Numerically trivial involutions of Kummer
type of an Enriques surface

Shigeru Mukai

Abstract There are two types of numerically trivial involutions of an Enriques surface
according to their period lattice. One is of U(2) L U(2)-type and the other is of (U(2) L
U(2))-type. An Enriques surface with an involution of (U (2) L U(2))-typeis doubly cov-
ered by a Kummer surface of product type, and such involutions are classified again into
two types according to the parity of the corresponding Gépel subgroups. Involutions of
odd (U(2) L U(2))-type are constructed from the standard Cremona involutions of the
quadric surface and closely related with quartic del Pezzo surfaces.

Introduction

It is known that a nontrivial automorphism of a K3 surface acts nontrivially on
its cohomology group. But this is not true for an Enriques surface. An automor-
phism of an Enriques surface S is said to be numerically trivial (resp., cohomo-
logically trivial) if it acts on the cohomology group H?2(S,Q) (resp., H?(S,Z))
trivially. In this article we classify the numerically trivial involutions, while cor-
recting some earlier work [3].

Let S be a (minimal) Enriques surface, that is, a compact complex surface
with H'(Og) = H*(Og) =0 and 2Kg ~ 0, and let o be a numerically trivial
(holomorphic) involution of S. We denote the covering K3 surface of S' by S and
the covering involution by . Then the period lattice N of (S, o) is isomorphic
to either U(2) L U(2) or U L U(2) as a lattice (see [3, Proposition 2.5]). An
involution o is called (U(2) L U(2))-type, or Kummer type, in the former case.

In this article, except in Appendix A, we assume that N ~U(2) L U(2) and
classify the numerically trivial involutions of Kummer type using their periods,
that is, the Hodge structures on Np (cf. Remark 21). There exist a pair of
elliptic curves E’ and E” and an isomorphism ¢ between S and the Kummer
surface of the product abelian surface E’ x E” such that the diagram
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S L Km(E' x E)
(1) or | ! 1%
S % Km(E' x E")

is commutative, where o is the antisymplectic lift of o (see Section 1) and p is
the involution induced by (idgs, —idg~) (see Proposition 6).

EXAMPLE 1

Let Bev be the involution of Km(E’ x E”) induced by the translation of E' x E”
by a 2-torsion point a with a ¢ E' x 0U0 x E”. Then eo, = pfey has no fixed
points, and the involution o, of the Enriques surface Km(E’ x E")/eq, induced
by p is numerically trivial (cf. Proposition 4).

The quotient Km(E" x E”)/p is the blowup of P! x P! at the 16 points (p},p),
1<4,j <4, where {p},...,p}} and {pY,...,p}} are the branches of the double
coverings E' — P! ~ E'/(—id) and E” — P! ~ E"/(—id), respectively. In the
course of his classification of Enriques surfaces with finite (full) automorphism

groups, Kondo [2] found a numerically trivial involution of an Enriques surface
which had been overlooked in [3] (cf. Remark 12).

PROPOSITION 2
Assume that

(x) the ordered 4-tuples (p},...,p}) and (pY,...,pY) € (P)* are not projec-
tively equivalent.
Then the standard Cremona involution of P! x P! with center the four points
i, p), 1 <i<d4, lifts to a fized point free involution e,qa of Km(E' x E")
(see Section 2). Moreover, the involution ooqqa of the Enriques surface Km(E’ x
E")/eoda induced by p is numerically trivial.

The following is the main result of this article.

THEOREM 3
Every numerically trivial involution of Kummer type of an Enriques surface is
obtained in the way of Example 1 or Proposition 2.

First, we characterize the involutions of Kummer type by their periods in Sec-
tion 1. In Section 2 we construct an Enriques surface by using a Cremona
involution of the smooth quadric or, almost equivalently, from a smooth quar-
tic del Pezzo surface. In Section 3 the main theorem is proved by the global
Torelli theorem for Enriques surfaces and by computation of periods of Enriques
surfaces of Example 1 and Proposition 2. This article has two appendices. In
Appendix 1, we complete the classification of numerically trivial involutions,
while correcting earlier work [3]. In Appendix 2, we exhibit 14 smooth rational
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curves on the Enriques surfaces of Proposition 2 and compute the dual graph of
their arrangement.

