Triangulation extensions of
self-homeomorphisms of the real line

Yi Qi and Yumin Zhong

Abstract For every sense-preserving self-homeomorphism of the real axis, Hubbard
constructed an extension that is a self-homeomorphism of the upper half-plane by tri-
angulation. It is natural to ask if such extensions of quasisymmetric homeomorphisms of
the real axis are all quasiconformal. Furthermore, for what sense-preserving self-
homeomorphisms are such extensions David mappings? In this article, a sufficient and
necessary condition for such extensions to be quasiconformal and a sufficient condition
for such extensions to be David mappings are given.

1. Introduction

It is known that every quasiconformal self-homeomorphism f of the upper half-
plane H can be extended to a self-homeomorphism f of H. The restriction h = f |r
of f to the real line R is a self-homeomorphism of R, which is called the boundary
value of f. The boundary value h of a quasiconformal self-homeomorphism f of
H with f(c0) = 0o is quasisymmetric; that is, h is an increasing function of R
onto itself and satisfies the M-condition
1 _ et - f@)
M= f(z) = flz—1)
for some constant M > 1. Conversely, every quasisymmetric self-homeomorphism
of R can be extended to a quasiconformal homeomorphism of H by the well-known
Beurling—Ahlfors extension (see [1]).
The quasiconformal extension of a quasisymmetric self-homeomorphism has

<M, VzeRandt>0,

been extensively studied. It is known that a quasisymmetric self-homeomorphism
of R can be extended to a quasiconformal self-homeomorphism of H by the
Beurling—Ahlfors extension, the Douady—Earle extension (see [5]), and the Car-
leson box extension (see [2]).

The boundary value problem has been recently studied for trans-
quasiconformal mappings, which are also called p(z)-homeomorphisms (see [7],
[3]). A homeomorphic solution in the Sobolev class WI})Cl of the Beltrami equation

of _ \0f
oz —M(Z)g
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is called a trans-quasiconformal mapping if p is a measurable function with
|n(2)] <1 almost everywhere in C and ||pt]jec = 1. Trans-quasiconformal map-
pings are quite different from quasiconformal mappings. Indeed, the homeomor-
phic solution of the Beltrami equation, for a measurable function p with |p] <1
almost everywhere and |||/ = 1, does not always exist. In 1988, David [3]
obtained a sufficient condition for the existence of the solution. These home-
omorphic solutions are now called David mappings.

David mappings can be equivalently defined (see [9]) as functions f € Wi (U)
(U c C) with

// exp pKf (1+x2 e dxdy < oo

for some p > 0, where

Ky (o) = LG
1—|ps(2)|

Zakeri [9] and de Faria [4] studied when a sense-preserving self-
homeomorphism of R can be extended to a David self-map of H by the Beurling—
Ahlfors extension and Carleson box extension, respectively. Zakeri introduced the
concept of scalewise distortion. Let f(x) be the self-homeomorphism of the real
axis R, and let

g f@Eh - f@) @) - St
@ 3yt t) =max{ e ) - o)
If

2) py(t) = supd ()

z€R

exists, then p¢(t) is called the scalewise distortion of f(x). Then he proved the
following theorem.

THEOREM A
Let f(x) be a sense-preserving homeomorphism of the real azis R, and let f(x

1) = f(x) + 1. If ps(t) satisfies
pf(t):O(log%), t—0",

then f can be extended to be a David mapping F of the upper half-plane H.

Hubbard [6, pp. 172-175] proposed a method to extend a self-homeomorphism
of R to H via triangulations of bands of H (see Section 2). Such extensions are
called triangulation extensions here.

