1 2 2 «

(2.6) ss|=|-% —5 0||8
53 : 3 Y\

The region R is a closed region bounded by a (\/§, \/3, 2)-tetrahedron. That
is, it has four faces which are congruent with each other and the ratios of whose
edge lengths are equal to V3 :4/3:2. Coxeter [6] proved that there exist only
seven types of reflective space-fillers. It is one of them. A convex polyhedron P
is called a reflective space-filler if its congruent copies tile the 3-space in such a
way that

(1) the tilling is face to face,

(2) if the intersection P; N Py of two of those copies has a face in common,
then P, is the mirror image of P» in the common face, and

(3) each of the dihedral angles of P is 7/k for integer k > 2.

We consider the tiling of the (s1,s2,53) space by (v/3,/3,2)-tetrahedrons.
The region R (see Figure 2) is a closed region bounded by one of these tetrahe-
drons with vertices

0=(0,0,0), A =(0,—7/V2,7), Ay=(m,0,7),  As=(0,7/V2,7).

Let G be the group of isometrics which is generated by the reflections in the faces
of these tetrahedrons.

The reflection in the hyperplane through the origin orthogonal to «; is given
by
2(x, )

(cvis ;)

W, () =2 — a; (i=1,2,3),z € R3.
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Figure 2. The fundamental region R.

Set J; :=wq,. Then J; is the reflection in the face AOA; Ay of the tetrahedron
OR with {i,j,k} ={1,2,3}. Set Jy(s1,S2,83) = (81, 82,27 — s3). Then Jy is the
reflection in the face AA; A3 As. Tt is known, for example, from [3] that the reflec-
tions Jo, J1, Jo, and J3 generate the group G. Set X = {e',e'P, ¢ e~ (@ TA+1)],
Then by the direct computations using (2.6) we can prove that each Ji acts on
the set X as a permutation, for k¥ =0,1,2,3. For any element (s1, s2,$3) in the
space, there exists an element .J in the group G such that J(s1,s2,s3) € R.

PROPOSITION 2.3
For k=0,1,2,3, let the images of (s1, $2,83) and Ji(s1, 82, s3) under the inverse
of the transformation T be (o, 5,7) and (¢, 5',7'). Then we have

(I>1 (em, elﬂ, ei'y) = (I)l (eio/’ eiﬁ/, ei'yl).

Proof
The terms in z; (i =1,2,3) in (2.5) are invariant under any Jj. O

We study the surface of K (Pg3). We define a coordinate system (p1,p2,q) of Rs
by
p1(17 07 Oa 07 17 O) +p2(0a 17 Oa 07 07 71) + q(oa 07 15 07 07 O)

We consider the map ®; restricted to R’ onto K(f) C R3. We denote it by ;.
The mapping o1 : R' — K(f) is given by

p1= Re(eia + eiﬁ + e’i'Y + ei(fafﬁffy)),
(2.7) po =Im(e™ + e 47 4 (A=)
q =€ @tB) 4 gilaty) | ity +h) 4 o=i(B+7) 4 milrte) 4 o—iath)
So ¢ is a diffeomorphism from int(R’) to int(K(f)), and OR’ is mapped onto
OK(f) injectively.

PROPOSITION 2.4
The surface of K(Pg?’) is a part of the tangent developable of an astroid in space.
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The surface is given by
x(u,v) = (4cos® u,4sin® u, 6 cos 2u) + v(cosu, —sinu, 2),

—2—2cos2u <v<2—2cos2u.

Proof

To get the surface, we substitute an inequality sign for an equality sign in the
definition of R’. That is, we set —a — 8 —~v = «. By (2.7) and the above equality,
we have

(p1,p2,q) = 2(cos o, sin a, cos 2) + 2 cos(a + ) (cos o, — sin v, 2)
(2.8)

0<a<2m0<a+p<m).
From the properties of reflections of R, we see that (2.8) represents the surface
of K(P4,). It is a ruled surface. Using a striction curve (see [10, Lemma 17.7]),
we reparameterize the ruled surface. Set

X(u,v) = 2(cosu, sinu, cos 2u) + 2v(cosu, — sinu, 2).
Then from [10, Lemma 17.7], we have a reparameterization
x(u,v) = (4cos®u, 4sin® u, 6 cos 2u) + v(cos u, — sinu, 2)
(=2 —2cos2u <v<2—2cos2u).

The base curve {(4cos®u,4sin®u,6cos2u) : 0 <wu < 27} is an astroid in space,
and x(u,v) is a part of the tangent developable of the astroid. (I

The astroid consists of edges of the surface. We call the ruled surface an astroidal-
hedron and denote it by A (see Figure 3). By [13], we see that those edges except
for four vertices of A are cuspidal edges (see Figure 4).

Now we begin with the study of Julia sets. In Section 1 we define the Ith Julia
set J;. In our situation we have three kinds of Julia sets Ji, J2, and Js. Clearly,
J1 D Jo D J3. We begin with the study of J;. We will show that J; = K(P‘Ais).
To show this we use Briend and Duval [4, Theorem 2|. It reads as follows. Let
P,, denote the set of repelling periodic points of period n. The number of the
elements in P, is d*". Let f = P‘Af3. Set = (Tf)3. Then the sequence of measures
oy 1= d 3" ZaEPn dq converges weakly to .

From the above diagram (1.2), we have the following lemma.

LEMMA 2.5
Any periodic point of f in int(K(f)) is repelling.

Next we consider the distribution of repelling periodic points. Using a conjugacy
from K(f) to R, we study the distribution of repelling periodic points. We will
show that the repelling periodic points are dense and equidistributed in R.
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Figure 3. An astroidalhedron.

Figure 4. An astroid in space.

Combining the inverse of ¢; with the coordinate transformation 7', we get
a continuous map ¢ from K(f) to R such that ¢ restricted to int(K(f)) is a
diffeomorphism. We set p:= o fop~t. Then p(sy,s2,53) = d(s1,s2,53).

To study the distribution of periodic points of p, we use an argument similar
to that used in [20, Proposition 2.2]. We first consider the case d = 2. The image
of the fundamental region R under p and its division into eight (v/3,/3,2)-
tetrahedrons are depicted in Figure 5.
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Figure 5. Eight tetrahedrons.

Figure 6. A triangular prism.

For any d > 3, we combine the three adjacent (v/3,v/3,2)-tetrahedrons which
yield a triangular prism. A small ball denotes the origin (see Figure 6).

