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On the Special Riemann Spaces of Class Two
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In  this paper we have presented th e  special Riemann spaces
of class two and  ty pe  on e . In  my previous papers" I defined the
ty p e  number o f  space o f  class two and  gave  a  necessary and
sufficient condition that the  space of type 7 ( > 3 )  be of class two.
But w e have not yet any general research of spaces of type  one
and two.

Consider a  n-dimensional variety V. in such a n  (n  + p)- dimen-
sional euclidean space E n,„ that the fundamental form

d.s== gi i dx'dx7

is  positive definite ;  and le t B (P— I„  p ;  u =1,..., n  + p) be a
system of mutually orthogonal unite vectors normal to V,, and put
B f( i= 1 ,... ,  n ; 1 ,  n + p ) aya/ ax i ; where y" are  the  cartesian
coordinates in  E „ , .  Then we obtain

(lac' = ( + B .;) chi ,
d13; = (— 1 7; Bf + H Y. 3 A n d.xi ,

along a  curve o n  V., where the functions Hri  a r e  symmetric in
the indices i ,  j  and  called the second fundamentel tensors for the
normal B ;  a n d  t h e  functions H  a r e  skew-symmetric in  the
indices P , Q .  A nd those functions 1-11; and H satisfy, moreover,
the Gauss eqnation

(0 . 2)

the Codazzi equation

H H jii  'Af t( 0  .  3 )

and finally the  Ricci equation

— H ,  + H gab (I-11H — 1-41-g) . ( 0 .4)

(0.1)
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In particular case for p =1 all the functions H .  vanish identi-
cally and in case for the expression  in  the parenthesis in the
left member of (0.4) vanishes identically on account of the skew-
symmetric property of M1.

When we transform a  system of normal vectors B .;  to the
another a; ,  that is,

B =lB ; I6 1 -=  + 1 ,

then the second fundamental tensors 1-1,f; are transformed to
defined by

Hf;

Throughout in  this paper, b y  the space we shall mean the
real Riemann space whose fundamental form is positive definite.

1 .  We consider such a n—dimensional variety V„ of an (n +2)—
dimensional euclidean space, that, for example, the rank r of the
matrix UHfI is less than two. Then we have from (0.2)

Ripi=1-15111/— HU -4 . (1.1)

If 7,, is equal to zero, we get from (0.3)

(1.2)

so that V. can be imbedded in (n+1)—dimensional eucldean space.
Consequently i f  Vr, is o f  class two and 7,, <,2, w e  have r 11= 1.
Also, in  this case, if the rank 7 / of the matrix H Hf;  H is more
than three, the Codazzi equation (1.2) is a  result of the Gauss
equation (1-1) and hence V„ is of class one, which was proved by
T . Y. Thomas.

Now let us f in d  a  necessary and suf f icient condition that a
space V i i s  of class two, 7,, is equal to one and 7, is equal to three
f o r  a  particular choice of  a sy stem  of normal vectors B .  It has
been shown by T . Y. Thomas, (3 ) that a necessary a n d  sufficient
condition for the Gauss equation (1.1) having such a solution X i ,
that the rank 7, o f the matrix H H t , . H is equal to three, be the
matrix conditions
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Riabc R 2 „h c ....................... R„„i,,

R  „ i j k

R.2,0T,
R (a, b , c ; j, j, k )>. 0,

E R (a, b , c ; i, j ,  k ) > 0,
a,b ,c ,i,4 ,k

(I) rank of

and finally

(III) R „(R )----0;

where R (a, b , c ; j, j ,  k) is  the determinant

R b c if

R e „ii

Re1Cik

R Caik

R „L ic i

R h c h i

R „k i

 

and R n (R )  is the resultant system o f  a  system o f homogeneous
equations

+ H :R iA m h  F I j Riicrni ----- 0,

as the above system o f  equations hav;ng a non-trivial solution
(t, Hf ,1 ). Then the solution I-4  of the Gauss equation (1 .1 ) is
real and uniquely determined to within algebraic sign.

