Malliavin calculus for stochastic differential
equations driven by subordinated
Brownian motions

Seiichiro Kusuoka

Abstract Malliavin calculus is applicable to functionals of stable processes by using
subordination. We prepare Malliavin calculus for stochastic differential equations driven
by Brownian motions with deterministic time change, and the conditions that the exis-
tence and the regularity of the densities inherit from those of the densities of conditional
probabilities. By using these, we prove regularity properties of the solutions of equations
driven by subordinated Brownian motions. In [4] a similar problem is considered. In this
article we consider more general cases. We also consider equations driven by rotation-
invariant stable processes. We prove that the ellipticity of the equations implies the exis-
tence of the density of the solution, and we also prove that the regularity of the coeffi-
cients implies the regularity of the densities in the case when the equations are driven
by one rotation-invariant stable process.

1. Introduction

Malliavin calculus is well known as a method to know regularity properties of
distributions of solutions of stochastic differential equations driven by Brownian
motions, and we can see that the densities of the solution have the regularity
according to the smoothness of the coefficients of equations (see [3], [8]). There
is a natural interest in applying Malliavin calculus the equation driven by stable
processes. Consider the following N-dimensional stochastic differential equation:

dX(t) =1, ok(t, X (t—)) dZ;(t) + b(t, X (t)) dt,
X(0) = zo,

where {Z}} are independent rotation-invariant stable processes, and the coef-
ficients are Lipschitz continuous. The indexes of the stable processes may be
different. The definition of the stochastic integral can be found in [2], and the
precise idea of the definition is given in Section 5. If the equation has some
conditions about ellipticity, it seems that the distribution of the solution has its
density function at each time.
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On the other hand, there is Malliavin calculus for Lévy processes (see [6]).
The method works in mathematical finance very well. However, the theory is not
applicable to the problem concerned. So, another idea is needed for the problem
that concerns us here.

By using subordination, the classical formulation of Malliavin calculus is appli-
cable to functionals of rotation-invariant stable processes. This method enables
us to prove that the ellipticity of the stochastic differential equation driven by
subordinated Brownian motions implies existence of the density of the solution.
We can find Malliavin calculus for equations driven by subordinated Brownian
motions in [4]. In [4] the case when the number of subordinators is one and the
subordinator is an increasing Lévy process with some condition is considered.

In this article we consider the case including that the number of subordina-
tors is more than one and the subordinators are not necessarily increasing Lévy
processes. We prove our theorems in a way similar to [8] and show regular-
ity properties of distributions of solutions of equations driven by subordinated
Brownian motions. The proof consists of two parts. One is Malliavin calculus for
stochastic differential equations driven by Brownian motions with deterministic
time change, and the other is the inheritance of the regularity of densities from
those of conditional probabilities. That is because the discussion is simplified by
considering the equation under the conditional probability given by the o-field
generated by the subordinators. So we make two steps to prove it. In the last
section, we consider the case of stochastic differential equations driven by stable
processes. We show that the ellipticity of equations driven by stable processes
implies existence of the density of the solution. Moreover, in the case r =1, we
can also prove the regularity of the density according to the regularity of the
coefficients.

In Section 2, we prepare the techniques for calculating the integrals with
deterministic time change. The techniques enable us to use the deduction simi-
lar to the standard stochastic calculus. In Section 3, we discuss Malliavin calculus
for stochastic differential equations with deterministic time change. In Section 4,
we discuss the inheritance of regularity of densities from those of conditional
probabilities. That is the reason why we consider stochastic differential equations
with deterministic time change. In Section 5, we discuss the general results from
Sections 3 and 4. In Section 6, we discuss the most interesting example: stochas-
tic differential equations driven by rotation-invariant stable processes.

In the proofs in the article, we use {Cj;j =0,1,2,...} as positive constants
and the dependent parameters are described like Cy(p).

2. Malliavin calculus for the functional of
Brownian motions with deterministic time change

We fix a positive number 7" and let ¢ be a right-continuous increasing function
on [0,T] with ¢(0) = 0. We define the inverse function ¢—! by
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61(s) = inf{t;p(t) > s} if s€[0,0(T)),
T if s = ¢(T).

Set
W= C([0,6(T);RY),
H:={heC([0,4(T);R?); his absolutely continuous and
he L*((0,6(T);RY) },

and let p be the Wiener measure on W. Then the triplet (W, H, 1) is an abstract
Wiener space. Hence, we can apply Malliavin calculus to the functionals on
(W,H, ). Let (B(t)) be the canonical d-dimensional Brownian motion associated
to (W, H, ), let #; be the o-field generated by (B(s);0 <s < ¢(t)), let D be the
H-derivative operator, and let D; be the differential for direction h for each
h € H. Then, for all h € H we have

DpB(¢(t)) = h(o(t)), te[0,T],
Dh/nj’ 1) dB(¢ (/ FOdR((1),  feC(o,T).

Here the integral of the left-hand side is in the sense of stochastic integrals by
(&;)-martingales, and that of the right-hand side is in the sense of Stieltjes
integrals. More generally, we have an analogue of [8, Proposition 6.1]. We need
some lemmas and some notation before we state the analogue.

LEMMA 2.1
Let f be a right-continuous function with left limits. Then, we have

T o(T)
| saraow = [ fo9-)ds
0 0
Proof

Since ¢ is a function of bounded variation, the contribution of the small jumps
for the integrals are sufficiently small. So we assume that the number of the
jumps of ¢ is finite. Let {&;i=1,2,...,N — 1} be the discontinuous points of
¢, & =0, &nv:=T, and let {t; ;;7=0,1,2,...,N,} be a partition of [;_1,&] for
i=1,2,...,N. We denote max; ;(t; j; —t; j—1) by A. Then,

/0 £(t=) do(t)
N N;—1

= Ajgl(); { Zl f(tid'_l*){(b(ti,j) - ¢(ti7j—1)}

+ ftin 1) {o(tin =) — ¢t N, 1) } + f(tin, =) {o(tin,) — ¢(ti,Ni—)}} :
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If we set s; j 1= @(t; ), then ¢~ 1(s; ;) =t;; for 7=0,1,2,...,N; — 1. Therefore,

/ F(t—) do(t)

N N;—1

Z[ f SM 1) ){Si,jfsi,j—l}

=1 =1
+ f(o7 Y (sin—1) =) {d(tin,—) — siNi—1}
+ f(¢  (si,v) =) {B(tiN,) ¢(fi,N¢*)}}

P(&i— N
- Z / 67O+ 3767 )96 ~ 96

Since ¢~1(s) is a constant on s € [¢(&;—), d(&)],

(&)
(@ (sinv)—){o(&) —0(&—)} = ¢(£'_)f(¢_1(s)—)ds, i=1,2,...,N.

T &(T)
| reman = [ pt @) i

Thus, we have

Similarly, we also have the following lemma.

LEMMA 2.2
Let U be an (F)-adapted right-continuous process with left limits satisfying

E[/OT|\1/(S)|2d¢(s)} < o0

Then, we have

T &(T)
/ U(t—)dB(4(t)) :/ (¢~ "(s)—)dB(s) almost surely.
0 0

Here the integral of the left-hand side is in the sense of stochastic integrals by
(F:)-martingales and that of the right-hand side is in the sense of stochastic
integrals by (F2)-martingales, where (FP) is the o-field generated by (Bs;0 <
s<t).