The triangular prism plays the same role as the equilateral triangle plays
in [20, Proposition 2.2]. Then the image of the fundamental region R under p"
consists of d®" regions, each of which is congruent to R. Each region is mapped
to R by some sequence of reflections in G.

Conversely, we consider the subdivision of R. We can divide the fundamental
region R into d®" regions, each D,, of which is congruent to a region bounded by
a smaller (v/3,v/3,2)-tetrahedron. Combining p” and the sequence of reflections,
we have a continuous map from D,, onto R. Then by the fixed point theorem,
we can prove the following lemma.

LEMMA 2.6
Each region D,, has a periodic point of period n of p.

All the repelling periodic points are dense and equidistributed in R. Hence, we
can prove the following theorem.
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THEOREM 2.7
(1) We have J3(Pj{3) = K(Pj{s).
(2) The mazimal entropy measure p of Pjs (21,22,23) is given by
36 1
= — ——=dp1dp2dgq,
H 7_‘_3 \/@ pirapaaq
where
ds =256 — 27(2} + 21) + (27 + 22) (14420 — 425 + 18212 25)
— 80212125 + 232725 — 192212, — 42370 — 62727 — 12825 + 1623,

with z1 =p1 +1ip2 and 29 =q.
(3) The Lyapunov exponents of Pj{g with respect to the measure p are given
by )\1 = )\2 = )\3 zlogd.

Proof
(1) From Briend and Duval’s theorem and Lemmas 2.5 and 2.6, we have
J(P4,) = K(PY,).

(2) By pulling back the Lebesgue measure on R we will obtain the invariant
measure fi. Set fiy = —@yfy. From Lemma 2.6 we deduce that the sequence

{fin} converges weakly to fi = 3\?d51 A dss A dss. Hence,

™

3v/2

p=——5p" ds1 Ndsz Nds3.
s
From (2.6), we have
1
T*dsy Ndsg Ndss = —=da AdB N dy.
1 2 3 NG B A dy

Using [8, Lemma 3], we can compute the Jacobian determinant

a(plap2aq)
det ————2°2.
(e, B,7)
Then
O(p1,p2,9)\? _ ds
(4ot Fay) =7
where

ds =256 — 27(2} + 21) + (22 + 22) (1442 — 425 + 182121 23)
— 80212122 + 227222 — 192217 — 42375 — 62272 — 12822 + 1623,

with z; = p; +ips and 2o = ¢. (Note that the formula from [8, p. 98] corresponding
to the above formula for dj is incorrect.) Hence,

1-2
Vs

Since ¢* = (p; *)*T*, the assertion (2) follows.

(7 )*da NdB A dy= dpy A dps A dg.

(3) This assertion follows from the fact that p(s1,s2,s3) =d(s1,82,53). O
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3. Julia set Ji; and stable sets

In this section we continue to study Julia sets. Set f := P‘j3 (#1,22,23). From
Proposition 2.1 we know that f is a regular polynomial endomorphism. So f
extends continuously and holomorphically to P3, still denoted by f. We will
study the Julia sets Ja(f), J1(f), and Jo(fm), where fii denotes the restriction
of f to the hyperplane II at infinity. Note that II is completely invariant under f.

The Bottcher coordinate is useful in holomorphic dynamics in one complex
variable. We try to construct analogous maps to the Bottcher coordinate.

Let f denote the homogeneous part of degree d of f(z1,22,23). Set

Oy(z,y,2) = <x2,x(y—|— 5)/2,1/2’2)

PROPOSITION 3.1
We have that f and fr satisfy the following commutative diagram:

(21,22, 23) 5 (4D, 247, )
T, T,
(t17t2>t3) — (tlliatgvtg)
(3.1) T T
(Vi1 VT2, VT3) - VI VR VB
\L CI)Q »J/ CI)Q

In d
(e YE(VE+ ) ) = @ () (VR + ) )
where t; € C\ {0}, /t1,V/t2,\/t3 are arbitrary branches, and
tdedtd
1 1

d)

- + -
dd Ty’
ity tot3

(3.2) A = pdpd pdyd gdyd

e
11,1
L) _

==+ — + — + tdtdtd.
3 t(il tg tg 1%2%3

Proof

The upper half of the commutative diagram is shown in (1.2). We prove the
lower half of the diagram by induction on d. If d =2 or 3, we can directly prove
that the diagram is commutative. The function f; is considered in the proof of
Proposition 2.1:

fr(z,y,2) = (:vdJLéd) (x,y,z),zd).
Set
Do (Vi Vs, Vi3) = (2,9, 2).
Then
héd“) ody = yhgdﬂ) o®dy — xzhgd) o ®,.

Hence, the diagram is commutative for any d. O
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We use the definitions and notation in [1]. Let II := P2 — C?, the plane at infinity.
It is isomorphic to P2. Clearly, II is completely invariant. Let fr; denote the
restriction of f to II. We may define the current Ty := 7|11 as the slice current.
Set

prr :=T3 and Jo(frr) := supp(pm).
Bedford and Jonsson [1] used the symbol Jp for Ja(fir). We have the following
statements for Ji and pr.
THEOREM 3.2

(1) The Julia set Jo(fn) is a Mébius strip M,
M= {(eei,xegi) 0<h<2m,—2<x< 2}.

(2) The mazimal entropy measure jn = purr s given by

o (p) = (21—9 on {€?:0<60 <2r} in the E-plane,
7r
1 )
p(-lo=1() = A on {ﬂce%Z :—2<x <2}

T Vi— 22
Here fri(z1:22:23) = fu(§:n:1), and o(&,n) =¢&.
(3) The Lyapunov exponents of fr1 with respect to u are given by Ay = Ao =
logd.

To prove this theorem we use Jonsson’s results (see [12]). Jonsson [12] studied
polynomial skew product maps on C2. A polynomial skew product of C? of degree
d > 2 is a map of the form f(z,w) = (p(z),q(z,w)), where p and ¢ are polynomials
of degree d. Let G,(z) be the Green function of p, and let G(z,w) be the Green
function of f on C2. Set

K, :={G,=0} and Jp :=0K,.
Define G, (w) := G(z,w) — Gp(2). Let
K,:={G, =0} and J, =0K,.

Proof of Theorem 3.2
(1) Let 7 be the projection from C3? — {0} to II. Then 7o f, = fi1 o 7. Since
fn(z,w,v) = (29, héd)(z,w,v),vd), it follows that fr(z:w:v) = (2¢: hgd)(z,w,v) :
v®).