Notation. The symbol U denotes the rank 2 lattice given by the symmetric
matrix (93). The lattice obtained from a lattice L by replacing the bilinear

form (. ) with r( . ), r being a rational number r, is denoted by L(r).

1. Involutions of Kummer type

Let Km(E’ x E”) and u be as in the introduction.

PROPOSITION 4

Let € be a fized point free involution of Km(E' x E") which commutes with the
involution (. Then the involution of the Enriques surface Km(E' x E") /e induced
by w is numerically trivial.

Proof

The invariant part of the action of 4 on H?(Km(E’ x E"),Z) is of rank 18. On
the other hand, since ey is symplectic, the antiinvariant part of its cohomological
action is of rank 8. Therefore, u mod ¢ acts on H*(Km(E’' x E")/e,Q), which
is of rank 10, trivially. O

Let o be a numerically trivial involution of an Enriques surface S. There are two
involutions of the K3 cover S of S which lift o since S has no fixed point free
automorphisms of order 4. One is symplectic and the other is antisymplectic.
These involutions of S are denoted by ox and og, respectively. We denote
the antiinvariant parts of the actions of ¢ := oxog, 0k, and or on HZ(S, Z)
by N, Nk, and Ng, respectively. N is isomorphic to U L U(2) L Eg(2) (see [1,
Chapter VIII, Lemma 19.1]), and Nk is isomorphic to Eg(2) (see [3, Lemma 2.1]).
Npg carries a nontrivial polarized Hodge structure of weight 2, which we call the
period of (S,0).

To compute the period for an involution in Proposition 4, we recall a basic
fact on the cohomology of the Kummer surface Km(7T) of a (2-dimensional)
complex torus 7. Km(T) contains 16 (—2)P'’s {E,}.er, parameterized by the
2-torsion subgroup T ~ (Z/27)* of T. These generate a sublattice of rank 16 in
the cohomology group H?(Km(T),Z), which we denote by I'ky,. Let A be the
orthogonal complement of I'ky, in H?(Km(T'),Z). A is the image of H*(T,Z) by
the quotient morphism from the blowup of T" at T5 onto Km(7'). The following
is well known (see [1, Chapter VIII, Section 5]).

LEMMA 5
The image A C H*(Km(T)) is isomorphic to H*(T,Z) as a Hodge structure and
to H*(T,Z)(2) ~U(2) LU(2) LU(2) as a lattice.

Being of Kummer type is characterized in terms of the period as follows.
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PROPOSITION 6

The following are equivalent for a numerically trivial involution o :
(1) o is of Kummer type; that is, the lattice Ng is isomorphic to U(2) L U(2);
(2) o is obtained in the way of Proposition 4.

Proof
'k is fixed in the cohomological action of p. In the action of the involution
(idg/, —idg~) on H*(E' x E",7Z)~U 1. U L U, one U, generated by two elliptic
curves, is invariant and the other two are antiinvariant. Hence the antiinvariant
part N~ of the action involution g on A is isomorphic to U(2) L U(2) as a lattice.
Therefore, Ngp ~U(2) L U(2) if o is obtained in the way of Proposition 4.
Conversely, assume that N is isomorphic to U(2) L U(2). The lattice U L U
is isomorphic to M2(Z) = V'@ V", the group of (2 x 2)-matrices of integral entries
endowed with the bilinear form (A - A) =2det A, where V/ and V" are free Z-
modules of rank two. The period w of S corresponds to a complex matrix of
rank one via this isomorphism since (w?) =0. Hence, we have w = o/ ® o for
o eV'®C and o € V" ®@C. These o/ and o” determine Hodge structures of
weight one since (w.&0) > 0. Hence, there exists a pair of elliptic curves E’ and
E" such that Ng(1/2) is isomorphic to H'(E',Z) ® H'(E",7Z) as a polarized
Hodge structure. By Theorem 7 and the uniqueness property of 2-elementary
lattices, there exists an isomorphism ¢ between S and the Kummer surface of
the product E' x E” such that the diagram (1) commutes. O

THEOREM 7

Let (X,0) and (X',0") be pairs of a K3 surface and its involution. If there exists
a Hodge isometry o : H*(X',Z) — H*(X,Z) such that the diagram

H*(X',7) % H*(X,7)
0_* l l 0_/*
H*(X',7) % H*(X,Z)

commutes, then there exists an isomorphism ¢ : X — X' such that po =c'p.