Let A(t) be [B(¢(-)), B(¢(+))](t) where the definition of [-,] is as in [7, Chapter
IT, Section 6]. We show the following lemma, which is a version of Burkholder’s
inequality (see [1, Chapter VII, Theorem 92]).

LEMMA 2.3
Let p be a positive number, and let U be an (F#;)-adapted right-continuous process
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with left limits satisfying

E[/OT |\D(s—)\2d¢(s)} <0
T p/2
[(/0 \I/(sf)sz(s)) }

<cowe] o, | || wis-ram(o00)
<cmB[( [ vy asts >)p/2}.

Then, we have

]

Proof
Theorem 92 of Chapter VII of [1] implies the first estimate. Hence, we prove the
second estimate. Let

M(t) ;:/O (¢~ (s)—) dB(s).

Then M is a continuous martingale. By Burkholder’s inequality, Lemma 2.1,
and Lemma 2.2, with a constant C'(p) we have

sup ‘/ s))m :E{ sup |M(¢>(t))’p}

0<t<T 0<t<T

<B[ sup [M(O)F]
0<t<(T)

< C(p)E[(M)(6(T))"?]

_ C(p)E[(/:(T) (672 (s)-)’ ds)m}

_ C(p)EK/OT W(s—)? d¢(s))p/2]

The next lemma is a version of Gronwall’s inequality.

LEMMA 2.4

Let «, B be positive constants, and let f be a right-continuous positive function
on [0,T] with left limits. If

t
f t)§a+6/ Flu)d(u), te[0,T),
0
then
f(t) <ael*®  telo,T).
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Proof
Since ¢~ 1(¢(t)) =t, it follows from Lemma 2.1 that

()
FleH o) <a+ 8 / f(67 (@) du, te[0,T].
So we have
b(t-)
f@”@@ﬂ»§a+ﬁA Fo (W) du, te0,T].
If s€[p(t—),0(t)], o 1(s) = ¢~ 1(¢p(t—)). Hence we have
fw*@»Sa+51;ﬂ¢4m»mh s€[0,6(T)).

Applying Gronwall’s inequality to f o ¢~!, we have that

(671 (s) <, se0,6(T)].

Therefore, we have the conclusion by letting s = ¢(t) and the equality ¢~ (¢(t))
t.

O

Next, we prepare some notation. Let p > 1, let n be a positive integer, let K be a

Hilbert space, let W™P(K) be the Sobolev space of K-valued functions associated

to H-derivative with indexes n and p, and let 25" (H; K) be the total set of K-
n

——N—
valued n-linear operators of Hilbert-Schmidt class on H x --- x H. Now we give
two classes of stochastic processes. We define £L™P(dB(¢); K) by the total set of
(Z)-predictable (R? ® K)-valued functions « satisfying a(t) € W"P(R¢ @ K)
for all t € [0,T] and

n

T p/291/p
nmuwwmwﬂq:JﬂEZ{A|DMNFM;WER@K¢wuﬁ | " <.
k=0

Next, we define £L™P(d¢; K) by the total set of (.%;)-predictable K-valued func-
tions (3 satisfying 3(t) € W™P(K) for all ¢ € [0,7] and

18]

n T
enstannty =3 [ BIDG) g ) 900 < .
k=0

PROPOSITION 2.1

Let a = (a,...,aq) € LYP(dB(4); K), B € L"P(d¢; K), and v= (y(t);0 <t <
T) be (F)-adapted K -valued functions. We assume that v(t) € W™P(K) for all
t€[0,T], and D*v is an (F;)-adapted L5 (H; K)-valued function such that

M=

E[su DEy)P, }<oo.
O§t£T| ,Y( )$2K(H;K)

b
Il

0
Define @ by

MWjAM&MMMm+ABwﬁw@+%ﬂ
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Then, ®(t) € W™P(K) for allt € [0,T], Dk® are (%;)-adapted L5 (H; K)-valued
processes for k=1,2,....n, and there exists a constant C such that

1/p
k p
B s, 10 0Oy 0

< ¢ (llelceranierso + 16

now (e 1) E{ sup |D*~) P, .. D
L (dp; K) ;} O<t£T‘ ’V( )|$2’“(H,K)

Furthermore, D®(t) is given by

D®(t)[h] :/0 Da(s—)[h] dB((Z)(s))—i-/o a(s—) dh(¢(s))

+/0 DpB(s—)[h]do(s) + Dy(t)[h], heH.

Here the equality is in the sense of elements of LP(H ® K). Therefore, if we
denote one of the complete orthonormal systems of H by {h*}, then

t #(t) .
D@(t):/o Da(sf)dB(qS(s))wLZh’\@/o a(p™(s)—)h M (s)ds
A

+ [ Das=)dots) + Do)
0

Proof
To prove the first assertion, we use induction on n. For n =0, by Lemma 2.3 we
have
t P T ) p/2
B[ sw | [ ats-1ano)[ ] < B[ [ at-)huer o))
0<t<T'Jo K 0

= llallzo )
The other parts of the estimate are obtained easily. So we have the first assertion
for n=0.

We assume the result for n — 1. We show the estimate for n. But the part of
the integral with respect to d¢ follows similarly, and clearly the part of + follows.
Hence, we check the part of the stochastic integral. To simplify the notation, let
d =1. We show it in the case when « is a step function such as

a(t)=a(t;) fortelt;t;+1),

where 0 =typ <t; <--- <ty =T. The general case is obtained by taking the
limit. Note that « is left-continuous.
In this case, the stochastic integral is expressed as

N-1

T
/0 a®dB(6(1) = 3 alt;) {B(o(t;11)) — B(6(t;) }.

=0
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By the argument at the beginning of this section, for h € H,

T
Dh/O a(t)dB(¢(t))

N-1

N-—1
=Y Dualt)){B(o(tj+1)) — B(é(t)} + > alt;){h((tjr1)) — h(e(t))}
j=0

<

:/ Dha(t)dB(¢(t))+/ a(t) dh(e(t)).
0 0

Let I,[h] := fOT a(t)dh(¢(t)). Now we show that I, € W™P(H ® K). By dis-
cussing it similarly to the proof of Lemma 2.1, we have

T (T)
/ a(t)dh(s(t)) = / a7 (s)) dh(s).
0 0

Hence, we can express I, as

#(T) .
Ia:ZA:h,\é@/O a(¢7 () fa(s) ds.

Thus,

and by Lemma 2.1,

o(T) . 2
D Loy mon = | [ DHa(07 (5)in(s)ds
A

$2k(H§K)

2

2 (k) 98

o(T)
= [Pt )

T
_ /0 DR at) i i A0 (1).