Case 1: v =0. The line {v = 0} at infinity in II is an attracting set of fr(z:w:
v). Hence, there is a neighborhood of {v =0} which does not have any repelling
periodic points of fr;. Therefore,

{v=0}NJ2(f) = 0.
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Case 2: v#0. Then fr(z:w:1) = (z¢: hgd)(z,w, 1):1) and so we consider
a polynomial skew product on C2, still denoted by fi1,

fu(z,w) = (zd,héd)(z,m 1)).
Set z =t and w = /1 (v/T2 + \/Lt—z) Then from (3.1) we see that

63 ma(nvi(vE+ =) = (Vi (Vs —)).

We use Jonsson’s results. In our case p(z) = 2% and so J, = {|z| = 1}. Hence, we
may assume that z =¢; # 0. To use [12, Corollary 4.4], we consider K, for any
a=¢" € J,. Let t; = e%. Since G,(a) =0, we have G, (w) = G(a,w), where

G(a,w) = lim d_"log+’fﬁ(a,w)|.
n— oo

1
d
Vi

From (3.3) and the definition of K,, we see that w € K, if and only if w =
e0/2(e + %) with 0 < ¢ < 27. Hence,

K,= {2008(}56% :0< ¢ < 2m}.
Therefore,
Jo=0K,=K,.
By [12, Corollary 4.4], we conclude that

Jo(fn) = U {a} x J, = {(ei9,2cos¢ei9/2) :O§9§27T,0§¢§7r}.

ac€Jp

(2) To prove this assertion, we use [12, Theorem 4.2]. The action of y on a
test function ¢ is given by

/w=/(/s0(z,w)uz(w))up(2),

1 1
fp = %dchp and fhy = %ddCGZ.

where

Since p(z) = 2%, it follows that p, = %d@ and supp(u,) is the unit circle S*. We
will compute

G.(w) :=G(z,w) — Gp(2) and p. for ze S*.
Let a=e".

As before, we set z =11 =a and w = /1 (/T2 + %) From (3.3), we have

e ()

| (@ w)] = [a?"

2

d" 1
:1+‘\/E +—d"
Via
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Hence,
. 1 dr 1 2
G(a,w)= lim —log(1—|— ‘\/tg + — )
n—oo 2d" =
an 1 2
= Jim 5 o8 [V T
1

n—)oo

= lim —log ’\/_2 4+ —

= lim d— log™t |Td |

= Gp(u).

Here T4(u) is the Chebyshev polynomial of degree d of a single variable u =
(Vit2 + \/%) and Gr(u) is the Green function of Ty (u).
Since w=e% u and Gr(u) = G(a,w) = Gq(w), we have
0? 0? 02
Fuda T =e Ow 0w dw O
It is known from [21] that the maximal entropy measure (1/27)dd°Gr(u) of
1 _duy

Ty(u) is equal to T i supported on the segment {u; : —2 < uy <2}, where

= Re(u). Hence, the current pu, is given by
1 dx
N
(3) We have proved that J, is connected and each J, is connected for all
a € Jp. Hence, from [12, Theorem 6.5] we have A\ = Ay =logd. O

ol
o

G(e¥ w) = Go(w).

- €

on {xe%i —2<x <2}

We continue to study Julia sets. We consider orbits of f and classify all the
points of C? into four categories. We begin by finding invariant sets of f in P3.
We already have two invariant sets K (f) and Jo(fr1). Besides these sets, there
are two circles:

Sp={(1:7:0:0):0<0<2r},  So:={(0:€7:1:0):0<0<2r},
and three attracting fixed points:
P =(1:0:0:0), P,=(0:1:0:0), P;=(0:0:1:0).
We define the stable set of an invariant set X by
WX, f)={zeP?:d(f"2,X)—0asn— oco}.

Then we have the following proposition.

PROPOSITION 3.3

Let a,b,c,d be a permutation of the set {|t1], [t2|, [ts|, |t4]}, where t4 = m.

(1) ]fa:b:c:d: 1, then (I)l(tl,tg,tg)EK(f).
(2) Ifa>b=c=1>d:%, then ‘I)l(tl,tg,tg,)EWS(J2<fH),f).
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B) Ifa>b=1>c>dora>b>c=1>d, then ®1(t1,ta,t3) € W3(S1 U

S, f)-
(4) If(a—1)(b—1)(c—1)(d—1) £ 0, then &y (t1, ta,t5) € WH(PLUP,UP;, f).

Proof
(1) The assertion (1) is already shown in Proposition 2.2.
(2) Let ; =t;], 7 =1,2,3,4. We assume that

rL=r, r3 = —, ro=ryg=1, r>1.
r
Then
) ) e )
z21 = ret® 4+ elﬁ + T + el(*a*ﬁ*"/)’

2o = rel@FB) 4 gilatn) o peit=r=) 4 Loitern) | gitmam) | L —itars)
T r

Z3 = le*m + e 4 e 4 eilatAY),
r

The dominant terms of z1, 2o, 23 are re®, re!(@t8) L rei(=F=7) re=1 respectively.
Then for large n,

ff(z1i29:23:1) ~ (exp(iad”) :exp(i(a + ,B)d”)

+exp(—i(B +7)d") : exp(—iyd") : T}zn )
= (exp(i(a +7)d") : exp (i(a + 'Y)d;)

~2cos<(aTﬂ + 5>d") i1 :exp(i’yd”)/rdn).
Hence,

(21:22:2'3:1)€WS({(ei":2cos7'ei7a :1:0):0<0<2m,0< <7}, f)

=W?*(J2(fn), f)-

Then assertion (2) follows.
(3) We assume that r; > ro > r3. If a >b=1>c¢>d, then there are four

cases:
(i) ra>ri=1>ro>rs, (il) ri>ra=1>ry>rs,
(i) 1 >re=1>ry>r3, (iv) m>re=1>rg>ry.
Let
M(z) :=max{r1,r2,7r3,74},
M (z3) := max{rira,m173, 7174, 273, "2T4, 374 },
M(z3) == max{r—ll, %, %, %}

Let dom(z;) be the set of the maximum elements that are equal to M (z;).
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Case (i). Then dom(z1) = {r4},dom(z2) = {rira}, M(z3) = % Hence,
M(z1) = M(z2) > M (z3).

