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Let us consider the parabolic equation
(P.1) 2 ut, x) = A(t, x;i)u(t, X), x€Q, 0< < T (< +o00),
ot ox

or more simply
_(9 _ _
where

A= S at x)(;—x)

iz

and Q is a domain in R” surrounded by a hypersurface S. Our
problem is the following : Given f;(¢, x), j=1, 2,-+-,b, on (0, T) XS,
find a solution u(¢, x) of (P.1) satisfying
P.2) Bu=f; (j=12,-,b)onS, 0<tT,
and  #(0, x)= lim u(¢, x)=0, where
0 2\
By(t, x5 ) = S balt 0)(5-) » 0=r=20-1.
ox wigr; ox

Recently Eidelman has treated this problem ([2], [3], [41)*.
Here we shall follow his method indicated in ([2]). More precisely,

*) In the case where 2 is a convex domain, the corresponding result has been
announced by Eidelman.
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we shall at first construct explicitly the solntion in the case when
Q is a half space.

We shall introduce from the beginning an operator defined on
the boundary, which plays an analogous roéle to that of Riemann-
Liouville operator. Let us remark that this operator was con-
sidered by Mihailov in one dimensional case ([6]).

In our reasoning, this operator plays an important role.

After establishing the existence of the solution of the above
problem, we construct Green’s function. One of our purpose is to
obtain the estimates of Green’s function.

Finally we obtain the solotion «(¢, x) of the following problem

Lu=0,
Bu=0 j=1,2,-.b,
u(0, x) = f(x) (given).
I thauk Prof. Mizohata very much for his kind advices and

encouragements throughout this research.

Now let us state our assumptions more precisely. Let us
denote

AO(O'; z, x) = I\E av(t! x)(lo.)v

I=2b

Bo.i(a'; t, x) = |v2 bfv(tr x)(io)v

=7

We assume
(A.1) Re Aj(o; t, x)< —clo|® (x€Q, 6 €ER"), ¢ >0.

At each boundary point x €S, let us denote by N, the unit
inner normal to S at the point x, and by 7, the tangential space
at x.

We know from (A.1) that the equation in z
p—A(yp+2N,; t,2) =0, Rep =0, neT,, (p,n)=+=0,

has just b roots z,,---,2, with positive imaginary part. Then we
define

b
Ao (b, my 25 8 x) = T(2—2;(p,n: 8, %))

Now we define R and R;.



Boundary value problem for parabolic equations

R(p, n; t, x) = det
§B01(77+sz) t x) §B01(77+ZN_,,t x)zdz
0+(p) 7, %5 t x) 0+(p; 7, %5 t x)

.........

 Bos(n+2N, 5 ¢, x)
Ay, (0, 1 25 b )

fJ;Bob(77+zN,,, t, x)
o+(p’ 7, 25 L, x)

.........

.........

ngo,(vz+zN,; ¢, x)2"!
Ao+(.b» 7, 25 t? x)

§Boj(7]+sz; t, x)zb?
Ay (D my 25 8, %)

dz

.........

quo,,(n+sz; t, x)z”“dz
Ao+(p> 7, 25 ¢, x)

209

where the integrations are taken along a closed curve in the z-

plane enclosing all the roots of A,,. And

Ri(p’ 7 P t, x) = det
Bm("?"'ZNx ; & x) dz- Bol(77+sz; £, -75)21’_1
Ao+(p’ 7, 25 1, %) A (bym 25 8 x)

---------

dz

eiPz

J;AH(P» 7, 2; &, x) j) Ay (Dy my 25 8, )

.........

1Pz b-1
4
dz

By(n+2Ny; t, %) 4, (Buw(n+2N,; £, %)

VA (prm 25 £ %) Ay (7 2; 1 %)

R;i(p,m p; t,x) (=1, 2,---,b) have the following properties.

i) [p—Ao(wN,l.aip; t5)| Ri(pnps t 1) =0.

1 0

i) By (77+N 5

Here we assume

(7).

%) Rylh,m p3 b %) | =8y R(p,m3 1, 2).

(A.2) [R(p,m; 8, x)l =c(1 1%+ |n])" (x€S, Rep =0, neT,)

—1 _I/ s
(a_%, m—;(fj ]+1)>.
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This condition implies that
1) at any point of x€S, S is not characteristic for every Bj,
2) ri==r, (j=E=k).
Concerning S, we assume that S=\J/ V, (I runs a finite set)
I
and S is represented in V; as x=F(x') (x’ € R*" ") (F€C’, s=2b+v)
Let S=\J U, (U;nS=V,) be a neighbourhood of S and x=F(%)
1
in U;, (x=(&, %,)),
where F/€ C°® and

~ fals
Fi(z') = F(x'), Z—g—(f’) = N(x')* (N: unit inner normal).

Now let us consider (A.1) and (A.2) in terms of the local
coordinates.
Denote for x€ U,

A= X al(t, x) (%) B; = > b1, f)(aa—f)

vi<2b Vi<
and
Al(e; t, x) = 3 al(t, x)ig), Bij(o; t, x')= > bl (¢, x')is) .
vI=2p Wi=r;

If we put

then

Ao t,x) = Al(s; t, %), Byo; t x)=Bis;t x).
Then (A.1) is equivaient to (for x € U;)
(A. 1Y Re Al(e; t, 2) < —cyl&|® (¢€R™).

Polynomials {A#, B{;} with (A.1) determine Af, (p, &; ¢, '),
R(p, o’; t, &) and Ri(p, &, p; t, ') with respect to &,.
If we put for x€ 'V,

o = 77+sz (neTx)r

*) More precisely, the right hand side represents the inner unit normal to S at
the point x, where x=F(&’).
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then

%= g%Fj(nf_‘_‘ZNi) = ZaF] K =1 2,,n—1),

f; j=1 af,

o0 = 3IN)(n;+2N) = 2
therefore

Ao+(p’ 7, 2; 1, x) = Aé+(p’ &, Gy, t, -’f,) ’
R(p,n; t, x)=R(pd; L, ),
Ri(p,m, p5 t, %) =Ri(p, ', p; t,X).