It is clear that every sense-preserving self-homeomorphism of R can be
extended to a sense-preserving self-homeomorphism of H by triangulation exten-
sion. Since every quasisymmetric self-homeomorphism of R can be extended to a
quasiconformal self-homeomorphism of H by either the Beurling—Ahlfors exten-
sion, Douady—Earle extension, or Carleson box extension, one may naturally ask
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whether the triangulation extension of a quasisymmetric self-homeomorphism of
R is quasiconformal. Furthermore, one may ask when the triangulation exten-
sion of a sense-preserving self-homeomorphism of R can be extended to a David
mapping as Zakeri [9] and de Faria [4] did for the Beurling—Ahlfors and Carleson
box extensions.

Unfortunately, the answer to the first problem is not always true. Indeed, we
prove the following theorem in this article.

THEOREM 1

Let f(z) be a sense-preserving homeomorphism of the real azis R. If f(x) is
a quasisymmetric mapping, then f(x) can be extended to be a quasiconformal
mapping of the upper half-plane H by triangulation extension if and only if f(x)
satisfies

0<7ilr61fz(f(n+ 1) — f(n)) Silég(f(n—i—l) — f(n)) < oo.

For the second problem, we give the following sufficient condition for the trian-
gulation extension of a sense-preserving self-homeomorphism of R to be a David
self-homeomorphism of H.

THEOREM 2
Let f(x) be a sense-preserving homeomorphism of the real azxis R. If

0<inf (f(n+1)— f(n)) <sup(f(n+1)— f(n)) < oo
nez nez
and py(t) satisfies

pr(t)= O(logl/‘l(%)), t—0T,

then f(x) can be extended to be a David mapping of the upper half-plane H by
triangulation extension.

The article is arranged as follows. We give a detailed definition of the trian-
gulation extension of a self-homeomorphism of R in Section 2 along with some
analysis. Then we prove Theorems 1 and 2 in Section 3.

2, Triangulation extension

To give the triangulation extension to H of a sense-preserving self-
homeomorphism f of R, we divide the upper half-plane H into bands by hor-
izontal lines y = 2% (n=1,2,...), denote the region between line y = 2% and
y= ﬁ as band n, and denote the region y > % as band 0. Then we triangulate
each band as follows.

We first triangulate band 0. Draw lines on H with slope 1 from the points
k+ % (k€Z and j =0,1) on the real line until they meet on the line y = 1.

Denote the intersection points by Ag,j. It is clear that Ag’l is the middle point
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band 0
A2_170 Agfl,l A%,O A(}zyl
1
band 1 1 1 1 1 VT2
— X0 — X2 k k
band 2 /\Azlc,1 1 Al '{/\ Ay /\ y=1
ko1 k-1 k kL k+1
Figure 1
Ai71 Az 1 AL 1 AZ 1
k,j ki+l kj+2 bt
band i
band i+1
j j+1 j+2 j+3 +4
k+ k+ 55 k+ 55 k+ k+ 55

Figure 2

of segment A (A, ;. Draw vertical lines up from points AJ ;. These vertical
lines and line segments Ag,oAg +1,0 give a triangulation of band 0. Every triangle
AAY 0Ak+1 0o (k € Z) in the triangulation has a horizontal side and two vertical
sides with a vertex at infinity.

Draw lines on H with slope 1 from points k —|— - (ke€Z,§=0,1,2,22 —1)
on the real line until they meet on the line y = 55. Denote these intersection
points by A1 Then we get a triangulation of band 1 by using the points A0
on the line y = 3 and the points A}, k.o; on the line y = 55 L (k€Zand j=0,1) as
the vertices of trlangleb of the trlangulatlon (see Flgure 1). The triangles can be
listed as follows:

0 1 40 0 41 g4l 0 41 40 0 41 g4l
AAk—l,lAk,OAk,Ov AAk,OAk,OAk,Za AAk,OAk,ZAk,la AAk,lAk,QAkJ,-l,O;

where k € Z.