Further, fo r  V . o f  class two, there must exist two systems
o f  functions ( = IV ) a n d  H i (i, j, - 1 ,   ,  n )  satisfying the
Codazzi equation

(1.3)

D!7;=M ilii— H 4H „ (1, 4)

the Ricci equation

H i , (H f111 ), (1.5)

and finally from 71 1 —

,f4-1-1 /J HO = 0 ; (1.6)
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where D 1 is defined by

From  (1.3) and (1.6) we obtain

Hg M pg= 0 , (1.7)

and further easily

(IV) 1 i i  f i f i  f i 0 ,

tha t is  a necessary condition.
For the purpose that we obtain the equations determining the

functions HI:, differentiating (1.7) covariantly w ith respect to  xt
and summing three equations obtained by permuting the indices

j, k cyclically, we have

(ip l,k)1 rpg l i ! • i D ijk)ipq = 0 ( 4 )  , (1-8)

on account of (1.4) ; where DIk,„,, and Di 3 g  are defined by

(1.9)

D; pq = D ijm, DIvq,j• (1 '1 0 )

Multiplying (1.8) by H f„', and making use of (1.3) we obtain

aicirY,0 ,p9 H„HTL'ulY jo!rPq•

Further m ultiplying by ix„, and m aking use of (1.7), (1•9),
(1.10), (IV) we obtain finally

n i  
Df pe2 j W)r = Ilf,j/FEjtpfil be ID ;  74 • ( 1.11)

In  th is  equa tion  (1.11) the quantities Dfi k  and Hf;  are already
known.
(A ).  - A ssu m e  th a t a ll the coefficients /4 1,, i Dli k ) ,„? o f H a l,"  in
(1.11) v a n ish . As all Dfi k  can  not be  zero, since otherwise V. be
of class one, w e have

/Zw HI,,,.= O. (1.12)

W e can  re fe r  to  su ch  a system of coordinates (H '), tha t a t the
origin the m atrix 11 lifi  h a s  the form
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111,11.111=  I J 0 I = 1111 H !  H f 3 0 ,
H!, H  I A
1231i 3 3

because the matrix Ili-Ri ll is of the rank three. Making, the. conjugate
of 1-Ifi (i, 3= 1, 2 , 3 ) in I H! I  and contracting (1 .1 2 ) for the

indices r, j , j ,  k=1, 2, 3 ; d=1 „  n  by HP', we obtain D,1,,,J =0
(i, 3= 1, 2, 3; d = 1 , . . . ,  n ) .  Next taking the indices r, 1, 3=1,
2, 3 ; k > 3 ; d=1,..., n  in (1.12) we have

Teti k+ D = O,

and contracting by H. " we have M i k =0(j=1, 2, 3; k > 3; d= 1,...,n).
Finally taking the indices i,r= 1, 2, 3 ; j, k> 3; d = 1 , . . . ,n  in (1.12)
we have M ijk = 0 (j  k> 3; d=1, . . . n ) .  Thus all are vanishing
contrary to hypothesis. Consequently we get, as a necessary cond-
ition

(V) E PI.) 2 > O.

(135. Next let us prove that a solution H  of the equation (1.11)
is uniquely determined to within algebraic sign. In fact, let
and MI be the two solutions of (1 .11) and put

H!" = Hf; + (1.13)

Substituting (1 .13) in (1 .11) and making use of (V) we have

H,f,',h,,= O. . (1.14)

Assume that the rank of the m a r ix  it,,3 is  eq u a l to  ( - 0 ) ,  and
refer to a  system o f coordinates that at the origin the matrix

lb;  II has the form

0 0

J h1 11= k. 0 h11

00

and make the conjugate hii of hi i (i, 5=1, 7) in I h,
(1.14) for the indices h, d, r, a=1,..., z -  by h"d gives

(r+

Contracting

(1-15)
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Further contracting by h' a gives hh"H",",= —12, so that from
(1.15) we have —21-E„ and then from (1.13) M =
(1, j=1, ..., 7), Next taking the indices h, d, a=1 , ..., ; r>  z- in
(1.14) w e  have H = - 0(r> z-  ; a=1 7 ) and taking the indices
h, d=1, 7 ;  r, a> z- we have H"=-0(r, a> 7), so that

n; r>  7). H e n c e  w e  s e e  I i= j = 1 ,  . . . n )  fo r
0 and the above statement is proved.

(C . )  Next, let us find a necessary and sufficient condition that
The solution H  is  rea l. T ak in g  the indices r  and a equal to h
and d respectively in (1.11) gives

n i  rx„, m„iii-g)h= (H,f4)2g i, pik>,,w ,

and hence we have

( VI) MbeDf,,,,,a("Hlk)A • /A Ip g > 0

that is a  necessary condition. Conversely we see easily that if
(VI) is satisfied, neither of these salution 1-P,; can be pure im-
aginary.

