Cyclic symmetry and adic convergence
in Lagrangian Floer theory

Kenji Fukaya

Abstract In this article we use a continuous family of multisections of the moduli space
of pseudoholomorphic discs to partially improve the construction of the Lagrangian
Floer cohomology of [11] in the case of R coefficient. Namely, we associate a cyclically
symmetric filtered Ao-algebra to every relatively spin Lagrangian submanifold. We use
the same trick to construct a local rigid analytic family of filtered Asc-structures asso-
ciated to a (family of) Lagrangian submanifolds. We include the study of homological
algebra of pseudoisotopy of cyclic (filtered) Aoo-algebras.
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1. Introduction

In this article we study the de Rham version of Lagrangian Floer theory and use
it to improve some of the results in [11] over R coefficient. In particular, in this
article, we prove [11] Conjectures 3.6.46, 3.6.48, and part of Conjecture T over
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R coefficient. Let L be a relatively spin Lagrangian submanifold in a symplectic
manifold (M,w). In this article we always assume that L is compact and M is
either compact or convex at infinity.

The universal Novikov ring Af ., is defined in [11] (see also Definition 6.3).
Let H(L;R) be the (de Rham) cohomology group of L over R coefficient. We
put H(L7 AE)R,nov) = H(La R) R A6R,HOV‘
THEOREM 1.1
H(L; A§ oy) has a structure of unital filtered cyclic As-algebra which is well
defined up to isomorphism.

Hereafter we work over R coefficient, so we write A nov in place of ADOQ,HOV. We
denote by A, its ideal Uy -oUg FFOA§ (see Definition 6.3).

Let us explain the notions appearing in Theorem 1.1. We consider a (graded)
antisymmetric inner product (-) on H(L;R)[1] by

(11) (u,v) _ (_l)degudeg1)+degu/ uAv.
L

Filtered A,.-structure defines a map
my : B (H(L; onnov)[l]) — H(L; Ag nov)[1]

of degree one (for k > 0) such that

k1
(1.2) S D me (X ma (X Xk 1), Xk) =0,

kit+ko=k+1i=1

x=degxy + - +degx;_1 +7— 1. (We require mp(1) =0 mod Aa"nov.)
The filtered Aoo-structure is said to be unital if e=1¢€ H°(L;R) satisfies

(1.3a) Mg (X1, .., X, €,Xi42,...,Xg) =0
for k£ # 2 and
(1.3b) x =my(e,x) = (—1)%8*my(x, e).

The filtered Ao,-structure is said to be cyclically symmetric or cyclic if
(1.4) (Mg (X1, .., Xk),X0) = (—1)" (Mg (X0, X1, .-+, X—1)5 Xk

* = (degxo + 1)(degxy + - -+ + degxg + k). A cyclically symmetric filtered Aoo-
algebra is said to be a cyclic filtered Aoo-algebra (see Remark 8.1 for the definition
of isomorphism of cyclic filtered A.-algebra).

REMARK 1.1

(1) Except for the statement on cyclicity, Theorem 1.1 was proved in [11,
Theorem A]. Actually in that case we may take Q in place of R. The author
does not know how to generalize Theorem 1.1 to Q (or Agnov) coefficient. See
also [6, Section 9].
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(2) The formula (1.4) is slightly different from [11, Proposition 8.4.8]. Also,
the sign in (1.1) is different from those explained in [11, Remark 8.4.7(1)]. If
we use sign convention in (1.1), then (1.4) becomes equivalent to one in [11,
Proposition 8.4.8] (see Lemma 6.1). The author thanks C.-H. Cho (see [3]) for
this remark.

We next state our result about adic convergence. We take a basis e; of H(L;R)
(i=0,...,b)such that e=ey = 1€ H°(L;R), ey, ..., ep, are the basis of H!(L;R)
and other e;’s (i = b; + 1,...,b) are the basis of H*(L;R), k> 2. For x €
H°Y(L; Ag nov), we put

(1.5) x:Zmiei.
We introduce y; (¢ =1,...,b1) by

1
(1.6) yi=e —g _k!m’
k=0

(see Section 10 for a discussion of the convergence of the right-hand side). We
consider
N

ka(x7 .oy X) = Py (%).

k=0
We remark that limy_, o, Py (xX) converges in T-adic topology if x; € A({nov. We
used this fact to define the Maurer-Cartan equation and its solution (bounding

cochain) in [14]. We improve it as follows.

THEOREM 1.2

(1) If ©; € Ao nov then limpy_,oo Pn(x) converges. We denote its limit by
m(e*).

(2) m(e*) depends only on Yi,...,Yby,Toy+1s---sLb-

(3) There exists 6 >0 such that m(e*) extends to

{(xo,yl,...,ybl,xb1+1,...,xb) | 0 >w(y;) > —9,
(1.7)
V(Tpy41)s- - v(T) >0}

(4) Let M(L)s be the set of (X0, Y1y -+ Ybys Thyt1s---,Tp) 0 the domain (1.7)
such that m(e*) =0. Then there exists a family of strict and unital cyclic filtered
Ao -algebras parameterized by M(L)s.

Here v: A — R is a valuation defined by

U(Z aiT’\i) —inf{\; | a; £ 0}.

(Here we assume that a; € Rle,e!] and \; # \; for i #j.)
A filtered Aoo-algebra is said to be strict if mg =0.
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In [14] we considered the case x =0 mod A(J{’nov. In that case, we defined
(1.8) my(Xy,...,Xg) = Z mk+2g§=0mi(x®m°,x1,...,xk,x®m’“).

mo,...,mE=0

Then (H(L; Ao nov), m¥) is a filtered As-algebra. (This A, -algebra may not be
strict; namely, m¥(1) may be nonzero. The equality m¥(1) =0 holds if and only
if Yoo o my(x*) =0.) It is unital or cyclic if (H(L; Agnov), mg) is unital or cyclic,
respectively. It is strict if and only if m(e*) =0 (see [11, Proposition 3.6.10]).

Using the techinique of [2], we can relax the condition x =0 mod A{ .,
x=0€ HY(L;Aonov) (see [12], where the case when M is toric is discussed).

Theorem 1.2(4) says that we can further extend this story to the case when x

is contained in a larger domain. The convergence of (1.8) is one on T-adic topol-

to

ogy. The convergence in Theorem 1.2(1) is different from T-adic topology and is
a mixture of Archimedean and non-Archimedean topology (see Definition 13.1).

Our main theorems, Theorems 1.1 and 1.2, are related as follows. In Theorem
1.2 it is essential to be able to change variables from x; to y; = e”*. This becomes
possible after we perform the whole construction of Kuranishi structure and its
perturbation in a way compatible with the forgetful map. Then, for example,
ms g(e;, €;,x)+mg g(e;, X, €;) +ms 3(x,€;,€;) is related to my g(x) by the formula

1
(19) mg,g(ei,ei,x) + mg’ﬁ(ei,x, ei) + mgﬂ(X,ei,ei) = E(Q N ei)zmlwg(x).

Here e; is a degree 1 cohomology class and § is an element of Ho(X;Z). The
map my g is the contribution of the pseudoholomorphic disc of homology class
B to mg. Equation (1.9) and a similar formula make the change of coordinates
y; = € possible.

Compatibility with the forgetful map (which is the reason why (1.9) is cor-
rect) is also used to prove cyclic symmetry (1.4). (See also [6, Section 9].) It is
used also to prove unitality (1.3).

Thus the main technical part of this article works out the way to construct
Kuranishi structure and (an abstract multivalued continuous family of) pertur-
bations on it, which is invariant of the process of forgetting boundary marked
points. This construction is performed in Sections 2-5. We use it to prove a
version of Theorem 1.1 (namely, a version modulo T¥) in Sections 6-7. To go
from this version to Theorem 1.1, we use a trick similar to the one in [11, Chapter
7). We need to discuss some homological algebra of cyclic filtered A..-algebras,
which is in Sections 8-10. In Section 11, we work out the one-parameter family
version of the construction of Sections 2—-5, which is used to prove well-definedness
of the structure up to pseudoisotopy. Theorem 1.1 then is proved in Section 12.
(The proof of independence of choices is completed in Section 14.) In Section 13
we prove Theorem 1.2.

Our main result of this article has two applications.

One is to define a numerical invariant of a (special) Lagrangian submanifold
in a Calabi-Yau 3-fold, which is a rational homology sphere. Roughly speaking, it
counts the number of pseudoholomorphic discs with appropriate weights. This is
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invariant of perturbation and other choices but depends on almost complex struc-
ture. Existence of such an invariant was expected by several people, especially
by D. Joyce. For the rigorous construction it is essential to find a perturbation
that is compatible with forgetful maps. Such a perturbation is provided in this
article. We will use it to define this invariant and discuss its properties in [8].

The other application is to define a (rigid analytic) family of Floer coho-
mologies. Actually the space M(L)s in Theorem 1.2 is a chart of certain rigid
analytic spaces. We can glue them up to define appropriate rigid analytic space.
Then, by extending the construction of Theorem 1.2 to a pair (or triple, etc.)
of Lagrangian submanifolds, we can show that another Lagrangian submanifold
L' gives an object of derived category of coherent sheaves on this rigid analytic
space. This is a proof of a part of [11, Conjecture U] and a step to realizing
the project to construct a homological mirror functor by using family of Floer
cohomology. (This project was started around 1998 in [5]; see also [4]. Its rigid
analytic version was first proposed by [19].) The construction of the rigid ana-
lytic family of Floer cohomology will be given by extending the construction of
this article in [9]; there its application to mirror symmetry of a torus in a form
more general than [5] and [19] will be given. The story will be further generalized
to include the case of singular fibers in [10], in dimension 2.

2. Kuranishi structure on the moduli space of pseudoholomorphic discs:
Review

For the purpose of this article, we need to take a Kuranishi structure on the
moduli space of pseudoholomorphic discs with some additional properties. We
construct such a Kuranishi structure in Section 3. In this section we review the
definition of a Kuranishi structure and the construction of it on the moduli space
of pseudoholomorphic discs, which was due to [13].

Let M be a compact space. A Kuranishi chart is (Vu, Eo, s, ¥a, So) which
satisfies the following:

(1) V4 is a smooth manifold (with boundaries or corners), and I',, is a finite
group acting effectively on V;

(2) pr,: Eq — V, is a finite-dimensional vector bundle on which T',, acts so
that pr, is I'y-equivariant;

(3) 8a is a I'y-equivariant section of Ey;

(4) g : 551(0)/Ty — M is a homeomorphism to its image, which is an open
subset.

We call E, an obstruction bundle, and we call s, a Kuranishi map. If p €
ha(551(0)/Ty), we call (Vy, Eq, Lo, %0, 84) a Kuranishi neighborhood of p.

Let tq, (s51(0)/Tay) Ny (51 (0)/Tay) # 0. A coordinate transformation
fI'OI’H (Val Y Eal ? Pal ) wOél ) Sal) to (Va2 ) Eaz ) FOtQ 9 1/Ja27 Soéz) iS ((bazal 9 ¢a2041 ) hOéthl)
such that

(1) haya, is an injective homomorphism 'y, — Ty, ;
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(2) dasas i Vaja, — Va, 1s an hg,q,-equivariant smooth embedding from a
Ty, -invariant open set Vi, a, to Vg,, such that the induced map QOQOCI Varas/
Lo, = Va, /T, is injective;

(3) (éazal,(bawl) is an hg,a,-equivariant embedding of vector bundles
Eo, |V041012 — Eay;

(4) Pazar ©Say = Say © Pasay;

(5) Yo, =Va, Ogawl on (s3;(0) N Vayas)/Ta, (here Qazal is as in (2));

(6) the map ha,a, restricts to an isomorphism (I'a,)s = (ay)pu,a, () bE-
tween isotopy groups, for any x € Vi, a,;

(7) Yoy (Sgll (0)/Fa1) NYay, (S;;(O)/Faz) =VYa, ((Sc_vll (0) n Va1a2)/Fa1)-

A Kuranishi structure on M assigns a Kuranishi neighborhood (Vp, Ep, T'p,
p, Sp) to each p € M, such that if q € ¥ (V,/T'p), then there exists a coordinate
transformation (quSpq, bpaq, Ppq) from (Vg, Eq,Tq,%¥q,8q) to (Vp, Ep,I'p,¥p,sp)-
We assume appropriate compatibility conditions among coordinate transforma-
tions, which we omit, and refer the reader to [16].

Let M have a Kuranishi structure. We consider the normal bundle Ny __ (v,)Vp-
We take the fiber derivative of the Kuranishi map sp and obtain a homomorphism

dﬁbersp : N¢pq(vq)vp - Ep‘lmti)pqv

which is an hpq-equivariant bundle homomorphism. We say that the space with
Kuranishi structure M has the tangent bundle if dgpersp induces a bundle iso-
morphism

Epltmg
2.1 N, Vpx —Elea
(2.1) toalVa) V2 = 7
We call a space with Kuranishi structure which has a tangent bundle a Kuranishi
space or K-space.

We call a Kuranishi space oriented if V, and E}, are oriented and if (2.1) is
orientation preserving.

Let (M,w) be a symplectic manifold of (real) dimension 2n. We take an
almost complex structure J, which is tamed by w. For each a € Hy(M;Z) and
£ >0, we denote by ./\/ljl(a; J) the moduli space of stable J-holomorphic curves
of genus zero with ¢ marked points and of homology class «. (In this article
we use only genus zero pseudoholomorphic curves.) We sometimes write it as
MG (). Tt has a Kuranishi structure of dimension 2(n + ¢ — 3+ c' (M) Na) (see
16)).

Let L be a relatively spin Lagrangian submanifold of M. For each g €
Hy(M,L;Z) and £ >0, k>0, we denote by My (08;L;J) the moduli space of
bordered stable J-holomorphic curve of genus zero with ¢ interior marked points
and k boundary marked points, one boundary component, and of homology class
3. We sometimes write it as My (5). In the case £ =0 we write M(5) also. It
has a Kuranishi structure with corner and boundary of dimension 2n + 20+ k —
3+ u(08), where p: Hy(M,L;Z) — Z is a Maslov index (see [13]).
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REMARK 2.1
In [13] we used compatible almost complex structures. However, all the construc-
tions there work for tame almost complex structures.

We review the construction of these Kuranishi structures, since we need to modify
them so that they have some additional properties, in the next section.

Let p=(Z,v) € My (B; L; J) (resp., (£,v) € M (s J)). Here ¥ is a semi-
stable marked bordered Riemann surface of genus zero with one boundary compo-
nent, and v : (3,0%) — (M, L) is a J-holomorphic map (resp., ¥ is a semistable
marked Riemann surface of genus zero, and v : ¥ — M is a J-holomorphic map).
We assume that the enumeration of the boundary marked points respects the
counterclockwise cyclic order of the boundary of 3.

REMARK 2.2

In [11] we wrote M?}gin(ﬁ;L;J). Here “main” means the compatibility of the
enumeration of the boundary marked points with the counterclockwise cyclic
order of the boundary of ¥. We omit this symbol in this article since we consider
only such X.

We consider the decomposition

(2.2) S=J =%

acA
to irreducible components. Here ¥, is either a disc or a sphere component (resp.,
is a sphere component). Let I'y be a finite group consisting of biholomorphic
maps ¢ : X — X such that vop=w.

We choose an open subset U, for each ¥,. We may choose them so that they
are I'p-invariant in an obvious sense. We also assume that the closure of U, does
not intersect with the boundary marked points or singular points. Let A% be a
bundle on the disjoint union | |3, of (0,1)-forms. We take a finite-dimensional
vector space

(2.3) E, CC®(Ug;v*TM @ A%)

and take its direct sum Ej = @, 4 Ea as a tentative choice of the obstruction
bundle. The explanation of this choice of E, is in order. (The right-hand side of
(2.3) denotes the space of compactly supported smooth sections of the pullback
bundle v*TM on U,.)

We take a positive integer p and consider the space of sections W1P(X,,
v*T'M) of the pullback bundle v*T'M on X, of W'P-class. We choose p suffi-
ciently large so that the element of WP (3, ,v*T M) is continuous on ¥,. In the
case when Y, has a boundary, we put boundary condition

(2.4) Elos, C WI=VPP (9%, v*TL)

and denote by WP(X,,v*TM;v*TL) the space of £ satisfying (2.4). By tak-
ing p large we may assume that the restriction to 9%, is also continuous. We
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write WP (S, v*TM;v*TL) = WYP(3,,v*T M) in the case when ¥, is a sphere

component.
We now consider the sum
(2.5) P WP (Se, v TM;v*TL).
a

We require the following additional condition at the singular points. Let p
be a singular point. There exist X,, and X,, (a1 # az) with p € ¥4, N X,,.
(Using the fact that ¥ has only a nodal point as a singularity and that the
genus is zero, there exist such aj,as uniquely.) We now require that (&,) €
@D, WP(S,,v*TM;v*TL) satisfy

(2.6) §a1 (P) = aa (P)-
We denote by
(2.7) WhP(3,v*TM;v*TL)

the subspace of (2.5) of the elements (&,) satisfying (2.6) at every singular point p.
Let A% be a bundle on |JX, of (0,1) forms. We put

(2.8) LP(2,0"TM ® A) = @D LP (S0, v*TM @ A™).

The linearization of the pseudoholomorphic curve equation defines an operator
(2.9) D,0: WhP(S,v*TM;v*TL) — LP(X,v*TM).
(2.9) is a Fredholm operator.

DEFINITION 2.1
We say that (X,v) is Fredholm regular if (2.9) is surjective.

In the case when (X,v) is Fredholm regular, we can take its neighborhood in
M i (B;L; J) (resp., My(a;J)) so that it is an orbifold with boundary/corner
(resp., orbifold). In general we need to take the obstruction bundle E,. We
consider the finite-dimensional subspaces E, as in (2.3). We require that @, E,
be I'p invariant.

DEFINITION 2.2
We say that ((£,v),(E,)) is Fredholm regular if
(2.10) Im D,d + @ Ea = LP(,0"TM).

Under this assumption we construct a Kuranishi neighborhood of p. We intro-
duce the following notation (Definition 2.3) for convenience. We attach each of
the tree of sphere components to the disc component to which the component is
rooted. Let

(2.11) s=UJ%=U U =

beB beBacA,
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be the resulting decomposition. (Here |J, Ay = A.)

DEFINITION 2.3
The choice of (E,) is said to be component-wise if E, depends only on (3,,v|s,)
and is independent of other components or the restriction of v to other compo-
nents.

The choice of (E,) is said to be disc-component-wise if E, depends only

on (Xq,v|s,,) with a,a’ € Ay for some b and is independent of the components
(Xar,v|x,,) with o' ¢ Ay, where a € Ay,.