Proof

If neither o nor ¢’ has a fixed point, this is the global Torelli theorem for Enriques
surfaces. The proof in [1, Chapter VIII, Section 21], especially its key Proposi-
tion 21.1, works in our general case too. O

Assume that (S,0) is of Kummer type. Since (disc Ng)(disc Ng) =4 - disc N,
the orthogonal sum Ni | Ny is of index two in N. Therefore, there exists a
pair of nonzero 2-torsion elements ax € Ay, = ((1/2)Nk)/Nk and ar € An, =
((1/2)Ngr)/Ng such that N = Ng + Nr + Z(zk,zr), where zx € (1/2)Ng and
xR € (1/2)Ng are representatives of ax and ag, respectively. This pair (ax, ar)
is uniquely determined from the involution o. We call it the patching pair of o.
Since Nx and Npg are orthogonal in N, we have gy, (ax) + gy (ag) =0 in
Z)2Z.
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DEFINITION 8

A numerically trivial involution ¢ of Kummer type, or a patching pair (ax,ar),
is of even type or of odd type according to whether the common quadratic value
qng (o) =g (ar) € Z/2Z of patching elements is 0 or 1.

Since Ngr ~U(2) L U(2), gn, is a nondegenerate even quadratic space of dimen-
sion 4 over Fy. Hence, the numbers of patching pairs of even and odd type are
six and nine, respectively.

2. Cremona involutions and involutions of odd type

The Enriques surface in Proposition 2 is closely related with a del Pezzo surface
of degree 4 and its small’ involution. For our purpose it is most convenient to
describe it as the blowup of P! x P!. We identify P! x P! with a smooth quadric
surface Q in P =Py, 0y05:00)-

Let p1 = (p},pY),...,pa = (p},p}) be four points of P* x P! which satisfy

(%) pi,...,p} are distinct and p/,...,p} are distinct.
In terms of a smooth quadric, this is equivalent to

(+") any line p;p;, 1 <i < j <4, is not contained in Q.
We also assume that the condition (*) in Proposition 2 or, equivalently,

(') p1,...,p4 € Q CP3 is not contained in a plane.
We take a system of homogeneous coordinates of P3 such that pi,...,ps are
the coordinate points (1: 0: 0:0),...,(0: 0: 0: 1). Then the defining equation
of @ is of the form Zl§i<j§4 a;;x;z; = 0. By the assumption (s+'), all coeffi-
cients a;;’s are nonzero. Hence, replacing x1,...,z4 by their suitable constant
multiplications, we may and do assume that @ C P? is defined by

(2) a1x2x3+a2x1x3+a3x1z2+(x1 +I2+I’3)I4 :O
for some nonzero constants ap,as, and az € C. Since @ is smooth, we have
(3) a% + a% + ag —2a1a9 — 2a1a3 — 2asa3 # 0.

Now we define a birational involution 7/ of Q by
ayp G2 a4z a1G2063
(T1:@o g ag) > (—: — 0 — 1 ———

Ty T2 X3 Tq

and call it the standard Cremona involution of @ (or P! x P!) with center
P1,...,P4.

