Graded Morita equivalences for generic
Artin-Schelter regular algebras

Kenta Ueyama

Abstract Let A= A(E,0), A’ = A(E’,c’) be Noetherian Artin-Schelter regular geo-
metric algebras with dimy A; = dimy A} = n, and let v, be generalized Nakayama
automorphisms of A, A’. In this paper, we study relationships between the conditions
(A) Ais graded Morita equivalent to A’, and
(B) A(E,v*o™) is isomorphic to A(E’, (v')*(c’)™) as graded algebras.
Tt is proved that if A, A" are “generic” 3-dimensional quadratic Artin-Schelter regular
algebras, then (A) is equivalent to (B), and if A, A’ are n-dimensional skew polynomial
algebras, then (A) implies (B).

1. Introduction

In noncommutative algebraic geometry, classification of Artin-Schelter (AS-) reg-
ular algebras has been one of the major projects since its beginning. In fact, AS-
regular algebras up to dimension 3 were classified. Since classifying 4-dimensional
AS-regular algebras up to isomorphism of graded algebras is difficult, it is natural
to try to classify them up to something weaker than graded isomorphisms, such
as graded Morita equivalences. In general, it is difficult to check whether two
graded algebras are graded Morita equivalent. The motivation of this paper is to
find a nice criterion of graded Morita equivalence for AS-regular algebras. In this
paper, we associate to a geometric AS-regular algebra A a symmetric AS-regular
algebra B, and we will prove that B is isomorphic to B’ if (and only if) A is
graded Morita equivalent to A’ in some nice cases.

Throughout this paper, we fix an algebraically closed field k. Let A be
a graded k-algebra. We denote by GrMod A the category of graded right A-
modules and right A-module homomorphisms preserving degree. We say that
two graded algebras A and A’ are graded Morita equivalent if there exists an
equivalence of categories between GrMod A and GrMod A’. For M € GrMod A
and n € Z, the shift of M, denoted by M (n), is the graded right A-module such
that M(n); = M;+,. For M, N € GrMod A, we define the graded k-vector spaces
Hom, (M,N) = @,c;Homa(M,N(n)) and Ext’(M,N) = @, ,BExt)y (M,
N(n)). We say that A is connected if A; =0 for all i <0, and Ay = k.
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An AS-regular algebra defined below is one of the first classes of algebras
studied in noncommutative algebraic geometry.

DEFINITION 1.1 ([1])
Let A be a connected graded k-algebra. Then A is called a d-dimensional AS-
regular (resp., AS-Gorenstein) algebra if it satisfies the following conditions:

- gldim A =d < oo (resp., id(A) =d < 00),
- GKdim A < o0, and
- (Gorenstein condition)

- 0 if i £d
Bt (F, 4) iz
k(1) for some l € Z if i=d.
A 1-dimensional AS-regular algebra is isomorphic to a polynomial algebra k[z].
A 2-dimensional AS-regular algebra generated in degree 1 is isomorphic to either
of the forms

k(z,y)/(—a® +zy—yz)  or  k{z,y)/(zy—Ayz)  (AA£0).

Moreover, every 2-dimensional AS-regular algebra generated in degree 1 is graded
Morita equivalent to k[x,y]. Classification of 3-dimensional AS-regular algebras
generated in degree 1 was started by Artin and Schelter in their paper [1]. Later
Artin, Tate, and Van den Bergh [2] completed the classification of 3-dimensional
AS-regular algebras generated in degree 1 by using geometric approach.

Let T(V') be the tensor algebra on V over k, where V is a finite-dimensional
vector space. We say that A is a quadratic algebra if A is a graded algebra of the
form T(V)/(R), where RCV ®; V is a subspace and (R) is the ideal of T(V)
generated by R. For a quadratic algebra A=T(V)/(R), we define

Ly :={(p,q) eP(V*) xP(V*)| f(p,q) =0 forall f€R}.

DEFINITION 1.2 ([5, DEFINITION 4.3])

A quadratic algebra A =T(V)/(R) is called geometric if there exists a geometric
pair (F,0), where E CP(V*) is a closed k-subscheme and o is a k-automorphism
of F such that

(G1) T2 ={(p,a(p)) e P(V*) x P(V*) [p € E}, and
(G2) R={feV V| f(p,o(p))=0 for all pe E}.