For the other cases, we can show that dom(z;) and dom(zz) are singletons
and that M (z1) = M (z2) > M(z3). Hence, if we set r:= M (z1) = M (z2), then

1
(21 :20:23:1) = (exp(iad”) cexp(iTd™) ey W)’ with €, = 0 (n — 00).
Hence,
(z1:20:23:1) €W ({(1:€:0:0):0<0 <2}, f).
Similarly, we can prove that if a >b>c=1 > d, then
(=1 22’2123:1)GWS({(OZGMZlZO)10§0<27T},f).
Then assertion (3) follows.
(4 I (a—1)(b—1)(c—1)(d—1) #0, then (see (3) on p. 2.13) there are three
cases:
(i) a>1>b>c>d, (i) a>b>1>c>d, (iif) a>b>ec>1>d.
Case (i). Then we see that M (z1) > M(22), M (z3) and dom(21) is a singleton.
Hence,
(z1:22:23:1) €W*((1:0:0:0), f).
Case (ii). Then we see that M (z2) > M (z1), M(z3) and dom(z3) is a single-
ton. Hence,
(z1:22:23:1) € W*((0:1:0:0), f).
Case (ii). Then we see that M (z3) > M(z1), M (22) and dom(z3) is a single-

ton. Hence,

(2’1222223ZI)EWS((OZO:li()),f). O

4, Julia sets J, J> and external rays

External rays for holomorphic endomorphisms of P* were introduced by Bedford
and Jonsson [1]. We review some results from [1]. Global stable manifolds at each
point of a in Jp are defined by

W*(a) = {z eP*d(f/z, fa) =0 as j — oo}
Note that W*°(a) contains all the local stable manifolds W _(b) for b € Ji with
b= flia, n > 0. Divide W*(a) into stable disks W,. Let &, denote the set of all
gradient lines in W,, and let the set £ of external rays be the union of all &£,’s.
Note that f maps gradient lines to gradient lines.

In this article, using the Bottcher coordinate we construct global external
rays. We consider @, (re'®, e, %e”),

oy = rei 4¢P 4 E 4 gil-a—g=n)
T
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29 = ret(@Th) 4 cilat) 4 poi(=7—5)

4.1

1) + i 4 gitcam) 4 L —itate)
r r

= Leia 4 eiB | pe—iv 4 gilatB),
.

Let R(c,$3,v;7) denote this point ®;(re'®, e, %e”) in P2. Then using an argu-
ment similar to that from the proof of Proposition 3.3(2), we can prove that

R(a, B,7y;00) = (ei(aJW) : (2005(04_«2_’y +ﬂ>)ei(¥;7 : 1:0) € J,

where
R(a, B,7;00) = lim R(a, B,7;7).

Clearly, R(a, 8,7;1) € K(f) and R(a, B,7;7) = R(ar, —av — B — 7, 7;7).
Define an ezternal ray by R(«, 8,7) :={R(a, 8,7v;7) : 7> 1}. (External rays
of fy are given by {®;(re'®, '’ Le): 7> 1}.) Clearly,

f(R(a, B,7;7)) = R(de, dB, dy; r?).

Then
f(R(a, 8,7)) = R(da,dB, dv),
and
ifr>1, lim f"(R(a,B,7;7)) € Ju.
n— oo
We set

D(OZ—I—’y,ﬂ):: U R(OZ—Q,B,’}/-I-G)

0<6<2m

By the above equality, we have f(D(a++,8)) = D(d(a+7),dS). The next lemma
shows that D(a++,f) is a stable disk passing through R(«, 3,7;00).

LEMMA 4.1
We have that D(a+,8) C W*(R(«, 8,7;00)).

Proof

Let (21, 22, 23) be any point of R(a — 6, 3,7+ ). The dominant terms of 21, 22,
and zg are re' (@0 peilatB=0) L pei(=F=7=0) and re=*(7+0) respectively. As in
the proof of Proposition 3.3(2), we can prove that

ff(z1:29:23:1) ~ (exp(i(a +7)d") :exp(i(a —&-'y)d?n)

+ . n n
: 2cos((¥ + 5)dn) :1rexp(i(y + 0)d™) /re )
On the other hand, by Proposition 3.1, we have
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fii(R(a, 8,7;0))

= fr (@) e (TR o~ (TR 11 1 )

n

(exp(i(a +7)d") :exp(i(a —l—'y)%) . 2(:05((O[T+7 + 6>d"> 11 O).

Then the lemma follows. O

From Proposition 3.3, we deduce that the set {D(« ++,5)} forms a foliation of
W*(Ju, f).

Now we will determine the Julia sets Jo(f) and Ji(f). Using a result from
[1] we will determine Ja(f). Corollary 8.5 of [1] reads as follows. For almost every
a € Jii, we have Ws(a) = supp(T* 1L {G > 0}). Here G is the Green function
of f.

Using this and Proposition 3.3, we have the following. Let F'(f) denote the
Fatou set of f.

THEOREM 4.2
We have that P3 decomposes into the following sets:

(1) J3(f)=K(f),

(2) J2(f)\ J3(f) =W*(J2(fu), f) =UD(a+5,5),
(3) Ji(f)\ J2(f) =W?*(S1U S, f),

(4) F(f)=W*(PLUP,UP3, f).

Proof
(1) This assertion is shown in Theorem 2.7(1).

(2) To prove this, we need [1, Corollary 8.5]. We know from Theorem 3.2
that

Jo(fm) =M= {(ei‘g,xeg):0§9<27r,—2§x§2}.

And the maximal entropy measure pyy is given there. By [1, Corollary 8.5, we
see that there is an element a in M such that

(4.2) W (a) =supp(T?L{G > 0}).

Set a = (e, ze2?).
We claim that

(4.3) Ja(f) = fa" (£ ().

To see this, we note that, in the proof of Theorem 3.2,
fu(z,w)= (zd7héd) (z,w,1)).

