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Abstract In this article, we study the continuity of some commutators generated by

the Calderón–Zygmund singular integral operator, the fractional integral operator, the

Marcinkiewicz integral operator, and Lipschitz functions on Herz-type Hardy spaces

with variable exponent.

1. Introduction

The theory of function spaces with variable exponent has been extensively studied

by researchers since the work of Kováčik and Rákosńık [4]. Capone, Cruz-Uribe,

and Fiorenza [1] and Wang, Fu, and Liu [8] studied the continuity of some inte-

gral operators on variable Lp-spaces. In addition, Wang and Liu [9] defined the

Herz-type Hardy spaces with variable exponent and gave their atomic character-

izations.

Motivated by [5] and [6], we will study the continuity of some commutators

generated by the Calderón–Zygmund singular integral operator, the fractional

integral operator, the Marcinkiewicz integral operator and Lipschitz functions

on Herz-type Hardy spaces with variable exponent.

Given an open set Ω ⊂ R
n and a measurable function p(·) : Ω −→ [1,∞),

Lp(·)(Ω) denotes the set of measurable functions f on Ω such that, for some

λ > 0, ∫
Ω

( |f(x)|
λ

)p(x)

dx <∞.

This set becomes a Banach function space when equipped with the Luxemburg–

Nakano norm

‖f‖Lp(·)(Ω) = inf
{
λ > 0 :

∫
Ω

( |f(x)|
λ

)p(x)

dx≤ 1
}
.
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These spaces are referred to as variable Lp-spaces, since they generalize the stan-

dard Lp-spaces: if p(x) = p is constant, then Lp(·)(Ω) is isometrically isomorphic

to Lp(Ω).

For all compact subsets E ⊂ Ω, the space L
p(·)
loc (Ω) is defined by L

p(·)
loc (Ω) :=

{f : f ∈ Lp(·)(E)}. Define P(Ω) to be a set of p(·) : Ω−→ [1,∞) such that

p− = ess inf
{
p(x) : x ∈Ω

}
> 1, p+ = ess sup

{
p(x) : x ∈Ω

}
<∞.

Denote p′(x) = p(x)/(p(x)− 1). Let B(Ω) be the set of p(·) ∈ P(Ω) such that the

Hardy–Littlewood maximal operator M is bounded on Lp(·)(Ω).

In variable Lp-spaces there are some important lemmas as follows.

LEMMA 1.1 ([4])

Let p(·) ∈ P(Ω). If f ∈ Lp(·)(Ω) and g ∈ Lp′(·)(Ω), then fg is integrable on Ω and∫
Ω

∣∣f(x)g(x)∣∣dx≤ rp‖f‖Lp(·)(Ω)‖g‖Lp′(·)(Ω),

where

rp = 1+ 1/p− − 1/p+.

This inequality is called the generalized Hölder inequality with respect to the

variable Lp-spaces.

LEMMA 1.2 ([2])

Let p(·) ∈ B(Rn). Then there exists a positive constant C such that, for all balls

B in R
n and all measurable subsets S ⊂B,

‖χB‖Lp(·)(Rn)

‖χS‖Lp(·)(Rn)

≤C
|B|
|S| ,

‖χS‖Lp(·)(Rn)

‖χB‖Lp(·)(Rn)

≤C
( |S|
|B|

)δ1
,

‖χS‖Lp′(·)(Rn)

‖χB‖Lp′(·)(Rn)

≤C
( |S|
|B|

)δ2
,

where δ1, δ2 are constants with 0< δ1, δ2 < 1 and χS , χB are the characteristic

functions of S, B, respectively.

Throughout this article δ2 is as it is in Lemma 1.2.

LEMMA 1.3 ([2])

Suppose p(·) ∈ B(Rn). Then there exists a constant C > 0 such that, for all balls

B in R
n,

1

|B| ‖χB‖Lp(·)(Rn)‖χB‖Lp′(·)(Rn) ≤C.

For 0< β ≤ 1, the Lipschitz space Lipβ(R
n) is defined as

Lipβ(R
n) =

{
f : ‖f‖Lipβ

= sup
x,y∈Rn;x �=y

|f(x)− f(y)|
|x− y|β <∞

}
.
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Next we recall the definition of the Herz-type spaces with variable exponent.