Let A=T(V)/(R) be a quadratic algebra. If A satisfies condition (G1), then
A determines a geometric pair (E,0). If A satisfies condition (G2), then A is
determined by a geometric pair (E, o), so we write A = A(FE,0).

If A is a 3-dimensional quadratic AS-regular algebra, then A = A(E,0) is
geometric, and E is either P2 or a cubic curve in P2. Artin, Tate, and Van den
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Bergh [2] described the “generic” classification of 3-dimensional quadratic AS-
regular algebras in terms of their geometric pairs (E, o). In their classification,
E is one of the following:

(i) a triangle,
(ii) a union of a line and a conic meeting at two points,
(iii) an elliptic curve.

For example, a 3-dimensional Sklyanin algebra A = A(FE,0) is a 3-dimensional
quadratic AS-regular algebra such that F is an elliptic curve and o is given by
the translation automorphism by a fixed point p € E. As another example, an
n-dimensional skew polynomial algebra A, namely,

A= k<5131, .. ,$n>/($z$] — aij:rjxi) (aijaﬁ = Qy; = 1,v2,] S {1, . .,’Il}),

is an n-dimensional geometric AS-regular algebra. Note that skew polynomial
algebras are Noetherian Koszul.

Let A be a Noetherian d-dimensional AS-Gorenstein algebra, and let m :=
A>1 be the unique maximal homogeneous ideal of A. We define the graded (A-A)
bimodule w4 by

wa :=H% (A)* = Hom, (nlinéowj(A/AZmA), k).

It is known that wy = ,A(—1) as graded (A-A)-bimodules for some graded k-
algebra automorphism v € Auty A, where ,A is the graded (A-A)-bimodule
defined by , A = A as a graded k-vector space with a new action a*z b :=v(a)xb
(cf. [4, Theorem 1.2]).

DEFINITION 1.3 ([6])

Let A be a Noetherian d-dimensional AS-Gorenstein algebra. We call v € Auty A
the generalized Nakayama automorphism of A, where wy = ,A(—1) as graded
(A-A)-bimodules. If the generalized Nakayama automorphism v € Auty A is id4,
then A is called symmetric.

A finite-dimensional algebra A is called graded Frobenius if A* = A(—I) as
right- and left-graded A-modules. Let A be a graded Frobenius algebra. Then
A* = A(—1) as graded A-A bimodules, where v is the usual Nakayama auto-
morphism. Since A is a Noetherian AS-Gorenstein algebra of id(A) =0 and
wa =HY (A)* = A* =, A(-1), the generalized Nakayama automorphism of A is
the usual Nakayama automorphism (see [6]).

The following theorem motivates this paper.

THEOREM 1.4 ([5, THEOREM 5.4])
Let A= A(E,0),A' = A(E',0") be 3-dimensional Sklyanin algebras. If 0% 0" #
id, then the following are equivalent:

(1) GrMod A(E,0) = GrMod A(E’,d").

(2) A(E,03) =2 A(E',0") as graded algebras.
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So we consider relationships between the following conditions for Noetherian geo-
metric AS-regular algebras A = A(E,0),A’ = A(E',0’) with dimy A4; =
dimy A} =n:

(A) GrMod A(E,0) =2 GrMod A(E’,o"),
(B) A(E,v*o™) =2 A(E’,(V')*(c")") as graded algebras,

where v € Auty, A,/ € Auty, A’ are the generalized Nakayama automorphisms.

The generalized Nakayama automorphism of a 3-dimensional Sklyanin alge-
bra A is ida (cf. [8, Example 10.1]). Hence if A = A(F,0), A’ = A(E',0’) are
3-dimensional Sklyanin algebras with 0,0’ #id, then (A) < (B) is true.

In this paper, we prove (A) < (B) for “generic” 3-dimensional quadratic
AS-regular algebras A, A’ whose geometric pairs are of the same type (see The-
orem 3.1). Moreover, we show that if A, A" are n-dimensional skew polynomial
algebras, then (A) = (B) is true (see Theorem 4.1). However, (B) = (A) is false
for n =4. In each situation, we also show that A(E,v*c™) is symmetric (see
Theorems 3.2, 4.3).