Generally, draw lines on H with slope 1 from points k& + J - (keZ, j=
0,1,2,...,2* —1) on the real line until they meet on the line y = 5. Denote these
intersection points by A Then we get a triangulation of band i by using the
points A}C jl on the line y = & and the points Ak -, on the line y = 21% (k€ Z and
j=0,1,...,2¢ —1) as the vertlces of triangles of the triangulation (see Figure 2).
The triangles can be listed as follows:

i—1 7 i—1
AA/@ 1,2¢— k70Ak70 ’

i—1 74 i i—1 71
A‘Ak,O Ak,O k,2» A14]@0‘4 2Ak:1’
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i—1 7% 4 i—1 4% i—1
AAk,j Ak,QjAk,2(j+1)7 AAk,j Ak,2(j+1)Ak,j+17

i—1 i i i—1 i i—1
AAhzi_2Ak,2(2i—2)Ak,2(2i—1)7 A4y Ak,z(zi—nA

,26—2 k,2i—1>

i—1 i 7
AAk,zi—1Al~c,2(2i—1)Ak+1,07

where k € Z.
It is not difficult to verify that A?;] (ieN,k€Z,and j =0,1,2,...,271 1)

is the intersection point of the line with slope 1 from point k + 2£ and the line

With slope —1 from point k+ 23;[2, that A;c,_?lj-&-l (z eN,k€Z, and j = 0,1,2,...,
2i=1 — 2) is the middle point of segment AZ%ALT;U 1) and that AZ’_;,-A is the

middle point of segment AZT2£_2A§;_1LO.

To give the triangulation extension of f, we also divide H into distorted bands
with triangulations corresponding to the above bands and their triangulations.

For every k € Z, draw a line in H with slope 1 from point f(k) on the real
line until it meets the line with slope —1 from point f(k+1). Let B,%O be such an
intersection point, and denote the middle point of segment B} (B, ; by B,
for k € Z. The domain over the zigzag line -~-Bg7OBgle2+LO .-+ is the distorted
band 0. By drawing vertical lines from points Bg)o, we get a triangulation of the
distorted band 0 with triangles ABy By, | ;o0 (see Figure 3).

Then draw lines in H with slopes £1 from points f(k + %) on the real line
until they meet the line with slope 1 from point f(k) and the line with slope
—1 from point f(k + 1), and denote by B,i’o and B,;Q the intersection points,
respectively. Connect adjacent points by line segments, and denote by B,i’l the
middle point of the segment B,;OB,;Q. Then the domain between the zigzag
line ~--B;,OBi7lB,§72 --- and the zigzag line ---Bg)oBg,lBg+170 -+ is the distorted

Figure 3
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band 1. The distorted band 1 is triangulated by triangles
ABI?AJB;,OBIQ,(M ABlg,oBi,oBi,za ABg,oB;,ng,u ABIg,lBli,QBliJrl,()v
where k € Z (see Figure 3).

Generally, let B};;J (ieN,k€Z,and j=0,1,2,...,2¢"1 —1) be the intersec-
tion point of the line with slope 1 from point f(k+ 3—3) and the line with slope —1
from point f(k+ 23'21.'2), let Blij%-&-l (ieN,k€Z,and j=0,1,2,...,271 —2) be

the middle point of segment B,’C_;JB}C_;(] 41y and let Bz_z};_l be the middle point

of segment BIZLQB,Z_% o- Then the distorted band 7 is the domain between
the zigzag lines BIZ_21]BIZ_2§+13/2_2§+2 .- and --- ,i’%B,i)%HB,i)QjH -+-. The

distorted band ¢ is triangulated by triangles

i—1 i pi—l
ABk—l,zi—1Bk,OBk,O )

i—11pi i i—-1pi pi-l
ABk,o By 0By 25 ABM Bk,QBk,l )

1—1 i 7 i—1 »e 1—1
ABy i Bi By o1y, ABry BiagnBr i

ABI’271 B]ic72(2i—2)B]i€,2(2i—1)7 ABzil 3272(2i_1)Bi*1

202 ,20—2 k20 —1)

i—1 i i
ABk,Qi—1Bk,2(2i—1)Bk+1,0»

where k € Z.

