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conformally flat space
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In the following we shall prove a-theorem for especial hyper-
surfaces of conformally flat Riemannian space as follows.

Theorem. If P and only P(O<P=<mn) of conformal principal
vadii of a hypersurface V" of conformally flat space are equal
identically in a neighborhood U of V™", then U contains " "V?’,
such that V" is umbilical in V" and the conformal curvature tensor
of V¥ vanishes.

Hence V” is conformally flat if P=4. The conformal princi-
pal radii o, are defined in terms of principal radii p, as follows.
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It is clear that the theorem holds equally well, if conformal princi-
pal radii are replaced by principal radii.

We consider a variety V* of codrdinates 2 immersed in a
Riemannian space V™ of coordinates y*. Let Bgf(P=n+1, ---, m)
be mutually orthogonal unit vectors normal to V* and B?=0y*/0x".
Then there exist quantities H; and H;(P, Q=n+1, ---, m), such that

1 B7]=>I.‘I epH,ﬁBf,
Bg.,=—y"H5SB?+ %_', e’H?,Bs,

(el’=i1)

where #* are components of the fundamental tensor of V"
If V" is conformal to a flat space and we put

1
n

MP*Pij=g*M,5 and N,;=3>)e,M*;M,5, then we have from the Gauss
r

(2) M5=Hj5——¢*H% 1.,
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and Codazzi equations

@) GCup= ; er (MiSMzZ—MEME) + niz (91Nt — InN5
N,
+ githj - gijNMc) - —‘(71_—{/_1)1[7;"&—23- (Ini9ix— I3 »
@) Mie—Mi,+3 e (MEHE-MEHS —— 1 — {o,(M 7%,

+%} eMi?’Hy) —gm(M’;‘;ﬁ}; e,M{"H3)} =0,

) HE—Hg;— (MMt —M'iM;
+¥ek(Hllfj e I{CIcHI?j =0,

where C,;; are components of the conformal curvature tensor of
Ve

K. Yano® shaw that the quantities M,;B}. are invariant under
a conformal transformation of V™. Also K. Yano and Y. Muto”
proved that a Riemannian space V" is immersed in a conformally
flat space, if and only if there exist M} and H/; satisfying the
equations (3), (4) and (5). It should be remarked here that,
though they gave further conditions for such a space, those conditions
are obtained as consequences of (3), (4) and (B). If V*is a
hypersurface of V*(m=n+1), then (3) and (4) are respectivelly
expressible in the following.

6) Cup=e(My;My—M,.M,;) + ¢ (MM~ guM!M,;

n—2
MM
+ gikMI{Mj —.’];jM;szA-) - m (Ins9 s —Inbi3) s )
@ Miju— My~ (05 Mby—9uM) =0,

And (5) is satisfied identically.

Hereafter we assume that all of the principal radii p, of V»
are real and none of the principal directions are null vectors. Such
a hypersurface was called to be proper by A. Fialkow". Then there
exists an orthogonal ennuple in V", the unit vectors <, of which
are tangent to the lines of curvature, and the fundamental tensor
g:; and H;; are expressible in terms of ¢, and p, as follows:
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g'ij:}t;easta)isa)ji Hfj=>;3ea,”(;5a)f5a)j (e==+1).
Hence the tensor M;; are written in the similar form:
® M;;=Zaea°"a5a)z5a);,

where ¢, are conformal principal radii of V. The coefficients
7ane Of rotation of the ennuple ¢ are defined by

Tave™= Ca)i;jei."):cj) .

Making use of them, the equation (7) are equivalent to the system
of equations

(9) (O-n - O-b) ;‘abc: (o-a - 0_0) Tacb ((1, b: C?é) ’

do 1 Ooc
10 < 2 a\Y%a™™ haa
(10) 35, + w1 s, +e,(o.— )7

+ _1_ 2 €. (a-b - O-c) Tbce= 0 (a—_-*:b) .
n—1"7¢

Now we suppose first that all o’s are equal to ¢ in a neigh-
borhood U of a point O. We have =0 by means of > ¢,=0, so

that (8) gives M,;=0 and hence C,;;=0 from (6).
Next we consider the case where o,=---=0,=0#0,(0<P<n;
A=P+1, -, ») in U. It follows from (9) that

(1]-) TP/\'/=O <p’ q=1, Tty P’ﬁ#‘]; 2=P+19 Tty n)'

Therefore n— P vectors ¢, (A=P+1, ---, n) are normal to a P-dimen-
sional variety V7, contained in U, and ¢j(p=1, ---, P) constitute
an orthogonal ennuple of V”. Let #” be coordinates of V” and
put dx'/du?=B,;. The components 7} of vectors ¢, in V” are
given by §)=723B; and the second fundamental tensors H,; of V*
are defined by

(12) Bpi:q= 231\ z?q‘:;)-
Making use of the above equation we have
Tpag™= é.7:.):154\) ﬁé—r/j) = (Wﬁ):sti + n;)BS?j) €0 g B/’
A

—_—- S 3 — =7 — r
= %I)B;:rél)ﬂ}'lr) =>] e,,.,H;s u)s)\)mﬁ)vq’; = Hrsvlf) e
®

Hence, in virtue of (11), Hj, are expressed in the form
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(13) H, llﬁ\q = Z T A1)

On the other hand, if we take ¢=7 and b=2 in (10), then

do 1 do
+ A A (c—a)er..
5. n—1 os, ( Ve

+—L S0 (6= 7ae=0,
n—1°¢

from which we find e;y.,,=---=es12pp. If we denote by —y,/P these
quantities e,7,,,, then (13) are written in the form '
(14) H;:qur.lgm;

where ¢,, are components of the fundamental tensor of V”. It
follows that V” is umbilical in V™. '

The space V¥ may be looked upon as a subspace of the en-
veloping space V**'. The n—P+1 normals of V” in V**' are B*
and ¢5=£;,B?. The second fundamental tensors H,, and H}, of V”
are given by the equations

Bi=eH, B+l (B=—L).

Besides, we have from (1) and (12)
B;,= (B/B,).,=eH;B;B|B*+ ; ex L5,
so that the following relations are obtained.
© ' H,=H,BB, H\y=H
from wich we have in consequences of (14) and the definition of g,

— r
Hy:q = 2 eu ('a Eu)vi éu)j B;ﬁ Bz = rz'l‘l e,« (‘:‘5/') i gr)j B;; qu = Z‘? e,- ‘”r vr)p vr)q)
a =

I_’Lﬁ1= Tavee
Substituting from these expressions in

A 7 1 s LT Vi ag 1 '7“ 7
Mw:HM—'},’ 9 Hrs.(/lvp M,ﬁ,=H,f‘7~?g Hrlagﬂfh
we have immediately M,,=0, M2=0, and hence the conformal
curvature tensor C,,, of V” vanishes by means of (3)
Finally the theorem has been established.
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