2. Preliminaries

For the purpose of this paper, we define the types of some geometric pairs (E, o)
of 3-dimensional quadratic AS-regular algebras as follows.

- Type P?: E is P2, and o € Aut;, P? = PGL3(k).

- Type S1: E is a triangle, and o stabilizes each component.

. Type Sy: E is a triangle, and o interchanges two components.

- Type S3: F is a triangle, and o circulates three components.

. Type Si: F is a union of a line and a conic meeting at two points, and o
stabilizes each component and two intersection points.

. Type S4: F is a union of a line and a conic meeting at two points, and o
stabilizes each component and interchanges two intersection points.

REMARK 2.1
If F is a union of a line and a conic meeting at two points, and ¢ interchanges
these two components, then A(F, o) is not an AS-regular algebra (see [2, Propo-

sition 4.11]). Thus the above types completely cover the “generic” singular cases
and E = P2

Recall that the Hilbert series of A is defined by
Ha(t)= Y (dimA,)t' € Z[[t,t™"]].
i=—00
If A is a 3-dimensional quadratic AS-regular algebra, then A is a Noetherian
Koszul domain and Ha(t) = (1 —t)~3.
For geometric algebras, isomorphism and graded Morita equivalence can be
characterized in terms of their geometric pairs.
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THEOREM 2.2 ([5, THEOREM 4.7])
Let A= A(E,0), A’ = A(F’,0’) be geometric algebras. Then the following hold.

(1) We have A= A’ as graded algebras if and only if there exists an isomor-
phism 7 : E — E' which extends to an automorphism 7 :P(V*) — P(V*) such
that the diagram

E4T>E’

E —— F
commautes.
(2) We have GrMod A = GrMod A’ if and only if there exists a sequence

isomorphism 7, : E — E' for n € Z which extends to automorphisms 7, : P(V*) —
P(V*) such that the diagrams

commute for n € 7.

If A= A(F,0) is a 3-dimensional skew polynomial algebra, then the geometric
pair (E,0) is of type P? or S. In either case, the following theorem holds.

THEOREM 2.3
Let
A=k(xq,...,x0)/(wixj — ajzim;), A =k(xy,. . an) /(v — ajxja;)

be n-dimensional skew polynomial algebras. Then the following hold.

(1) We have A= A’ as graded algebras if and only if there exists a permu-
tation 0 € Sy, such that oi; = agiye(j) for any 1 <i,j <n (see [10, Lemma 2.1]).

(2) We have GrMod A =2 GrMod A’ if and only if there exists a permutation
0 € S, such that a%ia’ija;-k = Qg(k)6(i) X0 ()0(j) o (j)o(k) Jor any 1 <, 5,k <n (see
[3, Theorem 5.1]).

The following lemma shows when two algebras of type S| are isomorphic.

LEMMA 2.4
Let

A=k(x,y,2)/(xy — ayz, zx — arz, —2* + yz — azy),
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A =k(x,y,2)/(zy — yz, 22 — o'x2, —2° +yz — o' 2y),
where a, o #0, o, 0/ #£1. Then A= A’ if and only if o/ =a*?.

Proof

We prove (=) by using Theorem 2.2(1). Now A=A E, o) is a geomertic algebra
such that E=CUL,C=V(2? +yyz),l=V(z),y=a®> —a 1, and 0 € Aut E is
given by

a(1(0,b,¢) = (0,0, ac),
olc(a,b,c) = (a,ab,a™c)

(type S7). The same is true for A’ = A(E’,¢’). If 7: E — E’ is an isomor-
phism which extends to an automorphism 7 :P(V*) — P(V*), then 7 sends
two intersection points {(0,1,0),(0,0,1)} =C NI C E to two intersection points
{(0,1,0),(0,0,1)} =C"NI' C E’, so

7(a,b,c) = (a,pa+ qb,ra+ sc) (fixing two intersection points)
or
T(a,b,c) = (a,ra+ sc,pa+ gb) (interchanging two intersection points),

where p,q,r,s € k. It follows from 70 = ¢’ that o/ = a®!. O

If A=T(V)/(R) is a quadratic algebra, then we define the quadratic dual algebra
of A by

A'=T(V*)/(RY), R*={ eV*@,V*|Ar)=0 forallreR}.