Therefore, we have
L e WP (H o K),
ID* Lo lp < el 2rrap (o))
and
T

D( [ attyanm)n)
(2.1) ; i
- / Da(t)[h] dB(6(t)) + / a(t) dh((1))

0 0
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in the sense of elements of LP(H ® K). It is easy to see that equation (2.1) also
holds by replacing T with ¢ € [0,T]. Hence, we have

D@(t)[h]:/o Da(s—)[h] dB(qb(s))—i—/O a(s—)dh(¢(s))

+AlM@ﬂ%MM$+D%MM,heE

in the sense of elements of L?(H ® K), and the second assertion is obtained.
Now we note that D® satisfies the assumption of n — 1. Indeed, the third term
satisfies the assumption of  for n — 1. Therefore, by the assumption of induction,
for k=1,2,...,n—1, we have

} 1/p

E [ sup [D*DO(t)| g (mmer)
0<t<T

< OZ(Z’){”DQHL“*LP(dB((ﬁ);H@K) + DB cr—1r(aB(s); HO K)

+E[ sup |D*I,(t) ]1/1)

I
0<t<T LF(H;HRK)

. . 1/p
+E[ sup |D D'V(t)LgQK‘(H;H@K)} }

0<t<T

< 202(19){ el gnr (aB () 1)

1/p
. k+1 p
1Bl enransyir) + E[O?tlgT [P () x;“(H;K)} }

Thus, we have the conclusion for n. O
3. Malliavin calculus for stochastic
differential equations with deterministic time change

We fix T'> 0. Let r be a positive integer, let di,...,d, be positive integers,
and let ¢1,pa,...,d, be right-continuous increasing functions on [0,7] starting
at zero. Set

Wi = C ([0, ¢1(T)] = R™),
Hy, == {h € C([0,¢(T)] — R™); h is absolutely continuous and
he L¥([0,6x(T)] = R™)},

and let pp be the Wiener measure on Wy for £ =1,2,...,7. We define the
probability space (W, P) by

W:=Wy x Wy x - x W,,
P:‘LL1®/,L2®®,LLT
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If we set
H=H ®H,® - ®H,,

then (W, H, P) is an abstract Wiener space. Let (By(t)) be the canonical dj-
dimensional Brownian motion associated to (W, Hy, ux) for k=1,2,...,7. Clear-
ly, B1, Bo,..., B, are independent under P.

Next, we consider stochastic differential equations with deterministic time
change. Let Zj(t) := Br(¢x(t)) for t € [0,T] and k=1,2,...,r, and let (%)
be the filtration generated by (Zx(s);0 <s<t,k=1,2,...,7). Then Z is a
square-integrable (.%#;)-martingale for all k=1,2,...,7. We consider the next
N-dimensional stochastic differential equation:

(3.1) dX(t) =34, ok (t, X (t—)) dZx(t) + b(t, X (t)) dt,
' X(0) = o,
where oy is an R%* ® RN-valued continuous function on [0,7] x RN for k =

1,2,...,r, b is also an RN-valued continuous function on [0,7] x RY, and ¢ €
R”Y. We assume that there exists a positive constant K satisfying

mgx\ok(t,x) - O'k(t,?J)‘ + ‘b(tl’) - b(tay)| < K|I - y|7 T,y € RN7 te [O’T]v
mkax|ak(t,a:)| +|b(t,x)| < K(1+|z]), xRN, tel0,T].

Then, we have the following theorem.

THEOREM 3.1
Equation (5.1) has the unique (F;)-adapted solution X = (X (t)) satisfying that,
forallp>1,
B[ sup [X(0)F] <zoexp{M(T+Y an(1))},
k=1

0<t<T

where M is a constant depending on r,p, and K.

Proof
It is enough to show the case p > 2. We use Picard’s successive approximation.
Define (.%;)-adapted right-continuous processes {X,, } with left limits by

Xo(t) =Xy,

t T t

Xpy1(t) :=z0 + / Zak (5, Xn(s—)) dZy(s) + / b(s, Xn(s)) ds.
i 0

Then, the discontinuous points of X, correspond with the discontinuous points of

¢ for all n almost surely. Now we show that there exists a constant M depending

on p and K such that

(3.2) E[ sup | Xpt1(s) = Xn(s)P e < ;—2 exp{M(t + iqﬁk(t))}
k=1

0<s<t



Malliavin calculus for SDEs by subordinated Bms 501

by induction on n. We determine M later in this proof. It is easy to see that
the inequality (3.2) holds for efficiently large M when n =1. We assume the
inequality (3.2) for n — 1. By Lemma 2.3,

1/p
B[ sup [Xoi1(s) = Xu(s)"]
0<s<t

<5 g | 0 0 -t o o]

0<s<t

p} 1/p

+E[ sup

0<s<t

E[</0t|0k(u,Xn(u)) — Jk(“’Xn—l(U*))\ngﬁk(u))pm} 1/p

p] l/p}

/0 (bl X)) — b, X1 ()

EH/t (buty X () — b, X1 ()

<Culp K / Xa() ~ Xos () i) ]
EK/ |Xn(u)an_1(u)|du>pT/p}
<Cup.K / B[ X0 () — Xa (w17 don(w)

+ /OtEHXn(u) — X (w)|P]VP du}.

By the assumption of induction, we have

1/p
B[ sup [Xop1(s) = X (s))7]

0<s<t

r

< soatp S [ e {omr(ut S utum) i) "

k=1 \/0 k=1

+/Otexp{M(u+l_il¢l(u))}du}
S Calp, K [Zexp{M(HZ@ )}

£k

<

t 1/2 r t Mu g,
X (/0 exp(2M ¢y, (u—)) dq/)k(u)> —l—exp(Ml_Zl@(t))/o et d }
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Since ¢ (¢, ' (s)—) < s, by Lemma 2.1 we have

t b1 (t)
/ exp(2M by (u—)) dby () = / exp(2M i (5)-)) ds
0 0

br(t) 1
< / exp(2Ms)ds < —— exp(2M ¢y (t)).

Therefore,
1/p
E| sup |X,41(9) *Xn(5)|p]
0<s<t
Mo (t)
< Sr— 04 (p, K [Zcxp{ (t+;¢l )} M i
—i—eXp(Mi(bl ! Mt}

=1

i) s
< s Culp R g e{ i J
< rn O K o+ e {M(+ o
So, if we choose M sufficiently large such that

r 1
C -
(\/— M) 4(p7 ) 27
then the inequality (3.2) holds for n + 1. Therefore, we complete the induction.

Let n and m be positive integers satisfying n > m. Then, by inequality (3.2),

E[ sup | X, (s)— Xm(s)\p} v < ;—:l exp{M(t + z’“: gbk(t)) }
k=1

0<s<t

)

This inequality implies that {X,} is a Cauchy sequence. Hence, there exists
an (%#;)-adapted right-continuous process X with left limits satisfying the fact
that the discontinuous points of X correspond with the discontinuous points of
¢ almost surely, and

lim E| sup |X(s)— Xn(s)? v =0.
n—00 0<s<t
We get to know that X satisfies equation (3.1) by using a similar discussion for
the part of the stochastic integral. Thus, we have existence, and the estimate
follows easily.
To prove the uniqueness, let both X and Y be solutions of equation (3.1).
Then, by a discussion similar to that above, we have
B[ sup [X(s) =Y (s)?]
0<s<t
Tt
<Gslpr Y [ BIX (=) =Y (- ()

k=1
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+/OtE[X(s) — Y (s)]?] ds}

< Culpri) [ B[ swp 10 =¥ @] ds + 3 60()).
k=1

0<u<s
Therefore, by Lemma 2.4, we have
E[ sup | X (%) —Y(t)ﬂ =0.
0<t<T

([
Now we apply Malliavin calculus to the solution X = (X (¢)) of equation (3.1).