Since e € J, with p(z) = 2%, [, p " (e?) is dense in J, = S'. Also the set
U,,p "(p"(e")) is dense in J,,. From Theorem 3.2(2) we know that, on the fibers
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{o7Xz2): 2 € Unp_"(p"(ew))},hgd) acts as the Chebyshev map T,. Then (4.3)
follows.
For any celJ,, fi;"(ffi(a)), there is a sequence {b,,} with

b €| fi" (fii(a))
such that b,, — ¢ as m — co. Since b, € W#(a), it follows that ¢ € W3 (a). Set
¢ = R(a,B,7v;00) and by, = R(aum, B, Ym;00). Then we have (qm + Y, Bm) —
(a+7,8).
We claim that

(4.4) D(a+~,8) CW(a).
Indeed, we have shown that the center R(a, 3,7;00) of the disk D(a+ 7, ) is in

W4 (a). For any point R(aw— 6, 8,7+ 0;r) in D(a+7, 3), we can select a sequence
{R(ax = 0, B, + Ym — @+ 6;7)} such that

Rla—0,8m,0m +ym —a+0;r) = Rla—0,8,y+6;r) asm— oo.
Hence, from Lemma 4.1, we have
R(av =0, B, Ot + Ym — @+ 0;7) € D(y 4 Y, Bm) € W (R(0ms Brns Y3 00)).
Since
W (R(tm, B, Ymi 00)) = W* (bn) = W*(a),
it follows that R(c — 0, B, + Ym — @+ 0;7) € W3 (a). Then R(a— 0, 8,7+

0;r) € Ws(a). Therefore, (4.4) follows. Hence, from (4.3) we deduce that

(4.5) UJ Dla+7.8) cW(a).
a+y,8

Conversely, we claim that

(4.6) U Dla+7.8)2W*(a).

aty,8
In the first place we consider any element b of W#(a) NII. From the proof of
Theorem 3.2(1), we may assume that b= (z:w:v) with v # 0. By case 2 of the
proof of Theorem 3.2(1), we see that b€ Jy. Then be ., s D(a+7,8).

Next we assume that (21, 22,23) is an element of W#(a) in C3. Then from
Proposition 3.3, we see that (21, 22,23) is written as ®(¢1,t2,t3) in Proposi-
tion 3.3(2). Then we may set (21, 22, 23) = ®1(re’™, e, Le'). Hence, (21, 22, 23) €
R(a,B,v) C D(av+,8). Then (4.6) follows.

From (4.5) and (4.6), it follows that W#(a) = JD(a+~,8). The set
UD(a++,B) is a union of closed disks, each of which is centered at a point
of the Mobius strip. Hence, | JD(« 4, 8) is a closed set. Then | JD(«a+7,8) =
UD(a++,pB). Thus, from (4.2) we have

supp(TQL{G>O})= U D(a+~,8) = U D(a+7,8).
o+, a+v,8
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Set A:={G >0}. Let U; and U, be the maximal open sets in which 72 =0
and T? L A =0, respectively. Then suppT? = P3\ U; and supp(T? L A) = P3\ Us.
Since K(f)=Js CsuppT? and |JR(a, 8,7;1) = K(f) C supp(T? L A), we have

(4.7) UNK(f)=0, i=1,2.

Let v be any 2-form of class C'*° with compact support in U;. Then by the
definition of U; and (4.7), we have

0= (T%9) =(T% 9 Axa)=(T*L A ¥),

where x4 is a characteristic function of A. Then we have U; C Us. Similarly,
we can prove that Us C U;. Then it follows that suppT? = supp(T2L A). Since
K(f)=Js(f), we have Jo(f)\J5(f) = D(a+~, ). Assertion (2) follows.

(3) and (4) To prove these two statements we note that if f is a holomorphic
map from P* to P*, then the Julia set J;(f) is the complement of the Fatou set
of f (see [18, Théoreme 3.3.2]).

Note that P¥ = C3 UIIL. In the first place we consider the set C3. We have
shown in Proposition 3.3 that C? decomposes into four categories. Only Propo-
sition 3.3(4) corresponds to the Fatou set F(f).

Next we consider a decomposition of II. We have shown in the proof of
Theorem 3.2 that

fru(zrw:v) = (24 hgd)(z,w,v) v,
Case 1: v#0. If z=0, then
fu(0:w:v)=(0: hgd)((),w,v) : vd).
From (2.4), we see that héd) (0,w,v) = w?. If jw| = |v|, then (0:w:wv) € Sy. If
|w| # |v|, then (0:w:v) € W5(PyU Ps, fi1). Next we assume that z # 0. Then
fu(z,w) = (zd,hgd) (z,w, 1))
We use the argument in the proof of Theorem 3.2. Set z =ty and w = v/t1(y/2 +
\/1—5) Set t; = 71€" and to = 79¢'". Then from (3.3) we have

fli(z,w) = (rfn exp(iod™), rfn/Q exp(iod™/2) (rgn/Q exp(itd™/2)

+ry P exp(—ird®/2))).

Hence, if 71 =19 =1, then (z,w) is an element of the Mobius strip M. If 7y # 1
and (r;y =rg or riro =1), then (z:w:1) € W3(S1USs, fr). If r1 #ro and ryre #
1, then (z:w:1) e W3 (P, UP, U Ps, fur).

Case 2: v=0. Using an argument similar to the proof of the case z =0, we
have the following results.

If |z = |w|, then (z:w:0)e S,
If |z # |w|, then (z:w:0) € W?*(PU Py, fiu).

Now we combine the results on C* and II. Since the Fatou set of f is W*(P; U
P, U Ps, f), assertions (3) and (4) follow. O
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By direct computations, we can prove that Ji(f) is a foliated space and that
leaves of the space are topological polydisks in C2.

Next we consider external rays in Rz (= {(z1,22,21) : 21 € C, 22 € R}). Recall
that any point R(a, 8,7;00) € M has a disk D(« + v, 3) centered at itself.

PROPOSITION 4.3

If R(e, B,7) C R3, then a =+. Here R(«, 3,«) is a half-line and lands at a point
of the astroidalhedron A. Hence, an external ray in D(a+ 7, ) included in Rs

is only the external ray R(“T'M, ,(XT'M)

Proof
By (4.1), we have 21 — 23 = (¢'® — e")(r — 1), If 2; = z3, then o= 7. In this case,
R(a, B,a;7) is expressed as

1\ : : 1
(4.8) 21 = (r—i— ;>em + e 4 ei(=20=0) 29 = 2(r+ ;) cos(a+ )+ 2cos2a.

Therefore, R(«, 3, ) is a half-line and lands at a point of the astroidalhedron A.
O

We extend the half-line R(«, 3, a) to the interior of K (f). In (4.8), we substitute
e’ for r. That is,

2 = ei(a+9) + ei(a—@) + eiﬁ + 61’(—2(1—5)7
(4.9)
zg =4cosbcos(a+ ) +2cos2c, 0<6<2m.

We call this the internal ray of R(«, 3,a) and denote it by Rg(a, S8, ).

PROPOSITION 4.4

Internal rays Ro(o, B, ) are classified into two categories.