Let A=T(V)/(R)=A(F,0) be a Noetherian AS-regular geometric algebra
of dim A; =n. If v is the generalized Nakayama automorphism of A, then it
restricts to an automorphism v € Aut,y V = Autp A;. So its dual induces an
automorphism v* € Aut, P(V*), which induces an automorphism v* € Auty E
(see [6]). Moreover, v* extends to the unique graded algebra automorphism
v* € Auty A', and v ="t € Auty, A' is the Nakayama automorphism of A',
where ¢ € Autg A' is the multiplication by (—1)* on A} (see [9]), so v* =7 in
Autk FE.

If A= A(E,0) is a d-dimensional Koszul AS-regular algebra, then A' is
graded Frobenius (see [8, Theorem 5.10]), so dimy A, =1, and the map (—,—):
A xA -k Aii defined by

(a,b) = the component ab in A}

is a nondegenerate bilinear pairing (Frobenius pairing) such that (ab, c) = (a, bc)
for all a,b,c € A' (see [8, Lemma 3.2]). If o' is the Nakayama automorphism of
A', then

(a,b) = (v'(b),a)
for all a,b€ A" (see [8, Lemma 3.3]). Using these facts, we can calculate v* €
Auty F.
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3. Results for three-dimensional AS-regular algebras
In this section, we prove (A) < (B) for “generic” 3-dimensional quadratic AS-

regular algebras.

THEOREM 3.1

Let A= A(E,0),A' = A(E',0’) be 3-dimensional quadratic AS-reqular algebras,
and let v € Auty, A, 1" € Auty, A" be the generalized Nakayama automorphisms. If
(E,0) and (E',0") are of the following same type: P2, Sy, Sz, Sz, S} or S}, then

GrMod A(E, o) = GrMod A(E',0") & A(E,v*c®) 2 A(E', (V')*(0")?).
Proof

We give proofs for types P2, Si, Sz, and S]. Using [5, proof of Theorem 5.2], the
proofs for the other types are analogous.

Case (I). Assume that both (E,o) and (E’,0’) are of type P2. In this case,
applying Theorem 2.2(2), we can show that
GrMod A(P?, o) 2 GrMod A(P?,id) = GrMod k[z, y, ]
for any o € PGL3(k), so it is enough to show
AP?, v o) = k[, y, 2]

for any o € PGL3(k). Since A(P?,0) = A(P%, 707~ 1) for any 7 € PGL3(k) by
Theorem 2.2(1), we may assume that o € PGL3(k) is one of the following three
cases:

0
0
B

b

S~ D

0 0 0
« a 0
0 1 «

O~ D

by Jordan canonical form.
a 00
If o= (8 g 0), then A= A(P?,0) is k(z,y,2) with the defining relations
¥

zy — Ba tyx, yz — B 2y, 2x —ay lzz.

Now A' is k(z,y,z) with the defining relations

Batzy +ya, a?, Y8~ yz + 2y, y?, ay lzx +az, 2.

Since
(yz,x) = (y2)z = Bya2x(yz) = By z,yz),

(z2,y) = (z2)y = a7~ *y(zx) = (a5~ %y, 22),

2 -2

(xy,2) = (xy)z = afy *z(zy) = (afy " %z, 2y)
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in A', the automorphisms v* = (—1)3*1v* = ! € Auty V* and v* € Aut, P? are
given by

Bya™2 0 0
(3.1) v = 0 ay372 0
0 0 afy?

when viewed as an element in GL3(k) and in PGL3(k), respectively. Then v*o3
is id; so B = A(P?,v*03) 2 klx,y, 2].
If o= (lg % §), then A= A(P?,0) is k(x,y,2) with the defining relations
vy — otz —yz, rz 4+ ayz — Bzy, zx —af ez
Now A' is k(z,vy,z) with the defining relations
zy + az?, xy + yx, B lzy 4+ zz 4+ af L2x,
zy +afzy, v, 22
Since
(byz + cza)r = (Ba"'a — 38a™2y) (byz + czx),
(22)y = Bay(zx),
(zy)z = o F22(y)
in A', the automorphisms v* € Auty, V* and v* € Auty, P? are given by

Ba~t 0 0
v* -38a~2 fBa~! 0
0 0 2B

Then v*o? is id, so A = A(P?,v*03) 2 k[z,y, 2].