Then (A.2) is equivalent to (for x€ V;)
(A.2)  |RUp o' t, B) =, (191" +16'|)" (Rep =0, s’€R").

Finally concerning the regularity of the coefficients of L and
B;, we assume

{ a,(t, x)eC'(Q)
b, (¢, x)€ C?®177i*1(8S)

(CB(Q), CB(S) are defined in Section 1 of Chap. IL).

(A.3) (0<y<1)

I. Fourier-Laplace Transformations

Lemma 1. Let f(p, 0) be a real-valued function defined for
(D, 0)€C'XC" . And moreover f(p, ¢) satisfies

i) homogeneity :  f(O\°p, Ao) = M f(p, o) for A >0 (h=0),
ii) positive-definiteness :
F(po)=c(1p1®+10l) for Rep =0, oc€R",

iil) continuity: for |p|®+ o]l =1, [AJ*+|A|<Z S,

| f(B, o) =M,

| F(+80 o+2)=F(B o) = o
Then

f(p,o)=c(Ipl*+ o) in D, ,
where
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D, . = {(p, 0)€C'XC"'; Re p>> —&|Im p| —8|Reo|2”+%llmo|2”}

and ¢’, & depend only on h, c, M, 6.
Proof.
Case 1 (Rep=0): Put |[p|*+|Rec|=A and |Imo|=B(|p|®
+|o|=< A+B), then we have
fb o) = £ A - MB" (M. = <8 M+ 1Y)

In fact, since

75, )= f(b, Re o)l = £ 4% for D <3,

f(b, Re o) =cA,
we have

(b, 0) = F(p, Re o)— | f(p, o)—f( b, Re o) z%m for gg 5.

On the other hand, since
7(5, o)l = M(A+By < MG~ 4178 for £,
we have
f(b o) = —M@+1)"B* for §>3.
In total,
f(p, 0)= %A"— {%3'h+M(8-'+1)h} B = %A"—M,B”.
Then

F(b ) Z i (A4 By — (M-S ) B = £ (A+BY

C 4
+ {2h+zAh_<M+?>Bh}

=__(A+By+I.

= 2h+2

_ _ Mx"‘i 26/
If Rep>—|lmp|—\/2lRea|2b+\/2lelmo|2”<M2=<—CTh_—22) )

we have 7 >0.
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Case 2 (Re p<{0): Put |Imp|®+|Rec|=A, and |Re p|*+ |Im o|
=B,(1p|*+ |o|< A,+B,), then we have

f(p, o) = %Ao"—MlBo".

In fact, since

[F(b 0)=f(i Im p, Reo)| = £ Al for %g 5,

fiImp, Reo)=cAS, 0

we have 7(p, o)g%Ao" for %g&

0
Then we have

C An_ P> _C h 4 b C\pnr
N TR VA

= _° (A+BYy+I,.

—_—‘F

I,>0, if Rep > —
Here we have

(b, o) =S (Ipl*+ oY in D,.

- 2h+2

1 1
I —
a1 P g

|R€0|2b+|[mo|2b.

where
& = .L_ .
M 2%

Now let us apply Lemma 1 to the functions in question.

Lemma 2. Assume (A.1): ReA,(o; t, x)< —c|o|? (c€R"
X€Q), and that the coefficients of A, have the uniform bound C.
Put

Lip,o;t x)=p—Ac; t x).
Then we have
i) Re Lo+c,|ImL| Zc,(1p|*+1al)*  in D, .,

where

D, = {(p, 0)EC'XC"; Re p>> —&|Im p| —elvleeam&iumol”}.

1
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i) Let z be a root of o, of L,=0, then

2] < ¢, ([p1%+0"])

in D, .
[Imz| =Zc,(|1p1%+10']) "

where
Do = {5 ) ECKCT s Rep™> —&lIm pl ~&,| Reo'|

+l,,|1maf|2b}
6..

(€, Csy €3y €45 &, &, 1 positive constants depending only on ¢ and C).
Proof of i): We know that
[Im A,(c; L, 2)| < Kla|? (e €C™).
Then we put
f = Re L0+§;—{[Im L,l.

For Re p=0 and ~€ R”, we have
F=Rep—Re A;+-S_(|Imp| — |Im A,|)
2K
;Rep+—2—§3|1mp|+%aa|%gc'<|p|“+|o|>2b.

Then by virtue of Lemma 1, we have
fz=cUpl*+1aly  in Dy,

Proof of ii): The first inequality is easily shown, and then
we shall show the second. Let us remark from i) that

~ , 62 @
mO,E1>ﬂ)0,€2>< {O‘": |Inl (Tnl gel |Re Oni}(ez :Zbiﬂ & = <_2b—1—1> ) ’
therefore
[Im z| > &|Rez| in D, ., -
On the other hand,

0=Ly(p, o' z: t, x)= Ly(p, o, 0: ¢, x)+$ ai
0 on

|IL(p, 0/, 05 &, x)| =" (| pI°+ 10" ) in D,., (by virtue of 1)),

L,(p, o', 043 8, X)do,
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0

0o,

< M (|p|°+|o’|)*" for |o,|<]|z| (by virtue of the first ine-
quality of ii)).