Let B be the blowup of a smooth quadric @ at pi,...,ps. By the projec-
tion from p4, B is the blowup of the projective plane also. By (3), the line
l: 21+ 22+ 23 =0 and the conic C : a1x2x3 + a2x123 + asx1r9 = 0 intersect
transversally in the projective plane P2 = P2y :zs:as)- Let g4 and g5 be the two

fAn automorphism of a surface is small if all fixed points are isolated.
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intersection points. Then B is isomorphic to the blowup of P? at the three coor-
dinate points (1:0:0),(0:1:0),(0: 0: 1) and the two points ¢4 and ¢s. The
standard Cremona involution 7’ is induced by the quadratic Cremona transfor-
mation

(4) (x1: 29 : @3) — (

which interchanges | and C'. In particular, it induces an automorphism of B,

a; az a3)
1’1.1'2.1'3,

which we denote by 7. The following is easily verified.

LEMMA 9
(1) The indeterminacy locus of 7' : Q-+ — Q is {p1,...,pa}.
(2) For each 1 <i <4, the conic C}: QN{x; =0} is contracted to the point
p; by 7.
(3) For each 1 <i <4, the two lines in Q passing through p; are interchanged
/

by 7.
(4) The fized points of T/ are (e1\/ay : €2+/as : €3/a3 : \J/aiazaz), where all

€i’s are =1 and satisfy e169e3 = —1.

For later use we compute the cohomological action of 7. The second cohomology
group H?(B,Z) or, equivalently, the Picard group of B is the free abelian group
with the standard Z-basis {hi,ha,e1,...,e4}, where h; and hs are the pullbacks

of the two rulings of P! x P! and e,...,es are the classes of the exceptional
curves over pi,...,ps.
LEMMA 10

The action of the standard Cremona involution 7 on H?(B,Z) is equal to the
composite of the two reflections with respect to the mutually orthogonal (—2)-
classes h1y — hy and h1 +hy —e1 — -+ —e4.

Proof

We take the description of B as the blowup of P2. The cohomology group
H?(B,Z) has {h,e1,ea,e3, f1, f2} as a Z-basis. Here h is the pullback of a line,
and f; and fo are the classes of the exceptional curves over g4 and ¢5. The
cohomological action of the transformation (4) on the blowup of P? at the three
coordinate points is the reflection r with respect to h —e; — ea — e3. Since the
transformation (4) interchanges g4 and ¢s, the cohomological action of 7 is the
composite of r and the reflection with respect to f; — fo. This proves the lemma
since fi =hy —ey4, fo=ho —eqg and h="hy + hy — e4. O

There are 16 smooth rational curves of degree 1 with respect to the anticanonical
divisor —Kp =2h1 + 2hgo — €1 — -+ — e4:

(0) the exceptional divisors ey,...,eq over py,...,p4,
(1) the strict transforms of lines in @ passing through one of py,...,p4, and
(2) the strict transforms C; of the conics C] in Lemma 9.
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We denote the 8 lines of (1) by I'; and the 8 lines of (0) and (2) by I's. The
Kummer surface Km(E" x E”) is the minimal resolution of the double cover

w? = (asxa + asxs + x4)(aszy + a1x3 + x4) (a2 + @122 + x4) (21 + T2 + T3)

of @ with branch the union of 8 lines in @ passing through one of pi,...,ps.
Hence, it is the the minimal resolution of the double cover of B with branch the
union of the 8 lines in T'5.

LEMMA 11

Km(E' x E") is the minimal resolution of the double cover of B with branch the
union of the 8 lines I'y also.

Proof

Put g1 = —Kp—hy; = h1+2hy—e; —- - —e4. The complete linear system |g;| is a
base-point-free pencil, and the morphism (@5, |, ®),,) : B —P' x P! is of degree
2. The covering involution acts on H?(B,Z) by a (g1 - a)hi + (h1 - a)g1 — «
and hence interchanges I'y and I';. Hence, we have our assertion. O

Proof of Proposition 2

By Lemma 11, the Kummer surface Km(E’ x E”) is the minimal resolution of
the double cover w? = xy w2374 of Q. Let Boqq be the involution of Km(E' x E")
induced from the birational involution

(w,$1,$2,9€37$4) — (ala2a3/w,CL1/SC17a2/$27a3/333,a102a3/504)

of the double cover. Then fSyqq lifts 7 and 7/. The involution €444 := 1/30aa has
no fixed points by (4) of Lemma 9. The involution o,qq is numerically trivial by
Proposition 4. O