The proof for o = ((g :(1; 8) is similar to the above and is left to the readers.
«

Case (II). Assume that both (E,o) and (E’,0’) are of type S; (cf. [5, Example
4.10], [7, Example 2.15]). We may assume that £ = E' =1y Ul Ul3, where
l1 =V(x),la =V(y),l3=V(z), and o € Auty E is given by

ol1,(0,b,¢) = (0,b, ac),

oli,(a,0,¢) = (Ba,0,c),

ol (a,b,0) = (a,~b,0),
and o’ € Auty E’ is given by

a'11,(0,b,¢) = (0,b,c),

o'l (,0,¢) = (8'a,0,¢).

o'l1,(a,b,0) = (a,~',0),
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where afy,a/3'y #0,1. Then A= A(F,0) is k{x,y,z) with the defining rela-
tions

Yz — azy, 2z — Pz, TY — Yy,
and A" = A(E',0') is k(z,y, z) with the defining relations
yz — o zy, zx — Bxz, zy — v y.
Now A'is k{z,y,z) with the defining relations
ayz + zy, :172, Bzx + xz, y2, Yy + yx, 27,
Since
(zy)a =B 2 (2y),
(x2)y = ay ty(z2),
(yz)z = Ba 2(yx)
in A', the automorphisms v* € Auty, V* and v* € Auty, E are given by

7t 0 0
(3.2) vt = 0 ay! 0
0 0 Bat

Then v*o? is given by
v*o3);,(0,b,¢) = (0,b,aB7c),
v*o3)1,(a,0,¢) = (aBva,0,c),
v*o3|i,(a,b,0) = (a,aB7b,0),
so B=A(E,v*0?) is k{x,y,z) with the defining relations
yz — afyzy, zx — afvyxz, xy — afyyr.
Similarly, B’ = A(E', (')*(¢")?) is k{x,y, z) with the defining relations
yz — o' B4 zy, zx — o' 'y xz, xy — o' 'y yz.
It follows that if both (E,0) and (E’,¢’) are of type Si, then
AE,v*0%) = A(E', () (0')%) <= o/ B/ = (afiy)*!
by Theorem 2.3(1). Furthermore, [5, Example 4.10] says that
GrMod A(E,0) = GrMod A(E', ') <= o/ 'y = (aB7y)*.
The assertion is proved.
Case (III). Assume that both (E,0) and (E’,0’) are of type Sz. We may assume

that E=E' =1, Uly Uls, where I} =V(x),la =V(y),ls =V(z), and 0 € Aut, E
is given by

U|l1 (Oa ba C) = (abv 0, C),
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oli,(a,0,¢) =(0,a, Be),
oli;(a,b,0) = (b,va,0),
and ¢’ € Auty F’ is given by
a'11,(0,b,¢) = ('b,0,¢),
a'l1,(a,0,c) = (0,a,5'c),
o'|15(a,b,0) = (b,7a,0),
where afv,a'3'y' #0,1. Then A is k(x,y, z) with the defining relations
Zr — ayz, rz — By, y? —ya?,
and A’ is k(z,y,z) with the defining relations
2z — o'yz, xz — 3 zy, y? — 2%
Now A' is k{z,vy,z) with the defining relations
azx +yz, Yy, Bxz + zy, Y, yy? 4 22, z2.
Since
(z2)2 = —a~ly(z),
(z2)y = —Ba(xz),
(¥*)z = —a®y2(y*) = =7 B722(y%)
in A', we must have
—aPy =172
(Suppose z(y?) = 0; then H i (t) # (1 +t)3, which contradicts the fact that A
is a 3-dimensional quadratic AS-regular algebra.) It follows from «fv # 1 that

afy = —1is a necessary condition for A to be a 3-dimensional AS-regular algebra.
Furthermore, the automorphisms v* € Auty V* and v* € Auty FE are given by

0 g 0
v =a! 0 0
0 0 o%y

Then v*o? is given by
v*a3);,(0,b,¢) = (0,b,—c),
v*o?,(a,0,¢) = (—a,0,c),
v*o31,(a,b,0) = (a, —b,0),
so B=A(E,v*0?) is k{z,y,z) with the defining relations
Yz + zy, 2T + 2z, Ty + yx.
Similarly, B’ = A(E’, (v')*(¢")3) is k{x,y, z) with the defining relations

