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In this paper we have presented the special Riemann spaces
of class two and type one. In my previous papers®” I defined the
type number of space of class two and gave a necessary and
sufficient condition that the space of type w(=3) be of class two.
But we have not yet any general research of spaces of type one
and two.

Consider a #—dimensional variety V, in such an (#+p)— dimen-
sional euclidean space E,.,, that the fundamental form

ds’=g,dx'dx’

is positive definite; and let B3 (P=]I....... , p; v=1,...,n+p) be a
system of mutually orthogonal unite vectors normal to V, and put
Bf(i=1,...,n; a=1, ..., n+p)=03y*/dx" ; where y* are the cartesian
coordinates in E,.,. Then we obtain

dBy#= (I B + Hf; B3)dx’,

0-1
dB;=(—g"H{, B¢+ H%,Bg)dx, -1y

along a curve on V,, where the functions H/, are symmetric in
the indices Z, j and called the second fundamentel tensors for the
normal By ; and the functions H/; are skew-symmetric in the
indices P, @. And those functions-H{; and H{; satisfy, moreover,
the Gauss egnation

R.uw=H}H,—HLHY, (0-2)
the Codazzi equation
Hi.—Hi,=H{H?,—H}H?, (0-3)
and finally the Ricci equation

HQ};,i—ng,i'*'(Hgi zj—ngHZ()=gab(H3£Hb}_;—H2jHlﬁ)- 0-4)
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In particular case for p=1 all the functions H; vanish identi-
cally and in case for p=2 the expression in the parenthesis in the
left member of (0.4) vanishes identically on account of the skew-
symmetric property of H§. -

When we transform a system of normal vectors Bf to the
another Bg, that is,

B:=IiBs; |1g|=4=1,

then the second fundamental tensors H; are transformed to ? ¢
defined by ‘

HY=19H,

Throughout in this paper, by the space we shall mean the
real Riemann space whose fundamental form is positive definite.

1. We consider such a n—dimz2nsional variety V, of an (#+2)-
dimensional euclidean space, that, for example, the rank z,; of the
matrix || ‘{,’il is less than two. Then we have from (0-2)

Ryu=HiH}—H\H}. (1-1)
If z;, is equal to zero, we get from (0-3)

H:j,k—H:!k,j=0, -. (12)

s0 that V, can be imbedded in (2 +1)-dimensional eucldean space.
Consequently if V, is of class two and ©,,<2, we have t,=1.
Also, in this case, if the rank c; of the matrix || H || is more
than three, the Codazzi equation (1-2) is a result of the Gauss
-equation (1-1) and hence V, is of class one, which was proved by
T. Y. Thomas.® o ' ‘

Now let us find a necessary and sufficient condition that a
space V, is of class two, =, is equal to one and 7, is equal to- three
Jor a particular choice of a system of normal vectors BE. It has
‘been shown by T. Y. Thomas,” that a necessary and sufficient
condition for the Gauss equation (1:1) having such a solution H},
that the rank r, of the matrix |l H I is equal to three, be the
matrix conditions - Co L
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() rank of Rive Rowroeoevoneo Ruue | =3,
------------------------------ ;
R]ljlc Rgijlc ......... Rm]k ‘:
N
R Ruygreeeennn.. R,

{an R(a, b, c; i, j, ©)=0,
> R(a, b, c;i j, k)>0,
ab,c,i, 4k

and finally

where R(a, b, c; i,j, k) is the determinant

Rah[j Rubj/c Rlzb/.:l'
Rhcij Rhcjk Rhcki
R caij R cagk R caki ’

and R,(R) is the resultant system of a system of homogeneous
equations

t‘leH_Hik- H Jl'ky
H ImR hijk ™ H lthijm +H j’z‘Rumh —H 5/LRzkm = 0,

as the above system of equations having a non-trivial solution
(t, H}). Then the solution Hi; of the Gauss equation (1-1) is
real and uniquely determined to within algebraic sign.

Further, for V., of class two, there must exist two systems
of functions H¥}(=H}) and H,(i,j,=1, ...... , n) satisfying the
Codazzi equation

Déj——H,’,{HﬁH,’,;H,., (1-3)
,=HLH,—HH, C(1:4)

the Ricci equation
H,,—H,,=g"(HiH;,— H;H)), S (@1-5)

and finally from 7,,=0

HIiH—HH = (1-6)
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where DZ; is defined by
Dg,=H: ;—HJ.
From (1:3) and (1-6) we obtain
im— H 7 Dipy =0, o 17
and further easily
av) D}, D},,— D%, D};,=0,

that is a necessary condition.