Horikawa expression

Let ]P’%l) and ]P’(lz) be the projective lines whose inhomogeneous coordinates are

y1 = x1/x3 and yo = xa/x3. Then the surface B is a blowup of IP’%l) X ]P’%Q)

with center (0,0), (0co0,00) and the intersection points of y; +y2 + 1 =0 and

asy1 + a1ys + asyi1y2 = 0. The involution (Byqq is induced by the automorphism
aq as

(y1,y2) — (asy1 , a3y2> of P%l) X ]P’%Q). By Lemma 11, Km(E’ x E”) is the minimal
resolution of the double cover

w? = y1y2(asyr + aryz + azyiy2) (Y1 +y2 + 1)
whose branch locus is

: Y2 = 0
i y2=0
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REMARK 12

In the special case a1 = as = a3 = 1, the two elliptic curves E’ and E” are both
isomorphic to E,, := C/(Z 4 Ze*"V=1/3). The Enriques surface S = Km(E,, x
E.)/€oda is studied in [2, Section 3.5] as an Enriques surface whose automorphism
group is finite. In fact, Aut S is the extension of Z/2Z, the group of numerically
trivial automorphisms, by the symmetric group of degree 4.

3. Computation of the periods

Let Km(T) and A = (T'kmm)* be as in Lemma 5. The discriminant group Ax
is (1/2A)/A ~ H*(T,Z/2Z), and the discriminant form g, is essentially the cup
product, that is, gz (7) = (yUy)/2 mod 2 for y € H*(T,Z).

Let P ={0,a,b,c} C T» be a subgroup of order 4 or, equivalently, a 2-
dimensional subspace of T,. We put Ep = Eg + E, + Ep + E. € 'k, We denote
the Pliicker coordinate of PL C Ty by np € A>Ty ~ H2(T,Z/2Z) and regard
it as an element of A/2A. The following is easily verified (see [1, Chapter VIII,
Section 5]).

LEMMA 13
We have (Ep mod 2) + 7p =0 holds in H?(Km(T),Z/27Z).

Now we specialize Km(7T') to Km := Km(E’ x E") of product type. Two rulings
of Pt x P! give two elliptic fibrations Km — P!. We denote the classes of these
fibers by hy and hy € H 2(Km, Z). These hy and ho generate a rank 2 sublattice
of A which is isomorphic to U(2). A is the orthogonal (direct) sum of (hy,hs)
and N~ is the antiinvariant part of the action of u. As we saw in the proof of
Proposition 6, N~ is isomorphic to U(2) L U(2) as a lattice.

OBSERVATION 14
A subgroup P of order 4 of (E' x E")o is naturally associated with a numerically
trivial involution of Kummer type.

(1) Leta=(a',a") € (E'x E")2 be a 2-torsion point as in Example 1, and we
set P:={0,a,(a’,0),(0,a”)}. Then P is of order 4, and the Pliicker coordinate
wp belongs to N~ /2N ™.

(2) Let P C Ty be a subgroup of order 4 such that

PN ((E")2x0)=Pn(0x(E")2) =0,

and let mp be the Plicker coordinate. Then wp — iLl — l~12 belongs to N~ /2N~
Let Bp be the involution of Km induced by the standard Cremona involution 7'
of P* x P! with center the image of P. All Boaqa’s of Proposition 2 are obtained
from Bp’s.

In both cases, P C (E' x E")y is a Gdpel subgroup; that is, P is totally isotropic
with respect to the Weil pairing.
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A subgroup P C T of order 4 is Gopel if and only if the Pliicker coordinate 7p is
perpendicular to le + l~12. Hence, either mp or mp — iLl — l~12 belongs to N~ /2N .
There are exactly 15 Gopel subgroups. Nine of them satisfy Observation 14(1)
and six satisfy (2). All nine odd elements and six even nonzero elements of
N~ /2N~ are obtained in the way of (1) and (2), respectively.