Ly(p, o'y 005 8, )| << M(ID1%+ 0] + o] )7,

Then we have
¢ (151%+ 0| Y < | Lo($, o', 05 £, 2)| = |S Ly o'y 0us t 2)do,
0 O‘”
< |2IM(1p1"+ |o' |},
that is,

1"
c

|z| =
M/

(|le+10/|) in :Do,s,‘

Hence we have

72
C

M/

1"+ 1/ 2| < |Rezl +1Imzl < (L +1)immzl in 2,

Corollary. Assume (A.1), (A.2) and (A.3) in the half space,
then

i) R(p, o' 7, &) is holomorphic in D, ., (0<E,<E,), and
IR(p, o’ 7 N =c(1p]"+ 1’| )" in 500,53-

i) (aa )"R,.( b o', x5 m £ is holomorphic in D, ., and
X :

k /
|('aa—) Ri(p, o'y s T V[ Cu(l D17+ | 07| )7 71tk @ s 121741770
Xn
in D,.,.

Proof of i): By virtue of Lemma 2, the coefficients of the
polynomial A,.(p, ¢’, 6,; 7, &) of o, are holomorphic in D, ., and

Ay V2P, Mo’y Xoy s TE) =N A (D, 0/, 003 7, &) in Dy, W >0).
This implies that R(p, ¢’; 7, §) is holomorphic in 9, ., and

R(\2p, Ao’ ; 7, &) = N" R(p, o’ ; 7, &) in D, ., A >0).
Remarking (A.2), we have from Lemma 1

|R(p, o 7 EN =z e(1p1°+1a’1)"  in Dy,
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0

k
Proof of ii): By the same reason as i), <8 ) Ri(p, o/, x,;
x

n

7, &) is holomorphic in D, ., and

<<—q_a.—)kRj>(>\‘2bp» 7\»0’/; Xns T El) = AR Ri(p) 0/7 >\‘xn; T, S,)
ox,
in 3,., A >0).

By virtue of ii) of Lemma 2,

4

k .__x
() Rih o' 5 0 )| Coe ™™ in D {1217+ 107 =13
xﬂ

Now we put

)-8, Ri(p, o', 2y5 7, &)
R(pr o'l; 7, E/)
By =a(2b—1-r;—¢), 0<eTy)

k
) g; is holomorphic in 9, ,, (0<&,<&,) and

gf(p’ o’ Xns T El) = (p"'lo'll

(1) a|= cttipis 1oy @ wernman i g,
ox,

<where we used Corollary of Lemma 2 for R and Rj;, and)

i) of Lemma 2 for (p+ |o’|%*)"#;
where (p+106’|?%)%i is used only to make all the order of g;
(j=1,---,b) equal to (20—1—¢6).

Let g(p, o) be a holomorphic function for Re p=constant and
c€R*, and |g(p, o)|<const. (|p|+|o|), then we know that
g(p, o) is the Fourier-Laplace image of the function (more pre-
cisely distribution) G(¢, x) defined by

D T PR S —F
Gt 5) = A (o do5is [ 80, D ap(=Pa(h, o).
Now we are in the following situation :
Let
D, = {(p, 5)€C'XC"1; Re p>> —&| Im p)| —8|Re0l2b+%llmolz”}

O0<e<).

We assume that g(p, o) is holomorphic in D,. Then we have
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Lemma 3. Let p be a positive parameter. Assume that
1g(p, 05 )l S C(| pI7+ |a| ) e=I21%170 i D,

Then, for F[g(p, o; p)1=G(E, x; p), we have the following
estimate :

IG(t, X P)' —g_ CI t—w(n-l+2b+1) e—lp(/(t,x)—upfu(t.l’)

where C', ¢, c¢” do not depend on p («,lrc(t, x)=c —:% q, a=%,
q=ﬂ>
26—1/

Proof: Since g(p, o; p) is holomorphic in the domain 9,, and
moreover, because of the presence of the convergence factor
e P121%+17D " we can choose very freely the path of integration.
Let us remark at first that the path of the integration Re p=1 of

1

k(th;P)zé;

S &(p, a5 ple'dp
Rep=1
can be replaced, for instance, by

Loo={Rep = —&iImp—elReol®+ L1 tmol+a},

where ¢ is an arbitrary positive number. Then, it is easy to see
that, k(¢, o; p) is an holomorphic function of o€ C™ .

A) Estimate of k(f, o; p): Let us remark that, on the path
Lo' a’

1g(pr a5 P C'(| 1%+ |o| +a%) e-cPap®+izivam
In fact, on L, ,,
P Rep+e|1mp|+e|Reo;%—%|1mg|2bg2(|p|+|o|2b),
hence
[p1°+ ol < p1%+ |o| +a” < const. (]| p| "+ o)

where const. does not depend on a.
Now
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Btooi 5 = |oh 0, g0 p)erap

= O/, ereme e g | 0% | dp)

Cru

Now take the argument A= |Im p|, then since

G(UImp|®+ ol +a”) < [pl*+ o] +a* < ¢,(| Im p| "+ |o| +a”)  on
L, , (¢,, ¢;,>0 are independent of a),

[k(t, o; p)] < exp {—élRe o|2"t+—l—llmo[zbt—l—at—c”pa"’}

oo

xC e 0| +atYdh.

0

Here the last integral

IS 1) 7 /
I= S e““'(x—w-l-lol +a°’) a’
: t t
=t [T vt 0| 120y
0

- { const. £ ' (1+¢t"| o] +t%a”) (=0,
— Uconst. £ '(t% o | +t*a®) ({<0).

Up to now, @ has not been specified. Now we choose a in the
following way: Let % be a small positive number such that
h—c"h*<0. We fix a

a= h(ﬁ)q for £ >1,
: £

for %<1.

at—c’pa® ( _ —a(‘&)q for % =1 (—¢, = h—c"h%),

<1 for %<1.