THEOREM 3.2

We assume that oy, € C%™([0,T] x RN;R%* @ RN) and Vo, € Cp™ ([0, T] x
RY; RN @ R* @ RY) for k=1,2,...,7, b CO™([0,T] x RV;RY), and Vb e
C’,?’m_l([O,T] x RM;RN @ RY). Then we have X(t) € W™P(RN) for t €10,7],
and there exists a constant M depending on r,p, m and the bounds of the spacial
derivatives of o, and b up to order m such that

X () lmp < exp{M(t + i@(t)) } te 0, 7).
k=1

Proof

It is sufficient to show the case p > 2, so let p > 2, and fix p. We define X,, as
in the proof of Theorem 3.1. By the proof of Theorem 3.1, we have that X, ()
converges to X (t) in LP for ¢ € [0,T]. We show that X,,(¢) is in W™ for ¢ € [0, T
and all n and that there exists a constant M depending on p,m and the bounds
of the spatial derivatives of o} and b up to order m such that for n=1,2,...,
i=12,...,m,

(33) B[ sup [DIXu(s)", ]1/p<ex {M(t—kiqﬁ ®)}-
ot R | SO -
We use induction on (n, 7). By the proof of Theorem 3.1, we know that X, (¢) is
in L? for ¢t € [0,T] and all n, and there exists a proper M such that (3.3) holds for
j=0. Clearly Xo(t) is in W™P for t € [0,T], and there exists a proper M such
that (3.3) holds for n =0. Let jo <m. As the assumption of the induction we
assume that X,,(t) is in WP for “t € [0,T], all n, and j =1,2,...,50 — 1" and for
“tel0,T],n=1,2,...,n9, and j=1,2,..., 70", and that there exists a constant
M satistying (3.3) for “all n and j=1,2,...,50 — 1”7 and for “n=1,2,...,n9
and j=1,2,...,5”. Now we show that X, .1(t) is in WP for t € [0,7] and
that there exists a proper constant M satisfying (3.3) for ng + 1 and jy. By
Proposition 2.1, we can express DX, 1 explicitly as

DXpopa(t) = / Vi (8, Xng (5—)) DXy (s—) dZx(s)
k=170
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+/0 Vb(s, Xy (5)) DX, (5) ds

r () .
LYY me / o1 (8515, X (67 (5))) ) (5) ds,

A k=1

where {hy = (h},h3,...,h})}x is one of the complete orthonormal normal sys-
tems of H=H, ® Hy ® --- ® H,. Repeating this procedure, we have

DjOXnole (t)

:; /0 (V0 (5, Xng (5-)) DI X (5-)

+ D AF (5 Xy (57) QF (D Xy (57), . DI Xy (5-)) } dZi(5)
=1

(34) + /O {915, Xy () D Xo ()

Jo

£ AF (5, X (8) @F (DX (5., D71 X (5) s

X QF (DXny (01 (), DT Xy (6, (5))) b (s) dis,
where AF, AF € CL([0,T] x RN;(RV)® @ R% @ RN), AF € C'([0,T] x RY;
(RM)® @ R%* @ RY), satisfying
max |AF(t,2)] < Cs({|I V' oklloc hr<icma<ker) A+ |2]), zeRN, t€[0,T],

and Qf,@f , Qf are (RV)®! @ HJ0-valued functions whose components are poly-
nomials of order [. Therefore, by Lemma 2.3, it follows that
} 1/p

Jo P
E[OSS?S)JD XnOH(S)'ng(H:RN)

< Cy(p)E [(Z /ot‘vak (5, Xng (5)) D7 X, (5)
k=1

Jo
+ > AF (5, Xy (5))
=1
. 2 p/271/p
X Qf (DXno (8)7 Tt DJO_lX”O(S)) ‘3J’0(H-RN) dd)k(s)) }

+/0tEHka (8, X (8)) D7 X, (5)
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Jo . 3 ' )
+ZAf(S’XnO(S))Qf(DX”U(S)’""D]rano(s)) ;J'O(H'RN)} ’ S
=1 2 ’
r ¢7k(t) jo—1 .
+ZEK/ ‘Z A7 (651 (5), Xng (1 (9)))
k=1 0 1=0

R ) 2 /271/
XQf(DXno(gblzl(s))v""DmilX”O(gb/;l(s)))‘gjo(H.RN)d5>p } p'

By Lemma 2.1, the last term is equal to

> [(f)

A . 2 p/291/p
k ]0—1
X Qf (DXno(s—),..., D71 Xy, (s—))‘ 5o (i) dqﬁk(s)) } .

Jo—1

Z Ak (5, Xno(5—))
1=0

On the other hand, the induction assumptions tell us that

E[ DX, ()P r/p
osgl?;t nol gy (R

é Cg (m7p’ {Hvlo—k”w}lglgm,lgkgr’ {”vlb”m}lglgm)

X exp{Cg (m,p, {||vl0k||°°}1§l§m,1§k§r’ {||vlb||00}1gl§m)

x(t+i¢k(t)>}, G=1,2,....jo.
k=1

Hence, by Holder’s inequality, we have
E[| A} (5, X0y () Q7 (DX (5), -, D X (9)) g0 gy,
< 09(mvp’ {||vl0k||°©}1gzgm,1gkgr7 {||Vlb||00}1gl§m)

X eXP{C9 (mapa {”vlak”w}lglnggkgr? {Hvlb”‘x’}lglgm)
X (t+z¢k(t)>}.
k=1

The same estimates also hold for AFQF and AFQF. Thus, we can make an
argument similar to the proof of Theorem 3.1, and by choosing M large enough
depending on r,p,m and the bounds of the spacial derivatives of o} and b up to
order m, we have X, +1(t) € W7 and (3.3). Thus, we have

X, (t) — X (t) in LP, sup|| Xy (t)||m,p < co.
Therefore, by [5, Lemma 1.5.3], we have the conclusion. O

Next, we consider the relation between the ellipticity of equations and the non-
degeneracy of Malliavin covariance matrices.
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THEOREM 3.3

We assume that or, € C%1([0,T] x RY;R%* @ RY) and Voy, is bounded for
k=1,2,...,r, be C%L([0,T] x RY;RY), Vb is bounded, and that there exists
a positive constant € such that

Z 01(0,20) 0% (0,70) > €.
k=1

Then Malliavin covariance matriz A(t) = ((DX'(t), DX’ (t))H)” is tnvertible,
and there exists a constant C = C(xo, N,p,e,7,{||Vok|lco F1<k<r; [|Vb]loo) satis-
fying, for allp>1,
E[det(A(t))_p] < Cmin{¢;(t);i=1,2,... ,T}_Np
(3.5)
X exp[C(t + max{q&i(t);i =12,..., r})]

Moreover, if there exist a positive constant € and ty such that
T
Zak(t, x)lop(t,z) >e, tel0,ty], z€RY,
k=1

then we can choose a constant C' = C(to, N,p,e,7,{||Vorlloo F1<k<r: | VD||x) sat-
isfying (3.5).

