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1. It is the aim of this paper to establish a generalization of
Chern's formula for the invariant of Whitney ([2], §  4 .), that is,
to obtain the integral formula of the Whitney characteristic class
of the normal bundle. We use the following notations.

R" 4- N; (n+N)-dimensional orientable Riemannian manifold of
the class > 3.

M "; n-dimensional closed orientable submanifold of the same
class imbedded in R "".

N g - 1 ;  Bundle of the normal (N— q+1)-frame to R " ' over M " .
; Bundle of the normal (N—q)-frame to I ? ' "  over M".

T° ; Bundle of the tangent n-frame to M " over Ar.
B°; Bundle of the tangent (n +N)-f rame to R " "  over Mn.

The q-th Whitney characteristic class of the normal bundle is
the cohomology class of the obstruction c ( F )  where F  is any
cross-section to over the (q-1)-skeleton in the cellular decomposi-
tion of M " , ([1], p - 1 9 0 )  The bundle of coefficient of A in ' is the
product bundle by the orientability of R "" and M ", and the (q —1)-
th homotopy group of the fibre V  N-g+1 • o f N 9 - 1  i s  03 if q - 1  is even
or a n d  2  if q - 1  is odd and N q .  Then our class is re-
grarded as the ordinary cohmology class with the coefficient of
integer or integer mod. 2. Now, we represent c (F) by the inte-
gral formula. In the special case, our formula is Chern's
one.

2. Let 4 be an oriented q-cell in the cellular decomposion of
M ", Y i be its oriented boundary sphere and 4 be contained in a
coordinate neighborhood. By the properties of the homotopy group
of Stiefel manifold VA., 2 ,-

0
 which is the fibre o f  N n ([1], p -1 3 2 ) ,

there exists the expension E„ of p F  over 4 where p  is the projec-
tion 1Vn- - '—>N0 . Now, Nn - '  being regarded as the bundle over N g ,
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by the covering homotopy theorem ([1], p-54) there exists E , ' in
/Vq- '  which is th e  cross-section to ,Ng- '  over d—x o f o r  any fixed
point; E  d  and is equal to F  on E .  Each element of E ,' over xo

is the N— q+ l-f ram e whose N — q vectors are constantly E o lico and
the  last vector runs on the oriented unit sphere S  in  th e  normtl
space at xo ,  where the orientation of S  is determined uniquely by
the  orientability of R "" 7 a n d  M " for each q-cell. Thus, we obtain
the mapping E•—)S and let D be the degree of this mapping. Then

c (F) .4 =D , if q  is odd o r q=N .
mod. 2, if q  is even and

3. L et (0„ No  be the  coofficients of the connections induced in
M " .  We make the  following forms.

n +N
(P k = 11 E f i• • • •1 iiI2 •  " n +N— q+1 . • • W i n +N  q +1 .

i=n + N — q +2  9—  •

1  P- ( 1)A 1 )  A  1  0,, if q  is even 2p.
7/P  A ..0 1.3.- (2p —2.?-1)2P" ,1!

2 2 1  e t , !  A =,,
1  (  — 1) Â( P2) 0 A, if q  is odd 2p+1.

1 n+ g

f 2  = {  ( - 0 "  

2 2P 7 rP p !  1=7I+Ar- y +1
E E0,....f2•••fd i ,  , if  q  is even 2p.

if  q  is odd.
where

n+A r_q

0 0 1 , .  (û j
a=1

where O is th e  curvature form of R" 4 -
These forms are  in  B ° generally but since we use the induced

connection, they a r e  forms in  th e  product' o f  bundles, Ar° x 1 1
0 .

Moreover, it can be proved that 11 is the form in  Nq - '  and f l  in
N g  b y  th e  same methods i n  Chern's p ap e r, ([2]). A nd also,
d/i = —Q .

4. Therefore, by Stokes' theoreem,

Sid. f f 2=—  Id!! = —111 11.
Eo DE,'F Eo/Ixo

Now, if elements of pi% are  equal to frames by vectors
of " repere " defining (04,  wi j  o n  E , E. can be taken so on d . Then,
2

ii is zero on E o'l z , and 11 becomes the following form on Ejjzo.
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1 1 n+N
. . . . i 9 _10), , ,,A r_ q +1 -  • (1) +9 +11

7r" 1 6 3 **  •  (2 p  — 1 ) 2P
( ) 0  

7:r1. (2 p -o2 p , =.4-k-q+2

1 
22p+,7„

1
p !

(P0— 22 7,,p! -1.:+ElviLL. + N- i 9  1n + N - 9 + 1  i f q =  2p+1.
 n +  N

By Kronecker's formula,
( -1 ) 9D (F )=  II

Eolxo
Therefore

(-1)qD (F)=412-1-
Eo F

5. For the general cross-section F , there exists F ' such that
F - , F ' and p F ' has the property which we assumed in the above
section for F .  Let E  be any extension of pF over 4.

Now, by the same method in Takizawa's paper ([3], § 6)

T12+ .1. =  f t 2  ,  q; odd or q=N.
E Fo EG

--=f9 +  Si/ mod 2, q; even and
Eo

and
c (F)-=c(F')

Thus, we obtain the following theorem.
Theorem

if  q=2p.

--42+ fl .r mod. 2, if  q N  and even.
E  F
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