REMARK 15
The number of non-Gépel subgroups of order 4 is 20. By adding hq or hs, one
obtains a two-to-one map from the set of non-Gépel subgroups to {x € N~ /2N |

(2?) = 0}.
Now we are ready to compute the patching pair for Example 1 and Proposition 2.

LEMMA 16
Let T € A be a representative of mp € A/2A.

(1) An Enriques involution ee, of Example 1 is of even type, and the patching
pair s (E/Q,H/Q) with ¥ := Ey — E, + E(a’,O) — E(O,a”)~

(2) An Enriques involution £.qq of Proposition 2 is of odd type, and the
patching pair is ((hy + ha — Ep)/2, (IL— hy — ha)/2).

Proof
Since or =, Ngi coincides with N~. Hence, the discriminant form of Ny is
essentially the cup product on H?(T,7Z/27). Here we use the latter for compu-
tation.

(1) Since Bey is induced by the translation of E' x E” by a, X belongs to
Nk. By Lemma 13, ¥ 41T is divisible by 2. Hence, the second half of (1) follows.
Since 7p is the Pliicker coordinate, (1/2)(mpUnp) =0 € Z/2Z, and o is of even
type.

(2) The class hy + hy — Ep belongs to Nk by virtue of Lemma 10. The
second half of (2) follows from this and Lemma 13. The class €,qq is of odd type
since (~1/2)(7rp —hi—ho)U(mp —hy —he) =(1/2)(mp Ump) + (1/2)(h1 + ho) U
(h1+he)=1€Z/27. a

Proof of Theorem 3

Let ¢ be an Enriques involution of the Kummer surface Km = Km(E’ x E")
which commutes with . Let o be the involution of the Enriques surface S :=
Km/e induced by p. Let (ax,ar) € An, X An, be the patching pair of o.
Npg coincides with N~ since og = p in our situation. Recall that Nr(1/2) is
isomorphic to U L U as a lattice and isomorphic to H'(E',Z) @ H'(E",Z) as
a polarized Hodge structure. In particular, ((1/2)Ng)/Ng is isomorphic to the
tensor product (E'); ® (E")2. By this isomorphism, 0 # ag € ((1/2)Ng)/Ngr
corresponds to a’ ® a”’ € (E')y ® (E")2 or to an isomorphism ¢ : (E')y = (E")3
according as (ag,ap) is of even type or of odd type. ((E')q is identified with
its dual since it is of dimension 2 over Fs.) In the even case, S is isomorphic to
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the Enriques surface Km/ee, of Example 1 with a = (¢’,a”) by Lemma 16 and
the global Torelli theorem for Enriques surfaces since the group of numerically
trivial automorphisms of S is cyclic by [3, Proposition 1.1].

Assume that (ak,apr) is of odd type.

CLAIM
There exists no isomorphism from E’ to E"” whose restriction to the 2-torsion
subgroups is .

Proof

Assume the contrary, and let ® C E’ x E” be the graph of such an isomorphism.
Then ® — E' x0—0x E” is a divisor of self-intersection —2, and its class belongs
to HY(E',Z) ® HY(E",Z) C H*(E' x E",Z). Hence, Ng C H?(Km,Z) contains
an algebraic cycle ¢’ of self-intersection number —4 such that ¢’/2 represents ap.
Since Nk =~ Eg(2), ax is represented by a (—4)-element ¢ € Nig. Then x :=
(c+¢')/2 belongs to N by the definition of patching pairs and is algebraic since
c is orthogonal to H°(Q?) C Ng ® C. Since (2%) = —2, either z or —xz is effective
by the Riemann-Roch theorem. This is a contradiction since e(x) = —z. g

Let P C T be the graph of ¢, and put P = {(p},p)}1<i<4 as in Proposition 2.
Then, by the claim, (p},...,ps) and (pf,...,p]) are not projectively equivalent,
and we obtain an Enriques surface Km/e,qq. Again, by Lemma 16 and the global
Torelli theorem, the Enriques surface S is isomorphic to that obtained from the
image of P as in Observation 14(2). By the same argument as the even case, we
have (S,0) ~ (Km/eodd, 0odd)- |

Appendices

A. Kummer type is not cohomologically trivial
Contrary to the erroneous [3, Proposition 4.8], the involution of Example 1 is not
cohomologically trivial.