Yz + 2y, 2T+ xZ, Ty + Y.
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It follows that if both (F,0) and (E’,c’) are of type S such that A(FE,c) and
A(E’,o") are AS-regular algebras, then

A(E, v o®) =2 A(E', (V))*(0")?).
Furthermore, since a3y =o'+ = —1,
GrMod A(E, ) = GrMod A(E', ")
by Theorem 2.2(2). The assertion is proved.
Case (IV). Assume that both (E,0) and (E’,0’) are of type S7. We may assume

that E=C UI, where C = V(2? + yy2),l=V(x),y=af — 37!, and 0 € Auty E
is given by

a1(0,b,¢) = (0,b, ac),
olc(a,b,c) = (a, Bb, 37 c).

Similalry, we assume that B = C'UU, where €' = V(? +~/y2),I' = V(). =
o' — 't and o' € Auty E' is given by

a'1(0,b,¢c) = (0,b,d/c),
o’|c(a,b,¢) = (a, b, 5/ ¢),
where a3?,0/3"? #0,1. Then A is k(x,y,2) with the defining relations
xy — Byx, zx — Pxz, —22 +yz — azy,
and A’ is k(z,y,z) with the defining relations
xy — 'yz, zx — B'xz, —2? 4+ yz—a'zy.
Now A' is k(z,y,z) with the defining relations
Bxy + yx, v, Bzx + xz, 22, 2 4 yz, ayz + zy.

Since

(zy)x = z(zy),

(z2)y = af™ y(z2),
(yx)z = fa~"2(yx)

in A', the automorphisms v* € Aut, V* and v* € Auty, E are given by

1 0 0
(3.3) =0 asg ! 0
0 0 PBal

Then v*o? is given by
v*a®[1(0,b,¢) = (0,b,a8%¢),

v'o’lc(a,b,c) = (a,a8%, a7 f7%c).
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(1) If (a3?)3 # 1, then (E,v*0?) is of type S}, so B= A(E,v*c?) is k{x,y, 2)
with the defining relations
zy — a?yz, 2z — aff’rz, —oy ta? +yz — af?2y,

where § = (a3%)? — (a8%)~L. If we define the new graded algebra B = k(x,y, 2)
with the defining relations

zy — oFyz, zx —af’rz, —2? +yz —af?z2y,

then B = B by change of generators x — /~vd~lz.
Similarly, if (o/3?)3 # 1, then B’ = A(E', (V')*(0")?) is k{x,y,z) with the
defining relations

zy — o/ %y, zx — o' Pz, —8'y 7 a? fyz — o/ %2y,

where &' = (o/3%)? — («/3"?)~L. We define B’ = k(z,y, z) with the defining rela-
tions

zy — o/ f%yx, 2w — o 3Pz, —2? 4+ yz— o' f%z2y;
then B’ =~ B’. Thus, by Lemma 2.4,
BB <= B2 B = d3”%=(af?)*".

(2) If (a3?)3 =1, then (E,v*0?) is of type P2, so B = A(E,v*c?) is k{x,y, 2)
with the defining relations

zy — af?yz, zx — af’rz, yz — o zy.

Similarly, if (o/3?)3 =1, then B’ = A(E’, (v')*(¢")?) is k(x,y, 2) with the defining
relations

zy — o/ %y, 2z — o' %z, yz — o' 3% zy.
Thus, by Theorem 2.3(1),
BB« d'f?% = (af*)*.
It follows that if both (E,o) and (E’,0’) are of type S7, then
AB,v*a®) = A(E', (V)" (0')?) &= /37 = (af?)*.
Applying Theorem 2.2(2), we can show that
GrMod A(E, o) = GrMod A(E',0') <= o/ = (a%)*!

by Theorem 2.2(2). The assertion is proved. O

Next, we show that A(E,v*0?) in the above theorem are symmetric.