(1) If a+B8=0 or a+ B =m, then the internal ray is a ruling of A.
(2) If a4+ B#0,7, then the internal ray Ro(w, B, ) links two external rays
R(a, B,a) and R(a+m, B, + 7). And the internal ray touches the surface A.

Proof
(1) If a + 5 =0, then
21 = 2cos e’ 4 21, zg =4cos0+2cos2c, 0<60<2m.

Hence, from (2.8) we know that this is a ruling of 4. The same holds for a+ 5 = 7.
(2) If a4+ B #0,m, then the four terms of z; in (4.9) are distinct except for
the cases

0=0, 0=m, 0==+(a—p), and 0=+Ba+p).

Then the internal ray is not included in A and touches the surface at two points
0=+(a—p) and 0 = £(3a+ f). O
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Figure 7. A face 1 (H).

COROLLARY 4.5

The rulings of the astroidalhedron are internal rays.

Next we study “inscribed faces” of A. Using the notation from Section 2, we
consider a face H in the natural domain R’ in the space (a,[3,7) defined by
H :={a=c}NR where cis a constant. Recall that ¢ is the map from R’ onto

K(f)-

PROPOSITION 4.6
We have that o1 (H) is a face on the plane in the (p1,p2,q) space given by

p1cosc— pasine — q/2 = cos 2¢.

Proof
By direct computations, we have this proposition. (|

The face o1 (H) is depicted in Figure 7.



Chebyshev endomorphisms on P3(C) 221

Figure 8. A line segment L and a face H.

We denote four vertices of the polyhedron R’ by O(0,0,0), By(7w/2,7/2,
7/2), Bo(—m,m,m), and Bs(—7/2,—7/2,37/2). We consider the triangle
AOB3Bs. Tt lies on the plane 2a+ 8+ ~v=0. Set L:= HN AOB2Bj3 (see Fig-
ure 8). The line segment L is given by {(c, 3,—2c¢ — 8)}. The image of L under
the transformation 7' is a line segment which is parallel to the root ais. The image
of AOByB3 under ¢ is a part of the surface A.

PROPOSITION 4.7
We have that ¢1(L) is a ruling of A. At any point of p1(L), the face p1(H) is
tangent to p1(AOB3Bs).

Proof
Let (p1,p2,q) := p1(c,B,—2c — ). Then as in the proof of (2.8), we have

(p1,p2,9) = 2(cose,sine, cos2¢) + 2 cos(S + ¢)(cose, —sinc, 2).

Hence from (2.8), we see that (L) is a ruling of A.
Since AOB3Bs = {(«, 8,7) € R’ : 2a+ +~ = 0}, we have that ¢;(AOB;Bs)
is given by

p1(a, B) =2cosa + 2cos(a + B) cos o, pa(a, B) =2sina — 2sinacos(a + ),

q(a, B) = 2(cos 2a + 2cos(a + B)). Set x(a, ) = (p1(a, B), p2(e, B), q(a, B)). Let
N :=(cose¢,—sine, —1/2) be the normal to ¢1(H) at ¢1(c, 8, —2¢c — ). We see
that the normal vector IV is also orthogonal to the tangent vectors

% and g—; at ¢1(c, B, —2¢c— B). 0
We describe the “inscribed face” o1 (H) in Proposition 4.6 in terms of internal
rays. Set Do(8) =, Ro(a,8,a). Then we have the following proposition.

PROPOSITION 4.8
We have that Do(8) is equal to v1({S = const}).
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Proof
If we regard o+ 6 as o/ and a — 6 as 7/ in (4.9), then we have z; = e +
e 4 B 4 e~ i@’ +8+7)  We fix 8 = const and move a and 6. Then we have

p1({8 = const}) = Do(8). O

Using external rays in Rs whose internal rays are like those from Proposi-
tion 4.4(2), we construct a map E from Mg to Ag, where

Mo ={(”,ze5"):0<0 < 2m,—2 <z <2},
Ao = {(4cos® u,4sin® u, 6 cos 2u) + v(cosu, —sinwu, 2) :
0<u<2m,—2—2cos2u<v <2720052u}.

The external ray R(«,3,a) with a+ 8 # 0,7 has two endpoints. One is in My
and the other is in 4. Using these two endpoints, we define a map F from M,
to Ap by

E((e**:2cos(a+ B)e'*:1:0))
(4.10) , ' .
= (2e" + e 4 e(=2978) 4cos(a+ B) 4 2cos 2a).

PROPOSITION 4.9
The image of any ruling of Mo under the map E is also a ruling of Ag.

Proof

In (4.10), we fix a and move . Then by the same argument used in the proof of
Proposition 2.4, we can prove that the image (2’ 4 e + e(=22=8) 4cos(a +
B) + 2cos2a) is written as (2.8). O

5. The set of critical values and catastrophe theory

In this section we show some relations between P4 and catastrophe theory.
Before we start studying the relations, we review some results on maps Pj{z on
C? related to Lie algebras of type As. We show in [20] the following results.
The set of critical values of PﬁQ restricted to {z1 = Z2} is a deltoid. The deltoid
coincides with a cross section of the bifurcation set (caustics) of the elliptic
umbilic catastrophe map (D, ). The external rays and their extensions constitute
a family of lines whose envelope is the deltoid. These lines are real “rays” of
caustics (see Figure 9). In addition to the caustics, the deltoid has relations with
binary cubic forms

f(z,y) = azx® 4+ by + cxy® + dy®, a,b,c,d €R.
The discriminant D is given by
D =4(ac® + b*d) + 27a*d?* — b*c* — 18abcd,
Set V = {(a,b,c,d) € R*: D(a,b,c,d) =0}.
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Figure 9. A deltoid and external rays.

Zeeman [23] showed that V' N S? is mapped diffeomorphically to the “umbilic
bracelet.” It has a deltoid section that rotates 1/3 twist going once round the
bracelet.

Now we return to the study of the maps P4 . We will show that the set of
critical values of Pf‘B restricted to R3 decomposes into the tangent developable
of an astroid and two real curves. The set coincides with a cross section of the
set obtained by Poston and Stewart [16], [17] where binary quartic forms are
degenerate. The shape for the cross section is called the Holy Grail.

We begin with the study of the critical set of P§ . Let t4 = 1/(t1tat3). We
use the notation from (1.1).

PROPOSITION 5.1
The critical set Cy of ng (21,29, 23) is equal to

{(zl,ZQ,Z3)€C3:t1:5t2 or t1 =¢t3 or t1 =¢cty or

to=ety orto=ety orty =cty,e =™V (1<j<d—1)}.