Before reviewing the construction of the Kuranishi neighborhood for Fredholm
regular ((X,v),(E,)), we need to discuss the stability of the domain. We here
follow [16, appendix]. Let ¥, be a component of ¥. We remark that we include
marked or singular points in the notation ¥,. Namely, ¥, is a marked disc or
marked sphere where its marked points are either singular or a marked point of
3 which is on ¥,. We say that ¥, is stable if its automorphism group is of finite
order. (In the case of disc components, it is equivalent to k, + 2¢, > 3, where
ko is the number of boundary marked points and ¢, is the number of interior
marked points. In the case of sphere components, it is equivalent to ¢, > 3.)

If ¥, is not stable, we add some interior marked points and make it stable.
We denote it by X1 . Note that v|s, is nontrivial (in the case when %, is unsta-
ble), since (X,v) is stable. Therefore v|s, is an immersion at the generic point.
We assume that v is an immersion at the additional marked points. We glue
them and obtain X 7. Let mkadd(X") be the set of the marked points we add.

We require that mkadd(X") be invariant of the I'p-action. Namely, we
assume that none of the nontrivial elements of 'y fixes any of p € mkadd(XT)
and that I'p, exchanges elements of mkadd(X™).

For each added marked point p € mkadd(X"), we take a (2n — 2)-dimensional
submanifold X M,, C M such that XM, C M intersect with v : ¥, — M transver-
sally at v(p). (Here X, is a component containing p.) We also require that if
v €Iy then XM, = XM'y(p)-

Now we start with (2, v) and consider (X7, v). We take E(XT,v) =@ E. (X7,
v) such that ((F,v), E(XT,v)) is Fredholm regular. We remark that all the com-
ponents of ¥+ are now stable. Let U(defresolv; ™) be a neighborhood of ¥ in
the moduli space of marked bordered Riemann surface of genus zero and with
one boundary component (resp., marked Riemann surface of genus zero). It is
an orbifold with boundary or corners. We write

U (defresolv; ©1) = V(defresolv; ©7) /Aut(ST),

where V(defresolv; ¥1) is a manifold with boundary or corner and Aut(3*) is
a finite group of automorphisms of 7. By our choice of mkadd(X%), the group
I'p of automorphisms of (X, v) is a subgroup of Aut(XT).

Let v € V(defresolv; X 1), and let X7 (v) be the corresponding marked bor-
dered Riemann surface of genus zero. X7 (v) minus a small neighborhood of
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“neck region” is canonically isomorphic to % minus a small neighborhood of
singular points (see [16, Section 12]). Therefore the support U, of E, for
each E, = E,(X1,v) has a canonical embedding to ¥*(v). (Note that we use
here the fact that v is an element of V(defresolv;XT), not just an element of
U (defresolv; ©1).) We consider v’ : (XF(v),0%% (b)) — (M, L), which is C°-close
to v.

To define this C°-closedness precisely, we proceed as follows. We decompose

yh=xt uxt

reg sin?
where the second term is a small neighborhood (e-neighborhood) of the singular
point. We then decompose

SH(0) =35, (0) U, (0),

reg

where Xt (v) is biholomorphic to ¥, (For each € we may take V (defresolv; 1)
small enough that such decomposition exists.) We may assume that U, (X1, v) C

¥, and hence that U,(X1,v) C 2, (v). Now v’ is said to be e-close to v if

reg reg
(1) dist(v(z),v'(z)) <eif v € B, = B, (0);

+

sin

(2) the diameter of the v'-image of each connected component of
smaller than e.

(v) is

Now for v’ that is e-close to v we define E(X(v),v’) as follows. For U, we
consider the isomorphism

(2.12) C®(Uy;v*TM) =2 C™(Uy;v" " TM)

by taking parallel transport along the minimal geodesic joining v(z) to v'(z).
(If € is smaller than the injectivity radius of M, such a minimal geodesic exists
uniquely.) Using (2.12), we regard E,(X,v) as a subspace of LP(X7 (0);v"*TM).
Now we consider

VH(p) = {(0,0/) |2/ (5 (0), 97 (0)) — (M, L) s eclose to
(2.13)
and satisfies (2.14) },

(2.14) ' € PEST,v).
The following is a consequence of standard glueing analysis (see [13]).

PROPOSITION 2.1
If (XF,v), E(XT,v)) is Fredholm regular and € is sufficiently small, then V*(p)
is a smooth manifold with boundary and corner.

We next define an evaluation map at an added marked point. Namely, we define
(2.15) eyint-add . V+(p) N M#(mkadd(2+))
by

(Uﬂ/) = (U'(pl), S 7v/(pmkadd(2+))>'
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Using the fact that v is immersion and is transversal to XM, for each p €
mkadd(XT), it follows that the fiber product

(216) Vp = Vp+ev;nt,add X p#(mkadd(s+)) H XMp
pEmkadd(Xt)

is transversal. In particular, V} is a smooth manifold with corners. We define
Ep by

= @ E. (2T ,v)
using the isomorphism (2.12). The section (Kuranishi map) sp is defined by
sp(0,0) =’ € Ep(v,0).
They are I'p-equivariant by construction.
Let sp(v,v") =0. Then v’ : (X1 (v),0%5% (v)) — (M, L) is pseudoholomorphic.

We forget the added marked point and obtain ¥’ : (X(v),0%(v)) — (M,L). We
put

1/)p(071/) = (2(0)75/) € Mé,k(ﬂ)'
We thus described a construction of a Kuranishi neighborhood for each given
choice of F,(XT,v), mkadd(X1). We next review how to glue them.
For each element p € M, ;(5), we fix E, and mkadd(p). We write them as
Eg and mkaddo(p) since later we change them. We also take sufficiently small €

depending on p and construct a (tentative) Kuranishi neighborhood, which we
denote by (Vpo,Eg, I‘g, sg,wo). We consider the covering

Mor(B;L;J) = U¢p (0)/T9).

We now take a finite set pq, a € %, and a closed subset W (pa) of 93 _((s5.)~"(0)/
'Y ), such that

U Int W(pa) = Mg r(8; L; J).

acA

Now, for each p = (X,v) € My 1 (8; L; J), we choose Ey, and mkadd(p) as follows.
We put

={acApeW(pa)}

Then

(2.17) mkadd(p) = | J mkadd’(pa)
acA(p)

and

(2.18) E,= @ E%.

aeA(p)
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We remark that we may regard mkadd®(pq) C ¥ and E} C LP(3,v*TM ®@A°") by
using 1p,. We can use them to define a Kuranishi neighborhood (V;, Ep,I'p, Sp,
1p) of each point in My (8;L; J).

Using the closedness of the set W (pq), we can prove that if g € ¥ ((sp)~*(0)/
[p), then Fq C Fp and mkadd’(q) € mkadd’(p). We can use it to construct
coordinate change and then obtain Kuranishi structure.

We remark that here we construct Kuranishi structure on My (5; L; J) for
each of ¢, k, 8 individually. We actually need to construct them so that they are
related to each other at their boundaries. In the next section we do it in a way
slightly different from [11]. Namely, in [11] the constructions are not compatible
with the forgetful map. We modify it so that it is compatible with the forgetful
map of boundary marked points. For this purpose we include k = 0 (the case of no
boundary marked points). This is the technical heart of the whole construction
of this article.

We use the following notions in the next section.

DEFINITION 2.4
Let M be a Kuranishi space, and let N be a smooth manifold. A strongly con-
tinuous smooth map f: M — N is a family f ={fp} of I'p-equivariant smooth
maps fp: Vp — N which induces f, : V,/T'p — N and such that f, 09,4 = fq
on Vgp/Tq.

We say that {fp} is weakly submersive if each of f, is a submersion.

In the case when Kuranishi space has boundary or corner, for the map to be
submersive, we require that the restriction to each stratum be submersive.

We consider the moduli spaces My i (3; L; J) and M§'(; J). The evaluation
at marked points induces maps

ev = (ev™ ev) = ((evilnt, o evitt) (evo,. .. ,evk,l)) s My i(8) — M*x LF,
ev =evi™ = (evi™ . evit®) . MS(3) — M’

These maps are strongly continuous. In [11] the Kuranishi structure is chosen so
that they are weakly submersive. In the next section we do not choose so. We
explain the reason in Remark 3.2.

We next review fiber product of Kuranishi structures. Let My, My be
Kuranishi spaces, and let f={fp}, ¢ ={gp’} be strongly continuous maps from
them to a manifold N. We consider

(2.19) Miy xg My ={(z,y) € My x My | f(z)=g(y)}.

LEMMA 2.1

If either f or g are weakly submersive then the fiber product (2.19) has a Kuran-
ishi structure.
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See [11, Section A1.3] for the proof. Let h = {hp}: Ms — N’ be another
strongly continuous map. It induces a strongly continuous map

(220) le XgM2—>N/

in an obvious way.

LEMMA 2.2

If f and h are weakly submersive, then the map (2.20) is also weakly submersive.

The proof is immediate from the corresponding statement for the submersion of
smooth maps between manifolds and from the construction of fiber product in
[11].

3. Forgetful-map-compatible Kuranishi structure

Let (M,w) be a symplectic manifold, and let L be its Lagrangian submanifold.
For € Hy(M,L;Z), we defined the moduli space M, ;(3) as in Section 2. In
Section 2, we wrote My (B;L;J) or M (c; J). Hereafter we omit J from the
notation when no confusion can occur.

We include the case kK = 0. In that case we compactify it by adding
ML (B) xar L if 93 =0 as is explained in [11, Section 7.4.1]. Namely, we
have an embedding
(3.1) clop : M y(B)eyine Xar L — Mo o(B).

Note that Mil-s-e (8) is a moduli space of a pseudoholomorphic map from a genus
zero stable map (without boundary). Here 8 € Ho(X;Z) is a class that goes to
the class § by the natural homomorphism Hs(X;Z) — Ho(X,L;Z). We fix a
compatible system of Kuranishi structures on them so that evaluation maps are
submersion. And we do not change them.

We have a forgetful map

(3.2) forget: My 1(8) — Myo(B).

We also consider the embedding

(3.3a) glue : My, 1(B1)eve Xevo Mey1(B2) = OMo,10,,0(B1 + B2)
in the case (01, 41) # (B2,¢2) and

(3.3b) glue s (Mo, 1(8)eve Xevo My 1(3))/Za — OMy, 14,,0(28),

where Zs acts by exchanging the factors.

DEFINITION 3.1
Kuranishi structures of My 1(8) and of M, o(8) are said to be forgetful-map
compatible to each other if the following holds.

Let p = [(5,20,2),u] € My1(8) and p = forget([(Z, 20, Z%),u]) =
(3, 2m%), u] € My o(83). We first consider the case when p is not in the image of
3.1

(3.1).
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There exist Kuranishi neighborhoods (Vy, Ep,I'p,¥p,sp) and (Vp, Ep,I'p,
1p, Sp) of them, respectively, such that

(1) Ve ="Vp X (0,1);

(2) Ep=Epx(0,1);

(3) I's =TI'p; the action of I's preserves identifications given in (1) and (2),
where the action to the factor (0,1) is trivial;

(4) sp(z,t) = (sp(x),t) by the identification given in (1) and (2);

(5) forgetotp coincides with the composition of 1, and the projection to
the first factor.

We next consider the case when p is in the image of (3.1). This implies that
u is a constant map on the disc component Yy containing zg and that ¥y has
exactly one singular point and has no interior or boundary marked points other
than zy. Let ¥ be a closed semistable curve of genus zero without boundary,
which is obtained by removing ¥y from Y. Let 2" be the point YN X C X. We
put " = (2%, ). Then ((, 2™, u),u (z(‘)“t)) is an element of MH_[(ﬁ) x L
such that

clop((Z, 2™, ), u(25™)) =p.

Let (V, Ep.Tp,¥p, sp) be a Kuranishi neighborhood of p.

Let p = [%, 2™, ], and let (Vs E5, I's; ¥p, sp) be its Kuranishi neighborhood
in M‘{I_M(B) Since evil® : M e (3) — M is strongly continuous and Weakly sub-
mersive, it induces a submersion evi® : Vi — M. Let VN L = (evif®) "1 (L) C V;.
The fiber product Kuranishi structure on ./\/lHé(ﬁ)evbnt xm Lis (VegNL,EsN
L.Ts, %5, sp). (Here we write E5N L for the restriction of Es to V5N L by abuse
of notation. We also write sg or 95 for its appropriate restriction.) We have the
following:

(1) Vo= (VpNL) x [0,1);

(2) Ep=EsNLx[0,1);

(3) T's =TI'p; the action of I's preserves identifications given in (1) and (2),
where the action to the factor (0,1) is trivial;

(4) sp(z,t) = (sp(x),t) by the identification given in (1) and (2);

(5) forgetop coincides with the composition of 5 and the projection to
the first factor.

The main result of this section is the following.

THEOREM 3.1

There exists a system of Kuranishi structures on My1(5) and Myo(5), such
that

(1) they are forgetful-map compatible in the sense of Definition 3.1;
(2) evg: Mp1(B) — L is strongly submersive;
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(3) they are compatible with (3.3). Namely, the fiber product Kuranishi struc-
ture on My, 1(81)eve Xevo M, 1(82) (which is well defined by (2)) coincides with
the pullback of the OMy, 10, 0(B1 + B2) by glue (in the case 1 = B2, we divide
the fiber product by Za-action exchanging the factors);

(4) they are componentwise in the sense of Definition 2.3.

Proof
The most essential part of the proof is the following lemma. Let p = [(X, 29, 2'™),
u] € My 1(3) and p = forget([(Z, z0, Z0), u]) = [(X, 2™),u] € M o(B8). We con-
sider the case when p is not in the image of (3.1).

We consider the linearization of the pseudoholomorphic curve equation (2.9).
We consider the case ¥ = D?.

LEMMA 3.1

For any open subset U of Int D?, there exists a finite-dimensional linear subspace
E(u) of sections of u*TM ® A" such that the following holds.

(1) Each of elements of E(u) is smooth and supported in U.
(2) We put

(3.4) K(w) = (D.2)" (E(w).
Then for any zg € dD?, the map Ev., : K(u) — Ty.o) L defined by
(3.5) Ev,,(v) =v(z0)

18 surjective.

We remark that elements of K(u) are smooth by elliptic regularity. Therefore
(3.5) is well defined.

Proof

For each fized zp we can find E(u;zg) satisfying 1 and such that for K (u;20) =
(Du0) " (E(u; 20)), the map Ev..., : K (u;20) — Ty(sy) L defined by (3.5) is sur-
jective. (This is a consequence of unique continuation; see [11].)

Then there exists a neighborhood W (2g) of zg in dD? such that if z € W (zp),
then the map Ev.,.. : K(u;20) — Ty(z)L defined by Ev. ..(v) = v(z) is a sub-
mersion. We cover D? by finitely many W (z), say, W(z;), i=1,..., N. Then
E(u)= EBfV:l E(u; z;) has the required property. O

We next consider the case of the boundary point corresponding to M, ; ( B)evilm X M
L. For this purpose, we need to take a Kuranishi structure on the moduli space
of a pseudoholomorphic sphere.

LEMMA 3.2
There exists a system of Kuranishi structures on M$(a) for various £ >0 and
a € mo(M) with the following properties.
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(1) The action of a permutation group of order ¢! on MS(a) exchanging
marked points is extended to an action of the Kuranishi structures.

(2) The evaluation map ev™ : MS(a) — M¥* is strongly continuous and
weakly submersive.

(3) Let b1+l =L+2, a1 +as=c«. Then by the embedding

Mii (O[l)evilnt Xevilnt M(él (042) C MEI(Q)7

2

the Kuranishi structure in the right-hand side restricts to the fiber product Kuran-
ishi structure in the left-hand side. In particular, our Kuranishi structures are
componentwise.
This is proved in [16].

We now consider the boundary point (v,z) € M?ﬂ(ﬁ)ev‘;‘t X pr L, where v €
M%Ll(ﬁ) and z =evi®(v) € L. Let (V,T, E,s,1) be a Kuranishi neighborhood
of v we have taken in Lemma 3.2. We take

V= (evi™)TY(L).

This is smooth, and ev: V/ — L (which is the restriction of evi®® to V') is a
submersion. Therefore (V',T', E|y, sly+,9(s],,)-1(0)/r) can be regarded as the

Kuranishi neighborhood of (v,z) in Mﬁb_l(ﬂ)evslm x pr L. We put
Conf’(k; (0D?,0)) = {(21,...,2k) € (0D?)* | zi respects cyclic order}/S*
and let Conf(k; (0D?,0)) be its compactification. Then
Conf (k; (0D?,0)) x V'

can be regarded as a stratum of a Kuranishi neighborhood of the pullback of
(v,2) in My k(8). We can extend it to a Kuranishi neighborhood of (v,z). Then
properties (1) and (2) of Lemma 3.1 are satisfied.

We thus described a way to obtain a space E(u) satisfying properties (1) and
(2) of Lemma 3.1 at each point of the compactification of My (3).

Now we are in position to complete the proof of Theorem 3.1. The proof is
by induction on fNw. We assume that we have chosen already the Kuranishi
structure satisfying the conclusion of Theorem 3.1 for 8’ with /' Nw < SNw.

We consider My (). A component of its boundary is

Mo 1 (B1) o My 1(B2)  (resp., (My(¢',3") xp My (€', 3")) ] Z2)

with 81 + B2 = 8, €1+ €3 =L (resp., 20’ = 3, 2¢' = (). We already fixed a Kuran-
ishi structure on each of the factors. We take the fiber product Kuranishi struc-
ture on it. We then lift it to a Kuranishi structure of a boundary component of
M1(8). We claim that evg is weakly submersive for this Kuranishi structure.
In fact, the boundary component we are studying is one of the following three
cases:

(3.6a) My, 2(B1)eve Xevy Mi (L2, 52),
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where evg : My 1(8) — L is the map evy of the first factor;

(3.6b) My 1(B1)eve Xevy Ma(l2,32),
where evg : My 1(8) — L is the map evy of the second factor;
(36C) Mfl,l(ﬂl)evo Xevg MZle(ﬂ2)7

where ev is the map ((X1,v1), (82,v2)) — evo(X1,v1) = evo(X2, v2).
We remark that (3.6¢) is identified with

(Mél,l(ﬁl) X M5271(ﬁ2))(ev0,ev0) ><(evhevz) M3(O)

Here zero in M3(0) is 0 € Ho(M, L; Z).
We first consider the case (3.6a). By the induction hypothesis,

(evi,evg) : My, 2(B1) x Mg, 1(B2) — L?

is weakly submersive. It follows from Lemma 2.2 that evg is submersive on (3.6a).
The cases (3.6b) and (3.6¢) are similar.