Let Bk = {x ∈R
n : |x| ≤ 2k}, and let Ak =Bk \Bk−1 for k ∈ Z. Denote Z+ and N

as the sets of all positive and nonnegative integers, respectively, denote χk = χAk

for k ∈ Z, denote χ̃k = χk if k ∈ Z+, and denote χ̃0 = χB0 .

DEFINITION 1.1 ([2])

Let α ∈ R, let 0 < p ≤ ∞, and let q(·) ∈ P(Rn). The homogeneous Herz space

with variable exponent K̇α,p
q(·)(R

n) is defined by

K̇α,p
q(·)(R

n) =
{
f ∈ L

q(·)
loc

(
R

n \ {0}
)
: ‖f‖K̇α,p

q(·)(R
n) <∞

}
,

where

‖f‖K̇α,p
q(·)(R

n) =
{ ∞∑
k=−∞

2kαp‖fχk‖pLq(·)(Rn)

}1/p

.

The nonhomogeneous Herz space with variable exponent Kα,p
q(·)(R

n) is defined by

Kα,p
q(·)(R

n) =
{
f ∈ L

q(·)
loc (R

n) : ‖f‖Kα,p
q(·)(R

n) <∞
}
,

where

‖f‖Kα,p
q(·)(R

n) =
{ ∞∑
k=0

2kαp‖fχ̃k‖pLq(·)(Rn)

}1/p

.

Wang and Liu [9] gave the definition of Herz-type Hardy space with variable expo-

nent HK̇α,p
q(·)(R

n) and the atomic decomposition characterizations. Here, S(Rn)

denotes the space of Schwartz functions, and S ′(Rn) denotes the dual space of

S(Rn). Let GN (f)(x) be the grand maximal function of f(x) defined by

GN (f)(x) = sup
φ∈AN

∣∣φ∗
∇(f)(x)

∣∣,
where AN = {φ ∈ S(Rn) : sup|α|,|β|≤N |xαDβφ(x)| ≤ 1}, N > n+1, and φ∗

∇ is the

nontangential maximal operator defined by

φ∗
∇(f)(x) = sup

|y−x|<t

∣∣φt ∗ f(y)
∣∣

with φt(x) = t−nφ(x/t).

DEFINITION 1.2 ([9])

Let α ∈R, let 0< p<∞, let q(·) ∈ P(Rn), and let N > n+ 1.

(i) The homogeneous Herz-type Hardy space with variable exponent

HK̇α,p
q(·)(R

n) is defined by

HK̇α,p
q(·)(R

n) =
{
f ∈ S ′(Rn) :GN (f)(x) ∈ K̇α,p

q(·)(R
n)
}

and ‖f‖HK̇α,p
q(·)(R

n) = ‖GN (f)‖K̇α,p
q(·)(R

n).
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(ii) The nonhomogeneous Herz-type Hardy space with variable exponent

HKα,p
q(·)(R

n) is defined by

HKα,p
q(·)(R

n) =
{
f ∈ S ′(Rn) :GN (f)(x) ∈Kα,p

q(·)(R
n)
}

and ‖f‖HKα,p
q(·)(R

n) = ‖GN (f)‖Kα,p
q(·)(R

n).

For x ∈R we denote by [x] the largest integer less than or equal to x.

DEFINITION 1.3 ([9])

Let nδ2 ≤ α<∞, let q(·) ∈ P(Rn), and let nonnegative integer s≥ [α− nδ2].

(i) A function a(x) on R
n is said to be a central (α, q(·))-atom if it satisfies:

(1) suppa⊂B(0, r) = {x ∈R
n : |x|< r};

(2) ‖a‖Lq(·)(Rn) ≤ |B(0, r)|−α/n;

(3)
∫
Rn a(x)x

βdx= 0, |β| ≤ s.

(ii) A function a(x) on R
n is said to be a central (α, q(·))-atom of restricted

type if it satisfies conditions (2) and (3) above and

(1)′ suppa⊂B(0, r), r ≥ 1.

If r = 2k for some k ∈ Z in Definition 1.3, then the corresponding central (α, q(·))-
atom is called a dyadic central (α, q(·))-atom.

LEMMA 1.4 ([9])

Let nδ2 ≤ α <∞, let 0< p<∞, and let q(·) ∈ B(Rn). Then f ∈HK̇α,p
q(·)(R

n) (or

HKα,p
q(·)(R

n)) if and only if

f =

∞∑
k=−∞

λkak

(
or

∞∑
k=0

λkak

)
, in the sense of S ′(Rn),

where each ak is a central (α, q(·))-atom (or central (α, q(·))-atom of restricted

type) with support contained in Bk and
∑∞

k=−∞ |λk|p <∞ (or
∑∞

k=0 |λk|p <∞).