Proof
Recall the map @4 (¢1,t2,t3) = (21, 22, 23). Then

det D@l = t4 H (t7 — tj)
1<i<j<4
and
det D(P§, 0 ®y)=d’ts [] (& —1)).
1<i<j<4

The proposition follows because

det DP}, = det D(P$, o ®1)/det D®;. O
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Clearly, the sets P4 (Cq) (d=2,3,4,...) are the same. The set P} (Cq) is an
algebraic surface in P? invariant under Pf‘B, that is,

P4, (P4,(Ca)) = P4, (Ca).
Then P§, is a critically finite map (see [7]).

We will determine the set P4 (Cy4) N Rs. We may set f := P} (z1,22,23) and
C:=Cy. If (21,29, 23) € C, then without loss of generality we may assume that
tl = 7t4, where t4 = 1/(t1t2t3). Then

to +1 =tol3 + — L L + !
21 = Zo = 29 — — .
1 =1t2 + 13, 2=tots + s= Lt

and the image of (z1, 29, z3) under f is written as

1
=242 o2—

tats’
() 2,2 (tZ tS) L
=t3t3-2( =+ 2 ) + =
t3+t2 +t§t§’

1
Zéd) t2 + — 2tot3.

Set ty =re'™ and t3 = Re”. Then to determine the set f(C) N Rs we need the
following.

PROPOSITION 5.2

The point (zg ) zél),zg ) belongs to the set Rs if and only if the following three
conditions are satisfied:

(1) (r?R*—7?)cos2b+2(r3R3 — rR) cos (a + b) = R? — r*R?,
(2) (r’R*—7?)sin2b+2(r3R3 — rR)sin (a +b) =0,
(3) (r*R*—1)sina —2(r*R —rR3)sinb=0,

where a =2+ 28,b=a — .

Proof

We may check the conditions
z§2) = z§2) and zy €R.

The former condition is equivalent to
1 1 ,
2 2 2(a—pB)i (Ba+p)i _
- = R ) ( 2( R— —) =0.
(T 7"2) ( R? * "R/
The latter condition is equivalent to

) 1 . ro. R .
22 2(a+p)i - 2(a+B)i _ 2(_ i(a—p) v 7,(5704)) R.
r“R°e + rnge Re + - e €

Then the proposition follows. ]

Next we will show a refinement of Proposition 5.2. We consider four cases:
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(i) r=R=1,

(iil) rR=1 and r # R,
(iii) rR#1 and r = R,
(iv) rR#1 and r # R.

If r = R=1, then the conditions (1), (2), and (3) are trivially satisfied.

LEMMA 5.3
We assume that the conditions (1), (2), and (3) in Proposition 5.2 are satisfied.

(i) IfrR=1 and r # R, then b=0, 7.
(ii) If rR#1 and r =R, then (a,b) = (0,7), (7,0).

The proof is straightforward.
LEMMA 5.4
We assume that rR# 1 and r # R. Then there are not any numbers 0 <r, R and
0<a,b< 2w satisfying (1), (2), and (8) in Proposition 5.2.

Proof

Suppose that there exist numbers 0 < r, R and 0 < a,b < 27 satisfying (1), (2),
and (3). From (3) we have

2(r3R —rR3)

We square both sides of (1) and (2). Then we add the left-hand sides and add
the right-hand sides. Hence, if R # 1, then

1
cos(a —b) = — (R4(1 —rhH2 —p? — q2) =:¢o,
(5.2) 2pq
where p=r2R* —r% and ¢ =2(r*R> — rR).
(We denote the right-hand side of (5.2) by ¢3.) Applying the addition theorem
to cos(a — b) and using (5.1), we obtain

(5.1) sina =c;sinb, where ¢; :=

2
(5.3) sin?b———%2
1+ c? — 2c169

From (2) and (5.1), it follows that

—r(1+ R*
cosasinb = czcosbsinb, where c3 = M

Case 1: sinb# 0. Then
(5.4) cosa = c3cosb.

Substituting sina in (5.1) and cosa in (5.4) for those in (1) and then substituting
sin?b in (5.3) for the result, we have
(r—R)(r+ R)(—1+r?R?)?
1+72R?

:O’

which is a contradiction.
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Case 2: sinb=0. Then sina = 0.
If (a,b) = (0,0) or (m,m), then (r+ R)?>(r*R*—1)=0,
If (a,b) = (0,7) or (m,0), then (r—R)*(r*R*—1)=0.

In any case, we have a contradiction.
If R=1, we also have a contradiction. O

From Lemma 5.4, we know that f(C) N R3 decomposes into three cases:

(i) r=R=1,
(ii) rR=1and r #R,
(iii) rR#1 and r = R.

Case i: = R=1. The set {(z%z),zgz),zzﬁz)) :r=R=1} is equal to the
astroidalhedron A. This is a central part of the tangent developable in Figure 10.

Case ii: TR=1 and r # R. From Lemma 5.3, it follows that b =0 or «. If
b=, then o« — S =7 and so ty =re'®, t3 = —%em. Set § = —2a.. Then we have
a top bowl. This is the upper part of the tangent developable in Figure 10. The
top bowl is given as

1 ; ; 1
2B = (7‘2 + —2>e*” +2ei, P = 2(7’2 + —2) + 2cos 26,
r r
(5.5) .
z§2) = (T2 + T—Q)ei‘g +2e7,
If b=0, then @ — =0 and so to =re'®, t3= e Set § = —2. Then we have
a lower bowl. This is the lower part of the tangent developable in Figure 10. The
lower bowl is given as

1 ) ) 1
zf) = (1"2 + 3)6720 — 2620, Z§2) = 72(7’2 + *2> +2cos 20,
r r
(5.6) 1
zéz) = (7"2 + T—Q)eie —2e7%,

Case iii: rR#1 and r = R. Then (a,b) = (0,7) or (7,0). If a=0 and b=,
then ty =ir, t3 = —ir. Then we have top whiskers (see Figure 10). Top whiskers
are given as

1 1 1
(5'7) ZEQ) = *2<7’2 + T_Q)a 252) =rt4 7“_4 +4, Z§2) = 72(7"2 + 7“_2>

If a =7 and b=0, then ty = t3 = re’™/4. Then we have lower whiskers (see
Figure 10). Lower whiskers are given as

1 1 1
(5.8) A7 =2i(r+ ), AV =—rt-S-a AV =2u(r+ ).