The triangulation extension F' of f is defined as follows. The extension F' on
AA270A2+17000 is defined as a mapping from AA270A2+17000 onto ABE,OBI(3+1,OOO
which is piecewise linear and an isometry on vertical lines. This completes the
extension of f to the band 0. The extension F' on band ¢ € N can be realized by
the barycentric coordinate mappings

AAZ:11,21171 Z,OAZ,_Ol - ABliill,?le’i’OB’i;)l’
AA A 2 Ak a1y — ABJ Bi 2 B a1
AAT AL o)A = ABLS Biagian Bic s

DA Ay Ao = ABE Blae Bl

where K €Z and j =0,1,...,2° — 2.

3. Two lemmas
In order to prove Theorems 1 and 2, we give two lemmas here.
LEMMA 1

Let f be a sense-preserving self-homeomorphism of the real azis R, and let F
be the triangulation extension of f to the upper half-plane H. Then, for all z €
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0 0
AAk—l,OAk,OOOP

?= (f(k+1)— f(k—1) —2)* + (f(k+1) —2f(k) + f(k— 1))
(Fh+ )= =)+ 22+ (f(b+ 1) =2/ (k) + f(b—1))2’
where pp is the complex dilatation of F' and k € Z.

‘MF(Z)

Proof
For every k € Z, A%O and Bg’o can be expressed, respectively, by the complex
numbers

z;c:k—l-%-l—i% and wsz(k)+£(k+1)+if(k+1;_f(k).

Then one can verify that the restriction of F' to AAgfl)OAg)ooo is

1wy —wi_1 1wk — w1 _
F B P T Y TS N P
|AA271,0A2,000(Z) 2\ 2 — 21 Tzt 2\ zp — zp_1 2t
where C' = (zpwg—1 — 2zg—1wk) /(2 — 2x—1). The lemma follows easily. O

LEMMA 2
Let f be a sense-preserving self-homeomorphism of the real azis R, and let F

be the triangulation extension of f to the upper half-plane H. Then the maximal
dilatation K; of F|pand: salisfies

1
K; gp;%(g), Vi e N*.

Proof
It is easy to see that the complex dilatation of the barycentric coordinate mapping
g between triangles Azqz923 and Awjwows is

z1 wi; 1l|lw 7z
pg = |22 w2 1| |wy Z9
z3 wg 1||lws Z3

Especially, if (21 — 22)i = 22 — 23, we have

|(w1 — w2) +i(wz — ws)|
(w1 — wg) — i(wg —ws)|

3) gl =

In order to prove Lemma 2, it is sufficient to consider the following four cases
for a given band i (i € NT):

i—1 4i i i—1 i i
AN 5 A% 1A% o4 = AB) 5 By 4B oy 4
T i1 ie1 i ie1
AAL i A 24 Ak a40; = BB 5Bl orai Bi 1)
ioi i i im1 i i
AN 12 A% 244 A% avaj = AB) 1 0Bl oy aj B agay

i—1 7 i—1 i—1 i 1—1
AAL 1o AL avai A 2125 = ABr 1y Bhava Bl oy

= LN =

where k€ Z and 7 =0,1,...,2""1 — 1. When j = 2/"! — 1, we identify
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- - A A
AZ,sz = ALH,O, A2,4+4j =Aky10
- - . .
31172+2j = Blzc+1707 and Bllc,4+4j = Bi+1,0-
This is another classification of the triangles in the same band, which is differ-
ent from the classification in Section 2. The second classification is based on
the relationship between vertices of triangles and the boundary value of f(z).