Proof
Let

Ak(t) = [Bk(¢k())aBk(¢k())](t)7 te [O,T]7 k= 1,2, N

We define two (N x N)-matrix-valued processes J; and Ja, respectively, by the
solutions of the following stochastic differential equations:

A1 (6) = S, Vot X (0 )1 (1) dZ4(0) + Vb(t, X(6-))3 (1) .
J1(0) =1,

dJo(t) == 11 J2(t—)Vor(t, X (t—)) dZy(t) — Jo(t—)Vb(t, X (t—)) dt
+ 3 pey J2(t=)Vor(t, X (t=))Vor(t, X (t—)) dAx(t),
Jo(0)=1.
By [7, Chapter II, Section 6, Corollary 2, Theorem 29], Jy(¢)J2(t) = I for all

t €[0,T]. Therefore, it follows that J;(t) = Jo(t)~!. By [7, Chapter II, Section
6, Corollary 2, Theorem 29] again, we have

JQ(t)DX(t)[h]:Z/ Ja(s=)o (s, X (s—)) dhi (o (s)),
k=10

where h = (hq, ha,...,h,) € H. From Lemma 2.1 we can express it as
r S (t) .
(DX ()= /0 T (0 ' (w) =)o (" (u), X (0 (w)=)) s (w) du.

k=1
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Hence, if we denote one of the complete orthonormal normal systems of H by

{n},

r dx(t)
= i(t)) o (6 (w) =) on ¢y, (w), X (7" (u)-))

k=170
x oy, (¢, (u), X (¢ (w)—)) o (¢ (w)—) dulJy (t)

=Nty /O Jao(s—)ok (s, X (s—))

x foyp (s, X (5—)) "o (s=) dopw ()1 (£).

Thus, we have

det (A1) = det (4 (1)) det (3 /O To(s—)on (s, X (5-))
(3.6) =
X ok (5, X (5)) (s den(s)).

For the estimate of det(Jy(t)), the following lemma holds.

LEMMA 3.1
We have
E[]det(J2(1))["] < Cro(p, Ny {1V llo0 } 1 <z [VEllo)
X eXp[Clo(p, Na T, {Hvo‘knoo}lgkgw ”VbHOO)

X (t—f—max{(m(t);i: 1,2,...,r})].

Proof
By Lemma 2.3, we can make a discussion similar to the proof of Theorem 3.1,
and we have

1/p
maXE[ sup |(J2(5))ij}pi|

Y 0<s<t

S Cll (pa r, {”vo—kHoo}lSkSTv ||Vb||oo)

t

X maxE{ sup ‘(Jg(u))l.j‘p] Upd(s—&—zr:qbk(s)).
k=1

o " 0<u<s
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From Lemma 2.4 it follows that

H}%XEH (JQ(t))l] ’p] 1/p S C]l (pv T, {HVUIC”OO}lSkST’ ||Vb||00)

X exp [Cll(pa T, {Hvak||°°}1§k§r’ ||Vb||oo)

X (t + max{qﬁi(t);i =1,2,... ,r})].
By Holder’s inequality, we have

E[|det(J2(t))|p] < N! H}%XEH(JQ(t)) |N1‘7]1/(NP)

ij

Therefore, we have the conclusion of Lemma 3.1. ]

The lemma is sufficient for the estimate of the part det(Jy(t)). So we estimate
the other part. Let & € SN~1 where SV¥~! is the (N — 1)-dimensional sphere
centered at zero. From the assumption of ellipticity and the compactness of
SN=1  we can choose n € N, G, : open sets in S¥~1, and k; =1,2,...,r, for
1=1,2,...,n such that

O Gz — SN_17
i=1
=

27’
From continuity of {0y}, we can choose R; >0 and ¢; € (0,7 satisfying

tggki(oaxo)to’ki(07x0)€> gEGla 1=1,2,...,n.
oy, (s, ) o, (5,1)€ > %7 x € B(zo, R;), s€[0,t;], £€G,,
fori=1,2,...,n. Let R:=min; R; and ¢y := min; t;. We define a stopping time
¢ by
C:=inf{t €[0,T);|X(t) — wo| > Ror [J1(t) — I| > 6} AT,
where we choose ¢ € (0,%9) to be so small that
€
CTa(s)on: (s,2) op, (s,2) Ta(s)€ = -,
x € B(zg,R), s€[0,(), £€G;,i=1,2,...,n.

To simplify the notation, we denote min{¢;(t);i=1,2,...,7} by n(t). We note
that 7 is also a right-continuous increasing function on [0,7]. From Lemma 2.1
we have that for i =1,2,...,n and £ € G,

3 <Z/0 Jo(s=)oi (s, X (s—))'ow (s, X (s—)) Ja(s—) d¢k(8)>f
k=1

tAC
> / te Ty (s =)ok, (5, X (5—)) on, (5, X (5-)) o (5—)€ deby, (5)

£
> En(t/\ ¢).
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Thus, we have
det(Z/O Jz(s—)ak(S,X(s—))tak(&X(s—))tJQ(S—)d(pk(s))
k=1

>4 N NN AN,

Hence,

E[det(g / h(s-)on (5, X (5-)) o (5, X (5-)) o (5-) do(5)) |

< ANPPNPemNPE[n(t A ¢) NP
= 4NPp NP NP Bl (1) TNP. ¢ > 1] 4 4NPr NPT NP B (¢) TP, ¢ < ).
Since n(n~*(u)—) <wu and by Lemma 2.1, we have

n(t)
n(Q)~ NP —n(t)~ NP =Np/ u NP dy
n

Hence, we have
r t —p
E{det (Z/ Jo(s—)ok (5, X (s—)) o (S,X(sf))tt]g(sf)dqﬁk(s)) }
k=170
<ANPpNP NPy () =NP (¢ > 1)
t
N (N [ so) N L)+ n(e) ¢ <]
¢
= 4NPp NP =Npp ()= Np
t
(3.7) + 4N NP =NP Np R [/ l(gﬁt](s)n(s—)_N”_l dn(s);¢ < t]
0
- 4NpTNpE—an(t)—Np
t
+4N”TNP€7NPNP/ n(s=) NP E[L ¢y (s); ¢ <t dn(s)
0
— 4Np7,Np€7an(t)pr
t
+ 4NpTNpE_Npr/ n(s—)"NPTIP(C < ) dn(s).
0

On the other hand, we have the next estimate about (.
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LEMMA 3.2
We have

P(C S t) S QNTGXP{_CIQ(N7 T, Ra §a Hvb”OO)n(t)_l}
Proof
Note that it is sufficient to prove the estimate for small ¢. Set
G =inf{t €[0,T];|X(t) — zo| > R} AT,
(o= inf{t €0, T);|Ji(t) — 1| > (5} AT.