For the purpose that we obtain the equations determining the
functions H7], differentiating (1-7) covariantly with respect to xf
and summing three equations obtainad by permuting the indices
1,4, k cyclically, we have

H <¢D;"k>|rm+ H 5<IiD§k>1m =0, 1-8)
on account of (1-4); where D),,, and D}, are defined by

akmwl H D;m Hl Am» (1'9)

de'rq_DJmk Dim,j-. . (1'10)
Multiplying (1-8) by HI! and making use of (1.3) we obtain
D3aDijiyy r3y— H it H D iy yg= HH 5Dy | g

‘Further multiplying by D). and making use of (1-7), (1-9),
(1-10), (IV) we obtain finally

ahc thq /It(fj A H H,I;D{I} 1,¢~|D;/c)§ P (1 . 11)

In this equation (1-11) the quantities Dj; and H, are already
known. *

(A). -Assume that all the cozfficients D, Dl of HIZHL in
(1-11) vanish. As all Dj; can not be zero, since otherwise V, be
of class one, we have

Dii; Hi),=0. (1-12)

We can refer to such a system of coordinates (H’), that at the
origin the matrix || H; || has the form
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\HLll=| H{ : 0 |, |Hj=|H\ H Hij|=0,

.....................

i 0 : 0 H} % A
;l : | L HL HL

because the matrix || H|| is of the rank three. Making the conjugate
H? of HL(i, j=1, 2, 3) in | H}| and contracting (1:12) for the
indices 7, i, j, k=1, 2, 3; d=1,...... , n by H¥, we obtain D};=0
4, =1, 2, 3; d=1,..., »n). Next taking the indices 7, i, j=1,
2,3; k>3; d=1,..., n in (1-12) we have

HiIr D«Iljk + HJIT D({u=0y

and contracting by H; we have D},=0(j=1,2,3; k>3;d=1,...n).
Finally taking the indices ¢,7=1,2,3; j,k>3; d=1,...,n in (1-12)
we have D;;=0(j,k>3; d=1,...n). Thus all D), are vanishing
contrary to hypothesis. Consequently we get, as a necessary cond-
ition

V) > (D{ be |D§k) w) "> 0.

45,8000,

(B'). Next let us prove that a solution H of the equation (1-11)
is uniquely determined to within algebraic sign. In fact, let H!
and H!! be the two solutions of (1-11) and put

HY=H!+ h,,. (1-13)
Substituting (1-13) in (1-11) and making use of (V) we have
h)ulh-/n + h/ulH:({ + lehm:: 0- . (1 * 14)

Assume that the rank of the marix | h,:,-ll is equal to r(%=0), and
refer to a system of coordinates that at the origin the matrix
| 2:;]] has the form

lhgli=] 2ot O |, [A|=| hy oo By | %0,

and make the conjugate A“ of h;(i, j=1,...,7) in | k. |. Contraciing
(1-14) for the indices 4, d, 7, a=1,...,t by h' gives

(=+1"Hi2) hya+ tH2=0. (1-15)
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Further contracting by &A™ gives AW™H}}=—:/2, so that from
(1-15) we have h,=—2H]], and then from (1-13) HZ=—H
(i, j=1,...,7), Next taking the indices %, d, a=1,...,c; >t in
(1-14) we have HZ=0(r>rt; a=1 ...,z) and taking the indices.
h, d=1,..., =; 7, a>7 we have H!=0(7, a>7), so that H!=0
(@a=1, ..., n; »>7). Hence we see H!!=—H!(, j=1,...n) for
%0 and the above statement is proved. -

(C.) Next, let us find a necessary and sufficient condition that
the solution HY] is real. Taking the indices 7 and @ equal to %
and d respectively in (1-11) gives

7 2

abe D;pq flijll;)h= (Hlﬁ) D{i(hc |Djllc)lm’
and hence we have
‘(VI) DzlzbcDI{quvll(in{c)h * D(ﬂhc ID;k)l7!q=>-_-09

that is a necessary condition. Conversely we see easily that if
(VI) is satisfied, neither of these salution H7 can be pure im-
aginary.

Now we put -

f§=.bx;+ v—1 di; ." (1-16)

Wwhere the p’s and ¢’s are all real. ‘Substituting from (1-16) in
(1:11) and equating the imaginary part to zero we obtain

| Prldrat Quib,a=0. (1-17)

By the similar process which was used in (B), it follows from
(1-17) that if the rank of the matrix | ¢;; || does not vanish, all the
p:; are equal to zero, so that the solution H}j is real or pure imagi-
nary. Consequently if (VI) is satisfied, the solution is real.