Moreover,

‖f‖HK̇α,p
q(·)(R

n) ≈ inf
( ∞∑
k=−∞

|λk|p
)1/p (

or ‖f‖HKα,p
q(·)(R

n) ≈ inf
( ∞∑
k=0

|λk|p
)1/p)

,

where the infimum is taken over all the above decompositions of f .

2. Commutator of the Calderón–Zygmund singular integral operator

Let b ∈ Lipβ(R
n), and let T be a Calderón–Zygmund singular integral operator;

that is,

Tf(x) = p.v.

∫
Rn

Ω(x− y)

|x− y|n f(y)dy,

p.v. or (principal value integrals) where Ω ∈C2(Sn−1) is homogeneous of degree

zero and has mean value zero on the unit sphere. The commutator [b,T ] generated
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by b and T is defined by

[b,T ]f(x) = b(x)Tf(x)− T (bf)(x).

Noting that |[b,T ]f(x)| ≤C‖b‖Lipβ
Iβ(|f |)(x), where Iβ is the fractional inte-

gral operator with 0< β < n. Capone, Cruz-Uribe, and Fiorenza [1] proved that

Iβ is bounded from Lq1(·)(Rn) to Lq2(·)(Rn) for 1/q1(x) − 1/q2(x) = β/n and

q1(·) ∈ B(Rn) with q+1 < n/β. Izuki [3] generalized the result to the case of Herz–

Morrey spaces with variable exponent. So we can easily obtain the following

theorem.

THEOREM 2.1

Suppose that b ∈ Lipβ(R
n), 0< β ≤ 1. If q1(·) ∈ B(Rn) with q+1 < n/β, 1/q1(x)−

1/q2(x) = β/n, 0 < p1 ≤ p2 <∞, and 0 < α < nδ2, then [b,T ] maps K̇α,p1

q1(·)(R
n)

(or Kα,p1

q1(·)(R
n)) continuously into K̇α,p2

q2(·)(R
n) (or Kα,p2

q2(·)(R
n)).

Furthermore, we can obtain the following theorem when α≥ nδ2.

THEOREM 2.2

Suppose that b ∈ Lipβ(R
n), 0< β ≤ 1. If q1(·) ∈ B(Rn) with q+1 < n/β, 1/q1(x)−

1/q2(x) = β/n, 0 < p1 ≤ p2 < ∞, and nδ2 ≤ α < nδ2 + β, then [b,T ] maps

HK̇α,p1

q1(·)(R
n) (or HKα,p1

q1(·)(R
n)) continuously into K̇α,p2

q2(·)(R
n) (or Kα,p2

q2(·)(R
n)).

Proof

We only prove the homogeneous case. The nonhomogeneous case can be proved in

the same way. Let f ∈HK̇α,p1

q1(·)(R
n), and let b ∈ Lipβ(R

n). By Lemma 1.4, we get

f =
∑∞

j=−∞ λjaj , where ‖f‖HK̇
α,p1
q1(·)(R

n) ≈ inf(
∑∞

j=−∞ |λj |p1)1/p1 (the infimum is

taken over the above decompositions of f ), and aj is a dyadic central (α, q1(·))-
atom with support Bj . Note that p1 ≤ p2. We have

∥∥[b,T ](f)∥∥p1

K̇
α,p2
q2(·)(R

n)
=
{ ∞∑
k=−∞

2kαp2
∥∥[b,T ](f)χk

∥∥p2

Lq2(·)(Rn)

}p1/p2

≤
∞∑

k=−∞
2kαp1

∥∥[b,T ](f)χk

∥∥p1

Lq2(·)(Rn)

≤C

∞∑
k=−∞

2kαp1

( k−2∑
j=−∞

|λj |
∥∥[b,T ](aj)χk

∥∥
Lq2(·)(Rn)

)p1

(2.1)

+C
∞∑

k=−∞
2kαp1

( ∞∑
j=k−1

|λj |
∥∥[b,T ](aj)χk

∥∥
Lq2(·)(Rn)