Then, it is sufficient to prove the same estimate for {; and (>. Since the proofs
are similar, we prove the estimate only for (. We define continuous martingales

(M (t)) by
M (t) ;:/0 Vo (o5, (), X (65, (s)—)) J1 (o7, ' (s)—) dBi(s), k=1,2,...,r.

Denote ZZVJ:M(Mk)zﬁ by (My) for k=1,2,...,r. Then we have

D1 (tAC2) 9
maxmaA@»=A [Vor (67 (5), X (65 (5)-)) 1 (6 (5)) | ds

< C13(0)Pk(t A C2).
By Lemma 2.2, it follows that

T

sup [Ji(sAG) —I1<>  sup  [My(s)|+ Cra(||Vb]loo)t.
s€[0,1] k=1 S€[0,0k (tAC2)]

Therefore, if t <§/(2C14(||Vb||)), then by [8, Proposition 6.8], we have
P((2<t)

< P|( sup \Jl(s/\@)—ﬂzé)
s€[0,t]

r

IN
e,

e

)
sup  [Mg(s)| > 5)
k=1 36[0f¢k (t/\CZ)]

ZP( sup | M. (s)]
k=1

IN
v
s,
N—

s€[0,¢x (tAC2)]

e

L (M) (B(E A ) < Cra(0)dr(t A G2) )

ZP( sup |My(s)] >
k=1 s€[0,01 (tAC2)]

—2N2T:ex (— 52 )
I PAT8NZ2C05(0)6n(6) )0

This completes the proof of Lemma 3.2. |
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By the lemma, it holds that
P(( <t) <2Nrexp{—Ci2(N,7,R,5,||Vb|oc)n(t—)""}.
Therefore, by (3.7) we have

E[det(gi /0 t Jo(s=)ow (s, X (s=))'on (s, X (s—))th(s—)dm(s))w}

S 22Np,,,NpE—Np,’7(t)—Np 4 22Np+1TNp+1E_NpN2p

x / n(5—) NPt exp{~Cra(N, 1, R, 6, | Vblloo)n(s—) 1} di(s).

Now we estimate the second term. Let

F(z) 1= o~ NP=Le=Cra(V,m R 6|Vl ac)a™"

Then, f is a positive, bounded, and concave function on (0,00), and the max-
imum is marked at C12(N,7, R, 6,||Vb|eo)/(Np+1). We denote the maximum
jump of (n(t);t € [0,T]) by J. Since u—J <n(n~'(u)—) <u, by Lemma 2.1,

t
/0 U(s—)*prle—cm(N,r.,R,5,||Vbe)n(sf), dn(s)

(®)
= /n n(nil(u)f)7Np7167012(N7T7R763”Vb”oo)77(77_1(“)7)_1 du
0

<

)7)7Np71

J+C12(N7 R, Vbl oo) /(Np+1)
/ n(n~"(u

0
w e~ Cr2(N.r R8I Vbl In(n ™ (=)~ gy,

o0
_ —Np—1
+ / n(nHu)—)""
T+ Cra (N, B3, [l oo) /(Np+1)

o o= Cr2(Nr R8I Vblloc)n(n~ (W) =) g,

ClQ(Na T, Ra 53 Hvb”m))
Np+1

< flloe (7 +

- / (u— gy~
THCL (N, B8, Vbll )/ (Np+1)

« e~ C12(N,7,R.6,[|Vb||oo) (u—T) " 4.,

C12(N,r, R, 6, HVbHOO))
Np+1

<1 flloe (4 +

+ /Oo qupflefclz(N,r,R,ti,\|Vb||oo)u_1 du.
0
If we denote the gamma function by I', then by changing variables we have

oo
[N N RAITIT y — Cy(N, 1, B [V ) NPT (N
0
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So we have
t
/0 n(si)prfleme(N,r,R,5,\|VbHOC)n(sf)_l dn(s)

§ Cl5(Nap7TaR767 ||Vb||00)(1 + J)

Therefore,

E{det(i /t Jz(s—)ak(s,X(s_))tgk(s,X(s_))tJQ(s_)d¢k(s))7p}
k=170
§22Nper€—an(t)—Np

4 22NP L NP HL = NP N2, o (N, p, 7, R, 8, || VD] oo ) (1 + ).

Thus, we can conclude that for all ¢ € [0, 77,
r t _
E[det (Z/ Jo(s=)oi (s, X (s—))'on (S,X(s—))tJQ(S—)dqbk(S)) p}
k=170

< Ci6(N,p, 7,6, R, 6, ||Vb|loo) (1 + J +n(t) 7).

Note that R and § are determined by {||Vok| e }1<k<r, o, and €. By (3.6),
this estimate, and Lemma 3.1, we have the first assertion. Since the condition of
the second assertion implies that the constants for the estimates can be chosen
independently from xy but dependently on ¢y, the second assertion follows.
This completes the proof of Theorem 3.3. |

Thus, we can apply Sobolev’s inequality with respect to the H-derivative, and
we have the following theorem.

THEOREM 3.4

We consider the stochastic differential equation (3.1) and we assume that o) €
COm+2([0,7] x RN;R* @ RN) and Vo, € C)"([0,7] x RV;RN @ R%* @
RYN) for k=1,2,...,7, be C%™2([0,T] x RN;RN), and Vb e CP™([0,T] x
RY:RY @ RN) and that there exists a positive constant € such that

T
Zak(o,xo)tak(o,xo) >e.
k=1
Then the law P(t,xo,dy) of X(t,xo) is absolutely continuous with respect to the
Lebesque measure, and for its density function p(t,xo,y), there ezist positive
constants cy,co,c3 such that

Vit
Jmax yseugdl WDt w0, y)|

(3.8)

<cimin{g;(t);i=1,2,.. '77”}7@3 exp{CQ (t + Zr:gbk(t)) }
k=1
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Moreover, if there exist a positive constant € and tg such that
T
Zak(t,x)tak(tw) >e, tel0,ty], € RV,
k=1

then we can choose constants c1,ca,c3 satisfying (3.8) independently from xq but
dependent on tg.

Proof
The conclusion follows from Theorems 3.3, 3.2, and [8, Theorem 5.9]. g

4. Regularity of conditional probabilities

In this section, we consider the inheritance of regularity of densities from those
of conditional probabilities.

Let (Q,.%#, P) be a probability space, and let 4 be a sub-o-field of .#. We
assume that there exists a regular conditional probability of P with respect to
%, and we denote it by p(w,dw’). To begin, we consider the absolute continuity.

THEOREM 4.1

If the regular conditional probability p(w,dw’) is absolutely continuous with respect
to a measure v on (Q,.F) for almost all w, then P is also absolutely continuous
with respect to the measure v.

Proof
Let A€ .Z be a v-null set. Since A is also a p(w, dw’)-null set for almost all w,

/Q 14(w)P(dw) = /Q [ 14w )p(w, du') P(de) = 0,

Thus, we have the conclusion. O

Next, we consider the regularity. Assume that the regular conditional probability
p(w,dw’) has the density function p(w,y) for almost all w.