Now we put

i--iff=p„+ q"; (1.16)

,where the p 's  and q's are all real. Substituting from (1.16) in
.,(1.11) and equating the imaginary part to zero we obtain

q,,,,p,„ = O. (1.17)

By the similar 'process which was used in  (B ), it follows from
(1.17) that if the rank of the matrix 11 qi ;  II does not vanish, all the
p i i  are equal to zero, so that the solution H - ;  is real or pure imagi-
nary. Consequently i f  (VI) is satisfied, the solution is real.
(D .) Finally we see easily that the necessary and sufficient
condition for the system of equation (1.11) to have a solution H , is

(VII) n i  n i  Dfo,;11.»
r i  DL, DL („1-1.!,),

1)(,, be( D i
j k.)! 1,7

r i I) .17, ) 1 see f

= 0

    

that is the resultant system of the system of homogeneous equati-
-ons

D",,DL(121-11), 7 J1 1  L i i i  f lu f i !
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having a non-trivial solution (t, 1
.1 ).

Conversely if the conditions (V ), (V I), (V II) are  satisfied, it
is easily seen that (1-18) has a  non-triv ia l so lu tion  (t, FF4)
where tO , a n d  thus H,ii i/ t is a solution of (1.11) and also is real.
Hence the functions H',"; a r e  uniquely determined to within alge-
braic sign ; for example, when

Df,,„ Df 7 D,,,,M, 11 • Ev„Ic pq> 0,

wa have

= 8/ 1 - 7 , 7  0 1  9

be ID jk)'7 , 7

(1.19)

and for another we have

  

H a =  Dff„Df,p,,a ,4 1 -f ) ,
liffD(i [ b e  .Dijk ) [

(E ).  From (1•11) we have by means of (IV)

so that the condition (1 .6) is satisfied.

II. Now, for the purpose that we get t h e  functions H  = 1 ,
n ) satisfying the equation (1-4), consider a system of homogeneous
equations

t (2.1)

where t, are  unknown. We see easily that all of
H - not be zero  for V„ of class two. Therefore t h e  equation
(2.1) must have a non-trivial solution (t. H 1) ,  so that we have a
matrix condition ;

rank of

/Y2f2
Iff„,
1E2

TR, 0 0, ................................. 0
1 g , 0  - 0   0

0
(VIII) D',f,

Dff4
11!„, H,',1 0 0   0

CI Hf, 0   0

(1•20)
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H,'43 0 H , ......................0 0

14_1. 0 0 O 0............... S n

0 0 0 0................

a s  a  necessary condition. Conversely, if the condition (VIII) is
satisfied, the system of equations (2.1) has a non-trivial solution
(t, H ,), where t  is not vanishing ; that is proved easily, putting
1=0 in (2.1) j ,  e.

and ref ering to the system o f coordinates (H ') .  Therefore we
have H O  satisfying the system o f equations (1.4). Also, in the
similar manner, it is to be seen easily that the solutian H i is
uniquely determined and is real. Explicitly we have the form H„
refering to the system of coordinates (H ') , as follows,

1 Hi = H;bD,',f,, (a, b, i=1, 2, 3),
2

(2.2)
11,11-jk =g ,f ,  ( i> 3 ; j, k -=1 , 2, 3),

where the indices j ,  k  of I-4  are to be chosen for .14 - 0.
Thus obtained Ht,, H f ij  a n d  H i (i, j=1,=, n)  m u s t satisfy

the equation (1.3), j. e.

(IX) Mal+

that is a necessary condition.
Now we remark that those Ht, HI; and H, satisfy the Ricci

equation (1.5). In  fact, differentiating (1.4) covariantly with
respect to xk and summing three equations obtained by cyclic
permutation of the indices i ,  j ,  k  give by means of (IX) and
(1.2)

where

l i fy(iD ik) = 0, (2-3)
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We have immediately D=O, refering to the system of coordinates
(H')

Consequently we obtain the
Theorem • ............... A  R iem ann space V„ of  dimensionality n (>3) is

of  class two and the m atrices II M i l! and  11 whose elements are
the second fundamental tensors o f  Vn , are equal to three and one res-
pectively for a particular choice of a system of  norm al vectors if , and
only if , the inequalities (II), (V), (VI) and the equations (III), (IV),
(VII), (IX) and finally the matrix conditions (I), (V III) are satisfied.

Finally it is to be noted that the curvature tensor Ri A  of those
V. satisfies the equation

R na, .kt)
=  0,

making use on (1.1) and therefore V„ is of type one. (b)  But those
V. are not the general spaces of class two ane type one.
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