Hence, f(C)N R3 decomposes into the astroidalhedron A, a top bowl, a lower
bowl, top whiskers, and lower whiskers.

Next we consider relations between f(C) N Rs and external rays. The half-
lines (5.5) and (5.6) with 1 <r < oo are external rays R(—0,60,—0) and R(—60,0+
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5

T

Figure 10. The tangent developable of an astroid in space and whiskers.

m,—0) and land at points on the upper and lower self-intersection lines, respec-
tively. By Propositions 2.4 and 4.4, we know that, by adding an internal ray to
the half-lines, we have a tangent line to the astroid.

Then we have the following proposition.

PROPOSITION 5.5

We have that f(C)N R\ {top and lower whiskers} is the tangent developable T
of an astroid in space given by

x(u,v) = (4cos® u, 4sin® u, 6 cos 2u) + v(cosu, —sinu,2) (—oo < v < 00).
The tangent developable 7 consists of A, the top bowl, and the lower bowl. Any

ruling of 7, that is, any tangent line to the astroid, consists of two external rays
and an intermediate internal ray.

PROPOSITION 5.6
(1) The rims of the bowls join to the boundary of the Mobius strip M in I1.
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Figure 11. The tangent developable of an astroid in space.

(2) The images of the two self-intersection lines under the map ¢ from K(f)
to R defined in Section 2 are the two edges of longest length of the (v/3,v/3,2)-
tetrahedron OR.

Proof
(1) The external rays in the top bowl and the lower bowl are given in (5.5) and
(5.6). Making r — oo, we see that

top bowl : (z§2) : 252) : z§2) 1) = (e7?:2:e7:0) e M,
lower bowl : (z§2) : 252) : z§2) (1) = (e7?:—2:¢":0) e M.

(2) We denote four vertices of the (v/3,v/3,2)-tetrahedron dR by O = (0,0,0),
Ay = (0, —7/\/2,7), Ay = (7,0,7), and Az = (0,7/v/2,7) (see Figure 2). The
lengths of OAs and A;As are equal to v/27 and the lengths of the other edges
are equal to \/§7r/\/§ The images of OA; and A; A3 under the map ¢! are the
upper self-intersection line and the lower self-intersection line, respectively (see
Figure 4). O

Recall that J3(f) is the closed domain bounded by .A. We have shown in Propo-
sition 4.9 that the image of any ruling of M under the map FE is also a ruling
of Ag (see Figures 11 and 12).
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Figure 12. A Mobius strip.

Last, we consider relations between f(C) N R3 and binary quartic forms.
Poston and Stewart [16], [17] studied quartic forms in two variables,

f(z,y) = axt + 4bx3y + 6ca’y® + 4daxy® + ey, a,b,c,d,e €R.
Here, f(z,y) can be expressed uniquely as
(5.9) f(z,y) =Re(az! + B2°2 + v2%7%), a,B€C,yER.

We use the results and notation in [17, pp. 268-269]. Let A be the discriminant
of f(z,y), and let 2 C R® be the algebraic set given by A = 0. To understand the
geometry of 2 they pursued a different tack. The set # = 2N S* is decomposed
into #7 and #., and # is diffeomorphic to % . Then % is the orbit of 2 under
a maximal tours T of GLy(R), and 2 is the main part of 2. We consider the
set Zy. Lemma 3.3 in [16] states that 2, is given parametrically by

1 . . .
(5.10) B= 5(—3€l¢ +e7%% —2ve71?) 0< ¢ < 2m.

The shape for 2 (or 2y) is called the Holy Grail in [5] and depicted in [17,
Figure 5]. We compare the shape with Figure 11. We show relations between 2y
and the tangent developable 7 in Proposition 5.5 of this article.

LEMMA 5.7

The set 2y coincides with T by a coordinate transformation.

Proof
As in the proof of [16, Lemma 3.3], we put o =1 and z = ¢ in the right-hand
side of (5.9). That is, we consider the equation

(5.11) M 140 4 B0 4 B 2y = 0.
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The equation (5.10) follows from the condition that (5.11) has a double root in 6.
We will find the same condition in our situation. From (5.11), we have

(5.12) (20 4 B(e29)3 4 29(e*)? + B + 1 =0.
Hence, we consider the equation
(5.13) T — T3 + 2T? — 23T +1=0.

Let the solutions of (5.13) be t1, t2, t3, and t4. Then the condition that (5.11) has
a double root in 6 is described as follows. From (5.12), we assume that z; = Z3 and
zo is real. That is, (21, 22, 23) € R3. Under this assumption, (5.13) has a solution
{t1,ta,t3,t4} such that t; =ty = €. Set t3 = re’®. Then t4 = (1/r)e 4 20+¢),
Relations between t;’s and z;’s are given in (1.1) with t4 = 1/(t1t2t3). Then we
can express the condition that such an element (z1,22,25) lies in R3 in terms
of the variables r, ¢, and 6. If r =1, then (21, 22,23) € A. Next we assume that
r # 1. Then by an argument similar to that used in the proof of Lemma 5.3(i),
we see that if such an element (21, 22, 23) lies in R3, then ¢ +0=0or ¢+ 60 =m.
If ¢ +6 =0, then (21, 22,23) belongs to the top bowl in (5.5). If ¢ + 6 = 7, then
(21,22, 23) belongs to the lower bowl in (5.6). The coordinate transformation is
given by = —z; and 27y = z5. |

We can also prove this lemma by reparameterizing the ruled surface given by
(5.10) using a striction curve.

The set 2\ 2y constitutes two whiskers in [17]. We can show that the
whiskers in [17] coincide with the whiskers in (5.7) and (5.8) by the above coor-

dinate transformation. Each whisker in this article joins to an attracting fixed
point P, =(0:1:0:0) of f.

PROPOSITION 5.8
The set 2 coincides with f(C)N R by a coordinate transformation.

In Proposition 5.6, we show that the rims of the bowls join to the boundary of
M. Poston and Stewart [16], [17] deal with the same situation by considering
the attaching map to #5, C S? = {a =0} C S*. But it is complicated in R5.
However, we consider the situation in P3(C). Hence, the tangent developable
T joins simply to the boundary of M. We have studied the external rays that
connect 7 and M, and any ruling of T consists of two external rays and their
intermediate internal ray.

We have shown the static aspect of catastrophe theory and also the dynamical
aspect of catastrophe theory.
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