The case 81 = 8 =3, {1 =5 = {' can be discussed in the same way.

In the case [00] =0, there is another boundary component M}?Ll(ﬁ’) X L
of My o(B). We have already explained the way to impose an obstruction bun-
dle and then Kuranishi structure on M%ﬂ_l(ﬁ) so that the map evqy is weakly
submersive. Therefore we can define a Kuranishi structure on a neighborhood
of this boundary component of My o(5) by extending fiber product Kuranishi
structure. We thus constructed the required Kuranishi structure on a neighbor-
hood of the boundary of My o(3). Because of the inductive way to constructing
our Kuranishi structures, they are compatible at their intersections.

Now we can use Lemma 3.1 in the same way as [11, Section 7.2] to extend
it the whole My (). We define Kuranishi structure on M, 1(3) by taking the
pullback of the Kuranishi structure of My ¢(5) via the forgetful map. The proof
of Theorem 3.1 is now complete. (Il

We consider the forgetful map

forget, 1 1 1 Megy1(8) — Mea(B),

forgetting the 2nd, ..., k+ 1th boundary marked points. Note that we enumerate
marked points as zg,..., 2. We forget z1,...,2x.

COROLLARY 3.1
There exists a system of Kuranishi structures on My ,41(8), k>0, £>0, with
the following properties.

(1) It is compatible with forget,  q ;.

(2) It is invariant under the cyclic permutation of the boundary marked
points.

(3) It is invariant of the permutation of interior marked points.

(4) evo: My r+1(8) — L is strongly submersive.
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(5) We consider the decomposition of the boundary:

OMyp1(B) = U U U

1<i<j+1<k+1B1+B2=0 L1ULy={1,... £}

M#Llaj*i‘f’l (ﬂl)ew) Xev, M#Lz,kfjﬂ' (62)

(see [11, Section 7.1.1]). Then the restriction of the Kuranishi structure of
My k+1(8) in the left-hand side coincides with the fiber product Kuranishi struc-
ture in the right-hand side.

(3.7)

We first explain the statement.

(1) is similar to Definition 3.1. The only difference is that we replace (0,1)
appearing there with (0,1)*=™ x [0,1)™ for some appropriate m.

The cyclic permutation of boundary marked points is defined as follows. Let
(2,v) be a point in My x+1(5). Let zg,21,...,2, be boundary marked points
of ¥. We change them to z1,...,2x,20 to obtain (X,v). Property (2) claims
that this action extends to the Kuranishi structure (see [11, Section A1.3] for the
definition of finite group action to Kuranishi structure).

The meaning of Property (3) is similar. Here we consider not only cyclic
permutation but also an arbitrary permutation of the interior marked points.

We remark that Property (4) and Lemma 2.19 imply that the right-hand side
of (3.7) has a Kuranishi structure. Then Property (5) claims that the boundary
of the moduli space of My ;11(5) as Kuranishi space decomposes as in the right-
hand side of (3.7). We remark that the ith,...,jth boundary marked points
of My k+1(8) correspond to the 1st,...,j —4 + 1th marked points of the first
factor and the other boundary marked points (except the 0th) of My +1(8)
correspond to the boundary marked points (except ith) of the right-hand side.
Also, the interior marked points correspond to each other in an obvious way. We
then have a compatibility statement of evaluation maps in an obvious way. It is
part of statement (5).

Note that k+1 > 1. Therefore the extra boundary component Mjh_l (B) XM
L of My o(5) does not appear in (3.7).

Proof

We defined the Kuranishi structure on My 1(8) in Theorem 3.1. We define
the Kuranishi structure on My ;+1(5) so that (1) holds. (This determines the
Kuranishi structure uniquely.) Then by Theorem 3.1(1), our Kuranishi struc-
ture of My 11(8) is pulled back from one on My o(3). Property (2) follows
immediately. Property (3) is a consequence of Theorem 3.1(4). Property (4)
is a consequence of Theorem 3.1(2). Property (5) is a consequence of Theo-
rem 3.1(3). O

REMARK 3.1
The Kuranishi structure we constructed is not compatible with the forgetful map
of the interior marked points. The reason is rather technical. Namely, we require
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the support of the obstruction bundle E, to be disjoint from marked or singular
points. This is automatic for the boundary marked points since we also assume
that it is disjoint from the boundary. However, if we try to imitate the proof of
Theorem 3.1 to obtain a Kuranishi structure that is compatible with the forgetful
map, this causes a problem. Namely, if we construct the Kuranishi structure of
Mo o(B) and M§!(a) so that the evaluation map is submersive for the pullback
Kuranishi structure on M (3) and MS!(a), then, a priori, we cannot assume
the support of the obstruction bundle E, to be disjoint from marked points. (In
fact, we need to fix E, for elements of Mg (a). So the interior marked point of
the pullback Kuranishi structure M$!(a) can be arbitrary. Therefore we cannot
exclude that it is in the support of Ej,.)

The reason why the support of the obstruction bundle E, is assumed to be
disjoint from the singular point is as follows.

(1) The glueing analysis is easier. If E, hits the singular point, we need to
study the case when perturbation is put on the neck region also.

(2) We need to identify the obstruction bundle of the pieces ¥, as a section
of appropriate bundles after resolving the singularity of |JX, (see (2.12)). This
is easier in the case when the support of E, is away from singular points.

We remark that we cannot distinguish marked points from singular points
when we want to make the perturbation componentwise. This is the reason why
it is assumed that the support of F, is disjoint from marked points. However,
the description above also shows that by working harder we might remove this
restriction and then find a Kuranishi structure on My () which is compatible
with the forgetful map of the interior marked points also. Since we do not need
it in this article, we do not try to prove it here.

REMARK 3.2
For the Kuranishi structure we constructed in Corollary 3.1, the evaluation map
evg is weakly submersive. As a consequence of cyclic symmetry it implies that ev;
is submersive for all but fixed ¢. On the other hand, in [11] we used a Kuranishi
structure such that (evo,...,evi_1): Myr(B8) — L¥ is weakly submersive. We
remark that there does not exist a system of Kuranishi structures such that
(evg,...,evi_1) is weakly submersive and is compatible with the forgetful map
in the sense of Corollary 3.1.1 at the same time. In fact, if d is a dimension
of the Kuranishi neighborhood V; of a point in M, 1(3), then the dimension of
the Kuranishi neighborhood V5 of compatible Kuranishi structure in My () is
k+d—1. (We remark that the dimension here is one of the manifold V. It is
different from the dimension as the Kuranishi space.) If & is large, then dimension
of L*, which is nk, is certainly bigger than k +d — 1. Therefore (evy,...,evi_1)
cannot be weakly submersive.

A key idea of the proof of Corollary 3.1 is the observation that the submer-
sivity of evg is enough to carry out the inductive construction. (This observation
was due to [12].) We remark also that for this observation to hold the assump-
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tion, genus = 0 is essential. Namely, the same method does not work for its
generalization to higher genus.

4. Continuous family of multisections: Review

In Section 5 we construct a perturbation of the Kuranishi map of the Kuranishi
structure constructed in Section 3 so that it is compatible with the forgetful map
of the boundary marked points and is cyclically symmetric (as its consequence).
The author does not know how to do it using multi-(but finitely many) valued
sections. So we use a continuous family of multisections. The notion of a contin-
uous family of multisections had already been used in [14, Section 33], [7], [15],
and so on. We first review them in this section.

First, we recall the notion of a good coordinate system. Let (V, Fq, T, ¥a,
Sq) be Kuranishi charts parameterized by a € 2. We assume that the index set
2 has a partial order <, where either oy < s or as < ay holds for aq,as € U if

¢CE1 (8(;11(0)/1_‘041) N 1/)062 (S;: (O)/Faz) 7é (Z)

Moreover, we assume that if ay,as € 2 and a; < ag, then there exists a coordi-
nate transformation from (Va,, Eo,;TaysParsSar) 0 (Vass Bass Lass Pass Sas ), i
the sense described in Section 2. We assume compatibility between coordinate
transformations in the sense of [16] and [11]. The existence of a good coordinate
system is proved in [16, Lemma 6.3].

We next review multisections (see [16, Section 3]). Let (Va, Eo,%asSa;La)
be a Kuranishi chart of M. For x € V,, we consider the fiber E, , of the bundle
E, at x. We take its [ copies and consider the direct product Eéz We divide it
by the action of a symmetric group of order {! and let S'(E, ;) be the quotient

space. There exists a map tm,, : SY(Fa.) — 8" (Eq ), which sends [a1,..., ]
to [a1,...,a1,...,a1,...,a;]. A multisection s of the orbibundle E, — V,, consists
—— ——
m copies m copies

of an open covering |J, U; =V, and s; which sends z € U; to s;(z) € Sli(Ea’x).
They are required to have the following properties.

(1) U; is T'y-invariant; s; is I'y-equivariant. (We remark that there exists an
obvious map v : 8" (E, ;) — S'(Eq 4z) for each v €Ty,.)
(2) If € U; N Uj, then we have tmy, (s;(x)) = tmy, (s;(x)) € 8" (Eq ya).
(3) s; is liftable and smooth in the following sense. For each x there exists a
smooth section §; of E, @ -+ & F, in a neighborhood of x such that
—_———

l; times

(4'1) Si (y) = (Si,l(y)a s Sl (y))v Si (y) = [Si,l(y)7 s Sl (y)]
We identify two multisections ({U;},{s:}, {l:}), {U!}, {si}, {li}) if
tmy, (si(x)) = tmy (s)(x)) € Sl (Eayz)

on U; N Uj’-. We say that s; ; is a branch of s; in the situation of (4.1).



Cyclic symmetry and adic convergence in Lagrangian Floer theory 541

We next discuss a continuous family of multisections and its transversality.
Let W, be a finite-dimensional manifold, and consider the pullback bundle

Th Bo — Vo x W,

under 7, : V,y X W, — V. The action of T', on W, is, by definition, trivial.

DEFINITION 4.1

(1) A W,-parameterized family s, of multisections is by definition a multi-
section of 7} E,.

(2) We fix a metric of our bundle E,. We say that s, is e-close to s, in
CP-topology if the following holds. Let (z,w) € V,, x W,. Then for any branch
Sa,i,j of S, we have

dist (501,1‘73‘ (y,w), s4 (y)) <€

if y is in a neighborhood of .

(3) s, is said to be transversal to zero if the following holds. Let (z,w) €
Vo X Wq. Then any branch s, ; ; of s, is transversal to zero.

(4) Let fo: Vo — M be a I'y-equivariant smooth map. We assume that s,
is transversal to zero. We then say that fa|551(0) is a submersion if the following
holds. Let (x,w) € V, x W,. Then for any branch s, ; ; of 54, the restriction of
faoma: Vo x Wy — M to

(4.2) {(z,w) |80, (z,w) =0}

is a submersion. We remark that (4.2) is a smooth manifold by (3).

REMARK 4.1

In the case when M has boundary or corner, (4.2) has boundary or corner. In
this case we require that the restriction of f, to each of the stratum of (4.2) be
a submersion.

LEMMA 4.1
We assume that fo : Voo — M is a submersion. Then there exists W, such that
for any € there exists a Wy -parameterized family s, of multisections which is
e-close to so, transversal to zero, and such that fa|5;1(0) is a submersion.
Moreover, there exists 0 € W, such that the restriction of s, to V, x {0}
coincides with s, .
If s, is already given and satisfies the required condition on a neighborhood
of a compact set K., then we may extend it to the whole W, without changing
it on K.

We omit the proof (see [15]). We next describe the compatibility conditions
among the W,-parameterized families of multisections for various «. During the
construction we need to shrink V, a bit several times. We do not mention it
explicitly below.
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Let a1 < as. We consider the normal bundle N%zal (Valw)Vaz of the embed-
ding Pasas @ Varas — Va,- We take a small neighborhood Ue(¢asa; (Vasas)) of
its image and identify it with an e-neighborhood BeNg o, (Vayag) Vas of the
zero section = Vo,a, of Ny o (v, .,)Vas. We then have a projection Pr:
Ue($azar (Varas)) = Vasas-

We pull back the bundle E,, |v,

@la

by Pr to obtain Pr* E,, — Vy,a,. We
extend the bundle embedding q§a2a1 : Eoy|Va, 0, = Fa, to a bundle embedding

anzal : Pr* E,, — Ea,

Ue(¢a2a1 (Valag))'

We consider the section (Kuranishi map) sa, : Ue(Pasa; (Vajas)) — Ea, and com-
pose it with the projection to obtain

E,,
— .

Pr* E,,

We remark that (4.3) is zero on the zero section = ¢n,a, (Vaia,) and the fiber
derivative of it there induces an isomorphism.

Let Exp: BeNg,, o (Vi ay) Var = Ue(@asa (Vaya,)) be the isomorphism we
mentioned above. By modifying it using fiberwise diffeomorphism, we may

(43) TOSq, - U. (¢a2a1(v011a2))

assume that
E,,
- *
Pr* E,,

(4.4) ™o Sa2 o EXp : B€N¢Q2C¥1 (Va )Va2

192

is a restriction of a (linear) isomorphism of vector bundles.
Now, let Uj o, C Vo, ,andlet {sq, ;; | j=1,...,1;} be amultisection on U; o, X
Wa,. Wetake W, o, and put Wy, = Wy, X Wq, o, . We define

Pr_l (¢a2a1 (Valaz)) = Ui,az C Ue (d)(xzal (Valag)) .

DEFINITION 4.2

A W,,-parameterized family of multisections {sa,; |j=1,...,L;} on U; q, is
said to be compatible with {s4, ;,|j=1,...,1;} if the following holds: {sq, ., |
j=1,...,1;} is a multisection of E,, on U; o, X Wa,.

Let y = Exp(2,§) with 2 € Ui o, NUay005 § € (Ngppa, (Vayay) Vao )z (€]l <€),
and w = (w1, wz) € Wy, = Wa, X Wa, a,. Then we have

(4.5) Say.i.j (Y, w) = (70 5q,)(y) mod Pr*E,,.
We assume also that

(46) 5(1271"]' (Exp(x,O),w) :Eal’i,j(.’t,’wl).

We remark that for given {s,, ;;|j=1,...,0;}, we can always find {sn,,;|j=
1,...,1;} which is compatible to it. In fact, we can use the splitting

E,,
Pr* E,,

En, =Pr* E,, @

to construct it.
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Moreover, if f={f,}: M — N is a strongly continuous and weakly sub-
mersive map and fq, |5511(0) is a submersion, then fa2|5&;(0) is a submersion, for
small e.

Thus we can prove the following by induction of a with respect to the order <
and by using Lemma 4.1.

PROPOSITION 4.1

Let M be a Kuranishi space with a good coordinate system (Vo, Eo,Tay¥a, Sa)
(o e). Let f={fo}: M — N be a strongly continuous and weakly submersive
map. Then there exists a system of continuous families of multisections s, =
{$aij|j=1,....;} of Eq such that

(1
(2
(3
(4
4.1(2).

they are compatible in the sense of Definition 4.2;
they are transversal to zero in the sense of Definition 4.1(3);
fa‘sgl(o) is a submersion in the sense of Definition 4.1(4);

— — — ~—

they are C°-close to the original Kuranishi map in the sense of Definition

REMARK 4.2

We can prove a relative version of Proposition 4.1. Namely, if there exists an open
set U C M and a compact set K CU and s, satisfying Proposition 4.1(1)—(4)
are given on U, then we can extend it with required properties without changing
it on K.

We next review the way to use a family of multisections to define smooth corre-
spondence.

We work in the following situation. Let M be a Kuranishi space, let f* =
{f3}: M — Ny be a strongly continuous map, and let f'={f.}: M — N; be
a strongly continuous and weakly submersive map. Here Ng, N; are smooth
manifolds. (Here s and ¢ stand for source and target, resp.) Let A%(M) denote
the set of smooth d-forms on M. We define

(4.7) Corr, (M; £, f1) Ad(NS) — Aé(Nt)7
where £ =d + dim N; — dim M.
We first take a continuous family of multisections s, = {sq; |i=1,...,l;}

on M such that fé\5;1(0) is a submersion. Let p € A(N,). We consider a
representative s, ; ; of 5. It is a section of E, on U; o x W,. We take a top-
dimensional smooth form w, on W, of compact support such that its total mass
is 1. Let x; be a partition of unity subordinate to the covering {U;.}. We
consider

(4.8) Zféy%xl'((fé)*wwa)

Sai,j



544 Kenji Fukaya

Here [; is the number of branches, and f!, are integrations along fiber. This
defines the U, part of Corr,(M; f%, f*). We use the partition of unity again to
glue them for various « to obtain a map (4.7) (see [15] for details).

REMARK 4.3
The map (4.7) depends on the choice of multisection s, and the smooth form
wq. But it is independent of the choice of partition of unity.

The smooth correspondence we defined above has the following two properties.

PROPOSITION 4.2 (STOKES)
We have

(4.9) d o Corr, (M; £, f) — Corr, (M; 5, ') o d = Corr,. (OM; f*, f*).

Proof
On each chart this is a consequence of Stokes’s theorem. By using partition of
unity in a standard way, we obtain the proposition. O

To state the next proposition, we need some notation. We consider oriented
Kuranishi spaces My, Ms. Let f: M; — N1 f25: My — N} x N2 be
strongly continuous maps, and let f%*: M; — N}, 2t My — N2 be strongly
continuous and weakly submersive maps. We put

(4.10) MZlel,t X N1 Mo,

where we use the second factor : My — N} of the map f* to define the above
fiber product. The maps f1* and f%* induce a strongly continuous map f°: M —
N!x N2; f2tinduces a strongly continuous and weakly submersive map f*: M —
N? (see Lemma 2.1).

PROPOSITION 4.3 (COMPOSITION FORMULA)
If p; € A(N?) (i=1,2), then we have

Corr, (M; f2, f")(p1 X p2)

(4.11)

— Corr. (Ma; £2°, ) (Corr. (Mu: £1°, £) (1) x p2).
Proof
On each chart this is obvious. So we can use partition of unity in a standard way
to prove the propositions. O
REMARK 4.4

We need to take and fix appropriate orientation in Propositions 4.2 and 4.3. We
do it later but only in the case we use (see the end of Section 7).



Cyclic symmetry and adic convergence in Lagrangian Floer theory 545

We also note the next lemma. Let (M; £, f*) be as above. Here f': M — N, is
weakly submersive. We consider (M; f* x f* const) where const : M — {point}
is a constant map to a point.

LEMMA 4.2
Let ps € A(Ny) and p, € A(Ny). Then

(4.12) Corr(M; £5, f)(ps) A pr = Corr(M; 5 x f* const)(ps A pt).

Ny

Note that the right-hand side is an element of A({point})=R.