In total we have the following estimate
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\k(, 0 p)| = C,t-“" exp {—8|Re o["‘”t+%llm o|2bt}

<o el

B) Now we look at the integral

G, x; p) = (2%)‘ S,en_lk(t, o; p)e*i"ido,do,, .
a; (xJ.gO)’
We take the path Im ~={
YTl (150
Then
. —ap-1 (P "}
G, x: )= Cit ™ exp | —c(£)

n—1

X I1 gexp {—elReojI“’tJr%l Imoj;|?t— |x,~|a§}do,~.
i=1

1

The last integral I,~=Sexp{—GlReojlz”t—k—gajz”t—lelaj}do,-.

ay is chosen as follows

laszp |1/ -1) 25 ;
a,=h * = 1‘—35-’ <h——h= —cz<0).
t &
Then
t x;|?
—a_’,”—lxﬂaﬁ = —C t—wj
Then
Xj

I, < C,t=" exp {—02

)
el
II. Potential Theoretical Considerations

1. Functional Spaces

Let us introduce the notations of some functional spaces for
convinience.
1) C¥(D)>f: f(t x) is defined for (¢, x)€(0, T)x D*, and con-

*) In general D is an open set in R". Sometimes we use the notation f ¢ Cfloc)(D),
which means that fe¢ CB(K) (K is any compact set in D).
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tinuously differentiable and estimated in the following way.

(we denote fkok= (_aa_t>k°<%>k f (C is independent of (¢, x)).

i) |fREx)=C (20k,+ k| < B),
ii) [ fRF(E x)— R )| S Cla—x,[P~®  (20k,+ k| = [B]),
i) 7R, )y, X)| S ClE—t] Bk 40
(B—2b < 2bk,+ k| < B).

2) CE(D)>f: (B=0, —oo<lm<+ =)
1) SRR x)| = Cemomiske kD (2bk,+ k| < B),
i) [fRE(E, x)— R x,)| < Ct " P x—x, [P ®(2bk,+ | k| =[B]),
i) AR 2)— fRok(fy, x)| S CE OB { | A k14D

for |#—1,| <% (B—2b< 2b,+ | k| < B).

3) CA(D,D")>f: f(t x; &) is defined for 0< v<t< T, x€D,
teD'.
i) [fREE as T E)| S C(t—a) "kt kD m b0 (D 4- [k < 8)
i) | frE(E, x; mE)— frE(L, %, T E)| < Cla—x,| P B (t—7) 2R
Xe v TFE for [x—ux,|?<t—7 (2bk,+ k| =[B]),
i) | fRE(E, ;T E)— fRE(t,, x; T, E)| < C|E—t,| B2k KD

X (8—T) %R gt a0 for |t —t,| <L;_T
(B—2b < 2bk,+ [k = B).

Remark. 1f B< B and m=w’, the inclusion mappings C£(D)—
CE/(D) and C:(D, D")—CP.(D, D’) are continuous.

Next we define the following functional spaces of Fourier-
Laplace image.

4) A,(ZDo)af: (D, is defined in Lemma 1) g(p, o, p) is defined for
(p, 0)€D,, p€(0, =), and (—;?Yg'(p, o, p) (=0, 1, 2,--+) are holo-

morphic and have the estimates:
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k
|<%) 8(0, 0, )| S Cull pI*+ 1)1k e v ™o in 9,
(k=0,1,-).

Remark. 1f g€ A/(D, ) then (i> (i) 2€ Arvam i (Do o).
’ ap do o !

5) z‘i?(fDo;D)Bg: g(pyo,p; 7, & is defined for (p,o)€D,,

p€(0, o), m€(0, T), €€ D, and (%) (%)vg € A;(D)(2bv,+ | v| <B),

and the norm of (%)k g(p, o,p; 7 &) in CB(D) is estimated in I,
p
by Ca(lp|"+a]) ¢+ eareion,
<A,(fD0) (resp. A%(D,; D)) is defined as the restriction on>
p=0 of A;(D,) (resp. Ai(D,; D)).
2. Some Lemmas
Lemma 4. Assume G(t, x'; v, &)€Co_y 01 (R", R™) (I>>0).
i) Let f(t, 2)€CL(R") (m<2b), then
StdrrSR”_lG(t, ¥ T &) f(r E)dE € { Co_(R™) (o< D),
0
Ci_,(R*™) (o >1=Finteger).
i) Let f(t, 2 ; =, &)eCLR"; R (m<n—1+2b), then
Jds] .Gt 255 5) {é:;_,m"-*, R™) (o< D),
Xf(s, ¥ E)dy € LCL_,(R*, R™™) (o > == integer).

Proof. When o</, i) is almost evident from the definition
of CZ_1+2b_,. When o >/==integer, we show here the Holder-
continuity in x’ of

S dr gc(t, x; &) f(r, E)dE
for 0</<1.

S:dq- S (G, x'; v, E)—G(t, x}; =, &)1 (r, &)dE

= Si-/” S (G, x'; = E)—G(t, x5; =, E)]f(x, &)dE
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+S:/_:a"7' S [G(l, x T, f’)—G(i, xh T E’)]f('T, f’)df/
+S:/2d7' S[G(t, x'; T, El)—G(t, X6 T, E/)]f('T, &/)d&/

— L+L+L (A= |x’—x3|2b<%> .

Illl = CSt (t—‘T)_w(zb'“d'rt‘“’”g C/Ar - )
t—4

|| < cA®a+® S'/‘A(t—v)-wwwﬂdﬂ-wm < CAtm (0< <),
t/2

t
L= Camtn [ romdn < Cameom,

0

ii) is shown in the following way*’ (Holder continuity is shown
in the same way as 1i)).
Remarking that

Y(E—s 2=y )+y(s—7 y =) =Yt —7 ¥ - ),
we have
StdS S(t_s)_u(n_wzb_[) e_\p((t-s,x’—y’)(s_q_)-am e_\;,((s--r.y’—gf)dy/

t
= e‘wct—r-x’-t’DS dsg(t—s)“”‘"““”‘”e-wu<t—5-x’—y’>

< (S_T)_mm e—q,c,(s_r,y’_g/)dy/
t

< Cetert=m -t { S (6 —s) @ (s —7)"""ds

t+7)2

(@+7)/2 )
S (t_.s)‘m(n-l-er—l)(s_q.)—ti(m-n-i-l)ds}

_|_

T

< e—qr,/u—-r.x’—e’)(t_,7.)~fv<m—1) .
Lemma 5. Assume G, /', x,)€ F[A]=1{F[f]; f€ A}.

i) Let f(t, )€ CE(R" ") (B+1>0==integer, m<_2b), then
G(t, &', x,) 5, f(8, x') € CRYL(RY).

ii) Let f(t, x'; m E)ECE(R™, R™) (B+I>0==integer, m<n
—1+2b), then
G(t, &', x,) 50 f(t, &5 7, E)€ CEL (R, R™).