THEOREM 3.2

Let A= A(E,0) be a 3-dimensional quadratic AS-regular algebra, and let v €
Auty A be the generalized Nakayama automorphism. If (E,o) is of the following
types: P2, Sy, So, Sz, S; or S, then B = A(E,v*c3) is symmetric.
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Proof
We will give proofs for types P2, Sy, and S;. The proofs for the other types are
analogous. Since

VBZidBEAuth<:>I/B:idEAuth<:>V]§:id€Auth*7

it is enough to show vj =id € Aut, V*, where vp is the generalized Nakayama
automorphism of B.
If (E,0) is of type P?, then B = A(E,v*0?) is k[x,y, 2], so B is symmetric.
Assume that (E, o) is of type So. Then B = A(E,v*03) is k{x,y, z) with the
defining relations
Yz + 2y, zx +xz, xy + yx,

so (E,v*03) is of type S1. By (3.2), v =id € Aut, V*, so the generalized
Nakayama automorphism vg is idg.
Next, we assume that (E,0) is of type S;. If (a3?)3 # 1, then (E,v*0?) is
of type S. Since B = B, we consider B = k{x,y, z) with the defining relations
zy — oFyz, zx — af’z, —22 +yz —af?2y.

By (3.3), vz € Aut, V™ is given by

1 0 0
ve=10 (af?)(ap?)™! 0 =id.
0 0 (@f?)(ap?) ™!

Thus the generalized Nakayama automorphism vp is idp.
If (af%)® =1, then (E,v*03) is of type P?, so B = A(E,v*c?) is k{z,y,2)
with the defining relations

zy — af?yx, 2z — oz, yz — a2y,

and v*o3 is given by

1 0 0
0 aB? 0 ,
0 0 (ap?)?

so by (3.1), v =id € Auty V*. Thus the generalized Nakayama automorphism
v is idpg. O
4. Results for skew polynomial algebras

We prove (A) = (B) for skew polynomial algebras.

THEOREM 4.1
If A= A(E,0),A" = A(E',0’) are n-dimensional skew polynomial algebras and
ve Auty A,V € Auty A’ are the generalized Nakayama automorphisms, then

GrMod A(E,0) = GrMod A(E',0") = A(E,v*c™) = A(E', (v')*(c")").
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Proof
Let A=Fk(z1,...,2,)/(z;2; — ajxjz;) be an n-dimensional skew polynomial
algebra. Then A= A(E,0) is geometric, where

00 g #1
by [3, Proposition 3.1] and [10, Proposition 3.1], and ¢ € Auty E is given by
U(O,...,O,ai,O,...,O,aj,O,...,O) = (O,...,O,ai,O,...,O,aijaj,O,...,O)
for any i < j by [3, Remark 3.4].

Now A' is k(z1,...,xn)/(qijziz; + x5m;,22). Since a; =1 and
(5171 L1 L4410 In)l’z

= (—1)n7104m Crr Q10— Q1T (T1 - T 1T Tp)

in A' for any i, the automorphism ' € Aut V* induced by the Nakayama auto-
morphism of A' is given by

(4.1) Vl(fi)lgiSnZ( H (—1)”_10@59@-)

1<s<n lsisn
So the automorphism v* : F — FE is given by
v (az 1<1<n—( H azsaz) .
<i<n
1<s<n - -
Thus
v*a"(0,...,0,a;,0,...,0,a;,0,...,0)
=v"(0,...,0,a;,0,...,0,05a;,0,...,0)
= (07...,0, H @isa;,0,...,0, a5, H ajsaj,O,...,O)
1<s<n 1<s<n
[Tico<n s
- (0,...,o,ai,o,...,o,agAaj,o,...,o)
ngsgnais
= (0,...,0,%,0,...,0,&% H asiajsaj,o,...,0>
1<s<n
:(07...70,(11‘,0,...,0, H (asiaijajs)aj,O,...,O).
1<s<n
Hence

B= .A(E‘7 V*O‘n) = k’(l‘h N a$n>/($i$j — H (asiaijajs)xjxi)

1<s<n
= k<l‘1, e ,$n>/(.’£iiﬂj — ﬂijxjxi);

where /Bij = ngsgn(asiaijajs).
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Let A"= A(F',0") = k(z1,...,2n)/(zizj — aj;x;7;) be another skew polyno-
mial algebra. Then

B = A(E,y*a‘n) = k(xl, Ce ,I’n>/(l’lIJ — H (O[%O[UOZJS)Z'J‘IZ)

1<s<n
=k(z1,. .. w0) [ (Tizy — Biwiw),

where 3 := ngsgn(agl%]%s)
By Theorem 2.3(1), (2),

GrMod A =2 GrMod A’