5. Forgetful-map-compatible continuous family of multisections

In this section, we define a system of continuous families of multisections on the
Kuranishi space produced in Section 3. We construct the system so that it is
compatible with forgetful maps.

We first define this compatibility precisely. We consider the moduli spaces
M 1(8), Meo(B) and consider their Kuranishi structures, which are compatible
in the sense of Definition 3.1. We take their good coordinate systems, which are
compatible in a similar sense. More precise definition of this compatibility is
in order. We have Kuranishi charts (Va, Fo,%a, Sa,L'a) (€ A) of M o(5) and
(Va,Es,va,5a,Ta) (@ e ) of M 1(6). Here 2 and 2 are partially ordered sets.
We require that there exist an order-preserving map 2A — A, &+ a such that

(1) Va=Vy x(0,1);

(2) Ea=E, x(0,1);

(3) T'a =T'y; The action of 'y preserves identifications given in (1) and (2),
where the action to the factor (0,1) is trivial;

(4) sa(z,t) = (sa(z),t) by the identifications given in (1) and (2);

(5) forgeto s coincides with the composition of ¢, and the projection to
the first factor.

DEFINITION 5.1

Let (Ua,i» Wa, {8a,i,j}) define a compatible system of families of multisections
on My o(3), and let (Us,;, Wa, {Sa,:,;}) define a compatible system of family of
multisections on My 1(3).

We say that they are compatible if the following conditions are satisfied:

(1) Us,i = Uq,i x (0,1);
(2) Wa=Wa;
(3) 5&)i7.j(w,a:,t) :5a7i7.j(w,(x,t)).

The main result of this section is as follows.
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THEOREM 5.1

For each Ey >0, £y € Z>o, and € > 0, there exists a compatible system of families
of multisections (Us,i;, Wa,{8a,i,;}); (Ua,i, Wa,{Sa,i;}) on Mg1(8), Meo(5) for
BNw < Ey and L <y, with the following properties.

) They are e-close to the Kuranishi map.

) They are compatible in the sense of Definition 5.1.

3) They are transversal to zero in the sense of Definition 4.1(3).
) evg: My 1(8) — L induces submersions (evo)&|5g1(0) 2 531(0) — L.
) They are compatible with (3.3) in the sense we describe.

We describe condition (5) precisely below. We consider Uy, i, ; Sa,,i1,5, of Mo, 1(51)
and U, iy, Sa2,is,52 Of My 1(02). We put a = (a1, 2). The fiber product

(51) Va = Valevo Xevg Vaz
is a Kuranishi neighborhood of the Kuranishi space

M, 1(B1)eve Xevo Mey,1(62);

(5.1) contains a fiber product U, (i, ip) = Uayireve Xevo Uas,in- An obstruction
bundle on (5.1) is a restriction of E,, x E,,. We put W, =W,, x W,,. Now
we put

(5.2) Sa,(i1,02),(31,2) = (Sa1,ir,j1s Saz,iz,jo )|Uo<‘(i1‘i2) :

It defines a compatible system of continuous families of multisections on
M, 1(B1)eve Xeve My 1(82). Condition (5) requires that this system coincide
with the restriction of the one in My o(8). Here 8= 51 + B2, £ +2=1{1 + (2.

In the cases 81 = B2 =03, b1 =4y ={', and B =208, 20' = + 2, we put two
copies of My 1(8’). Then the parameter space is given as W, = W,, x W,, in
the same way. (In the case when W, coincides with W,,, we take the square of
it.) Then we obtain a continuous family of multisections on

Mé’,l(ﬁ/)evo Xevg Mé’,l(ﬁl)'

Note that the Kuranishi structure is invariant of Zs-action exchanging the factors.
It is easy to see that any (local) multisection with m branches induces a (local)
multisection with 2m branches to the quotient of the Zs-action. Therefore we
obtain a continuous family of multisections on

(MZ’,l(ﬂ/)cvo ><cv0 MZ’,l(ﬂ,))/ZQ~
We require compatibility with this multisection as in (5.2).
Proof

The strategy of the proof is similar to the proof of Theorem 3.1. We first consider
the situation of Lemma 3.1 and use the notation there.
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LEMMA 5.1
LetVocVocWVicViCV be neighborhoods of u in V,,, where V, is a Kuranishi
neighborhood of u.

Then there exists a finite-dimensional vector space W(u) and a section s, :
V x W(u) — E(u) x W(u) with the following properties:

(1) su(v,0) = D,0;
(2) su(v,w)=D,0 if v Vi;
(3) if D,O0=0 and v € Vy, then the map

D(v,O)Su L,V X TOW(U) — E(u)

18 surjective;
(4) if v is as in (3) and if 20 € OD?, then

D050 ® dyp oEvz, : T,V x ToW (u) — E(u) @ Ty(z) L

18 surjective.

Proof
Let x : V —[0,1] be a smooth function such that x =1 on Vj and x =0 on the
complement of V;. We put W(u) = E(u) and

su(v,w) = Dy + x(v)w.
The lemma then follows easily from (3.5). O

We consider a Kuranishi chart V,, of My(8). For simplicity of notation, we
assume that each element of V, is represented by a map from a disc (without
singular point). Let u € V,. We apply Lemma 5.1 and obtain Vy, Vi, V, which
we denote by Vp(u), Vi(u), V(u). We also have E(u) and obtain s,, W (u). (We
remark that E(u) here is the restriction of E,, the obstruction bundle of our
Kuranishi chart.) Let I'(u) C I, be the isotropy group of u. We may assume
that U(u)NyV (u) #0, v € Ty, implies that v € I'(u) and that Vp(u), Vi (u), Va(u)
are I'(u)-invariant. (We do not, and cannot, require s, to be I'(u)-equivariant.)

We take a I',-invariant relatively compact subset V., C V, such that V. /T,
still cover Mo(83). V./T, is covered by finitely many Vp(u)/T'(u)’s, which we
write as Vo(ue)/T'(ue), c=1,...,N. We put

Wa = W(ul) X oo X W(UN)

For each ¢, the map s,, determines a multisection on V, /T, which coincides
with s, outside Vi (u.)/T'(u.) (see Lemma 5.1(2)). We denote it as s, by abuse
of notation. Let x. : Vo /T'(uc) — [0,1] be a partition of unity subordinate to the
covering {Vi (uc)/T'(u.) | e=1,...,N}. We now put

(5.3) S50 (V;wy, ..., wr) = 84(v) + Zxc(v)(sc(v,w) — 5q(v))

(see [16, Definition 3.4] for the sum of multisections, which appear in the right-
hand side of (5.3)). Now we have the following.
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LEMMA 5.2
There exists € >0 such that the following hold.

(1) sq is transversal to zero.
(2) We take U; C V /T such that s, has a representative (5,1,1-7]-);’;1 on
U; xW. We put

st (0)= {(v,w) clU; xW | Sq(v,w) =0, |lw| < e}.

a,t,]
This is a manifold by (1). Then for each 2o € dD?, the map
Ev,, :s.:.(0)— L

a,i,3
defined by (v,w) — Ev,, (v,w) =v(z0) s a submersion.

(3) We have s4,i,;(v,0) = s4(v).

Proof
Statements (1), (2), and (3) follow from Lemma 5.1(3), (4), (1), respectively. O

Lemma 5.2 enables us to construct the family of multisections required in Theo-
rem 5.1 locally. We can prove the relative version of Lemma 5.2 also in the same
way.

REMARK 5.1

We remark that we can use Lemma 5.2(3) to prove property (1) in Theorem 5.1.
Namely, we can shrink W to its small neighborhood of zero. Then Lemma 5.2(3)
implies that s,; ; is C%-close to the Kuranishi map sq.

We next state the analog of Lemma 3.2.

LEMMA 5.3

For each Ey and £y, there exists a system of continuous families of multisections
on various M‘tfl(a) for various £ >0 and o € mo(M) with aNw < Eg and £ < {y.
It has the following properties.

(1) The action of permutation groups of order ¢! on MG («a) exchanging
marked points preserves the family of multisections.

(2) It is transversal to zero.

(3) The evaluation map ev'™ : M (a) — M* is a submersion on the zero
set.

(4) Let b1+ 0o =0+2, a1 +as=«. Then the embedding

M(tgi (1) oyint X gyint M;l (an) C M;l(a)

1

is compatible with our system of continuous families of multisections.

Proof
The proof is by induction on («,#). We can organize the order of the induction
in the same way as [11, Section 7.2]. Property (4) determines the family of
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multisections in the singular locus of each of M (a). By (2) and (3) of the fiber
product factors, we can prove that (2) and (3) are satisfied on the singular locus.
We can then use the argument of Section 4 to extend it to M (a). O

Note that we do not require compatibility with forgetful map here. So the proof
of Lemma 5.3 is easier than that of Theorem 5.1.

Now we are in a position to complete the proof of Theorem 5.1. The proof is
by induction on (3,¢). We assume that we have constructed the required family
of multisections on My o(5’) for f'Nw < fNw and ¢’ <¢. We study the case of
M.0(B). We consider the boundary My o(5). One of its boundary components
is

(54) Mfl,l(ﬂl)evo Xevo MZz,l(ﬂQ)a

where €1 + 0o ={, oy + ag = a. (In the case 31 = fBa, {1 = {5, we need to divide
(5.4) by Zs-action.) A continuous family of multisections on the factors of (5.4)
is already given by the induction hypothesis. Moreover, properties (3) and (4)
of the factors of (5.4) imply the same properties for the fiber product family of
multisections.

For the other type of boundary component,

(55) M?(B)cvif‘t xum L,

we can apply Lemma 5.3 to obtain the required family of multisections. We thus
obtain a family of multisections which has required properties.

Those families of the multisections on the components of the boundary
OM,0(B) are consistent at the overlapped part (see [11, Lemma 7.2.55]).

We can then extend it to a neighborhood of the boundary. It is easy to see
that this extended one still has the required transversality properties. Therefore
we can use a relative version of Lemma 5.2 to discuss in the same way as in
Section 4 to extend this family of multisections to My o(3). Since we have only
finitely many steps to work out, we can choose our family so that Theorem 5.1(1)
is satisfied. The proof of Theorem 5.1 is now complete. (]

REMARK 5.2
See [11, Section 7.2.3] for the reason why we need to fix Ey, ¢y and stop the
construction of the multisections after 3 Nw > Ey or £ > {.

In the same way as in Section 3, Theorem 5.1 has the following corollary.

COROLLARY 5.1

For each €, Ey, and {y, there exists a system of continuous families of multisec-
tions on My r41(8), k>0, 6o >£>0, BNw < Ey, with the following properties.

(1) It is e-close to the Kuranishi map in the C°-sense.
(2) It is compatible with forget, q ;.
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(3) It is invariant under the cyclic permutation of the boundary marked
points.

(4) It is invariant by the permutation of interior marked points.

(5) evo: Myi11(8) — L induces a submersion on its zero set.

(6) We consider the decomposition of the boundary:

OMyp+1(B) = U U U

1<i<j+1<k+1 f14+B2=0 L ULy ={1,...,£}
(5.6)

M#L17j—i+1(61)cvo Xev; M#Lz,k—j+i<62)
(see [11, Section 7.1.1]). Then the restriction of our family of multisections of
M i+1(8) in the left-hand side coincides with the fiber product family of multi-
sections in the right-hand side.

6. Cyclic filtered A, -algebra and cyclic filtered A -algebra modulo 77

Let C be a graded vector space over R, and let n be a positive integer. We con-
sider an R-bilinear map

(6.1) (y: T el "SR
such that
(6.2) (z,y) = (—1)tFdee’=dee’v(y gy,

Here and hereafter,

deg'z =degx — 1.
We consider a sequence of operators
(6.3) . By(C[1]) — O[1)

of degree 1 for k=1,2,.... (Here By(C[1]) is the tensor product of k copies of
cnl)

DEFINITION 6.1

We say that (C, (-}, {mx}32,) is a cyclic Ax-algebra of dimension n if

(1) {my}g2, satisfies the A, -relation

k—ka+41

(6.4) > > (=0 g, (21, Wy (Th - Tigka—1)s - Tk) =0,

ki+ko=k+1 i=1
where * =deg' z1 + -+ + deg’ z;_1;
(2) we have
(6.5) (ME(x1,...,Xk),X0) = (—1)" (M (X0, X1, - -, Xk—1), Xk ),

where * = deg’ 7o(deg’ x4 + - - - + deg’ x1.);
(3) (-) is nondegenerate and induces a perfect pairing on H(C) = Kerm;/
Imﬁl.
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We remark that m; om; =0 by 1. Therefore H(C) is well defined. Definition

6.1(2) implies (my(x),y) = =(m1(y),z). Therefore (-) induces one on H(C)
which satisfies (6.2).

EXAMPLE 6.1
Let M be an n-dimensional oriented closed manifold. Let C' = A(M) be the de
Rham complex. We put

My (u) = (—1)%B% du,  Mg(u, v) = (—1)desudesvideguy, o,

my =0 for k#1,2, and

<7.L,’U> _ (71)degudegv+degu/ uA.
M
DEFINITION 6.2

We say that a subset G C R>q x 2Z is a discrete submonoid if the following
holds. We denote by F: G — R and u: G — 2Z the projections to each of the
components.

(1) If 81,02 € G, then 81 + (s € G, (0,0) ed.
(2) The image E(G) C R is discrete.
(3) For each A € R>q, the inverse image GN E~1()\) is a finite set.

We remark that (1), (2), and (3) imply that E=1(0) NG = {(0,0)}.

DEFINITION 6.3
We put

AS = {Z%TE(ﬁ)eu(ﬁ)ﬂ ) BeG,ape R},

where the sum may be either finite or infinite. For each Ey € R>(, we have a
filtration

FEoAS = {Z%TE(B)GN(B)N c AC ‘ E(B)> Eo}~

It determines a topology on A§ with which A§ is complete.
We define a grading on A§ by degT =0, dege = 2.

We remark that A§ contains a (semi)group ring of the monoid G that is nothing
but the set of elements of A§ with only finitely many nonzero ag. A§ is its
completion.

The universal Novikov ring Ag oy Which was introduced in [13] is the union
(inductive limit) of all A§ for various discrete submonoids G.

DEFINITION 6.4
A G-gapped cyclic filtered As.-algebra structure on C is a sequence of operators

(66) mgg: Bk(é[l]) — 6[1]
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for each § € G and k € Z>( of degree 1 — p(5) and (-) with the following prop-
erties:

(1) mgg=0 for §=(0,0);

(2)
k—ko+1
ki+ko=k+1B1+B2=0 i=1
(6.7)

(—1)*mk1,51 (xl, ey Mgy B8y (xi, ‘e ,$i+k2_1), .- ,th) = 0,
holds for any 5 € G and k; Here the sign is as in (6.1);
(3) () satisfies (6.1), (6.2), and
(68) <mk“3(X1, ce ,Xk),X0> = (—1)*<mk“3(x0,x1, . ,Xk,1)7xk>

holds for any 8 and k. Here the sign is as in (6.5). Definition 6.1(3) also holds.

DEFINITION 6.5

A G-gapped cyclic filtered A..-algebra structure modulo T%° is a sequence of
operators (6.6) for E(8) < Ey which satisfies the same properties, except that
(6.7) and (6.8) are assumed only for E(3) < Ejp.

DEFINITION 6.6
An element e € C of degree zero is said to be a (strict) unit of an A -algebra if

mo(e,x) = (—1)deg$m2(x,e) =z,
(6.9)
mg(...,e,...) =0 for k#£2.

An element e is said to be a unit of a filtered Ao -algebra if
ma,(0,0) (€, 2) = (—1)4%"my (9,0 (x,€) = =,

my 5(....e,...) =0 for (k,B)# (2,(0,0)).

A unit for a filtered A,-algebra modulo T is defined in the same way. A (fil-
tered) Aoo-algebra with unit is said to be wunital.

(6.10)

We put

mg = ZTE(B)GN(B)/%HIC’K-) . Bk(C[].D - C[l]
8
This satisfies (6.4) and (6.5).

REMARK 6.1
The sign convention of this article is slightly different from the one in [11]. We
explain the difference below. In [11] the inner product

(6.11) (u,u):(—1)dcg"dcgv/Lum=(-1)deg“<u,v>
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is used (see [11, Remark 8.4.7(1)]). Then the cyclic symmetry of m; takes the
form

(6.12) (o, mep(x1,. .. 2x)) = (=1)" (z1, mp g (22, ..., 21, T0)),

where * = deg’ zo(deg’ 1 + - -+ + deg’ x3,) (see [11, Proposition 8.4.8]).

LEMMA 6.1
If () and () are related by (6.11), then (6.8) is equivalent to (6.12).

Proof
We assume (6.11) and (6.12). Then we calculate
(my (21, .., %K), o)
=(-1) iy deg’ @ (mkﬁ(xl,...,xk),mo)
= (—1)( ioy deg’ ‘”i)(deg/ ’”0)(x0,mk)5(m1,...,xk)) = (l‘l,mk)g<$2, ... 7mk,x0))
=(-™" (mkﬁ(ﬂfz, . ,xk,xo),xl) = (—1)"2(my g(z2,..., 2k, To),1).
Here

*] = (Z deg’ xz> (deg’ x1 + 1)

i#1
and
¥ = %1 + Zdeg’ T; = (Z deg’ xi) deg’ x;.
i#1 i#1
We thus have (6.8). The proof of the converse is similar. O

By Lemma 6.1 we can apply the discussion of orientation and sign in [11, Section
8.4.2] for the purpose of this article.

7. Cyclic filtered A -structure modulo 77 on the de Rham complex

The main result of this section is as follows.

THEOREM 7.1

For any relatively spin Lagrangian submanifold L of (M,w), we can assign G
such that for each Ey >0 the de Rham complex A(L) has the structure of a
G-gapped cyclic unital filtered A -algebra modulo TFo .

Proof
This theorem follows from Corollary 5.1 as follows. We fix a tame almost complex
structure J and let G be the submonoid of R>( X 2Z generated by the set

{(Bnw,u(B)) | B € Ha(X, L; Z), Mo(B) # 0}

Gromov compactness implies that G satisfies the conditions in Definition 6.2.
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We apply Corollary 5.1 by putting Ey as above and ¢ =0. Then for pq,...,
pr € A(L), we define

mk,ﬁ(ﬂl, s ,Pk)

= Corr (Mp41(8); (evy,...,evi),evq) (p1 X -+ X pi) € A(L)

for 8+ (0,0). Since evq is weakly submersive by Corollary 5.1.5, the right-hand
side is well defined and is a smooth form. We define my, g, for 5o = (0,0) and (-)
as in (6.1).