*) This method of the kernel composition of the type C‘f’, is due to Eidelman ([1]).
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Corollary. Assume that G(t, x'Ye F[A,] and FG is rational.

i) Let f(t, x')€ CP(R"") (B+{>0==integer, 1>0), then
G, ')k f(8, 2)€ CPHH(R™Y).

i) Let f(x')€ CP(R™), then
G, 2 ) f(x")€ CPH®(R™).

Remark. Assume G(t, x/, x,,; T, E')€ F’[fi‘?] and put
G-rXt 2 = [(dr (GU—r v —8, 2,3 m 8)7(r, ¥)a .
[
Then we have the same results for G-f as for Gxf in Lemma 5.

Proof of i) of Lemma 5; Let us remark that
G(t—"'» x—f')e CA:—sz—I(R:’ Rn-l)
and that if we put
rcbok _ __a_ k°<i>k _ g (T—=t)0 (& =2x') 1z
et ) = [ {(2) () Gt —m x-8) e

then

€35 (2, %,)€ ¢ Cbvo+1vD+cebkyr 1k (F3) .
In fact, we have only to remark that
ety ) = L (€ g5, 0, x,)dp
271 P

where

gin(p oy x,) = [ ;t>k<ax> G, %, x)( t)”o ( vic’)”]

N
which belongs to Ai.pvysivi-cosrg+ik1>-

(& e o= (& fouvrerrne
=zbv0+|w§m(,+m-l’c€g€<é’ x") <_067)vo<6x )
PSR e
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(Y g

20vo+ VI 2bkg+ kI -1 ”o! v! ot
/2 3 %o a k / % /
el (Y o s
=L+L+]1,.

We have easily
Ie CREZEeti, I,€ Chticoprys k1> »
then we need only consider I,.

When 2bk,+ | k| —/=0, we have for %<T<t (0<E<1),

ST » I 21 .21 (R o (L W PP

20vo+ VI SToko+tl=1 ] v! at ox’

g C{ |t_,l.I°5+ Ix/_fll }¢(2bk0+|k|—l+€)t-“(m+2bko+lk|-I+E) ,

and then we have
llzl g Cs: d‘rS(t___,T)—w(n—1+2b—?)e-np(t—'r,x-e/)d&/t-w(m+2bko+lkl-1+E)
g Clt-ugn+2bko+lkl-1) ‘
(when 2bk,+ | k| —/< 0, we have the same result).

Next we consider the Holder-continuity in x for 2bk,+ | k|

=[B+/]
Case 1: [2bk,+|k| —1]=[B]. Let A=|x_xo|2b<_é_.
L(t, x)— I, x,)
= _arfeuri—m s—p)|fre)- 3y CoDRE=LY

v+ =8 p,! vl
o) () e o
— St d'TSGkOk(t—'r, xo—fl){f('l', E)— ; ('7'_?\/0 (f'—'xé)v
t-4 2ve+PIZ(BY  pye V.

(G s o)

- (A, x)—elgh (£ 5 f

{m
2bvy+ Vi< (B)
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LR R s LA R gy
% {< ot ) (3x’> St ) |»|§tsnzzwo-m ! ot ) <6x5 (8, )
+ S:/‘Ad-rg {ckok(t—f, X—E) =GRk (t—, x—E)}

ey, 3 R EEI N (), xfap

=L+L+]+], (Where Gk = (%)k‘) (_;;yG> )

< CS’ d,TS(t_q.)-w(n-1+2b+2bko+lkl'I—ﬂ)e—\p(t—r,x-e’)dslt-w(mﬁa)
o t-4

< C/APBHI= ko= IRD = a0m+ 6 (/. is similar to J,).
[T S C 31 {A-o@kotibl-1=2g- 1Y g p-aGbkyt kI ~1-2bY,= VD) ABG-25%~ V1)

2bvy+ VI < (B)
X t—w(m+5)

()]
g C’ {A—w(2bko+lkl -1)+t—w(2bk0+ikl—l) (L)m p } t—w(m+B)Aa$B
A
< C//Aw(ﬁﬂ-zbko—lkl)t—w<m+ﬁ)
']4' g CAafSt d'rS(t T)—w(” 1+26+1+2b kgt | kI =1~ B)e (A€ FEN s’)dg/t a(m+B)
< C! AZBHI-2bky= kD p-a(m+B) .

Case 2: [2bk,+ |k|—1]1+1=[8]

L, x)—L(t, x,)
=S:/szSGk°k(t—"»x—f’){f('r, gy— 51 E=t)ye@—ay

WY+ NI=@1-1 ) v!
J \ a\" ’
“(30) () 7 )
ey
2bvo§=(ﬂ) V! p! ot ) ox4

| arforrit—r, x| s ) 3 =OE-xy

v+ T (8) ! vl

“(57)" () e w0

+mo+§=m{/€§85( ) 535(2 Fon >}< ot )” (Ei_(,)”f(t’ %o)

) £, x)) ae
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- S:—AdTSGkOk(t_T’ x—‘f/){f("l‘, é/)_2171' +|vl£(B)A1(T:!t) O(E :‘x )

x(i)v <ax > st %)
(0@ (DY (DY, ) e
>

ot
—Si—ddTSGkOk(t_T’ x"_f,){f("" §)— TN P )(T:!t)vo = :!x,)v

“(57) () e =)

o, x) -t (£ 2 H{(5) (2

o2y () (D) r, ap)

< BI=2vo- vl e 06
| ar((Grrt -, -8 Grrt =7, 2~ E)
(r—1)% (f’—x')”< 9 ) (

X {f<r, gy— 3
2bvo+ Vi< (B) xJo! v

el )25 0

2y =) !