Consequently, it is more convenient for computing the dilatation.
We use the following notation to simplify the computations. Let

2]+«
i
: i—1 pi-1 i i i :

Therefore, the vertices Bk72j, Bk,2j+1, Bk’4j, Bk)4j+2, and Bk’4j+4 satisfy

f(xo) + f(22) . f(x2) — f(=0)

To=k+ and Yo = [(Xat1) — f(ze) (@=0,1,2,3,4).

(4) Bigy= =5+
&) B, = ()2 + ) S S
(©) B, - f(xo) ; flzy) | ) . f(@o)
% Biiiis— f(a1) —2% fz2)  flaa) - @)
- SRR (CORY (MY (CORY (3]

Case 1: The estimate of the complex dilatation on AAZT21J‘A2,4jA2,2+4j' Let ,u]f’j
be the complex dilatation of F|, ji-1 4 4 . As F|AA§:21].A1' A

i 1S a
k25 Nk, 45 k2445 k,4j

- , '};,2#»4]'
barycentric coordinate mapping between triangles AAZTQEA}C’ 1A% 244, and
ABIZCTQE'_B}CAjBi‘/,Q-’r‘U (see Figure 4 for the image triangle), by (3) for w1 = By ;5.

wg = B,ijglj, and ws = B,iAj, we have

1- flz2)—f(z1)
‘,u’f,j|: ‘ flz1)—f(z0)
f(x2)—f(z1)

L+ 5@ =1tz

fk+3) e+ 3 Fk+252) f(k+ 283) f(k+ 255

Figure 4
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fle+3h)  fk+ 25 Flk+2552) fk+2582) f(k+2H)
Figure 5

Consequently, by (1) and (2) we have

k,j
|11y !

< Of(z1,9:) =1 pp(er) —1
T (1, 9) + 1T pp(er) +1

Therefore,

1 a(1
(9) K(F|AAZT2§AZ,4JAE,2+4J') Spf(g) S/%‘(?).

Case 2: The estimate of the complex dilatation on AAZ,_21J‘A§€,2+4JA;€711+2J" Let

ki 1, . . . .

“ be the complex dilatation of F|. yi—1 4 i—1 . Since F is a bary-

2 p |AAk,21jA}c,2+4jAk,11+2j y
; ; . . i—1 i i—1

centric coordinate mapping between triangles AA,{’2 jAk’2 " 4]414,671 4o, and

ABIic,_QljBlicAjJﬂBli,_ll-i-Qj (see Figure 5 for the image triangle), by using (3), (4),
(5), and (7), we have
J| = fwo) = 2f(w2) + f(wa) +i(4f (z1) = 3f (w0) — f(x4)) ‘
3f(wo) = 4f (1) +2f (22) — f(2a) +i(f(24) — f(20))
_ Y2t ys—yo— 1 +iB% — —yz—ys)‘
y1—3yo—y2 —ys +i(yo +y1 +y2 +ys)

k
|15

This implies

J2 o 16yo(y2 + y3)
Byo—y1+y2+y3)2+ (yo+v1 +y2+ys)?

Nyt Y1 1 /1 Y2 1
o) <2< (—) 1(—_)<—< (—)
Py (22) = % = pf % ) Py %)=, = pf % )

k
|12

Noting that

one can prove
(ph2~) — 1
(bj2 ) +17

by elementary methods. We prove (11) using Maple. The details are given in the
Appendix.

k.j
(11) g [ <
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Fle+38)  flk+ 325 Flk+252) flk+208) f(k+ 2H)
Figure 6

Therefore, by (11) we have

1
(F|AA2 211 Ai 2+4]A1;T11+2j ) < (27’ )

Case 3: The estimate of the complex dilatation on AAZTlleQjA};72+4jA};’4+4j. Let

’J be the complex dilatation of F' ; ince F'is a barycentric
b |AA;C 11+2]Ak 2445 Ag A44j S y

coordlnate mapping of AA;l AL o0y AL 44y onto ABL B o By
(see Figure 6 for the image trlangle) by using (1), (2), (5), (5), (7), and (8),
we have

5| = ‘ — f(@1) + flxs) — fza) +i(f(@0) — f(21) + f(d) — f(2))

’ f(x1) = f(@o) = fa2) + flas) +1(f(21) — f(22) + f(xs) — f(24))
_ |3 +i(y2 — vo)
Yo +y2 —i(y1 +ya) |

This implies

Wb =1 - 4(yoy2 + y193)
s (Yo +y2)% + (y1 +y3)?