)p1

=:E1 +E2.
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Now we estimate E1. For each k ∈ Z, j ≤ k− 2, and almost every x ∈Ak, by

the vanishing moments of aj and the generalized Hölder inequality, we have

∣∣[b,T ](aj)(x)∣∣≤
∣∣∣(b(x)− b(0)

)∫
Bj

(Ω(x− y)

|x− y|n − Ω(x)

|x|n
)
aj(y)dy

∣∣∣

+
∣∣∣
∫
Bj

Ω(x− y)

|x− y|n
(
b(y)− b(0)

)
aj(y)dy

∣∣∣

≤C‖b‖Lipβ

(
|x|β

∫
Bj

|y|
|x|n+1

∣∣aj(y)∣∣dy+
∫
Bj

|y|β
|x− y|n

∣∣aj(y)∣∣dy
)

≤C‖b‖Lipβ

(
|x|β−n−12j‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

+ |x|−n2jβ‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

)

≤C2jβ−kn‖b‖Lipβ
‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

.

Since

(2.2) Iβ(χBk
)(x)≥

∫
Bk

dy

|x− y|n−β
χBk

(x)≥C2kβχBk
(x),

by Lemmas 1.2 and 1.3 we have∥∥[b,T ](aj)χk

∥∥
Lq2(·)(Rn)

≤C2jβ−kn‖b‖Lipβ
‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

‖χBk
‖Lq2(·)(Rn)

≤C2jβ−k(n+β)‖b‖Lipβ
‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

∥∥Iβ(χBk
)
∥∥
Lq2(·)(Rn)

≤C2jβ−k(n+β)‖b‖Lipβ
‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

‖χBk
‖Lq1(·)(Rn)

≤C2(j−k)β‖b‖Lipβ
‖aj‖Lq1(·)(Rn)

‖χBj‖Lq′1(·)(Rn)

‖χBk
‖
Lq′1(·)(Rn)

≤C2−jα+(j−k)(β+nδ2)‖b‖Lipβ
.

Thus, we obtain

E1 ≤C‖b‖p1

Lipβ

∞∑
k=−∞

2kαp1

( k−2∑
j=−∞

|λj |2−jα+(j−k)(β+nδ2)
)p1

=C‖b‖p1

Lipβ

∞∑
k=−∞

( k−2∑
j=−∞

|λj |2(j−k)(β+nδ2−α)
)p1

.

For 1 < p1 < ∞, take 1/p1 + 1/p′1 = 1. Since β + nδ2 − α > 0, by the Hölder

inequality we have

E1 ≤C‖b‖p1

Lipβ

∞∑
k=−∞

( k−2∑
j=−∞

|λj |p12(j−k)(β+nδ2−α)p1/2
)

×
( k−2∑
j=−∞

2(j−k)(β+nδ2−α)p′
1/2

)p1/p
′
1
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≤C‖b‖p1

Lipβ

∞∑
k=−∞

( k−2∑
j=−∞

|λj |p12(j−k)(β+nδ2−α)p1/2
)

(2.3)

=C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1

( ∞∑
k=j+2

2(j−k)(β+nδ2−α)p1/2
)

≤C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1 .

If 0< p1 ≤ 1, then we have

E1 ≤C‖b‖p1

Lipβ

∞∑
k=−∞

( k−2∑
j=−∞

|λj |p12(j−k)(β+nδ2−α)p1

)

=C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1

( ∞∑
k=j+2

2(j−k)(β+nδ2−α)p1

)

≤C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1 .

(2.4)

Let us now estimate E2. By |[b,T ]f(x)| ≤ C‖b‖Lipβ
Iβ(|f |)(x) and the

(Lq1(·)(Rn),Lq2(·)(Rn))-boundedness of Iβ we have

E2 ≤C‖b‖p1

Lipβ

∞∑
k=−∞

2kαp1

( ∞∑
j=k−1

|λj |‖aj‖Lq1(·)(Rn)

)p1

≤C‖b‖p1

Lipβ

∞∑
k=−∞

( ∞∑
j=k−1

|λj |2(k−j)α
)p1

.

If 0< p1 ≤ 1, then we have

E2 ≤C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1

j+1∑
k=−∞

2(k−j)αp1

≤C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1 .

(2.5)

If 1< p1 <∞, then by the Hölder inequality we have

E2 ≤C‖b‖p1

Lipβ

∞∑
k=−∞

( ∞∑
j=k−1

|λj |p12(k−j)αp1/2
)( ∞∑

j=k−1

2(k−j)αp′
1/2

)p1/p
′
1

≤C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1 .