The cyclic symmetry follows from Corollary 5.1.3 (up to sign) as follows. By
Lemma 4.2 and the definitions we have

(7.1)

<mk,5(p17 s 7pk‘)ap0>

= Corr(]\/lkﬂ(ﬁ)7 (evh...,evk,evo),const)(pl X oo+ X PR X po)-

By Corollary 5.1.3, the right-hand side of (7.2) is cyclically symmetric.

The filtered Aoo-relation (6.7) is a consequence of Corollary 5.1.6 (up to sign)
and Propositions 4.2 and 4.3 (see [11, Section 3.5]).

The (strict) unitality (6.9) follows from Corollary 5.1.2 as follows. We con-
sider 3 # (0,0) and k > 1 and studies

(73) mk,,@(ph"'7pi71117pi+17"'apk)'
Here 1 € A°(L) is the zero form = 1. We consider the forgetful map
forget; : My(8) — My_1(5)

which forgets ith marked point. We have chosen the Kuranishi structure, and
the (family of) multisections are invariant of forgetful map. We consider the
expression (4.8):

(7.4) foul_liXi((fé)*P/\wa)

Sa,i,j

In our case, p=p1 X -+ X pi—1 X 1 X pj41 X -+ X pr. Let X be the vector field
tangent to the fiber of forget;. Then we have

ix((f3)p Awa) =0.

On the other hand, f!=ev, factors through forget;. Therefore (7.4) is zero in
our case. Since (7.3) is obtained from (7.4) by summing up using the partition
of unity, it follows that (7.3) is zero also. We thus proved the strict unitality.
We finally remark that we can handle the sign in the same way as in [11,
Section 8.10.3] and [7, Section 12]. Namely, we can reduce the sign in the de
Rham version to one in singular homology version. ]

REMARK 7.1

We remark that the evaluation map evy from our perturbed moduli space is
submersive. This is enough to work with de Rham theory since we can pull back
differential forms by evy,...,ev, without assuming its submersivity.
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In the case when we work with (singular) chains, we need to take the fiber
product of singular chains P; of L with our perturbed moduli space by evalu-
ation maps evy,...,evy. This requires the submersivity of evy,...,evi. As we
explained in Remark 3.2, it is impossible to do so while keeping compatibility
with the forgetful map.

8. Homological algebra of a cyclic filtered A -algebra: Statement

In Sections 8-10 we study the homological algebra of a cyclic filtered A,.-algebra.
We follow [18] in various places (see also [3], [20]). However, our discussion is
different from [18], not only because we study filtered the case but also in several
other points. In [18] (u,v) # 0 only when degu +degwv is odd. Thus our situation
is included in [18] when dim L is odd. In that case, according to [18, Remark
2.1.2], the sign convention of cyclic symmetry in [18] is similar to (6.12) (i.e., the
convention of [11]). The notion of pseudoisotopy of a cyclic filtered A..-algebra
which we introduce in this section is also new.

We first review the definition of filtered As-homomorphisms from [11, Chap-
ter 4]. Let G C R X 2Z be a discrete submonoid, and let (C,{my3}), (C’,
{m}. 5}) be G-gapped filtered Ao.-algebras.

DEFINITION 8.1
A sequence of R-linear maps

fk,ﬁ : Bk(ﬁ[l]) —>U[1]
of degree —u(f) for k=0,1,2,..., B € G is said to be a G-gapped filtered A, -
homomorphism if
(1) fo,(0,0) = 0; B
(2) For each 8, k=0,1,2,..., with (k,3) # (0,(0,0)) and z1,...,z; € C[1],

we have

meﬁo (fkl,,@1 (1‘1, .. .), .. .,f;w“@g(. .. ,.’L‘k))

k—ko+1
= Z Z Z fﬁ17k1 T1y.- ,mkz,BQ(xi,...),...,xk).
ki+ko=k+1p1+B2=0 1i=1
Here the sum in the left-hand side is taken over ¢, 3;, k; such that Gy + 31 +
«+ Be=p and k1 + -+ k; =k, and the sign in the right-hand side is * =
deg’z1 + -+ + deg’ z;_1.

When fi g is defined only for E(5) < Ey and (8.1) holds only for E(8) <
Ey, we call it a filtered Aso-homomorphism modulo TFo. This is defined if
(Ci{my5}), (C’,{m}, 4}) are filtered A-algebras modulo 7.

(8.1)

DEFINITION 8.2
(1) A filtered As-homomorphism is said to be strict if fo g =0 for any 3.



556 Kenji Fukaya
(2) Suppose that (C,{myg}), (C',{m}, 5}) are unital. We say a filtered Aoc-

homomorphism is unital if
e if B=(0,0),
fr(e) = . (%0
0 if B (0,0),

fkﬁ(...,e,...):O, k>1.

(8.2)

(3) We say that a filtered algebra or homomorphism is gapped when it is
G-gapped for some G, which we do not specify.

DEFINITION 8.3 ([18] DEFINITION 2.13)

Let (C,(-),{mgp}), (C",(-),{m}, 5}) be G-gapped cyclic filtered Anc-algebras. A
G-gapped filtered A-homomorphism f= {fz g} : C — C’ is said to be cyclic if
the following holds:

(8.3) <f1,(0,0)(95)7 f1,(0,0) (y) = (z,y)

for any z,y;

(84) Z Z <fk1,ﬁ1(x17'"7xk1)7fk?2’ﬁ2(xk1+17"‘7xk)>:0
B1+B2=0k1+ka=k
holds for (k, ) # (2,(0,0)) and 1,...,x%.
When (8.4) holds only for E(3) < Ey, we say that it is cyclic modulo To.
We define the composition of a filtered A,.-homomorphism as in [11, Defin-
ition 3.2.31]. It is easy to see that compositions of cyclic filtered A.,-homomor-
phisms are cyclic.

REMARK 8.1

(1) We say that a (cyclic) filtered Ao-homomorphism {fx g} is a weak homo-
topy equivalence if fi (0,0) induces an isomorpism on my (g g)-cohomology.

(2) We say that a filtered As-homomorphism {fg g} is an isomorphism if
it has an inverse, that is, a filtered As-homomorphism {gx g} such that the
compositions of them are identity. (An identity morphism {hz s} is defined by
br,s =0 for (k,B3) # (1,(0,0)) and by (9,0) = identity.) It is easy to see that an
inverse of a cyclic filtered As.-homomorphism is automatically cyclic.

We next define and study the properties of pseudoisotopy of cyclic filtered A.o-
algebras. Let C be a graded R vector space. We take a basis ¢; of Uk and define
c*>=(]o, 1],5k) to be a finite sum

> ai(t)e;
such that a; : [0,1] — R are smooth functions.

REMARK 8.2
In the case C' = A(L), the de Rham complex, we need to take into acount the
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Fréchet topology of A(L) and define C>([0,1],C) in a different way (see Sec-
tion 11).

We consider the set of formal sums

(8.5) a(t) +dt A b(t),

where a(t) € C=([0,1],C"), b(t) € C>([0,1],C" ). We write the totality of

such (8.5) as C*°([0,1] x O)*. We consider a filtered A,-structure on it. More
precisely, we proceed as follows.

k—1

We assume that, for each ¢ € [0, 1], we have operations
(8.6) m}, 51 Bip(C[1]) — C[1]
of degree —u(B) +1 and
(8.7) ¢t.5 1 Be(C[1]) — C[1]
of degree —u(0).

DEFINITION 8.4
We say mj, 5 is smooth if for each x1,..., g,

thZﬁ(l‘l,...,aﬁk)

is an element of C*°([0,1],C).
The smoothness of cfﬁ 5 1s defined in the same way.

DEFINITION 8.5
We say that (C, (-), {m}, 5}, {c}. 3}) is a pseudoisotopy of G-gapped cyclic filtered
Ao-algebras if the following hold.

(1) mf, 5 and ¢}, 4 are smooth.

(2) For each (but fixed) ¢, the triple (C,(-),{m}, 3}) defines a cyclic fitered
A.-algebra.

(3) For each (but fixed) ¢, and x; € C[1], we have
(8.8) (c};”g(ml, cey X)), L) = (—1)*<c};’5(m0,x17...,xk,l),xk),

x = (degxo + 1)(degxy + -+ + degxy + k).
(4) For each x; € C[1],

d
%miﬂ(:cl, cey k)

k—ko+1

+ Z Z Z Cklﬁl T1y.- ,m’fwﬁz(azi,...),...,xk)

k1+ka=k B1+B2=03

k—ko+1

Z Z Z my g (1, chy y (Tis )y k)

ki+ke=k p1+B2=8 i=1
=0.
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Here * =deg’ 1 + --- + deg’ ;_1.
(5) mj, (o is independent of t. ¢ ;4 =0.

REMARK 8.3
Condition (5) above may be a bit more restrictive than the optional definition.
We assume it here since it suffices for the purpose of this article.

We consider ;(t) + dt A y;(t) =x; € C°°([0,1],C). We define

B g (X1, ..., X)) = 2(t) + dt Ay(t),

where

(8.10a) x(t) :mfcﬁ(xl(t),...,xk(t)),

(8.10b) = ke ]Ewl +0)
Z kaﬁ Z’l(t) .,l‘ifl(t),yi(t),{l}prl(t)w..,Jik(t))
=1

if (k,8) # (1,(0,0)) and

(810c) (1) = ra(t) .0 (31(0)

if (k,3) = (1,(0,0)). Here *; in (8.10b) is *; = deg’ x1 + - -+ + deg’ x;_1.

LEMMA 8.1
FEquation (8.9) is equivalent to the filtered Ao -relation of Wy, g defined by (8.10).

The proof is straightforward and is omitted (see [11, Lemma 4.2.13]). We define
<'>to on COO([O>1]7C) by

(z1(t) +dt Ayr(t), m2(t) + dt Aya(t))r, = (1(t0), 22(to))-
Then (C*°(]0,1],C), (-)t,, {Mk,5}) is a cyclic filtered An-algebra for any to.

DEFINITION 8.6

A pseudoisotopy (C, (), {m}, 5}, {c} 5}) is said to be unital if there exists e € c’
such that e is a unit of (C,{mj _4}) for each ¢ and if

p(-one,..)=0
for each k, 3, and t.

DEFINITION 8.7

Let (C,(-),{mg,0,0)}) be a (unfiltered) cyclic A-algebra. We consider two G-
gapped filtered cyclic Ao-algebras (C, (-), {mkﬁ}) (i=0,1) such that mk,(o,o)
M (0,0) for i = 0, 1.
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We say that (C, (-), {m? 5}) is pseudoisotopic to (C,(-),{m}, ) if there exists
a pseudoisotopy (C, (-),{m}, 3}, {c}, 3}) with given boundary value at t =0, 1.
The modulo T#° and/or unital version is defined in a similar way.

LEMMA 8.2

Pseudoisotopy of G-gapped filtered cyclic A -algebras is an equivalence relation.
The modulo TF° version also holds.

Proof
Let (C, (-), {m}, ﬁ} {cf. 5}) be a pseudoisotopy. First, we show that we can modify
them so that mk’ 5 1s locally constant of ¢ and that ck7 5 =0, in a neighborhood
of t € 9[0,1], as follows. Let ¢ =t(s) be a smooth map [0,1] — [0,1] which is
constant in a neighborhood of 0,1, and let ¢(1) =1, ¢(0) =0. We put
dt
. t .

(8.11) my g = mk(,sﬂ)’ g = d—(S) k(sﬁ)
It is easy to see that (C,(-),{m} 5}, {c} 3}) is a required pseudoisotopy.

Now we can easily join two pseudoisotopies satisfying the above additional
condition. It implies that the pseudoisotopy relation is transitive. The other
properties are easier to check. O

THEOREM 8.1

Let Eg < Ey and (C, (-), {m} 51 (i=0,1) be G-gapped cyclic filtered A -algebras
modulo T¥:. Let (C,(-),{m} s 1ck 3}) be a pseudoisotopy modulo TEo between
them. Then

(1) we can extend (C,(-), {mkﬂ}) to a G-gapped cyclic filtered A -algebra
modulo TF1;

(2) we can extend (C,(),{m} z},{c} 3}) to a pseudoisotopy modulo T**
between them.

The unital version also holds.
The proof is given in Section 9.

THEOREM 8.2
If (C,(-),{m}, 3}, {ck 3}) is a pseudoisotopy, then there exists a filtered Aoo-
homomorphism from (C, (-),{m 5}) to (C,(-),{my 5}) which is cyclic and has
an inverse.

The modulo TY and/or unital version also holds.

The proof is given in Section 9.

REMARK 8.4
It is possible to prove that a gapped cyclic filtered A.,-homomorphism which
is homotopy equivalence (as a gapped filtered A,.-homomorphism) has a homo-
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topy inverse that is cyclic (see [18, Theorem 5.17]). The explicit construction of
homotopy inverse given in [1] proves it also.

One reason why we built our story without using this theorem but used
pseudoisotopy more is that if a filtered A,-algebra C is pseudoisotopic to C’,
then C' is homotopy equivalent to C’. But the converse may not hold. (An
invariant of a kind of “Reidemeister torsion” may distinguish them.) So for
future application (especially the one in [8]) to keep track of pseudoisotopy type
rather than homotopy type seems essential.

This does not seem to be the case when we do not include cyclic symmetry
and inner product in the story.

Let (C,(),{mg,s}) be a G-gapped cyclic filtered A.-algebra. We have m; (o,9)©
my 0,00 =0: C — C. We put

—_—  Kerm
7 1(0.0)
Immy (0,0)

In [11, Theorem 5.4.2], a G-gapped filtered A-structure {mi*3} on H is defined.
Moreover, a G-gapped filtered A.-homomorphism §: H — C (which is a homo-
topy equivalence) is defined. By (6.7), the inner product (-) on C induces one on

H, which we denote also by (-).

THEOREM 8.3

We assume that C is either finite-dimensional or is a de Rham complex. Then
(H, (-),{m§5}) is cyclic. Moreover, f: H — C is cyclic.
The modulo T*° and/or unital version is also true.

We prove Theorem 8.3 in Section 10.

DEFINITION 8.8
We call (H,(-),{m*3}) the canonical model of the cyclic filtered A-algebra

(07 <>’ {mkﬁ})'

Weak homotopy equivalence between (cyclic) canonical filtered A..-algebras is
an isomorphism (see [11, Proposition 5.4.5]).

THEOREM 8.4
If (C, (), {m} }) is pseudoisotopic to (C, (-),{m}. 3}), then their canonical models

are also pseudoisotopic to each other.

We prove Theorem 8.4 in Section 10.
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9. Pseudoisotopy of cyclic filtered A -algebras

In this section we prove Theorems 8.1 and 8.2. We begin with the proof of
Theorem 8.2. We construct the required isomorphism by taking an appropriate
sum over trees with some additional data, which we describe below.

A ribbon tree is a tree T together with isotopy type of an embedding 7' — R2.
(This is equivalent to fixing the cyclic order of the set of edges containing a given
vertex.) A rooted ribbon tree is a pair (T,vg) of a ribbon tree T and its vertex vg
such that vy has exactly one edge. Let G C R>g x 2Z be a discrete submonoid.
We consider the triple I' = (T, vo, 8(+)) together with some other data that has
the following properties.

(1) (T,vg) is a rooted ribbon tree.

(2) The set of vertices Co(T) is divided into the disjoint union Ci*(T) U
CE(T), vo € C§**(T). Each of v € C§**(T) has exactly one edge.

(3) B(-): CIY(T) — G is a map.
(4) If B(v) =(0,0), then v has at least three edges.

DEFINITION 9.1
We write Gr(5, k) as the set of all (T',v9,08(+)) as above such that

(1) Zveqﬂ)ﬂt(:ﬁ) B(v) = p6;
(2) #CFHT) =k + 1.

We call an element of C§*(T') an exterior vertex and an element of Ci"*(T')
an interior verter. An edge is said to be exterior if it contains an exterior edge.
It is called interior otherwise. The set of exterior edges and interior edges are
denoted by C$**(T") and Ci"(T), respectively.

We call vy the root of (T, vp).

DEFINITION 9.2 (SEE [11, DEFINITION 4.6.6])
For a rooted ribbon tree (T,vg), we define a partial order < on Cy(T) as follows.
We have v < v’ if all the paths joining v with vy contain v’.

DEFINITION 9.3 (SEE [11, DEFINITION 7.1.53])
The time allocation of an element (T,vg,3()) € Gr(8,k) is a map 7: C**(T) —
[0,1] such that if v <v’, then 7(v) < 7(v').

Let 0 < 7, < 74 < 1. We denote by (T, v, B(+); Ta, T») the set of all time allo-
cations 7 such that 7(v) € [1, 74] for all v. We write (T, vo, 5(+)) = M(T, vo, B(+);
1,0).

We may regard

(9-1) M (T, vo, () C [0, #C" (D).

For (T,vg, 8(+)) € Gr(8,k) and T € M(T,vo, 5(+)), we associate an R-linear map
C(Ta’UOaﬂ(')vT) : Bk(é[l]) *}6[1}
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of degree —u(3) by induction on #C*(T') as follows.
int

Suppose #C{*(T) = 0. Then T has only one edge and two (exterior) vertices.
So A(+) is void. We put

(9.2) c(T, vo,ﬂ(-),T) = identity

in this case.
Suppose #CB(T) = 1. Let v be the unique interior vertex, and let 3 = 5(v).
The vertex v has exactly &+ 1 edges. We put

(9.3) o(T,v00,8(:),7) (@1, .., @) =~ (@1, .., ).

(Note that 7(v) € [0,1] and that ¢!(---) for ¢ € [0,1] is defined as in (8.7).)

Let #C(T) > 1. We take the unique edge eg containing vg. Let v) be the
vertex of eg other than vg; v is necessarily interior. We remove vy, eg, and v}
from T and then obtain ¢ components T7,...,T;. Here £+ 1 is the number of
edges of v). We number them so that v(, T1,. .., Ty, respects the counterclockwise
cyclic order induced by the canonical orientation of R%2. We take the closures of
T; and denote it by the same symbol by an abuse of notation. Together with
the other data that is induced in an obvious way from one of (T,vg,3(:),7), we
obtain (T3, v}, 8i(+), ) for i=1,...,¢. We now put

(T, vo,B(-),7)

= *cz(g(ogé) © (C(Tlavé)aﬂl(')a'rl) & & C(Tfavé)aﬂf(')77_€))‘

Note that the right-hand side is already defined by induction hypothesis.
Now we integrate on (T, vg,H(+)) and define

(9.5) (T, v0, () = / (T, v, B(),7) dr.