"

26vo+ Vi< (B) - 1{

} dE

2bv0+|v1 [B]{

Remark

€Y (L s

vz BI-1 oy
SIS ) (ax) £t )

2bvy + VI=(B) yO!

| 7ir. &)

= |f(‘T’ gl)_zbvoﬂvlé(ﬂ](‘r ,,O!t)v (E,:lx/)v< ) ( ")
L3 TG G e

—( aat > (ax0> s, x")H

< ([t |5 =} (| =}

then we can estimate in the same way as Case 1.

Holder-continuity in ¢ is likewise.
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Proof of ii) of Lemma 5;

- (1T ) OV it s m e
2”“0+I\t|§)lgo+lkl—l’6v3v< 2 » Xu ( at) ax,> f(t’ x5 T E)
+§t dssGk"k(’_s» x*y’){f(s, ¥ E)
Ct+71)/2

Lm0V (3 Y eyl ay

2bvg+ VIS oo [kI=1 ! ! ot ox’

+7)/2
+S(t ) dsSG""k(f—S»x—y’)f(s, ¥ E)dy .

When 2bk,+ | k| —I=0, we have for *XT<" st  (0<6<1)

2
A\ YEERPWANY
If(s, o &)— > s f)o(y 'x)
26V + VI < 2bkg+ (k] =1 Yo+ V.
0 “o( 0 )" ,. /
_ - ta ’ y
(at) o) T )

g C( ’ t—Sl @ Ix/__yll )2bk0+lk|—1+e(t_q_)—m(m+2bko+|k|—I+E)
X {e7 v Y 60 gt -EhY

Remarking
YA —52"=y)+P(s—, y =&) =Yt —ra'=F),
we can treat this in the same way as i).
Proof of Corollary: Put FG=g(€ A,), and put

GO(t, &) = FLg(p, o) e #77'] (& FLA/])
then we have

(GerXt, #) = lim " dr | 6P(t —r, ' —£)f(r, € .
Put

o (t) = ' Gomn(t —r, 3 - TV E =2 g
0 Yo !
1

T 27i

[£-as3(0, 0)ap,
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K0 (8) = llm ot (),
then

what(t) = O for 2bk,+ |k| —I—(2bv,+|v])==0, —2b, —4b, —6b,--
Kot () = gih(0,0)  for 2bk,+ |k| —I—(2bv,+|v]) =0,

therefore

<—a—>k°<aix,>k(6<i‘if>f)(t, ¥)y= 3 ght0,0)

ot 26V + [VI=2bkg+ k| -1

X<§t>v<ax)f(t )

t{ar(Gutt—r, w-e) prer-  m €D E—xy

2bVo+[V|$2ka 1k Yo+
at

We can easily show G %,f€ CP* by this representation.
Similarly, put

) e, ) e

K’(,P)kok(t) — SG(P)kOk(t’ x’—&')(fl :‘x')‘f dg

:i_ th 5 (PIkgk 0)d
S e g (p, 0)dp,

Rt (£) = lim kP4 (8),
p>0
then
kit () =0 for 2bk,+ |k| —I—|v| &= —2b, —4b, —6b,---

and then

() e

) (@nrxt 3 = (Gt —r, 2~

{rer-, = EEE (Y ranag

IVI<2bkg+ 1kl = L+2b

3. Fractional power

Let us consider the parabolic operator £ defined on (0, T)x S
(S is represented as x,=F,(x') (k=1, ---,n) on V/(F,€C*, s>2b,
s==integer))



Boundary value problem for parabolic equations 229

$=i {— 1 "_‘___ ¥’ I x _a_ ’
ot Vg (&) ;.,Z=: ax,.<vg’(x 81 )ax)}

(=2- 5 gl (2))

ot i ox’

where

gl (%) = é oF oF, G,j=1,2 -, n-1),

gr=det.(gly), (g’)=(gl;)”", where gl,(¥)dx;dx; is the Rie-
mannian metric on S induced from the Eucledian metric in R”".

Then we can find the fundamental solution P of £ as follows.
Put

Pi(t, ¥ B) = F[p_wgb gli(é')(io/)v]'

. I v __El . E ——_1=———
Pyt % §) = S B,(x)Pi(t. ¥ —F 'é)ﬂ’(g)Vg,(E’)’

(where 318,(x)=1 on S and the support of 3, is contained in V)
I

and
P(t, % ) = Po(t, x, £+ dr[ P(t=r, 5 3)Qn 3 £)dS,
(dS,=\/g (3785 dFn-),
where @ is the solution of the equation
At %, 8 = @t x O+ dr| Qt—r 5 9w 3 S,
(Qut, x, &) = —%, P2, %, §)).
Then we have
i) P(t—r, x E)ECi,(S,S),
t [ Ptz ea@dsiecs)  @@ec.
Proof of i): Put
Qst, 8 = [[ar[@(t=r 2. )@ (r 3. 085, (=23
(Q.€ CizBan) |
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then
Q(tr X, 5) = Ql(t’ k’ E)“‘Q:(tv X, ‘f)+ o +Qi(t9 X, f)"‘S:d'TS Qj(t_'r) X, y)

X Q(r, y, §)dS, .
Since

S)-1 =
Qut, %, ) = 3131 S BLOHALE ¥ —F s F)8(E)+ HE, x, )
(Bl e C=®, Hive F[A; 7], HECiiBuony)

we have from ii) of Lemma 5
[[ar{@t—r 5 »rer 5 8145, € Cifran s for feCifinn,
0

therefore
Q;€Cy%_, and then Q€ C=¥,, ;.