(2.6)

Therefore, by (2.1) and (2.3)–(2.6) we complete the proof of Theorem 2.2. �
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3. Commutator of the fractional integral operator

Let b ∈ Lipβ(R
n), and let Iσ denote the fractional integral operator with 0< σ <

n. The commutator of fractional integral operator [b, Iσ] is defined by

[b, Iσ]f(x) =

∫
Rn

(b(x)− b(y))

|x− y|n−σ
f(y)dy.

Wang, Fu, and Liu [8] proved that the commutator [b, Iσ] is bounded from

Lq1(·)(Rn) to Lq2(·)(Rn) for 1/q1(x)−1/q2(x) = (σ+β)/n and q1(·) ∈ B(Rn) with

q+1 < n/(σ + β). In this section, we will give the corresponding result about the

commutator [b, Iσ] on Herz-type Hardy spaces with variable exponent.

THEOREM 3.1

Suppose that b ∈ Lipβ(R
n) with 0 < β ≤ 1 and 0 < σ < n − β. If q1(·) ∈ B(Rn)

with q+1 < n/(σ+β), 1/q1(x)− 1/q2(x) = (σ+β)/n, 0< p1 ≤ p2 <∞, and nδ2 ≤
α < nδ2 + β, then [b, Iσ] maps HK̇α,p1

q1(·)(R
n) (or HKα,p1

q1(·)(R
n)) continuously into

K̇α,p2

q2(·)(R
n) (or Kα,p2

q2(·)(R
n)).

Proof

Similar to Theorem 2.2, it suffices to prove the homogeneous case. Let f ∈
HK̇α,p1

q1(·)(R
n), and let b ∈ Lipβ(R

n). By Lemma 1.4 we get f =
∑∞

j=−∞ λjaj ,

where ‖f‖HK̇
α,p1
q1(·)(R

n) ≈ inf(
∑∞

j=−∞ |λj |p1)1/p1 (the infimum is taken over the

above decompositions of f ), and aj is a dyadic central (α, q1(·))-atom with sup-

port Bj . Note that p1 ≤ p2. We have

∥∥[b, Iσ](f)∥∥p1

K̇
α,p2
q2(·)(R

n)
=
{ ∞∑
k=−∞

2kαp2
∥∥[b, Iσ](f)χk

∥∥p2

Lq2(·)(Rn)

}p1/p2

≤
∞∑

k=−∞
2kαp1

∥∥[b, Iσ](f)χk

∥∥p1

Lq2(·)(Rn)

≤C

∞∑
k=−∞

2kαp1

( k−2∑
j=−∞

|λj |
∥∥[b, Iσ](aj)χk

∥∥
Lq2(·)(Rn)

)p1

(3.1)

+C

∞∑
k=−∞

2kαp1

( ∞∑
j=k−1

|λj |
∥∥[b, Iσ](aj)χk

∥∥
Lq2(·)(Rn)

)p1

=: F1 + F2.

We first estimate F1. For each k ∈ Z, j ≤ k − 2, and almost every x ∈ Ak,

using the vanishing moments of aj and the generalized Hölder inequality we have

∣∣[b, Iσ](aj)(x)∣∣≤
∫
Bj

∣∣b(x)− b(y)
∣∣ |aj(y)||y|β
|x− y|n−σ+β

dy

≤C2−k(n−σ+β)+jβ

∫
Bj

∣∣b(x)− b(y)
∣∣∣∣aj(y)∣∣dy
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≤C2−k(n−σ+β)+jβ
(∣∣b(x)− b(0)

∣∣ ∫
Bj

∣∣aj(y)∣∣dy

+

∫
Bj

∣∣aj(y)∣∣∣∣b(y)− b(0)
∣∣dy)

≤C2−k(n−σ+β)+jβ‖b‖Lipβ

(
|x|β

∫
Bj

∣∣aj(y)∣∣dy+
∫
Bj

|y|β
∣∣aj(y)∣∣dy

)

≤C2−k(n−σ+β)+jβ‖b‖Lipβ

(
|x|β‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

+ 2jβ‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

)

≤C2−k(n−σ)+jβ‖b‖Lipβ
‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

.