TEM(T,v0,8(+))

(9.4)

Here we regard 9M(T, vo, 5(-)) C [0, 1]#C(i>m(T) and use standard the measure dr
to integrate. We define ¢(7',vg,3(-);7a,7p) in the same way by integrating on
m(Tv ’UO75(.); Tava)'

DEFINITION 9.4
We have

(0.6) c(k, 3) = (T, v0, B()-
(T,v0,8(-))€Gr(8,k)

We define ¢(k, 3;7,,7p) in a similar way.

PROPOSITION 9.1

The system of maps {¢(k, B;74,7p)} defines a G-gapped filtered A -homomorphism
from (C.{mp25}) to (C.{m75}).
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Proof
Let E(G)={0,En,...,Ey,...} with E; < E;41. We prove that {c(k, 3;74,7)} is
a filtered Ao-homomorphism modulo F; by induction on j.

We remark that

identity if k=1,
(9.7) ¢(k, (0,0)) = ¢
0 otherwise,

by Definition 8.5.5. The case j =04 1 =1 follows immediately.
We assume that {c(k,3;7,7)} is a filtered As-homomorphism modulo E;.
Let E(8) = E;. We study the two maps (9.8) and (9.9):

(98) me 50 klaﬂhT Tb)® -® (k€7ﬂ5;7—77—b))u

where the sum is taken over all ¢, k;, 8; with Bo+ 1+ -+ 08¢ =0, ki1 +---+
k‘ngﬁ'

(9.9 =1®- ®xkr—>z (b1, k1; T, Tb)(arl,...,mggm(xi,...),...,xk),

where the sum is taken over ki, ko, 081, B2, @ with k1 + ko =k +1, 81 4+ B2 =3,
andi=1,....k—ko+1and *=deg’ z1 +--- +deg’ z;_1.

We denote (9.8) by B(k, 58;7,7) and (9.9) by Q(k, 3;7,7). To prove Propo-
sition 9.1 it suffices to show that P(k, 5;7,7) = Q(k, B; 7, 7).

We calculate

Loy (k. p:mm)
(9.10) —Z( mwb) c(k1, Br;7,1) @ - @ c(ke, Bes T, 70) )

dd (c(kr, Br;7,70) @ -+ @ ki, Be; T, 73)).

By using (8.9), the first term of (9.10) becomes the sum of the following two

+m€ﬁ0

formulas.

(1) We have the sum of the composition of

(911) c(klaﬂl;'r;’rb)®"'®c(k€76€;7_37—b)
and
9.12) 7@ ® s (1), gy (oo, g () ).

Here the sum is taken over all 8y, B}, 0O1,...,0¢, f1, l2, k1,...,ke such that
B=0Bo+B,+bB1+ - +08e, 4 +0o=0+1, ki + -+ ke=k. The sign is =
deg’z1 + -+ + deg’ z;_1.

(2) We have the composition of (9.11) and

(9.13) 1@ @ —my g (o6 g (T )y )

We remark that the minus sign in (9.13) is induced by the minus sign in the third
line of (8.9).
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Using the induction hypothesis, we can show that (1) above is equal to (9.9).
(Note that the minus sign in (9.3), (9.4) is essential here.)

On the other hand, by definition we can show that (2) above cancels with
the second term of (9.10). (We again use the minus sign in (9.3), (9.4) here.)

The proof of Proposition 9.1 is now complete. ]

PROPOSITION 9.2
The filtered A -homomorphism {c(k,B)} is cyclic.

Proof

Let (k, ) # (2,(0,0)). We prove

(914) Z <c(klaﬁ1)(zla"'7xk1)7c(k2352)(xk1+17'"7xk)>:0‘
k1+ko=k
B1+B2=p3

A term of (9.14) is written as

(9.15) / / (c(T1;7) (1,5 sy ), (Do 7/ ) (Thy 1, - - -5 )y dT AT
reM(Ty) Jr/eM(T
Here Fz = (T“U%),ﬁl( i )) S GI‘(kwﬁz) with kl + kg = ]ﬂ, 51 + ﬁg = /8
We put
Tmax = max{7(v) [v € CM*(T1)} = 7(vy').
Here v}’ is the unique interior vertex that is joined with vj. We define
Thax = max{7'(v) [v € C*(T2) } = 7' (v{)

in the same way. We divide the domain of integration (9.15) into two:

(1) Tmax > 75,

max’

(2) Tmax S 7-max

Integration on the domain (1) is the sum of the terms
1
—/O ((chp 0 (cTA)st, 1) @ @ (T(0);t, 7)) (21, Tk, ),

C(F(O);t,’rb) ($k1+1, v ,(Ek)> dt.

Here I'(i) = (T, v}, 3(-)) € Gr(k(i), 3") such that Zle k(i) =kq, k(0) = ko, k1 +
ka =k, Xiof' + 8 + o) = 5.

In a similar way, integration on the domain (2) is the sum of the terms

/ < th :L‘l,...,xkz),

(ch 50y © (€T (V)5t,7) @ -+ @ c«(T(L); £, 7)) (1, - - Tk) ) .

Therefore (9.14) follows from the next lemma.

(9.16)

(9.17)
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LEMMA 9.1
We have
(9.18) (chp(m1,.. @), m0) + (w1,¢) g(22,. .., 20, m0)) =0.
Proof
We have
(¢4 (w1, we),zo) = (—1) (0% ™) (Somdet'e) (et 0y iy ) )

= —(z1, ¢ 5(22, ..., 20, 20)).

Here we use the cyclic symmetry of czﬁ in the first equality and (6.2) in the
second equality. O

The proof of Proposition 9.2 is complete. O

Proof of Theorem 8.2

By Propositions 9.1 and 9.2, we obtain a cyclic filtered A,.-homomorphism
{ck,3}. We remark that ¢ (g0 is identity and cj g0y =0 for k# 1 by defini-
tion. We can use this fact to show that {c; g} has an inverse by induction on
energy filtration. The proof of Theorem 8.2 is complete. (]

Proof of Theorem 8.1
We may assume that E(G) N [Eo, E1] = {Fo, F1}. (In the general case we can
divide the interval [Ep, E1] into the pieces so that the above assumption holds.)
We use the modulo 770 version of Theorem 8.2 we proved above and obtain
a cyclic filtered Ao-homomorphism {c; 3} modulo TF°.
Let E(3) > Ey. We put ¢ 5 =0. We then define m{ , by solving (8.9).
Namely, we put

mp g(21,. ., 2k)
:m,lcﬂ(xl,‘..,xk)
(9.19)
k—ka+1 1
S XY el o) d
kitho=k i=1 T
B1+B2=p

k—ko+1

1
+ Yy /mghﬁl(...,cgz,ﬁz(azi,...),...)dt.

ki+ko=k =1 T
B1+B2=p
Here *; =deg’ z1 + - + deg’ ;1.
We remark that if ¢f ;# 0, then E(3) > 0. Therefore the right-hand side of
(9.19) is already defined by the induction hypothesis.
Definitions 8.5(1), (3), (4), (5) are obvious.
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LEMMA 9.2
The operators mj 5 in (9.19) satisfies the filtered Aoc-relation (6.7).

Proof

We remark that m,lc7 5 satisfies (6.7) by assumption. We prove (6.7) by induction
on E(f). Since mj ) is independent of 7, (6.7) holds for £(3) =0. We assume
that it is satisfied for 4 with E(8') < E(8) and consider the case of 3. We
calculate

%(Z(—n*imghﬁl (oo (i) ))

+ 3 (1) ok, g (cmby g (i), g (), )
+ 3 (1) ok, g (e mb, gy (gl g (2,0, )
..,cfwﬁz(xj,...),...,mfﬁsﬁs(xi,...),...)
oM g (@) Gy g (), )
..,cfwﬂQ(:cj,...mf%ﬁa(xi, ce )y )
Gy gy (T My g (T,0),0), )

8
> (=0amy, g (mb, g (@ g (@000, ).

Here the first six terms are obtained by differentiating m}ilq 5, and the last two
terms are obtained by differentiating m’fc% 5,- The signs are given by

*;; =deg'x1 + - +deg' w1 +deg' w1 + -+ + deg’ w1,
w7, =deg'wy +- - +deg'wi g +deg' w1 + -+ deg' ;1 +1,
= degz; + -+ deg ;1

wp; =deg w1+ +deg' w1 + 1,

x;; =deg'xy 4+ deg' w1 +1,
59, =deg'my + -+ +deg'wi 1 + 1,
7

#f;=deg'wy + - +deg'w;1 +deg xy + -+ deg' x;_4,
*f,j = deg/l'l + -+ deg/ ri—1 + 1.

Now the first and second terms cancel. The third term is zero by the induction
hypothesis (Aoo-relation for m; we remark that ¢, g # 0 only if E(8) > 0). The
sum of the fourth, fifth, and eighth terms are zero by the induction hypothesis
also. The sixth and seventh terms cancel. The proof of Lemma 9.2 is now
complete. O
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LEMMA 9.3
The operators my 5 is cyclically symmetric.

Proof
We consider the following formulas:

k—ko+1

(9.20) S ey (omb, gy (i), ) 20),

k1+k2 k =1
B1+B2=p

where *; =deg’ p; +--- +deg’ pi_1, and
k—ko+1

(9.21) S> T (mhy s (o gy (i), ) 20)-

fitha=k =1
B1+pP2=05

We denote (9.20) as PB(z1,..., 7k, To) and (9.21) as Q(z1, ..., Tk, o).
We prove

0.22) Bz, x1,. .., zk) + Q(xo,21,...,Tk)
= (—1)(deg’z0)(deg @itbdes’ @) () g ag) + Q21 -, T, T0))-
We have
B(zo, x1,...,Tk)

923) == (ch 5 (mh, 5, (0, )s ), Tk

+ S (1) o (g, ml, g (@) T

and
Q(zo, 21, ..., k)
(9.24) = (mf, g, (¢ (@0s )y o), T
+ 3 (mh g (20, Chy () ) T

Moreover,

(1) s 20 e s B0y )

(9.25) —Z *+1+* 151( ,m};%@(xi,...),...,xk),x0>

Jrz *+* +1 1751( ,m227[32($¢,...,$k)),$0>
with x = (deg’ x¢)(deg’ z1 + - - - + deg’ z;) and
(—1)(des"wo)(deg"mntdea’ @) (), )

(926) _Z mkhﬁl ,Ci:2752(.ri,...)7...,Ik),x0>

+Z mkl [31 ,522’52($¢,...,xk))75€0>.
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The second term of (9.23) coincides with first term of (9.25) by the cyclic sym-
metry of ¢!. The second term of (9.24) coincides with first term of (9.26) by the
cyclic symmetry of mt.

The first term of (9.23) coincides with the second term of (9.26). In fact,

—<C21,51 (m};%[b(xo, Cee ,$i71)7. . .),.’Ek>

. / . “ee /
(71)1+(*z+1)(deg z;+--+deg Ik)<c};l’ﬁl (iEz', o 75171@),11122,52 (1,07 o 7Ii—1)>

= <m§€2752 (wo, ... ,xi—l),cil,gl (@iy. .y xp)),

which is equal to the second term of (9.26).

In the same way, the first term of (9.24) coincides with the second term of
(9.25). We thus proved (9.22).

Lemma 9.3 now follows from (9.22) and (9.19). O

Theorem 8.1 follows from Lemmas 9.2 and 9.3. O

10. Canonical model of cyclic filtered A -algebras

In this section we prove Theorems 8.3 and 8.4. We first review the construc-
tion of the filtered A-structure mi"; on H and the filtered As-homomorphism

2]

{fr,p} : H— C from [11, Section 5.4.4].

We consider the chain complex (é,mL(o,o)) together with its inner product.
We take an R-linear subspace H C C such that m; 90y =0 on H and H is
identified with the m; (g,9)-cohomology by an obvious map. In the case when C
is the de Rham complex of L, we take a Riemannian metric on L and let H be
the space of harmonic forms.

LEMMA 10.1 (CF. [18, SECTION 5.1])

We assume that C either is finite-dimensional or is a de Rham complex. There
exists a map I1: C — C of degree zero and G : C — C of degree +1 with the
following properties:

(1) MoIl =1I: The image of Il is a H;
(2)
(10.1) identity — IT= —(my 9,0y 0 G+ G omy (,0));
(3) GoG=0;
(4) (Hz,y) = (z,y);
(5)

(10.2) (x,Gy) = (—1)derdesy(y Gy).

Proof
We first assume that C is finite-dimensional. We remark that

(10.3) (M1, 0,07, Y) = (—1)des’wdee’ UMy 0,009, @)
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We put B =Imm, (o). Equation (10.3) implies (B, H) =0, (B, B) =0. We put
C' ={zeC|(z,H) =0}
Since (-) is nondegenerate on H, it follows that it is nondegenerate also on . By

an easy linear algebra, we can find D € O such that B&D = C and (D, D) = 0.
We thus have a decomposition

(10.4) C=BeD®H.

We use this decomposition to define projections Ilz, Ilp, IT to B, D, H, respec-
tively. We have

(105) <Hx,y> = <x,Hy>, <H3x7y> = <xaHDy>7 <HD‘ray> = <'T7HBy>'

Thus we have (1) and (4).
By construction, the restriction of m; (o,0) to D induces an isomorphism : D —
B. Let n be its inverse. We put

(106) GZ*ﬂOHBianOnOHB.
It is easy to check (2) and (3). We prove (5). We first show that
(10.7) (@, n(y)) = (~1)*E=dB (Y, n(2)).

To prove (10.7) we may assume z,y € B. We put x = my (0,000, ¥ =My (0,0)D-
Then

(z,n(y)) = (my,0,0)a,b) = (‘Udeg,adeg/b<m1,(0,0)ba a) = (_1)degxdegy<y7“($)>a
as required. Now we have

(z,G(y)) = —(x, HDOﬂoﬂB( )

= —(p(x),n(Il5(y)))
_ 7(71)degzdegy<HB(y), n(Ip(z)))
= (—1)deerdey(y G(x)).

The proof of Lemma 10.1 is complete in the case when C is finite-dimensional.
In the case of the de Rham complex, we take & the L?-conjugate to my (0,0) and
let D be the image of it. Equation (10.4) is nothing but the Hodge-Kodaira
decomposition; (10.5) is well known. The rest of the proof is the same. ([

Let Gr(8,k) be as in Section 9. For each T'= (T, v, 8(+)) € Gr(5, k), we define

(10.8) fr: Bx(H[1]) — C[1]
of degree —u(3) and
(10.9) mr : By (H(1]) — H[]

of degree 1 — pu(f3) by induction on #Ci"*(T).
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Suppose #C{"(T) = 0. Then k =1. We put fr = identity and mp =my (0.
Suppose #Ci(T) = 1. Then v € Ci**(T) has k + 1 edges. We put

fr(zi,...,zr) = Gy gy (71, .-, Tk)),
mp(:ﬂl, e ,:ck) = H(mkﬁ(v)(xl, .. .,Zk)).

We next assume #Ci"(T) > 2. Let e be the edge containing vg, and let v
be another vertex of e; v is necessarily interior. We remove vy, v,e from T and
obtain T1,...,Ty, where v has £+ 1 edges. We number T; so that e,Ty,...,T}
respects the counterclockwise cyclic order induced by the orientation of R2. The
tree T;, together with the data induced from I' in an obvious way, determines

T; € Gr(k;, 8;). We have 8= p(v)+ > 08(i), k=3 k;. We put

fr=G oMk B(v) © (frl @@ frl)’
mp = Ilomy g) o (fr, @ -+ @ fr,).
We now define

(10.10) fp= > fr, mff= > mr.

PeGr(3,k) PeGr(3,k)

LEMMA 10.2

The system of operators {m,cj‘g} defines a structure of a filtered A~ -algebra on H.
The system of operators {fiag} defines a filtered Aso-homomorphism: H — C.
Unital and/or mod T*° versions also hold.

We omit the proof and refer to [11, Section 5.4.4].

We next prove the cyclicity of mj®;. We need some more notation. Let
L= (T,v0,0()) € Gr(8,k). A flag of T is a pair (v,e), where v is an interior
vertex of T and e is an edge containing v. For each (T',v,e) we define

(10.11) m([,v,e): Br11(C[1]) = R
as follows. We remove v from T. Let Ty, T1,...,Ty; be the components of the
complement. We assume e € Ty, and Ty, 71, . .., T, respects the counterclockwise

cyclic order induced by the standard orientation of R2?. Together with data
induced from T', the ribbon tree T; determines I'; = (T}, v, 8;(+)) € Gr(k;, 8;) such
that B(v) +>.6; =0 and > k; = k. (We remark that the root of T'; is always v
by convention.)

We enumerate the exterior vertices of I' as vg, vy, ..., v so that it respects the
counterclockwise cyclic order. We take j; such that vj,,...,v;,1x,—1 are vertices
of T;. (In the case j; + k; — 1> k, we identify v, 45, —1 with vj,1x,_1-k.)

DEFINITION 10.1
We have
m(C,v,e)(x1,..., Tk, o)
(10.12)
= (—1)*<m4“3(7j) (f]_“1 (.’I,‘jl,. . .), . 7f1"2 (Z‘je, .. .)),fro (.’Ejo, . ,.I'j1,1>>.
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Here

x = (deg’ xj, +deg xj, 11+ -+ deg’ z¢)(deg' z1 + - + deg’ zj,_1).

PROPOSITION 10.1
The element m(T',v,e)(x1,..., 2k, o) is independent of the flag (v,e) but depends
only on T, x1,...,2k,Tq.

Proof
Independence of e is a consequence of the cyclic symmetry of my g. We prove
the independence of v. Let v and v’ be interior vertices. We assume that there
exists an edge e joining v and v’.

We first consider the flag (v,e). We then obtain T'g,...,I; as above. We
next consider the flag (v',e). We then obtain I'y,...,I" as above. It is easy to
see the following:

M U---Ul,UeUljU-.-UTy, =T,
(10.13) eI U---UTy, =Ty,
eIy U---UTy =TY.
Let vj,,...,vj,1k,—1 be the vertices of I';, and let vj/,... v 14/ 1 be the vertices
of IT'}. We put
Yi =fri (@jss oy Tjirki—1), 2 =Ty (@ T 1)
Now by the definitions and (10.13), we have

m(C,v,e)(x1,..., 2k, 20)
(10.14)
= (—1)" (meg00) W1, - -5 90), G(Me gy (21, -, 200)) ),

where
*1 = (deg' xj, +deg’ xj, 11+ +deg 7o) (deg' x1 + -+ deg' xj, _1).
On the other hand, we have

m(T, v, e)(z1,. .., Tk, o)
(10.15)
= (—1)"2(me g (215 -5 20), G gy (Y1, - -, 92)) ),

where

X9 = (deg' Iji —+ deg/xjﬁ_l + .4 deg/xo)(deg/ X1 —+ o+ deg/ Iji—l)'
Equation (10.14) coincides with (10.15) by (10.2). (We use the fact that the
degree of m is 41 here.) O

LEMMA 10.3
The operator mi?s is cyclically symmetric.
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Proof
We consider
<mi?’§($1,...7l‘k),1'o> = Z <m193‘“(:v1,...,mk),xo>
(1016) reGr(B,k)
= Z m(F,(v{),eo))(xl,...,xk,xo).
TreGr(B,k)

Let eq be the edge containing vy (the root of T'), and let v{, be the other edge of ey.