THEOREM 17
A numerically trivial involution of Kummer type is not cohomologically trivial.

Proof
We prove our assertion by constructing an elliptic fibration.

Let {p},...,p4} and {p7,...,p]} be the branch of the double coverings E’ —
P! ~ E'/(—id) and E” — P! ~ E"/(—id), respectively. The Kummer surface
Km(E’ x E") is the minimal resolution of the double cover of P x P! with

branch

(py xP*U---Upy x PHYU (P! x pf U---UP x pf).
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More precisely, it is the double cover of the blowup of P! x P! at the 16 points
(pi,p}), i,j =1,...,4, with branch the strict transform of these eight rational
curves:

/1

P4

/1

p3

/1

P2

/1

P

p1 P p3 DPi

The fixed locus of p is the inverse images of these strict transforms. We
denote them by

(AjU---UA)U(ByU---UBy).

The involution € := uf of Example 1 acts on this disjoint union. Renumbering
Ay,..., Ay and By, ..., By, we may assume that

E(AZ) = Ai+1 and E(Bz) = Bi+1

for ¢ =1,3. Then ¢ interchanges two divisors A + A3 + By + B4 and Ay + A4 +
By + Bs. Let A be the linear pencil spanned by their images

Hy:=p) x P!+ ply x P + P x pf + P! x pff
and
Hy = ply x P!+ ply x P+ P! x pf + P! pf
on P! x P!. Then A induces elliptic fibrations
Oy Km(E' x E")/pp— A(~P')
of the rational surface and
Km(E' x E") — A(~P!)

of the Kummer surface. The latter is the base change of the former by the double
covering A — A with branches [H;] and [Hs] and descends to an elliptic fibration
f of the Enriques surface Km(E' x E")/¢.

The action of (e,u) ~7Z/2Z x Z/27 on Km(E’ x E") induces the action
of Z/27 x 7.J2Z on A ~P'. In our cases this action is effective (and hence
of Heisenberg type). Let € and i be the automorphisms of A induced by &
and p, respectively. Then & interchanges the points [H;] and [Hz] underneath
the singular fibers. The involution i fixes exactly these two points, but the
corresponding fiber of the elliptic fibration f on the Enriques surface is not
multiple. Since [ is not the identity on A /&, the involution pmode interchanges
two multiple fibers of f. Let G; and G4 be the reduced part of the two multiple
fibers of f. Since the linear equivalence classes of G; and G9 differ by the
canonical class, 4 mod € is not cohomologically trivial.
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For € = £,qq in Proposition 2, we have €(4;) = B; for every i =1,...,4 since
a Cremona involution interchanges p; x P* and P! x p!/ for every i =1,...,4. The
above argument works literally in this case too. Now our assertion follows from
Theorem 3. |

Now we are ready to complete the classification of numerically trivial involutions,
correcting [3].

At the 6th line in [3, page 388], it is erroneously stated that the common value
qr(a) =g (a') € Z/2Z is nonzero in the case where T”, or N, is isomorphic to
U(2) L U(2). But the value can be both zero and 1mod2. We call a primitive
embedding of T' (~ Eg(2)) into N (~ Eg(2) L U(2) L U) even or odd accordingly.
Then [3, Proposition 2.6] should be replaced by the following.

PROPOSITION 18

Let Ty and Ty be primitive sublattices of N isomorphic to Eg(2). If their orthog-
onal complements T| and Ty are isomorphic to each other and if in addition they
have the same parity in the case Ty ~ Ty ~U(2) L U(2), then there exists an
isometry of N which maps Ty and T| onto Ty and Ty, respectively.