So by (2.2) and Lemmas 1.2 and 1.3 we have∥∥[b, Iσ](aj)χk

∥∥
Lq2(·)(Rn)

≤C2−k(n−σ)+jβ‖b‖Lipβ
‖aj‖Lq1(·)(Rn)‖χBk

‖Lq2(·)(Rn)‖χBj‖Lq′1(·)(Rn)

≤C2−kn+(j−k)β‖b‖Lipβ
‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

∥∥Iβ+σ(χBk
)
∥∥
Lq2(·)(Rn)

≤C2−kn+(j−k)β‖b‖Lipβ
‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

‖χBk
‖Lq1(·)(Rn)

≤C2(j−k)β‖b‖Lipβ
‖aj‖Lq1(·)(Rn)

‖χBj‖Lq′1(·)(Rn)

‖χBk
‖
Lq′1(·)(Rn)

≤C2−jα+(j−k)(β+nδ2)‖b‖Lipβ
.

So we have

F1 ≤C‖b‖p1

Lipβ

∞∑
k=−∞

2kαp1

( k−2∑
j=−∞

|λj |2−jα+(j−k)(β+nδ2)
)p1

=C‖b‖p1

Lipβ

∞∑
k=−∞

( k−2∑
j=−∞

|λj |2(j−k)(β+nδ2−α)
)p1

.

When 1 < p1 <∞, take 1/p1 + 1/p′1 = 1. Since β + nδ2 − α > 0, by the Hölder

inequality we have

F1 ≤C‖b‖p1

Lipβ

∞∑
k=−∞

( k−2∑
j=−∞

|λj |p12(j−k)(β+nδ2−α)p1/2
)

×
( k−2∑
j=−∞

2(j−k)(β+nδ2−α)p′
1/2

)p1/p
′
1

≤C‖b‖p1

Lipβ

∞∑
k=−∞

( k−2∑
j=−∞

|λj |p12(j−k)(β+nδ2−α)p1/2
)

(3.2)
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=C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1

( ∞∑
k=j+2

2(j−k)(β+nδ2−α)p1/2
)

≤C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1 .

When 0< p1 ≤ 1, we have

F1 ≤C‖b‖p1

Lipβ

∞∑
k=−∞

( k−2∑
j=−∞

|λj |p12(j−k)(β+nδ2−α)p1

)

=C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1

( ∞∑
k=j+2

2(j−k)(β+nδ2−α)p1

)

≤C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1 .

(3.3)

Next we estimate F2; by the (Lq1(·)(Rn),Lq2(·)(Rn))-boundedness of the com-

mutator [b, Iσ] we have

F2 ≤C‖b‖p1

Lipβ

∞∑
k=−∞

2kαp1

( ∞∑
j=k−1

|λj |‖aj‖Lq1(·)(Rn)

)p1

≤C‖b‖p1

Lipβ

∞∑
k=−∞

( ∞∑
j=k−1

|λj |2(k−j)α
)p1

≤C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1 .

(3.4)

Thus, by (3.1)–(3.4) we complete the proof of Theorem 3.1. �

4. Commutator of the Marcinkiewicz integral operator

Suppose that Sn−1 denotes the unit sphere in R
n (n ≥ 2) equipped with nor-

malized Lebesgue measure. Let Ω ∈ Lipν(S
n−1) for 0< ν ≤ 1 be a homogeneous

function of degree zero and ∫
Sn−1

Ω(x′)dσ(x′) = 0,

where x′ = x/|x| for any x �= 0. In 1958, Stein [7] introduced the Marcinkiewicz

integral operator, which is related to the Littlewood–Paley g-function on R
n as

μ(f)(x) =
(∫ ∞

0

∣∣Ft(f)(x)
∣∣2 dt
t3

)1/2

,

where

Ft(f)(x) =

∫
|x−y|<t

Ω(x− y)

|x− y|n−1
f(y)dy.
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Let b ∈ Lipβ(R
n). The commutator generated by the Marcinkiewicz integral

operator μ and b is defined by

[b,μ](f)(x) =
(∫ ∞

0

∣∣∣
∫
|x−y|<t

Ω(x− y)

|x− y|n−1

[
b(x)− b(y)

]
f(y)dy

∣∣∣2 dt
t3

)1/2

.

Wang, Fu, and Liu [8] proved that the commutator [b,μ] is bounded from

Lq1(·)(Rn) to Lq2(·)(Rn). In this section, we will generalize the result to the case

of Herz-type Hardy spaces with variable exponent.