We number the exterior edges of I" as vy, ..., v, so that it respects counter-
clockwise cyclic order. Let e; be the edge containing v;, and let v; be the other
vertex of e;. Proposition 10.1 implies that (10.16) is equal to

(—1)* Z m(T, (v}, €;)) (@1, .., 5, o).

reGr(B,k)
Here * = (deg’ 2541 + - - +deg’ zo)(deg’ x1 +- - - +deg’ x;). Clearly this is equal to

(=) (M5 (@it1, - io1), @)

The proof of Lemma 10.3 is now complete. |

LEMMA 10.4
The filtered Ao-homomorphism {f, s} is cyclic.

Proof
We consider

(10.17) (FT) (@1, we,) f(T2) @k 415 - 7))

where T'; € Gr(ki,ﬁi), ki+ko=k+ 1, ﬂl + 52 = /8

We remark that the image of f(I';) is in D =ImG if (k;, 3;) # (1,(0,0)). If
(ki, Bi) = (1,(0,0)) then the image of f(T;) is in H. Moreover (D, D) = (D, H) =
0. Therefore (10.17) is 0 unless (k, 3) = (2,(0,0)). In the case (k,ﬂ) (2, 0,0))
(10.17) is (x1,22). The lemma follows. O

Proof of Theorem 8.3
Lemmas 10.2, 10.3, and 10.4 imply Theorem 8.3. ]

Proof of Theorem 8.4

Let (C ( ), {m}, s}, {c} 5}) be a pseudoisotopy. We take G, II as in Lemma 10.1.

Since mL (0,0) is independent of ¢, we can choose G, II to be independent of ¢t. We

take the canonical model (H, (-), {mj*%"}) for each fixed . It is easy to see from

the construction that mi®" is smooth with respect to t. We next define ¢;°%".
We consider a pair (I',v,) of I € Gr(, k) and an interior vertex v, of I'. We

denote by Gr™(k,3) the set of all such pairs. We define
(10.18) ¢!(T,v,) : Br(H[1]) — HJ[1]
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of degree —u(3) and
(10.19) b*(T,vs) : By(H[1]) —¢[1]

of degree —1 — pu(f3), by induction on #Ci"*(T).
Since vs € Ci%(T), we have #Cint(T") > 1.
If #C(T) =1, we put

b (T, vs) (21, ..., 28) = G(c};ﬂ(vs)(;vl, )R
(D v) (w1, m8) = H(cz’ﬁ(vs)(xh...,xk)).

Suppose that #C*(T') > 1. Let e; be the edge containing vg, and let v be the
other vertex of e;.

Case 1: v = .

We remove e, v, vp from I" and obtain I'y, ..., I'y. (We assume that e, I'1,..., T
respects counterclockwise cyclic order.) We put

h'(T, vs) =Go cz,,@(vs) © (ft(rl) Q- ® ft(rd)’
(T vs) = oy g 0 (' (T1) @ @ ().
Here f¢(T') is the operator that appeared in the definition of ﬁc’ -
Case 2: v # vs.

We remove e, v, vp from I" and obtain I'y, ..., T'y. (We assume that e,I'1,..., T
respects counterclockwise cyclic order.) We assume that vs € I';. We now put

b (C,vs) = Gomy g, o (F(T) @ @b () @ @F(Te)),

¢(T,v5) = —Tlomf g,y o (F(T1) @--- @b (Fy) @ -~ @ (Te)).
Note that f¢(T) is of even degree and h*(T') is of odd degree. We take their tensor
product as follows:

(T @ @b (T) @ & (L)) (21, ..., 71)
(10.20) = (=) (1) (1, 2hy) @ @G T (T4, oo, Tk —1)
@ @F (L) (Thotpt 1 Th)-
Here j=Fki +ko+---+ki_1+1, ¥, =deg’ x; +--~+deg'xj,1.
We remark that the minus sign in the definition of ¢!(T",v,) appears since we

change the order of szﬁ(vs) and dt.
We put

aF= Y ().
(T,v5)€Grt (k,B)

It is easy to see that (H,(-), {mff)aﬁn}, {ci%"}) satisfies Definition 8._5(1), (2), (5).
We next prove (4) by using Lemma 8.1. We consider C*°([0,1], H) and define
mi*5 by (8.10). We next define

ko0 Biu(C([0,1], H)[1]) — ([0, 1], H)[1]



574 Kenji Fukaya

as follows. Let x;(t) + dt Ay;(t) =x; € C>=([0,1], H). We put
Se.p(X1,. ., xk) =2(t) +dt ANy(t),

where
(10.21a) a(t) =fi g (21(t), ... k(1))
(10.21b) :xl H0)
z; S, g (21 (8), i1 (8), (), Tiga (£), -, k()
if (k, 3) # (1,(0,0)) a;d
(10.21¢) y(t) = %xl(t)

if (k,8) =(1,(0,0)). Here *; in (10.21b) is *; = deg' z; + --- + deg’ z;_;. (We
remark that ﬁ,(o,o) = identity and bg,(o,o) =0.)

LEMMA 10.5
The system of maps {§k g} is a filtered As-homomorphism.

Proof
We regard G and II as homomorphisms

C>=([0,1] x C) — C>°([0,1] x C).
Then we can apply (the proof of) Lemma 10.2. Tt implies Lemma 10.5. O

COROLLARY 10.1
The operators ¢'“*® and m'*® satisfies (8.9).

Proof

Since §1,(0,0) is injective, Lemma 10.5 implies that micn gatisfies Aoo-relation.
The Corollary then follows from Lemma 8.1. ]
LEMMA 10.6

tean s cyclically symmetric.

The operator ¢
The proof is similar to the proof of Lemma 9.3 and so is omitted. The proof of
Theorem 8.4 is now complete. (The proof of unitality is easy.) O

11. Geometric realization of pseudoisotopy of cyclic filtered A .-algebras

The main result of this section is Theorem 11.1. Let (M,w) be a symplectic
manifold, and let L be a relatively spin Lagrangian submanifold. We take two
almost complex structures Jy, J; tamed by w. Let Ey < E;. We apply Theo-
rem 7.1 for L, Jy, Eg and L, J1, E1. Then we obtain G(J;)-gapped cyclic filtered
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Aso-structures (A(L), {m 5}, (+)) modulo TE: on the de Rham complex. (Note
that the discrete subm0n01d G(J) depends on the almost complex structure J;
see the beginning of the proof of Theorem 7.1.)

THEOREM 11.1
There ezists G D G(Jo),G(J1) such that (A(L), (),{mgcol)g}) is pseudoisotopic to
(A(L), (), {mgg}) as G-gapped cyclic unital filtered A, -algebras modulo TFo.

Before proving Theorem 11.1, we clarify the definition of pseudoisotopy in the
(infinite-dimensional) case of the de Rham complex. We consider C = A(L). We
put

(11.1) C>=([0,1] x C) = A([0,1] x L).
Note that an element of C*°([0,1] x C) is uniquely written as
x(t) +dt Ay(t),

where x(t),y(t) € A(L). So this notation is consistent with one in Section 8.
However, the assumption on the smoothness here on the map t — z(t), t — y(t)
is different from the finite-dimensional case.

We consider the operations mj, ;: By (C[1]) — C[1] of degree —u(B) + 1 and
PR B (C[1]) — C[1] of degree —u(3).

DEFINITION 11.1
We say that m’,;ﬁ is smooth if for each x1,...,x,

thZﬁ(l‘l,...,l‘k)

is an element of C*°(]0,1] x C).
The smoothness of c}; 5 1s defined in the same way.

This is the same as Definition 11.1, except that we use (11.1) for C*°([0,1] x C).
We use this definition of the smoothness and define pseudoisotopy on the de
Rham complex in the same way as Definition 8.5. Theorems 8.1 and 8.2 can be
proved in the same way.

Proof of Theorem 11.1

We take a path J = {J;}icjo,1) of tame almost complex structures joining Jo
to Ji. We consider the moduli spaces My (3;J;) of Ji-holomorphic discs of
homology class § € Ho(M, L; Z). We put

(11.2) M(B;:T) = | {t} x Mw(B; o).
te[0,1]
We have evaluation maps
ev=(evg,...,evip_1) : Mp(B;J) — L*
together with ev, : My(B; ) — [0,1], where ev;({t} x My(3;J;)) = {t}.
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LEMMA 111
There exists a system of Kuranishi structures on My (3;J) and Mo(8;T) with
the following properties.

(1) evy extends to a strongly continuous and weakly submersive map. So it
induces a Kuranishi structure on My (8; J¢) for each of t €[0,1], k=0,1.

(2) The induced Kuranishi structure on My(0;J;) fori=0,1, k=0,1 coin-
cides with one produced in Theorem 3.1.

(3) For anyte€l0,1], k=0,1, the induced Kuranshi structure on My(3;J;)
satisfies the conclusions of Theorem 3.1.

Proof

The proof is the same as the proof of Theorem 3.1. Namely, we define the
obstruction bundle, that is, a subspace of C*° (X, u*T M ® A°!), large enough so
that the submersivity of evy and ev; holds. We can do it inductively so that the
parts already defined are untouched. |

LEMMA 11.2
There ezists a system of Kuranishi structures on My p+1(0;T), k>0, with the
following properties.

(1) evy extends to a strongly continuous and weakly submersive map. So it
induces a Kuranishi structure on My (8; J¢) for each of t € ]0,1].

(2) The induced Kuranishi structure on My(8;J;) fori=0,1 coincides with
one produced in Corollary 3.1.

(3) For any t €[0,1], the induced Kuranshi structure on My (3;Jy) satisfies
the conclusion of Corollary 3.1.

Proof
The proof is the same as the proof of Corollary 3.1. g

LEMMA 11.3

For each € > 0, there exists a compatible systems of families of multisections
(Ua,isWa,{8a,i.;}), (Uayis Was{sa,ij}) on Mi(B8;T), Mo(8;T) for BNw < Ey,
with the following properties.

(1) At t=0,1, they coincide with the family of multisections produced in
Theorem 5.1.

(2) They are e-close to the Kuranishi map.

(3) They are transversal to zero in the sense of Definition 4.1(3).

(4) (evo,evy): M1(B;T) — L x [0,1] induces submersions (evo)d|551(0) :
s21(0) — L x [0,1].

(5) They are compatible with (3.3) in the same sense as Theorem 5.1.
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Proof
The proof is the same as the proof of Theorem 5.1. (]

REMARK 11.1

We remark that Lemma 11.3(4) implies submersivity of evq : My (65;J;) — L for
any t. Since there exist uncountably many t’s, we cannot do it when we are
working with multi-, but finitely many, valued sections. Since we are working
with a continuous family of multisections, this becomes possible. In fact, we can
take the dimension of our parameter space W as large as we want.

LEMMA 11.4

For each € and Ey, there exists a system of continuous families of multisections
on Mi1(6;T), k>0, 8Nw < Ey, with the following properties.

(1) At t =0,1 they coincide with the family of multisections produced in
Corollary 5.1.

(2) It is e-close to the Kuranishi map.

(3) It is compatible with forget, ;.

(4) It is invariant under the cyclic permutation of the boundary marked
points.

(5) It is invariant by the permutation of interior marked points.

(6) (evo,eve): Miy1(8;T) — Lx[0,1] induces a submersion on its zero set.

(7) We consider the decomposition of the boundary

OMi41(8:T) D U U

1<i<j+1<k+1 B1+B2=p

MjfiJrl(ﬂl; j)(evo,evt) X (evi,evy) Mkfj%»i(ﬂ% j)

Then the restriction of our family of multisections of My11(8; J) in the left-hand
side coincides with the fiber product family of multisections in the right-hand side.

(11.3)

Proof

The proof is the same as the proof of Corollary 5.1. O
Now we are in a position to complete the proof of Theorem 11.1. Let p1,...,px €
A(L). We put

(11.4) Corry (Myq1(8; 7); (evi,...,evi),evq)(p1 X -+ X p) = p(t) + dt Ao(t).

Here we use the continuous family of multisections produced in Lemma 11.4 to
define the left-hand side. We define

(115) m;c,ﬁ(plw"vpk’):p(t)v c}:c,ﬂ(plw"apk):a(t)'

Using Lemma 11.4, we can prove that they satisfy the required properties in the
same way as the proof of Theorem 7.1. (]
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12. Cyclicfiltered A, -structures on the
de Rham complex and on de Rham cohomology

In this section, we use Theorems 7.1 and 11.1 to produce a gapped, cyclic, and
unital filtered Aso-structure on de Rham cohomology. We first construct a cyclic
filtered A, -structure on a de Rham complex.

THEOREM 12.1

For any relatively spin Lagrangian submanifold L, we can associate a gapped,
cyclic, unital filtered A -algebra, (A(L),(-),{mx g}) on its de Rham complexz.

It is independent of the choices up to pseudoisotopy as cyclic unital filtered
Ao -algebra modulo TF for any E.

Proof
We fix J and take F; < F5 < ---. For each E; we apply Theorem 7.1 to obtain
a gapped, cyclic, unital filtered A..-algebra modulo T, (A(L),(-), {m,(;)ﬂ}) on
its de Rham complex. By Theorem 11.1, there exists a pseudoisotopy (A(L), (-),
{mt @) 3 {cy ﬁ)}) of gaped, cyclic, unital filtered A..-algebra modulo T®¢ between
(A(L ),( >,{m 5}) and (A(L), (), {m Hl)}) Now we use Theorem 8.2 to extend
unital pseud01sot0py modulo TFo (A(L),(-),{m t(L)} {ct (Z)}) and a unital and
cyclic filtered A..-algebra modulo 750, and (A(L), (-), {mkﬂ}) to a unital pseudo-
isotopy and unital and cyclic filtered A..-algebra (see [11, Section 7.2.8]).

Let us take two choices J; (j =0,1) of J, perturbation, and so on, and obtain
a cyclic, unital filtered As-structure extending the one on (A(L), (), {m(“’ j)})
We take i such that F; > E. Then, by construction, (A(L), (-), {m(“’ ])}) is pseudo-
isotopic to (A(L), (-), {m,C ’J)}) as a cyclic, unital filtered A..-algebra. (Here mod-
ulo T¥ is superfluious.) On the other hand, by Theorem 11.1, (A(L), <>,
{m,(;g)}) is pseudoisotopic to (A(L), (-), {m(Z 1)}) as a cyclic, unital filtered Ao,
algebra modulo TF. The uniqueness part of Theorem 12.1 follows. O

Theorems 12.1, 8.3, and 8.4 immediately imply the following.

COROLLARY 12.1

For any relatively spin Lagrangian submanifold L, we can associate a gapped,

cyclic, unital filtered Aoc-algebra, (H(L),(-),{m§*5}) on its de Rham cohomology.
It is independent of the choices up to homotopy equivalence as a cyclic, unital

filtered Aoo-algebra modulo T for any E.

REMARK 12.1

In Corollary 12.1 we proved that the cyclic filtered A,.-structure on the de Rham
cohomology is well defined up to homotopy equivalence modulo T¥ but not up
to pseudoisotopy modulo TF. Theorem 8.4 implies that it is well defined up to
pseudoisotopy modulo TF once we fix operators G and II satisfying the conclusion
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of Lemma 10.1. It does not seem to be so immediate to prove its independence

of G and II up to pseudoisotopy (modulo 7). The proof up to homotopy

equivalence follows from the fact that f in Theorem 8.3 is homotopy equivalence.
So Theorem 12.1 gives a stronger conclusion than Corollary 12.1.

REMARK 12.2

The difference between pseudoisotopy modulo TF for arbitrary E and pseudoiso-
topy is not important for most of the applications. To improve the statement of
Theorem 12.1 up to pseudoisotopy, we need to work out the story of pseudoiso-
topy of pseudoisotopies. We present the detail of this construction in Section 14
for completeness.

REMARK 12.3
Here we are using the bifurcation method rather than the cobordism method
(see [11, Section 7.2.14] for the comparison between these two methods). In [11]
we used the cobordism method mainly. In [1] the bifurcation method is used.
The reason why we use the bifurcation method here is related to Remark 12.1.
Namely, pseudoisotopy seems stronger than homotopy equivalence.

By carefully looking at the proof of Theorem 8.2, we find that they finally
give the same homotopy equivalence. In fact, time ordered product, which was
used in [11], appears during the proof of Theorem 8.2.

13. Adic convergence of filtered A, -structures

Proof of Theorem 1.2

We begin with the proof of properties (1) and (2) of Theorem 1.2. We define the
convergence used here first. Let G C R>q x 2Z be a discrete submonoid. Let C'
be a finite-dimensional R-vector space, and let Cg = C ®g A, C = C ®g Ao nov-

DEFINITION 13.1
A sequence of elements v; € C¢ is said to converge to v if
v; = Z vi,gTE(ﬁ)e“(ﬁ)/Q,
BeG

v = Z vgTEP) er(0)/2
BEG

and if search of v; g converges to vg in the topology of C (induced by the ordinary
topology of R).

A sequence v; € C' is said to converge to v if there exists G independent of 4
such that v;,v € Cg and v; converges to v.

Let L be a relatively spin Lagrangian submanifold of M. We take an almost
complex structure J on M tamed by w. We consider the cyclic, unital filtered
Aoc-algebra (A(L), (), {my g}) in Theorem 12.1 and (H(L), (), {m}*3}) in Corol-
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lary 12.1. Let ey,...,e,, be a basis of H'(L;Z). We take its representative as a
closed one-form and denote it by the same symbol. We put

by
(13.1) b=> ze
=1

with x; € A(C?). (Namely, x; does not contain e, the grading parameter of Ag nov,
and x; € A(L) (i=1,...,k).

LEMMA 13.1
We have
> Mg, x1, bE™ L BETE x BET)

mo+-Fmp=m

(13.2)
1 & m
= (Z(aﬂ N ei)xi) M (X1, - X5)-
i=1

Proof
We consider the set (my,...,my) € Z>g with mg + --- +my =m and denote it

by A(m). For each m = (my,...,mi) € A(m), we take a copy of My, (5) and
denote it by Mz (3). We then consider the forgetful map

(13.3) forgety; : Mia(8) — Mi(B),
which forgets the first, ..., mgth, mg+ second, mqg + my + first, mg + m; + third,
and, ...,mg+ -+ m; + first, mg + --- + m; + i + third, ... marked points. In
other words, we forget the marked points where b are assigned in the left-hand
side of (13.2).