(D.) Finally we see easily that the necessary and sufficient
.condition for the system of equation (1-11) to have a solution H}, is

(VII) D.,. D}, D;H, D{; vy Dijsy1pg |=0
7 7 7 4 4
acf Dhsl DIII(I_I/HZ)r D(z[ejiD_//:)!Sl

‘that is the resultant system of the system of homogeneous equati-
-ons : .

2 7 ?
t’D'I"”: DI{]M] D:’t(fjH/{-)r—" H,:,I[H,,,!D{f | hc]Djk) \pg— 0,
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having a non-trivial solution (¢, HY).

Conversely if the conditions (V), (VI), (VII) are satisfied, it
is easily seen that (1-18) has a non-trivial solution (f, HY) ;
where £<0, and thus H///t is a solution of (1-11) and also is real.
Hence the funciions H}} are uniquely determined to within alge-
braic sign; for example, when

7 7
Dxlhc D:l,.q Dl(‘i'lH/c)ll * D{f]ll(‘]D;/J) Im> 01

wa have

D Dl Dty |
H!= + /_ mepg gty (1- 19)
! ,~ D(lz fbv}Dgl‘lc) vq ’

and for another H,; we have

12 YA » Y/
11— Dine Dy DiessHl

ht = °
17854 U
Hn (i’[;(:‘.Dj/c)U"l .

(1-20)

(E). From (1-11) we have by means of (IV)

11yl pJjripyir _ O
hitd L ra hatLyrd — Yy

so that the condition (1-6) is satisfied.

1I. Now, for the purpose that we get the functions H.(i=1,...,
n) satisfying the equation (1-4), consider a system of homogeneous
equations

t D(Iu(j—Hr{lIHj-'—H({ij-:O; (21)

where ¢, H;(i=1, ..., n) are unknown. We see easily that all of
H, can not be zero for V, of class two. Therefore the equation
(2-1) must have a non-trivial solution (¢ H,), so that we have a
matrix condition ;

rank of ‘
O HL, HL 0 0 eeeeeeeeeeiieeennn 0
ll’ H_'l.’ 11;1 0 0 ........................ 0
...................................................... 0
(VIID DUy Hiy Ho 0 0 eoeoeeeeeeeeennen, 0
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I 1’,{3 H,I‘:, O H:l '0 ....... bessscisscemecsne O
D0 00 O 1 HiL, | S"
(Dbn0 0 0 Qoo H. H._

as a necessary condition. Conversely, if the condition (VIII) is
satisfied, the system of equations (2-1) has a non-trivial solution
(t, H;), where t is not vanishing; that is proved easily, putting
t=0in (2-1) i, e.

H;[HJ—H,{:’H;:O,

and refering to the system of coordinates (H’). Therefore we
have H,/t satisfying the system of equations (1-4). Also, in the
similar manner, it is to be seen easily that the solutian H; is
uniquely determined and is real. Explicitly we have the form H,,
refering to the system of coordinates (H'), as follows,

H,~=—:12— @D (a, b,"i=1, 2, 3),

(2-2)
H,H_,lkzp;/cl{ (i>3; jy k=1! 2! 3)’

where the indices j, k.of HZ, are to be chosen for Hj’kl-eOI.
Thus obtained Hj;, Hi} and H;(i, j=1,=,n) must satisfy
the equation (1:3), i. e.

(IX) thy'*'Hr]z{Hf"H(gHi:O,

that is a necessary condition. ‘

Now we remark that those Hj,, Hi; and H, satisfy the Ricci
equation (1-5). In fact, differentiating (1-4) covariantly with
respect to x* and summing three equations obtained by cyclic
permutation of the indices ¢, j, £ give by means of (IX) and

1-2)
H).D,,=0, : (2:3)
where
D,=H;,—H,,—g*(HH},— H}H})).
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‘We have immeadiately D,;,=0, refering to the system of coordinates
(H").

Consequently we obtain the

Theorem: ...... A Riemann space V, of dimensionality n(=3) is
of class two and the matrices || H};| and || Hij|l, whose elements are
the second fundamental tensors of V,, are equal to three and one res-
Dectively for a particular choice of a system of normal vectors if, and
only if, the inequalities (11), (V), (VI) and the equations (III), (IV),
(VII), (IX) and finally the matrix conditions (1), (VIII) are satisfied.

Finally it is to be noted that the curvature tensor R;;. of those
V, satisfies the equation

b J—
Ra.i(jR] bn| 5 0)

makirfg use on (1-1) and therefore V, is of type one.® But those
V. are not the general spaces of class two ane type one.
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