THEOREM 4.1

Suppose that Ω ∈ Lipν(S
n−1) (0 < ν ≤ 1) and b ∈ Lipβ(R

n), 0 < β ≤ ν/2. If

q1(·) ∈ B(Rn) with q+1 < n/σ, 1/q1(x) − 1/q2(x) = β/n, 0 < p1 ≤ p2 < ∞, and

nδ2 ≤ α< nδ2 + β, then [b,μ] maps HK̇α,p1

q1(·)(R
n) (or HKα,p1

q1(·)(R
n)) continuously

into K̇α,p2

q2(·)(R
n) (or Kα,p2

q2(·)(R
n)).

Proof

Similar to Theorem 2.2, it suffices to prove the homogeneous case. Let f ∈
HK̇α,p1

q1(·)(R
n), and let b ∈ Lipβ(R

n). By Lemma 1.4 we get f =
∑∞

j=−∞ λjaj ,

where ‖f‖HK̇
α,p1
q1(·)(R

n) ≈ inf(
∑∞

j=−∞ |λj |p1)1/p1 (the infimum is taken over the

above decompositions of f ), and aj is a dyadic central (α, q1(·))-atom with sup-

port Bj . Note that p1 ≤ p2. We have

∥∥[b,μ](f)∥∥p1

K̇
α,p2
q2(·)(R

n)
=
{ ∞∑
k=−∞

2kαp2
∥∥[b,μ](f)χk

∥∥p2

Lq2(·)(Rn)

}p1/p2

≤
∞∑

k=−∞
2kαp1

∥∥[b,μ](f)χk

∥∥p1

Lq2(·)(Rn)

≤C

∞∑
k=−∞

2kαp1

( k−2∑
j=−∞

|λj |
∥∥[b,μ](aj)χk

∥∥
Lq2(·)(Rn)

)p1

(4.1)

+C

∞∑
k=−∞

2kαp1

( ∞∑
j=k−1

|λj |
∥∥[b,μ](aj)χk

∥∥
Lq2(·)(Rn)

)p1

=:G1 +G2.

We first estimate G1. Note that∣∣[b,μ](aj)(x)∣∣

≤
(∫ |x|+2j+1

0

∣∣∣
∫
|x−y|≤t

Ω(x− y)

|x− y|n−1

[
b(x)− b(y)

]
aj(y)dy

∣∣∣2 dt
t3

)1/2

+
(∫ ∞

|x|+2j+1

∣∣∣
∫
|x−y|≤t

Ω(x− y)

|x− y|n−1

[
b(x)− b(y)

]
aj(y)dy

∣∣∣2 dt
t3

)1/2

=: I1 + I2.
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When x ∈Ak and |x−y|< t with t < |x|+2j+1, it follows from j ≤ k−2 that |x−
y| ∼ |x| ∼ |x|+2j+1. Then by the Minkowski inequality, Lipν(S

n−1)⊂ L∞(Sn−1),

and the generalized Hölder inequality, we have

I1 ≤C

∫
Rn

(∫ |x|+2j+1

|x−y|

dt

t3

)1/2 |b(x)− b(y)||aj(y)|
|x− y|n−1

dy

≤C‖b‖Lipβ

∫
Rn

|x|β |aj(y)|
|x|n−1

|y|1/2
|x|3/2 dy

≤C‖b‖Lipβ
|x|β−n−1/2

∫
Bj

∣∣aj(y)∣∣|y|1/2 dy
≤C‖b‖Lipβ

|x|β−n−1/22j/2‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

=C‖b‖Lipβ
|x|−n|x|β−1/22j(1/2−β)2jβ‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

≤C2−kn+jβ‖b‖Lipβ
‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

.

Notice that, from t ≥ |x|+ 2j+1 and y ∈ Bj , it follows that t ≥ |x|+ |y| ≥ |x−
y|. By the vanishing moments of aj and the generalized Hölder inequality we

have

I2 ≤
(∫ ∞

|x|+2j+1

∣∣∣
∫
Rn

Ω(x− y)

|x− y|n−1

[
b(x)− b(y)

]
aj(y)dy

∣∣∣2 dt
t3

)1/2

=
∣∣∣
∫
Bj

Ω(x− y)

|x− y|n−1

[
b(x)− b(y)

]
aj(y)dy

∣∣∣
(∫ ∞

|x|+2j+1

dt

t3

)1/2

≤C
∣∣∣
∫
Bj

Ω(x− y)

|x− y|n−1

[
b(x)− b(y)