We consider

(13.4) evy t Mg () — L™,

the evaluation map at the marked points which we forget in (13.3). We take the
(continuous family of) perturbations as in Corollary 5.1. We write its zero-set as
Mz(8)7, Mg(B)°. Since the perturbation is compatible with the forgetful map,
there exists a map

(13.5) forgety; : My (8)° — My (B)°.

For each p € M (B3)*, the fiber (forget’;)~!(p) is m-dimensional. Moreover, we
have the following. We represent p by (X,u). Then the cycle

> (evia)«((forgety;) ™' (p))

m

is equal to
{(utr), ... ultm)) |t tm €[0,1),81 <o <t }

as currents. Here we identify 0¥ =[0,1) so that zero corresponds to the zeroth
boundary marked point. In fact, by counting the dimension of the support it
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suffices to consider the case when k 4+ m + 1 boundary marked points are all
distinct. In that case, there are various possibilities in which marked points,
among k +m marked points, become k& marked points that remain after applying
forgetful maps. Those possibilities correspond to the choice of m.
Therefore we have
1 /&

*(bx---xb)=— 9 i im
Z[forgetaw(p)evm( X+ xb) m!(z( ﬁme)x)

We remark that the sign is independent of 17 in the left-hand side. This is because
the shifted degree of b is even (see [11, Lemma 8.4.3]). The same argument
appears also in the proof of [12, Lemma 11.8].

Equation (13.2) follows (1/m! is the volume of the domain {(t1,...,tm) |

tl,...,tmG[O,l),tl§~--§tm}). O
LEMMA 13.2
We have
S mi, 5(b¥70 x bE™ L bETEt x BETH)
mo+--+mE=m
(13.6)
1 /& m
= (Z(aﬂ N ei)wi> mi" (X1, ..., XE).
t =1
Proof
We have
Z karm,ﬁ(b@mOaXla b®m1 PR 7b®mk71 s Xk b®mk)
mo+-+mp=m
(13.7)
1 /& m
= — (Yo @8new) fulx. . x0),
Toi=1

by its inductive construction and (13.2). Equation (13.6) then follows from the
definition, (13.2), and (13.7). |

COROLLARY 13.1

We have
i Z m, 5(bPM0 xq bE™M L bE x HETE)
mo+---+mp=m<N
(13.8)
b1
= exp (2(86 N ei)xi)m?n(xl, cee 7Xk).
i=1

Namely, the left-hand side converges to the right-hand side in the usual topology
of H(L;R), that is, the topology induced by the usual topology of R.
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The right-hand side depends only on y; = €™ and x;. Namely, it is indepen-
dent of the change x; — x; + 2mv/—1a; for a; € H(L; A% ..).

0,nov

This is immediate from Lemma 13.2.

So far we consider the bounding cochain b consisting of a cohomology class
of degree 1. The degree-zero class does not appear in the bounding cochain. We
next consider the class of degree > 1. We put

(13.9) bpign = Z zi€;.

i>bq
Here e;, i =b; +1,..., is a basis of @, H?*Y(L; 7).
LEMMA 13.3
There exists E(m) such that lim,, ., E(m) = oo and that
(13.10) TEPmian  (bime, X1, ..., Xk, bia) =0 mod TF™

ifm=mo+---+mg. E(m) is independent of 3.

Proof
Since the degree of each term of byigy, is strictly larger than 1, we have

w(B) >md+C,
where C' depends only on x1,...,x; and L. By Gromov compactness (see Defi-
nition 6.2(2), (3)), it implies that F(8) — oo as m — oc. O
We put
(13.11) mp =y TFDer2my 4.

BeG

Then Theorem 1.2(1), (2) follow from Corollary 13.1 and Lemma 13.3.

We turn to the proof of Theorem 1.2(3), (4). We take a Weinstein neigh-
borhood U of L. Namely, U is symplectomorphic to a neighborhood U’ of zero
section in T*L. We choose &; such that for ¢ = (ci,...,¢p) € [~61,+61]%, the
graph of the closed one-form 2?1:1 c;e; is contained in U’. We send it by the
symplectomorphism to U and denote it by L(c). We may take 3 < d; such that
if c=(cy,...,cp) € [62,+52]°, then there exists a diffeomorphism F.: M — M
such that

(13.12) Fe(L) = L(c);
(13.13) (F.)«J 1is tamed by w.
REMARK 13.1

It is essential here to consider tame almost complex structures rather than com-
patible almost complex structures. In fact, the compatibility is used to prove
Gromov compactness, which was actually proved in [17] for the tame almost



Cyclic symmetry and adic convergence in Lagrangian Floer theory 583

complex structure. In fact, we cannot take F,. to be a symplectomorphism in
general. So in general, (F.).J is not compatible with w. However, it is tamed by
w if ¢ is sufficiently small. This is because the condition for an almost complex
structure to be tame is an open condition.

We consider the cyclic filtered Ay-algebra (A(L(c)),(-), {m,(CF/g)J}) We compare
it with (A(L),<->,{m;€’ﬁ}). (Here we include (F.).J and J in the notation to
specify the complex structure we use.) The closed one-form e; representing
the basis H'(L;Z) is transformed to a closed one-form e;(c) on L(c) by the
diffeomorphism F,.. For b in (13.1) we put

bi

be(21,...,2p,)=b= Z(,’Ez (F.)i(ey)).

i=1
We define
brigh,c(Tb,4+1,- -+, Tp)
= bhigh,c = Z (zi - (Fo)«(es))
i>by

and b¢t = b¢ + buigh,c, b+ =b 4 bpigh.

LEMMA 13.4
We may choose perturbation of the choices entering in the definition of m,g%)*‘],
miﬁ such that the following holds:

Fe)ud m —1\% m ®mp_1 —1\* m
m s (BE (F ), BE™ b (B ), D)
(13.14)
=mi 5 (b5, %1, bY™ L b xp, bETE).
Proof
We remark that F. gives an isomorphism
(13.15) (Fo)u : My(B;T) — My ((Fo)<3; (Fe)iJ ).

We can extend this isomorphism to one of the Kuranishi structures. Therefore
we can take the continuous family of perturbations in Corollary 5.1 so that it is
preserved by (13.15). The lemma follows immediately. O

LEMMA 13.5
If 08Ne; =g;, then

Proof
This follows from the fact that F.(L) = L(c) is the graph of > c;e;. O
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Let by =) xe;. Weput y; =€, i=1,...,b1, and &= (Y1, -, Yb, s Tty +1,-- -,
xp). We define

mgé)*‘]’f((F_l)*xh ey (F_l)*xk)

c C

(13.16) = Z Z T(Fe)« (B)Nw () /2

m m=mo+--+mg

Fe)ud m —1y\* —1\* m
X ml(<:+7)n,(Fc_1)*ﬂ(b;®+ Oa(FC 1) X17-~'7(F(: 1) Xkab;@+ k)
We write
mizg(xl,...,xk)
(13.17)
:Z Z T’@m“e”(ﬁ)/zmi+mﬂ(b§m°,xl,...,xk,bfmk).
m. m=mo+--t+mr=m

We put

f(C) = (TC1y17 cee 1T0b1 Ybr>Thy+15- -+ axb)'
Then Lemmas 13.4 and 13.5 imply

(13.18) my T (F Y %, (B ) = m 5 (ks x).

We apply Corollary 12.1 to L(c) and (F.).J. Then the sum of the left-hand
side of (13.18) over 3 converges for y; € 1 + A, and v(z;) >0 (i=by +1,...).

0,nov
Therefore the sum of the right-hand side of (13.18) over  also converges there.
Hence, by taking various ¢;, we obtain Theorem 1.2(3), (4). O
REMARK 13.2

By the construction of this section, we can prove a similar convergence result
for the pseudoisotopy we constructed in Sections 11, 12, and 14. Therefore the
family of unital, cyclic filtered A..-algebras in Theorem 1.2.4 is well defined up
to the homotopy equivalence of unital, cyclic filtered A..-algebras.

14. Pseudoisotopy of pseudoisotopies

Let C be a finite-dimensional R-vector space or a de Rham complex A(L).
The vector space C°°([0,1]2,C) is the set of all smooth maps [0,1]2 — C. Let
C>([0,1]% x C) be the set of the formal expression

(14.1) x(t,s) +dt Ay(t,s) +ds A z(t,s) + dt Ads ANw(t, s),

where z(t,5),y(t,s), 2(t,s),w(t,s) € C>(]0,1]> x C). We define the degree by
putting degdt = degds = 1.
In the case of the de Rham complex C' = A(L), we put
C*>([0,1]? x C) = A([0,1)* x L).

(In this case also, an element of A([0,1]! x L) can be uniquely written as (14.1).)
We assume that, for each (t,s) € [0,1]2, we have operations

(14.2) my% : Bi(C[1]) — C[1]
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of degree —u(0) +1,
(14.3) s B(C) — TN, 0l By(Cl1]) — 1
of degree —u(83), and
(14.4) et Be(C[1]) — C[1]
of degree —u(3) — 1. We assume that they are smooth in the following sense:
(s,t) — m;’sﬁ(xl, .., m) € C*([0,1],0),
and similarly for ck ﬂvbk ex ek "3~ We use them to define
(14.5) My, : B (C([0,1]* x C)[1]) — C>([0,1]* x C)
as follows. Let
x; = xi(t, ) + dt Ay;(t,s) +ds A zi(t,s) +dt Ads Aw;(t,s).
We put
My 3(X1,...,Xk) =x(t,s) +dt Ay(t,s) +ds Az(t,s) +dt Ads Aw(t,s),
where z(t, s),y(t,s), 2(t,s), w(t,s) are defined as follows:
(14.6a) x(t,s) = mZ’fB(xl(t, 8), .. wx(t,8)),

y(s,t) = cfc’)sﬁ(xl(t, )., xx(t,s))

+) (=D mp (@t ), vilts), - k(t,s))

where *; =deg’ x; +--- +deg’ z;_1 + 1,
t,
z2(s,t) = 0% (1 (t, 8), ..., w(t, 5))

+ Z(il)ﬂmgfﬁ (xl(tvs)’ . ~7Zi(ta 5), cee ,{Ek(t,S)),

(14.6Db)

(14.6¢)

31 (et 8), e 20t ), 2k(t, 5))

x2 4t
(146d) +Z(_1) Zalltcf@’( 1(t78)7-~-7yi(t73)a--~7xk(tas))
+Z(_l)*‘ijmi;”sﬁ(xl(tvs)v"'ayi(tvs)v"~7Zj(t78)7"'axk(tvs))
1<j
% ts
—i—Z(—l) mm';c’ﬁ(ml(t,s),...,zj(t,s),...,yi(t,s),...,xk(t,s)).
i>j
Here
Zl deg'z1 + -+ +deg’ x;_1,
?:deg x1 4+ deg z;_1,

*ij =deg' y; +deg’ xip1 + -+ deg’ Tj_1,
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*fj =1+deg’ z; + deg’ Tiy1+ -+ deg’ Tj_1.
In the case (k,5)=(1,(0,0)), we put

x(t,s) = my (0,0)(21(t, ),

d
y(t,s) = %asl(t s) — ml’(o,o)(yl(t,s)),

d
z(t,s) = Exl(t,s) —my (0,0)(21(t,5)),

d d
w(s,t) = ayl(t,s) — Ezl(t,s) +my (0,0) (wl(t,s)).

DEFINITION 14.1
We say that (C, (-), {m}* 3} {cb iz {D’,;SB}, {e}isﬁ}) is a pseudoisotopy of pseudoiso-
topies if the following hold

(1) M s satisﬁes ﬁltered Aso-formula (6.7);

(2) mzsﬁ, ¢ ﬁ,ak 35 ebs % are all cyclically symmetriC'
t,s ,s

(3) mk (0,0) is independent of ¢,s. Moreover, c,C (0,0)7%%,(0,0)7%k,(0,0

) are all
Zero.

The unital and/or mod TFo-version is defined in the same way.

If (C, (), {mZ%}7 {c};”s } {Ot’s } {et’s }) is a pseudoisotopy of pseudoisotopies, then
for each sg € [0,1], (C, {-), {mt 5t {c75 *01) is a pseudoisotopy, and for each tg €

[0,1], (C,{-), {mto’ } {Dto’ }) is also a pseud01sot0py We call them the restric-
tions.

THEOREM 14.1

Let Eg < Ey. Let (C,(-), {mt"’SO ) be cyclic filtered A -algebras modulo T for
s0,to €{0,1}. Forsg=0,1, let (C,(-), {m} 5t {ct 1) be a pseudoisotopy modulo
TEr. Fortg=1, let (C,{-), {mto it {Dto 1) bea pseudazsotopy modulo Tt .

Let (C,(-), {m 5} {c },{D kB },{e r.5}) be a pseudoisotopy of pseudoisotopies
modulo TFo.

We assume that the restriction of a pseudoisotopy of pseudoisotopies to sg =
0,1 or totg=1 coincides with the above pseudoisotopy as pseudoisotopies modulo
TEo,

We assume Assumption 14.1.

Then (C, (-), {mz%}, {czsﬁ}, {O};Sﬁ}, {e}igﬁ}) extends to a pseudoisotopy of pseu-
doisotopies modulo TP so that its restriction to so=0,1 or to tg =1 coincides
with the above pseudoisotopy as pseudoisotopies modulo TF.

The unital version also holds.

REMARK 14.1
This theorem is a cyclic and de Rham version of [11, Theorem 7.2.212].
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ASSUMPTION 14.1

(1) If E(B) < Ey, then CZ’%7DZ’;, ei’fﬂ are zero in a neighborhood of {0,1}2
and mzsﬁ is locally constant there.

(2) If E(B) < Ey, then czsﬁ" (so =0,1) is zero if t is in a neighborhood of
{0,1}. Moreover, 02’7% is zero if s is in a neighborhood of {0,1}. Furthermore,

mzsg, mg’,sﬁ are locally constant there.

We remark that by the method of the proof of Lemma 8.2, we may change
(C, (), {mzsﬁ}, {CZS@}, {Dzsﬁ}, {22%}) so that it satisfies Assumption 14.1.

Proof of Theorem 14.1
We take a map

h= (h(u,v), hs(u,v)) : [0,1], x [0,1], — [0,1]¢ x [0,1],

with the following properties (we write [0, 1]s, etc., to show that the parameter
of this factor is s):

(1) h(u,0)=(1,0), h(u,1) = (1,1);

(2) A(1,v) = (1,v);

(3) h(0,1/3) =(0,0). h(0,2/3) = (0,1);
(4) t

4) the restriction of h determines a homeomorphism

[0, \ (0, 1] x {0}) — [0, 2]*\ (([0,1] x {0,1}) U {0} x [0,1]);

(5) it is a diffeomorphism outside {(0,1/3),(0,2/3))} of the domain and
{(0,0),(0,1)} of the target.

In particular, i determines a homeomorphism
(14.7) {0} > [0,1], = ({0} x [0,1]s) U ([0, 1], x {0, 1}).
(C, (-, {m%}h {022}) and (C, (), {m}; B {ct **21) define pseudoisotopies parame-
terized by the target of (14.7). We pull it back by (14.7) and obtain a pseudoiso-
topy (C, (-), {m} B {cgg}) modulo T parameterized by [0,1],. (The pullback
is defined by a formula similar to that in (8.11). We use Assumption 14.1 to
show the smoothness of the pullback at v=1/3,2/3.)

We next pull back (C, (), {mzéﬁ}, {c}i}}, {DZ‘};}, {ezbﬁ}) by h as follows. We

consider

dhe =T uy Do, an, =D au . B
an ndn, = (DD Do dlo), g,
and put
= CZZ huv) Cilhe hfg o)
(14.8) Ut = % h(uv) Zhsaz(g v
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Q0 _ dhy dhs — dhy dhs\ puw)
.0 = (% dv  dv du)° '
(We use Assumption 14.1 to show that the pullback is smooth.) It may be
regarded as a pseudoisotopy modulo TP from the pullback of (C°°([0,1] x
0), (-, {mo’v} {co’” }) to the restriction of (C, (-, {mt’s} {ct’s} {Dt’s} {ezsﬁ})
to the line s = 1. We now apply Theorem 8.2 and extend ¢, DZ B ezg so that
we obtain an isotopy of isotopies module 77,

Therefore we pull back again by the inverse of h to obtain required isotopy
of isotopies. The proof of Theorem 14.1 is complete. (|

Now the main result of this section is the following.

THEOREM 14.2
The cyclic, unital filtered A -structure in Theorem 12.1 is independent of the
choices up to pseudoisotopy.

Proof
The proof is similar to that in [11, Section 7.2.13].
We take tame almost complex structures Jy and J; and Fy <--- < Ej; -
We use Jy and E; to define cyclic filtered Aoo-structures (A(L) (-, {m(o 1)}) rnod—
ulo T and pseudoisotopies modulo T (A(L), (-), {mt (0:9) Ay (0 Z)}) between

A(L),{-), m%1) and 01+1 . We then extend them to cyclic
( k3 y
filtered A,o-structures and pseudomotopleb We next use J; and E; to define
(A(L), (), {m(1 l)}) and (A(L), (-), {mt o l)} {ct (0 1)}) and extend them to cyclic
filtered Aoo—structures and pseudmsotoples

To prove Theorem 14.2, it suffices to show that the extension of (A(L),{(-),
{m,(fg)}) is pseudoisotopic to the extension of (A(L),(-), {m(1 1)})

Theorem 11.1 implies that there exists a pseudoisotopy modulo T, (A(L),

(), {myls}, {035} between (A(L), (), {m(’5}) and (A(L), (-), {m{’3'}).

LEMMA 14.1

There exists a pseudoisotopy of pseudoisotopies modulo T, (A(L),(-), {mt o Z}
{5 Z} {0,5 1} {et’q’z}) such that its restriction to t =j (j =0,1) coincides with
(A(L) (), {mS Zﬂ} {cp Zﬂ}) as pseudoisotopy modulo TE“rJ Moreover, its re-

striction to s; (j =0,1) coincides with (A(L), (), {my] } oy }) as pseudoiso-
topy modulo TP+ .

Proof

We construct a two-parameter family of Kuranishi structures and multisections
in a way similar to that used in Section 11. Then we use it to construct pseudoiso-
topy of pseudoisotopies in the same way as (11.5). O
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By Lemma 14.1 and Theorem 14.1, we can extend the pseudoisotopy modulo
T (ML), (), {my 5}, {03}) to a pseudoisotopy. The proof of Theorem 14.2 is
complete. (I

The uniqueness part of Theorem 1.1 follows from Theorems 14.2, 8.1, and 8.2.
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