<= 30 € S,, such that ool o = 0g(5)0(i) Q0(i)0(5) X0(5)0(s)

sitij s

= 30 € S, such that H Ole ” js: H QY ()0(:) 0(1)0(5) 0 (5)0(s)

1<s<n 1<s<n

<= 30 € 5,, such that H ala ” js— H Qs0(3)Q9(1)0(5) 0 (4)s

1<s<n 1<s<n
<= 30 € S, such that 3;; = Byiya(j)
<~ B~PB.
Hence this is the result. (]

Unfortunately, the converse of Theorem 4.1 is false for n =4. We construct a
counterexample.

EXAMPLE 4.2
Let A= A(E,0)=C(x1,22,23,24) be a 4-dimensional skew polynomial algebra
with defining relations

T1Tg — 2.7321‘1, 13 — 2.’173(1}1, T1X4 — 23?4.%’1,
XTol3 — 2.13333‘2, Loy — 21‘4.732, Xr3xly4 — 2l‘4.133,
that is,
Q12 = 113 = Q14 = Q23 = Qg4 = Qi34 = 2.

By the definition of B = A(E,v*c™) in the proof of Theorem 4.1,

512 = ;31120023041 120024 = 4, 513 = Q21013032041 013034 = 1,

= =471 Bz = =4
514 = 021 (x140042(31 011443 = , 23 = (12023031 Qy2(23(N34 = 4,
524 = (120240041 3200240043 = 1, 534 = (11301340041 230034042 = 4,

so B is C{x1,x2,x3,x4) with defining relations
—4 - —471
12 L2T1, L1T3 — L3T1, T1T4 L4,

Loz — 41’3332 XXy — X492 Xr3lyg — 41’41‘3.
) )
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Let A’ = A(E',0") = C{x1,22,%3,24) be a 4-dimensional skew polynomial
algebra with defining relations

T1T2 — 2iT2w1, T1T3 — T3T1, T1T4 — TeT1,
Ty — T3Ta, Ty + TgT2, T3T4 — 207473,
where i =+/—1, that is,
0/12:(134:21', 0/13:0/14:0/23:1’ gy =—1.

By the definition of B’ = A(E,v*c?) in the proof of Theorem 4.1,

VA I R S B S B VR A A A B R
Blo = Q31 Qp003001 Qo0 = 4, B3 = Qg 01303001 Q3034 = 1,
VA R A A A A B | /A S A A A B S
Bla = Qo 04 Qo5 g0y =477, Baz = QaQip30i31 Qg iy 0igy = 4,
VA B R S A S B VA S R R S A A
B4 = Q1905401 Q3o Qn 03 = 1, B34 = Q130054001 Qg3 Qlgs0 =4,

so B’ is C{x1, 29,23, 24) with defining relations
—4 — —471
T1T2 L2171, T1T3 — T3T1, T1T4 T4,
Tol3 — 4$3l’2, ToTy — Ty42, Xr3lyg — 4$4l’3.
Hence B = B’. However, for any 6 € Sy,
I / r_ % 2i1 _
Q9lh30i3; = 20 7 277 = ug(1)6(2)X9(2)0(3) X0(3)8(1)

so GrMod A 22 GrMod A’.

THEOREM 4.3
If A= A(E,0) is an n-dimensional skew polynomial algebra and v € Auty A is
the generalized Nakayama automorphism, then B = A(E,v*o™) is symmetric.

Proof
Since v* = (—=1)"*1! € Auty, V* by [9, Theorem 9.2], it follows from (4.1) that
the generalized Nakayama automorphism of B is given by

VB(xi)lgign:( H ﬂm%‘) o
1<i<n

1<s<n

where /Bij = ngtgn(atiozijajt). It follows that
vp(xi) =[] Biszi

= (aliailall T2 (112t Ui (1

s 0020001 (020022 * - Oipi O 0lop,

c Q0 Q] - Qi 0ipQip2 -+ - Oénioémann)fi



Graded Morita equivalences for generic AS-regular algebras 501

for any 4. If we define @}, = aq;(ipypq, then @i, = alaf, =1 forany 1 <s <t <
n, so vg(x;) = x; for any i. Thus we obtain the result. O
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