Let P be the set of periods of Eg(2)-polarized Enriques surfaces as defined in
[3, page 388]. Then P is the disjoint union of P; and P, for which the orthog-
onal complements of Eg(2) C N are isomorphic to U L U(2) and U(2) L U(2),
respectively. The latter decomposes into two parts, PsV and P94, according to
the parity. Corollary 2.7 in [3] should be replaced by the following.

COROLLARY 19
PyJT, P$VJT, and PSY/T are irreducible.

Here T is the arithmetic group acting on the 10-dimensional Hermitian symmetric
domain Q7 of type IV such that the quotient 27 /I' is the moduli space of
Enriques surfaces. In fact, PsV/T" parameterizes Example 1, and an open subset
of ondd /T parameterizes Enriques surfaces in Proposition 2.

THEOREM 20
Every pair of an Enriques surface and a cohomologically trivial involution is

obtained in the way of [3, FExample 2]. Moreover, they are parameterized by
P T.

Proof

Let o0 be a cohomologically trivial involution of an Enriques surface S. Ng is
isomorphic to U L U(2) by Theorem 17, and the periods of such involutions
form an irreducible variety by Corollary 19. Hence, (5,0) is a deformation of [3,
Example 2]. As is shown in [3, Section 5], the fixed locus of the antisymplectic
involution is the disjoint union of an elliptic curve E and eight smooth rational
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curves F1, ..., Eg for Example 2. Therefore, the same holds for the antisymplectic
involution op. Let f: S — P! be the elliptic fibration defined by the linear
system |E|. Then f descends to an elliptic fibration of the quotient rational
surface S /or. We denote its minimal fibration by fr: R — P!. The rational
surface R is obtained from S /or by blowing down an exceptional curve of the
first kind eight times. For Example 2, it is easily checked that the image of
Z?Zl FE; is a singular fiber of type Ig of fr and that fr has four sections. The
same holds for (S,0) as a deformation of Example 2. Hence, as is claimed in
[3, Section 5], the configuration of the elliptic curves E and 20 rational curves
is the same as Example 2, and (S, o) is obtained in the way of Example 2. The
second assertion follows from the Torelli-type theorem and [3, Proposition 1.1],
the uniqueness of cohomologically trivial involution. O

REMARK 21

The fixed locus of the antisymplectic involution op is the disjoint union of eight
smooth rational curves F1, ..., Eg for numerically trivial involutions of Kummer
type. Our main theorem, Theorem 3, can be also proved using certain elliptic
fibrations containing FE1,...,Eg in their fibers, although the existence of such
fibrations is not straightforward as above and they are not unique. Furthermore,
Theorem 20 can be proved using periods also. These alternative proofs will be
discussed elsewhere.

B. Rational curves on an Enriques surface of Proposition 2
Let B, 7, I'g, and I'; be as in Section 2. The dual graph of the eight smooth
rational curves in I'j is a cube:

Cy

Ca

(6) s e

The automorphism 7 sends each vertex of the cube I'g to its antipodal. The
same holds for I';. The following is easily verified:

(1) for every curve m in T'y (resp., I'7), there exists an antipodal pair of
vertices n and n' in I'y (resp., I'g) such that (m-n)=(m-n’) =1 and that m is
disjoint from other curves in I'; (resp., ).

Therefore, the quotient graph (I'; UTG)/7 is as follows.

The Kummer surface Km(E’ x E”) is the double cover of B with branch the
union of the eight curves in I't. The union has 12 nodes corresponding to the
12 edges of I';. The pullbacks of the curves in I'y are smooth rational curves on
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I'i/7 To/7

Km(E’' x E"”) by (). Hence, Km(E’ x E”) has 28 smooth rational curves, 12 of
which come from the nodes of the double cover and the rest from I'g UT'1. Since
the involution 7 lifts to €,qq of Proposition 2, we have the following.

PROPOSITION 22

On the Enriques surface Km(E' x E")/eqaa of Proposition 2, there are 14 smooth
rational curves whose dual graph is as follows:

(7) ’

The proposition, together with [3, Figure 4.7], shows the “only if” part of [2,
Theorem 1.7(i)] in the case of Kummer type.
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