THEOREM 4.2
We assume that p(w,-) € C(RYN) for almost all w and that there exists a positive
random variable Y such that E[Y] < oo and for almost all w,

[0°p(w, oo <Y (w), o] <n.
Then P has its density function q and q € CJ(RY).
Proof

By Theorem 4.1, P has its density function. We denote it by ¢. For f € C5°(RY)
and a multiindex « satisfying |a| <n,

[ o p@aas| <[ [ ([ @ 5)@pw.s) )P



514 Seiichiro Kusuoka

- ’/RN ( o [ WP y) dy)P(dw)‘
S/RN (/RN|f(y)||(3;“p)(w,y)|dy)P(dw)

<[ wldy [ v)Pa).

Therefore, ¢ € W™ (RY dx), and by [9, Chapter V, Theorem 2], we have the
conclusion. ]

5. Regularities of solutions of stochastic differential
equations driven by subordinated Brownian motions

In this section, we join the results of Sections 3 and 4. First, we give settings.

Let r be a positive integer, let dy,...,d; be positive integers, let (Q2,.%, P) be
a probability space, and let Zj(t) be a dj-dimensional right continuous process
on [0,7] with left limits for k =1,2,...,r, where {Z;} are totally independent
for k=1,2,...,r.

We assume that (Zj(t)) can be expressed as (By(7(t))) for k=1,2,...,r,
where (Bg(t)) is a di-dimensional Brownian motion for £k =1,2,...,r, and {7;
k=1,2,...,r} are one-dimensional right continuous increasing processes starting
at zero, and {By;k=1,2,...,r} and {73;k=1,2,...,r} are totally independent.
We define a Poisson point process py by

Pi(t) = Z3(t) — Z3(t-)
and decompose the counting measure N, (dtdz) on [0,T] x R of p; as
Ny, (dtdx) =1p(x)Np, (dtdz) + 1pe(z) Ny, (dt dx),

where D is a unit ball centered at zero in R%. Then we have the jump part of
Zy(t):

t+ t+
/ / z1p(x)Np, (dsdx) +/ / z1pe(z) Ny, (dsdx).
0 Rk 0 Rk

Now, as an additional assumption, we assume that the first term of the right-hand
side is a square integrable martingale and that the second term is a function of
bounded variation with respect to t. The assumption implies that we can define
the stochastic integrals by {Z)}. The precise definition can be found in [2].

Let (%) be the filtration generated by {Zx(s);0<s<t,k=1,2,...,r}. We
consider the next N-dimensional stochastic differential equation:

(5.1) dX(t) =11 ok(t, X (t—)) dZ;(t) + b(t, X (t)) dt,

) X(O) =X,
where o, € C([0,T] x RV;R¥* @ RN) for k=1,2,...,r and b€ C([0,T] x R";
RM).

It is known that the stochastic differential equation has pathwise uniqueness
when the coefficients are Lipschitz continuous (see [2, Chapter IV, Section 9]).
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We denote the o-field generated by {7x;k =1,2,...,r} by #7. Then, the
argument of Section 3 is available when we take equation (5.1) on (2,.%#, P(:|.# 7)),
and by the argument of Section 4, we have the next theorem.

THEOREM 5.1
Assume that o € CO1([0,T] x RY;R¥* @ RY) and that Voy, is bounded for
k=1,2,...,r; assume that b€ C%([0,T] x RNV;RN), Vb is bounded, and there

exists a positive constant € such that

Zak(o,xo)tak(on) 2 e.

k=1
Then equation (5.1) has the unique solution (X (t)), and the distribution of X (t)
has its density for t € (0,T].

Proof

Under the probability P(-|#7), we can use Theorem 3.2, Theorem 3.3, and
[9, Chapter VIII, Theorem 1]. Therefore, we have that P(:|.#7) is absolutely
continuous with respect to the N-dimensional Lebesgue measure almost surely.
Thus, the conclusion follows by Theorem 4.1. O

For the regularity of the density function of the solution, we have the following
theorem.

THEOREM 5.2

Assume that o € CO™+2([0,T] x RY;R¥* @ RN) and Vo, € C)™ ([0, T] x

RY;RY@R¥* @RN) fork=1,2,...,r, be CO™*2([0,T] x RV;RY), and Vb €

Cg’mﬂ([O,T] x RY; RN @ RYN), and there exists a positive constant € such that
a(0,20)'0(0,20) > €.

Moreover, we assume that
ZE[(Tk(T))iA exp(Ame(T))] <oo  for all A€[0,00).
k=1

Let (X (t)) be the solution of the stochastic differential equation (5.1). Then, the
distribution of X (T) has its density q(z), and q € CJ*(RY).

Proof
Under the probability P(:|.%#7), we can use Theorem 3.4. Therefore, we have the
conclusion by Theorem 4.2. a
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6. Regularities of solutions of stochastic
differential equations driven by stable processes

In this section, we consider a special case that is the most interesting of the
above results, stochastic differential equations driven by stable processes. First,
we make settings.

Let r be a positive integer, let dy,...,dy be positive integers, let (,.%, P)
be a probability space, and let Zx(t) be a di-dimensional rotation-invariant cy-
stable process for k=1,2,...,r, where Z are independent for k =1,2,...,7. Set
(Z:) be the filtration generated by {Zy(s);0<s<t,k=1,2,...,r}. We consider
the next N-dimensional stochastic differential equation,

{dX(t) = S on(t, X (t=)) dZy (t) + b(t, X (£)) dt,

(61) X(0) =0,

where o1, € C([0,T] x RY;R%* @ RN) for k=1,2,...,7, and b€ C([0,T] x RY;
RY). The stochastic integrals are defined as in Section 5.

Now we use subordination: (Zg(t)) can be expressed as (By(7x(t))) for k=
1,2,...,r, where {By;k=1,2,...,7r} is a di-dimensional Brownian motion and
{m;k=1,2,...,7r} is a one-sided (ay/2)-stable process for k =1,2,...,r, and
{Br;k=1,2,...,r} and {rp;k=1,2,...,r} are totally independent. If necessary,
we extend the probability space (§2,.%, P). So the assumptions of Section 5 are
satisfied. We denote the o-field generated by {7x;k=1,2,...,r} by &#7. Then,
by Theorem 5.1, we have the next theorem.

THEOREM 6.1

Assume that o € C1([0,T] x RY;R¥»* @ RY) and that Vay, is bounded for
k=1,2,...,r; assume that b€ C%([0,T] x RN;RN), Vb is bounded, and there
exists a positive constant € such that

Zak(O,xo)tak(O,xo) >e.

k=1
Then equation (6.1) has the unique solution (X (t)), and the distribution of X (t)
has its density for t € (0,T].

Finally, we consider the regularity of the density function of the solution. But
Theorem 5.2 is not available because the condition about the expectation of
exponential function does not hold. However, in the case when r =1, we can
conclude the next theorem.

THEOREM 6.2

Assume that o € CO™+2([0,T] x RN; RC@RN) and Vo € CP" ([0, T] x RY;
RY @ RT@RYN), be CO+2([0,T] x RN;RY), and Vb e CY™ 1 ([0,T] x RY;
RN @ RY), and there exists a positive constant € such that

o(t,x)lo(t,x)>e, t€[0,T], xcRM.
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Let (X (t)) be the solution of the stochastic differential equation (6.1). Then, the
distribution of X (T) has its density q(z), and q € CJ*(RY).