As in Case 2, we can prove

. N —1
(12) i < P2 =D
by using Maple, which implies

<F|AA’ !

k,1425

1
4
;;,2+4,-A};,4+4j) <Py <§)

The details of the proof of (12) are given in the Appendix.

A

Case 4: The estimate of the complex dilatation on AAk 2j+1A};’4j+4A2_4]+2 Since
the image triangle ABk,2j+1Bk,4j+4Bk,4j+2 (see Figure 7) is determined by f(zo),

f(z2), f(z3), and f(x4), similarly to Case 2, we also have

Y e <maxfor (3:) 04 (3)} =44 (37)
by using (9), (11), and (12). .
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Fk+3) flk+2H) Fk+252) f(k+ 2552) f(k+ 25
Figure 7

4. Proof of the main theorems

Now we give the proof of Theorems 1 and 2. Assume that f(z) is a sense-
preserving self-homeomorphism of the real axis R. Let F(z) be the triangula-
tion extension to the upper half-plane H of f(x), and let K(z) be the dilatation
of F(z).

Proof of Theorem 1
By Lemma 1, we have

- 8(f(n+1) — f(n—1))
0+ 1)~ J(n— 1)+ 27+ (f(n+ 1) - 2/ (n) + J(n— D)

where i, 0=ft|a40 40 400+ Since

n—1,0""n,

O<,iféfz(f(n+1) - f(n)) SSLelg(f(TH—l) — f(n)) < oo,

1- |ﬂn,0

there exist positive numbers ¢; and cp such that
1 < igfé(f(n—!— 1) - f(n)) < sug(f(n—&— 1) — f(n)) <cs.
n ne

So
1661
202 + 2)2 + (202)2 '
Therefore, it is easy to see that there exists a positive number 0 < ¢35 < 1 such
that K|pando < c3.

By Lemma 2, we have K|pandn < p}(1/2"). Since f(z) is quasisymmetric,
there exists a positive number 0 < ¢4 < 1 such that p‘}c(l/Q”) <4 for every n € N.
So K <max{cs,cq}; that is, F(z) is a quasiconformal mapping.

Conversely, assume that

irelfz(f(n—&—l)—f(n))zo or sup(f(n+1) — f(n)) = oco.

neEZ

17|/£0,n22(

Since f(z) is a quasisymmetric mapping, there exists a positive constant p; such
that
pl< fin+1)—f(n) <oy
7 fn) = fln=1)
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Let a, = f(n+1)— f(n) (n €Z) and b,, = ap—1/ay. Then p?l < by, < py for every
nez.

If inf,cz(f(n+1) — f(n)) =0, then there exists a subsequence {a,, } (k €Z)
such that limy_ 4o apn, =0 or limg_, _~ ap, = 0. Without loss of generality, we
may only consider k — +o00. By Lemma 1, we have

8(n,, + bnyan,
lim (1 _ |/1'n,0|2) = lim (a k + ey k) >
k—+o00 k—+00 (An,, + by Gny, +2)% + (an, + bnyan,)

=0.

This is a contradiction.