]
aj(y)dy

∣∣∣ 1

|x|+ 2j+1

≤C
∣∣∣[b(x)− b(0)

]∫
Bj

( Ω(x− y)

|x− y|n−1
− Ω(x)

|x|n−1

)
aj(y)dy

∣∣∣ 1

|x|+ 2j+1

+C
∣∣∣
∫
Bj

Ω(x− y)

|x− y|n−1

[
b(y)− b(0)

]
aj(y)dy

∣∣∣ 1

|x|+ 2j+1

≤C‖b‖Lipβ

(
|x|β

∫
Bj

|y|ν |aj(y)|
|x|n−1+ν

dy+

∫
Bj

|y|β |aj(y)|
|x− y|n−1

dy
) 1

|x|+ 2j+1

≤C‖b‖Lipβ

(
|x|β

∫
Bj

|y|ν |aj(y)|
|x|n+ν

dy+

∫
Bj

|y|β |aj(y)|
|x− y|n dy

)

≤C‖b‖Lipβ

(
|x|β−n−ν2jν + |x|−n2jβ

)
‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

≤C2−kn+jβ‖b‖Lipβ
‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

.

So by (2.2) and Lemmas 1.2 and 1.3 we have∥∥[b,μ](aj)χk

∥∥
Lq2(·)(Rn)

≤C2−kn+jβ‖b‖Lipβ
‖aj‖Lq1(·)(Rn)‖χBk

‖Lq2(·)(Rn)‖χBj‖Lq′1(·)(Rn)
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≤C2−kn+(j−k)β‖b‖Lipβ
‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

∥∥Iβ(χBk
)
∥∥
Lq2(·)(Rn)

≤C2−kn+(j−k)β‖b‖Lipβ
‖aj‖Lq1(·)(Rn)‖χBj‖Lq′1(·)(Rn)

‖χBk
‖Lq1(·)(Rn)

≤C2(j−k)β‖b‖Lipβ
‖aj‖Lq1(·)(Rn)

‖χBj‖Lq′1(·)(Rn)

‖χBk
‖
Lq′1(·)(Rn)

≤C2−jα+(j−k)(β+nδ2)‖b‖Lipβ
.

So we have

G1 ≤C‖b‖p1

Lipβ

∞∑
k=−∞

2kαp1

( k−2∑
j=−∞

|λj |2−jα+(j−k)(β+nδ2)
)p1

=C‖b‖p1

Lipβ

∞∑
k=−∞

( k−2∑
j=−∞

|λj |2(j−k)(β+nδ2−α)
)p1

.

When 1 < p1 <∞, take 1/p1 + 1/p′1 = 1. Since β + nδ2 − α > 0, by the Hölder

inequality we have

G1 ≤C‖b‖p1

Lipβ

∞∑
k=−∞

( k−2∑
j=−∞

|λj |p12(j−k)(β+nδ2−α)p1/2
)

×
( k−2∑
j=−∞

2(j−k)(β+nδ2−α)p′
1/2

)p1/p
′
1

≤C‖b‖p1

Lipβ

∞∑
k=−∞

( k−2∑
j=−∞

|λj |p12(j−k)(β+nδ2−α)p1/2
)

=C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1

( ∞∑
k=j+2

2(j−k)(β+nδ2−α)p1/2
)

≤C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1 .

(4.2)

When 0< p1 ≤ 1, we have

G1 ≤C‖b‖p1

Lipβ

∞∑
k=−∞

( k−2∑
j=−∞

|λj |p12(j−k)(β+nδ2−α)p1

)

=C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1

( ∞∑
k=j+2

2(j−k)(β+nδ2−α)p1

)

≤C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1 .

(4.3)
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Next we estimate G2. By the (Lq1(·)(Rn),Lq2(·)(Rn))-boundedness of the

commutator [b,μ] we have

G2 ≤C‖b‖p1

Lipβ

∞∑
k=−∞

2kαp1

( ∞∑
j=k−1

|λj |‖aj‖Lq1(·)(Rn)

)p1

≤C‖b‖p1

Lipβ

∞∑
k=−∞

( ∞∑
j=k−1

|λj |2(k−j)α
)p1

(4.4)

≤C‖b‖p1

Lipβ

∞∑
j=−∞

|λj |p1 .

Thus, by (4.1)–(4.4) we complete the proof of Theorem 4.1. �
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