Proof
Fix Ty > 0. We define an % "-measurable random time p by
p=sup{t>0;7(T) — 7(t) > Tp}

and let . #7710 be the o-field generated by 7 and (B(t);0 <t < (7(T) — Tp) V
0). Consider the next stochastic differential equation on [0, — p] under (§,.%#,
P(|F7T0)).
62) {dNX(t) =o(p+t,X(t-))dZ(t) +b(p+t,X (1)) dt,
X(0)=E& +¢,

where Z(t) = B(r(p+ 1)) — B(r(p))

€o:= X (p—) +0(p, X(p=))(B(r(T) = Tp) — B(r(p—)))

+b(p, X(p=)) (7(p) = 7(p—)),
¢:=0(p,X(p-))(B(7(p)) — B(r(T) - Tv)).

Note that (Z(t)) is a Brownian motion with deterministic time change, and note
that & is a constant under P(:|.#770). By Theorem 3.1, equation (6.2) has the
unique solution X on (2,7, P(:|#710)), and it holds that

(6.3) X(t)=X(p+t) forte[0,T—p], P(.Z7T0)-as.

On the other hand, if (W, H, ;1) is the Wiener space generated by (B(t); 7(T) —
To <t < 7(T)), then the Malliavin calculus is available for & and (X (t)) under
P(:|.Z7T0). 1t is easy to see that |DE|g < ||o|le and that D¥¢ =0 for k> 2.
By a discussion similar to the proof of Theorem 3.2, for all p > 0 there exists a
constant M such that

m+2
N aT T ~
Z EPCIFTT[IDEX (p) ?f?k(H;RN)] < Mexp{M(T+7(T)—7(p))}.
k=1
Since 7(T') — 7(p) < Tp, we have
m—+2 . ~
(6.4) > EPUFTODRX (p) b () < Mexp{M(T +Tp)}.

k=1
Now we consider the case 7(T') > Ty. By equation (6.2) and Proposition 2.1,
for he H,

DX(T — p)[h]

T—p B 5 5
= D¢[h) +/O Vo(p+t,X(t—))DX(t—)[h]dZ(t)

T—p _ T—p _ B
+/ o(p+t,X(t=))dh(r(p+1)) +/ Vb(p+t,X(t)) DX (t)[h]dt.
0 0
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We use a discussion similar to the proof of Theorem 3.3. Set
At):=12,2)), telo, T

We define two (N x N)-matrix-valued processes .J; and .J,, respectively, on [0, 7 —
p|] by the solutions of the following stochastic differential equations:

dJy(t) =Vo(p+t, X (t=))Ji(t=)dZ(t) + Vb(p +t, X (t))J, (t—) dt,
jl (0) =1,

AT (t) = —Ja(t=)Vo(p+ t, X (t-)) dZ(t) - Ja(t—)Vb(p+ t, K (1)) dt
+ Jo(t=)Vo(p+t,X(t—))Va(p+t, X(t—)) dA(t),
Jo(0)=1.
By [7, Chapter II, Section 6, Corollary 2, Theorem 29|, J;(t)Ja(t) = I for all
t € [0, T — p]. Therefore, it follows that .J; (t) = Jo(t)~*. To simplify the notation,

let Jo(t) =1 for t < 0. By [7, Chapter II, Section 6, Corollary 2, Theorem 29]
again, we have

T—p B
ToT = DI =PIk = Deli] + [ Blt=)o(p+ £.X () dh(r(p-+1).

Therefore, by (6.3) we have

T = )DX(T = )b = DEA + [ Ta((t = p)=)o (1, X(t)) dh(r (1)

From Lemma 2.1 and the definition of &, we have
Jo(T — p) DX (T — p)[h]
=0 (p, X (p=)) (h(7(p)) = h(r(T) — Ty))

T(T) .
# [ R 0 - p-)o(r 0 X 6 0-)h) di
7(p)

7(p)
=/ a(p, X (p—)) dh(t)

(T)-To

(T) _ .
+/( R0 =) ) (0, XG0 )

oy ,
:/ T (71 (t) — p)=)o (v~ 1 (1), X (r 1 () =) i (r—2(2)) di.

(T)—To

Hence, if we denote the Malliavin covariance matrix (DX (t), DX (t))s+)i; by

A(t), then
(T)

Ar-p=h@=p) [ (709 )elr 0.X6 (1))

(T)—To

<o (77H(t), X (771 (1) =) T (7 H(t) — p)—) dt' T (T — p).
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Thus, we have

det (A(T —p))
(T)

— det (i (T — p))* det (/ B () = p) =)o (), X (71 (8) )

T(T)—To
x o (771 (), X (771 () =) o (r A (E) = p)-) dt).
Similarly to the proof of Theorem 3.3, we have, for p > 1 and 7(T) > Ty,
EPUZT [det (AT - p) "]

< Ci6(N.p,e,m {[[Vor|l NVblloe) Ty ™

}1gk§r
x exp[C16(N,p, ,r, {Hva’f||°°}1§k§r’ V0|00 ) (T + Tp)] .
In the case 7(T) < Tp, p=0. Theorem 3.3 implies that for p > 1 and 7(T) < Ty,
EPCIZTT0) [det(A(T))ip]

< Ci7(N,p,e,r, {||Vor|o Vb oo)T(T) NP

}1gk§r
x exp[C17 (N, p,&,7, {1V 0k loo by s VD]l ) (T + )]
So, for p>1 and for all 7, we have
EPCUTT ) [det (A(T)) 7

< Cis(N,p.e,r, {1IVorlo N Vblloo) (To A 7(T))

}1§k§r
X CXP[OIS (N,p,E,T, {Hvaknoo}lgkgra HVbHOO)(T_'_TO)] :

Therefore, by (6.4) and [8, Theorem 5.9], the law of X (p) under P(-[.#77) has
its density function p, 1, belonging to Cj*(RY) P-almost surely, and it holds
that there exist positive constants c1,cs, c3 independent from £ and satisfying

(6.5) max sup |Vép7,TO(T—p,§0 +&y)| <a(ToAT(T)) “ exp{ea(T+To) }-
0<I<m R

Finally, we consider the law of (X(¢)). By (6.3), (6.5), and the Markov
property of X under P(:|#710)  we have that for f € Ce°(RY) and a multi-

index 3= (f1,...,[Baq) satisfying || <m,
|EP[0°£(X(T))]| = |EP[EP [6° £ (X (1)) |77 T]]|
=|E” [EP(‘L?T,TO) [0 (X7T0(T — p)]]|
=|=7]

O’ f(W)pr1 (T — p, &0 +£,y) dy} ‘
RN

<E"[[ 15 00T = pio+ €l ]

< EP[(To AT(T))” ]I fll o rovy exp{ea(T + Tp) }.
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Since 7 is a one-sided (a/2)-stable process, by the equality

EP[T(T)_n] = /OOO /oo s /Oo EP [eXp(—'th(T))] dnl .. .dnm
we have
EP[(r(T))""] < .

Thus, we have the conclusion. O
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