If sup,ez (f(n+1)— f(n)) = oo, then there exists a subsequence {ay, } (I € Z)
such that lim;_, | a,, =00 or lim;_,_ a,, = oco. Without loss of generality, we
may only consider [ — +o0o. By Lemma 1, we have

l—lj—r&floo(l - |M0,n|2)

. 8(an, +bn,an,)
lim
=400 (an, + b, an, +2)2 + (an, + b, an, )?
8(an, + bn,an, +2)

< lim . . =0.
T iotoo (An, + by an, +2)2

Then it is easy to see that lim;_, o |po,| = 1. This is also a contradiction. O

Now we give a counterexample, which is a quasisymmetric mapping that cannot
be extended to be a quasiconformal mapping by triangulation extension. Take
g(x) = 23. Since it is a quasisymmetric mapping and sup,,cz{(n+1)3 —n3} = oo,
we see that g(x) =23 cannot be extended to be a quasiconformal mapping by
triangulation extension.

Proof of Theorem 2
Since pf(t) = O(log1/4(%))7 t — 07, there exists a positive number C' > 0 such
that

ps(t) < Clogl/‘*(%)
when ¢t is small enough. Let t =1/2". Then there exists N € N such that
pf(%) < Clog"*(2"), Vn>N.
Take p = 5. By Lemma 2, we have

exp(pK,) < V2" (n> N).

By Lemma 1, it is clear that there exists a positive number M; such that

_exp(pKo(2))
dxdy < M.
//>1 1422 4 y2)? Y

So
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//exp pK(z 1+:c2+y) dzx dy
_exp(pKo(2)) / / exp(pK(2))
drd —————dxd
//>1 1+ 22 +y?)? vt o<y<1 (1+22+y?)? v
exp (K, )
<M1+Z// 1+x2+y) da dy
—M 3 _ep(Fn(2) g
N 1+<Z+ 1+x2+y) v

n=0 n= N+1

1 1
=M+ Mo+ 5 Z\/_ (\/1+4n \/4+47n)

1
<M1+M2+ ™
P

< 00,

where Ms is a positive number and S,, is the domain of band n (n € N*). So,
the triangulation extension F(z) of f(x) is a David mapping of the upper half-
plane H. (Il
Appendix

The inequalities (10) and (12) can be proved by elementary methods, but it is
very complicated. Here we use the inequality package BOTTEMA (see [8]) of
Maple to prove the inequalities (10) and (12).

Proof of (10)
Let
zi=vi/yo (1=1,2,3), w =23 + 23, and  p=pp(1/2).
Then it is easy to see that inequality (11) holds if the following inequality holds:
(p* +1)%[(3— 21+ w)* + (1 + 2 + w)® — 16w]
— (' = 1)’[B-21+w)’ + (1+2 +w)?] <0,
where
p ' <zm<p and pP4pt<w<pP+p’
Simplify the left-hand term by using Maple. It is equivalent to
5pt — 2pw +p4zf +ptw? — 2w — 2ptz <0.
Use the following orders in Maple:
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xprove (5¥p~4-2%p~8*u+p 4*z1 " 2+p Axw"2-2%y-2%p~4*z1<=0,
[1/p<=z1,z1<=p, (1/p~2+1/p~3)<=w,w<=(p"2+p~3)1);

We know that the inequality (10) holds. O

Proof of (12)
Inequality (12) is equivalent to the following polynomial inequality:

P+ 1)?[((o +y2)* + (y1 +y3)?) — (4yoy2 + v1y3)]
= (p* = 1)?[(yo +92)” + (51 +3)°] 0.

Simplify the left-hand term by using Maple. It is equivalent to

—dy1ys — dyoyo + 4y — ApPyoys + 4yip* — ApPyrys + 4ptyg + 4p*y3 < 0.

Use the following orders in Maple:

xprove (—4*y1*y3-4*y0xy2+4*xy2~2*%p~4-4*p~8*y0xy2+4*yl~2%p~4-
4xp 8y 1xy3+4*p~4xy0~2+4*p~4xy372<=0, [y0<=yl*p,yl<=pxy0,
yO<=y2*p~2,y2<=y0*p~2,y0<=y3*p~3,y3<=y0*p~3,p>=1]) ;

We know that the inequality (12) holds. O
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