Using ii) of Lemma 5 again
Std-rSPo(t—q-, % 9)Q(r, y, £)dS, € s .
Proof of it): From Cor. of Lemma 5,

SPo(t, x, E)a(8)dS; € C*~'and SQ,(t, x, E)a(£)dS € (Co1m® (s >2b —_E;Z),
[Csr2_, (s<C2b+1).
From Cor. of Lemma 5,

['dTSQ,(t—T, x, £)f(r, £)dS;€ C**  for feC* 1 or Ci2_,

(s<2b+1),
therefore

[0, 5 pa@asiec  (j=2,3-),
therefore

[, x pa®rdsie ¢ or Ci, (s<2b+1).
Using Cor. of Lemma 5 again,
S'dT [Pyt =, y)dsySQ(rf, y, EY(E)dS € C*.  (qe.d)

Now we denote for any complex number o,
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K, (t %, 3) = F—(——)P(t % &) t>0)),

which has the following properties.

i) (i)k(’( 6> K,(t—, x, &) is an entire function of & (#>>7) and

ot ox
3 \ % —1—(2bkg+ kD .
o ax K (t—m, x, )€ C(n—1+2b) 2b6+ (20 kg 1ED (o: real).

ii) Let x€ V"< V/c V(a(é)=1 on V’ and the support of «(§) is
contained in V). Put for Reo large,

st = [ (2 () et 0 0

V!
then «}:,(¢, x) is a holomorphic function of ¢ for
Re o > a{—(s—1)+(2bk,+ |k|)} , and
o9 (£, %) € Clay bbby (V')
for o >a{—(s—1)+(2bk,+ | k|)} (2bk,+ | k|,2bv,+ |v|<s—1).
Proof of ii):

ko z,,.cr-u0+vo—1< P )ko koo
vo | =——|=— (T, x)d
a-vov(t ) = z——-zo Ckop'o 0 go[‘(d—/"'o) or o{r, w)dr

where

men) = | (2) P, 5, 0L a@as,

which belongs to C*'"'"¥' nCij/H,, (from the property of P)

By Mo+ (o))

}7 gt Vgte [ 0 >ko—uo+u \ ]
- Chps — Ri(r, x

""02“0 :‘20 Fato 0#1‘(‘7_/"0)(0‘—/‘0+ vot+ 1) (a'T %) =0
ko K i A i)ko""o .

+ ;:u:o Ckouovoso 1———'—,(0_#,0) {<3'T hy (T, x)

Mo+ (0] _

s Iﬁ[(i)"° O x)] }d'r (0=<o,<a(s—1—20k,— |k|)).

=0 L \ogr =0

This representation shows that «%, is a holomorphic function of
o for Reoc >a{—(s—1)+2bk,+ |Ek|}.
Now let us define the fractional power K, by
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(K, F)(t, %) = S:dTSK,,(t—T, %, E)f(r, £dSe  for Reo>>0

and its analytic continuation for Reoc<_0. Then we have

Lemma 6. (o: real)

iy Let f(¢, x)€ C5(S) (0<B+2b0<_s—1, B+2bo+=integer,
0<B<s—1, m<2b), then

(K. )t x)€ CLETAS) .

ity Let f(t, x; 7 E)€ CA(S, S) (0<B+2bs<s—1, B+2bo==integer,
0=8<s—1, m<n—1-+2b), then

(K, F)(t, x:m E)e CB22o(S, S).

Proof of i): Remarking the above consideration of K,(¢, x, &),
we have for 2bk,-- | k|< B+2bs

<%>k0 <aa_x>k(K«f )(t, x)

= kot (1 ><_3_>“o<_a_>"
2”V0+IVI§§O+M|-2»0—K°’%"V<2 X ot EY: St x)

+ St dTS <g>ko(—a—>kK,(t -7, %, &) {f(r, &—a(f) 2] ()

t/2 ot ox Vo + VI L Zkg+ Il =260y ]

(52 s

[l ar( (5 (3) e x 070 s

We can treat this in the same way as Lemma 5.
Remark 1. KK, f=K,.,f, K.f=f.
Remark 2. K,f can be represented for ¢ _>—a by
(K. fXE 2) = D8 KL () St 0]+ | dr | K=, 5,6 7(r, £)dS;
where
KB/ 2] = | dr [T Pl —r, 78 B)80) F(r, E)aE
(for Reo >0)
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and its analytic continuation for Re <0, and

Kyt x, &) =

o )S d’TSP(t T, X, J’)Q(‘T: 2 )dS ecn 1+2b-2bo—1 *

III. Solutions of the Boundary Value Problem
1. In a Half Space

Put
Rj(p’ G,y Xns Ty él)
R(p, o' 7 &)

g1, o', x5 7 &) = (b+o’|*)P
which belongs to ;12;—1-3, and put
G;(t, 257 &) =FLgy(p, o' %3 &)].
Then G; has the following estimates.

i) Gt—m x—&;r E)eCh (RD, R™).
ii) Lt,xGi(t'—'rv x"‘f’ 3Ty El)e é;yn+2b—‘v+e(R:1 R”—l) .

Now let us extend L, , to x,< 0, then we have the fundamental
solution Z(¢, x; r, £)* in the whole space, which belongs to (okand
(R", R™) (0<v¥'<%). And moreover we can extend L,.G; ({—,
x—&;7 &) to x,<0, such that it belongs to Clropyse(R™ R*™).
Then we obtain

S:dSSR,,Z(t, 258 YL ,Gy(s—m, y—&;m, E)dye C24, (R" R™™)
and
L,.,,S:dsSR”Z(t, x;8 9L, ,G(s—7, y—&; 7, &)dy
=L,,G(t—r, x—&;7 &) for x€e R® &€ R**,
Here we denote for x€ R}, &€ R
E;t,x;7&8)=G;(t—m, x—& ;7 &)
_ S:dsSR”Z(t, 258 )Ly G (s—7, y—& ;7 E)dy.

*) The existence and properties of Z are due to Eidelman ([1]).
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Then E; has the following properties.

i)  Ejt, x;m E)ECTY(R" R™Y)  (0<y'< 7).
iy L,,E;t, x;7,8)=0 for x€R! Ee€R".

iii) B,.(L 9. x’)Ej(t, X 5’)=Bo;<l, 9., 5')Gj(t—rr, x—&;7, &)
i 0x i o0x
+Eij(t) x;'T’ E/)
where
. . 1 0. ,> (1 J . />]
¢ f\b> y 4y = i—_)t’ _—Boi Y <
Eis(t, x5, &) [B<z'ax * zaxTE

XGi(t—7, x—& ;7 &)
—B,-(l,ai; t, x’> StdsyZ(t, %38 ¥)L, ,Gi(s—r, y—§&; 7, &)dy
i 0x -
and
E, (¢t x;m &)eCR3al (R, R™Y).
Now let us consider the potential functions, making use of the

kernels {E;(¢, x; =, &)}, that is, put

wit, ) = ((ar| | Bt x:m €)pyte, 8108

then #; has the following properties.
Assume @;(¢, )€ C3,_,_(R""), then

i) u(t, x)€ CR T (RNCEIN(RY),
if) L, u;(t, x)=0 for x€ R},

t
i) (Bt ¥) = 8(Kopyo )t )+ [[ar| | Bt wim )

X¢.7'(‘T: g)dgl
where Kﬁjzp[(p+ |o"|2b)'5j]‘

Proof :
D w1 = s:d'rSG,-(t—T, X—E 7 E)py(m, &)dE
—{ar| { ['as{zt, %55, 9L, G5 —m y—'3m f')dy} P,(r, E)dE .

The first term is shown by Lemma 5, and the second by Lemma 4.
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ii) This is evident.

i) (Bue)(t, 1) = | dr |(BuGy)t—m, x—&; m, E)py(r, §)dE

+SthjE;j(t, X5 T, E/)¢j('r) 5’)d§/
= I]+Iz .
Put

B _ o2 _aRi(p, o', %s; T, &) Bj _
G = Fl(p+10'1) bty el ] hen 63=0)

where 8 is a complex parameter.
Then

FLBuGI] ——> 0 FLKp], FLBuGi] =0 FLK,]€ ALy ropersors

therefore

B,;Gf P 8;;Kp, B,iG5—08;;Ks€ Cr_iip-cop RoBarjmri> -
n

If ReB>a(r;—r;),

1= dr [ (BuGH)(t —r, 28 7, €)p(r, €)dE —= 8., (Ko )1, ).

Since

If is holomorphic for ReB>a(r;—r;—v)
({If(x,)} is unformly bounded in a compact set in this domain),
Kgp; is holomorphic for ReB > —avy,

we have

BB —=0,Kpp;  for ReB>a2b—1-7,—7).
Therefore
I, 0 81 Ke; P -

X,—

On the other hand, we have from the estimate of E;;,
t
IZ --—O> S d‘TSE,‘j(t, x5, fl)q)i('ry E,)dg, .
0

Xp—>
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Now we put
u(t, x) = 2 u;(t, x)
j=1
and denote

(Biu)(t, x') = fi(t, x')
then we have

£t x) = Kapdt )+ 2 [Lde| Bt v )0, €10
(=12, -+,0).

If we operate K ,, to both sides, then we have

(K-af)ts 3) = it )+ 3 (' dr (K g, Eu)(t, 7. 8)
X pAr, E)dE (t=1,-0)

where K_BiEijGéZif+2b_y(R”“, R"™"). This is the Volterra integral
equation of the second type.
Now we have the solution

Pilt, ) = (Ko puft, 1)+ 33 [ ar (@t x5 7, 8)
X(K_p; f1)(r, E)dE,
where ®=(®,;) is the solution of the equation:
D, &', E) =DV, x5 T, &)+ S:dsgtiw(”(t, x5S, y)R(s, ¥ T, E)dy
(where ®WV=(—K g E;;))

and
de C‘Z_HZ,,_V(R”‘I, R*™) (by virtue of Lemma 4).

Let us remark that if f;€ CY;7'""57*", that is, K_;;f;€C},-, .,
then @;€CY,_,_, (by virtue of Lemma 4),
which was assumed in the consideration of the potential ;.
Finally we denote
b t
&t x5 m €)= Byt xim )+ 3 [ ds| But, 255, )
k=1 T .
X Dyi(s, ¥ 5 7 E)dy’
(which belongs to C2i3' """ Y(R?, R* )N CEY.,(RD, R*Y).
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Here we have

Proposition. Assume (A.1), (A.2), (A.3) and

Fi(t, x’)e C 7Y (R™Y).
Then

u(t, x) = zjm%uxnmmwm@mw

belongs to C¥ ' *(RMNCELL(RT), and satisfies
(Lu)(t, ) = 0,
(Bu)(t, x) = fi(t, x')  (j=1,2,-,0),
w0, x) =0 (Ju(t, x)) < Ce ¥ 0),
2., In a General Domain
Define for x€ U, and §€ V;
g1(0. o' i m ) = (9= 2, @' ®)io")] L Tt D),
Gi(t, ;= &)= Flgi(p, o' 2,; 7, E)],
and for x€ Q and £€ S
Gyt x5 7 §) = Bay(n)Git—m 2=F; m ¥y (6) o —

\/gl(‘?)

where ga,(xY:l on S and the support of «,(x) is contained in
U;. Then we have

Gyt x;m £)ECRT(Q, 9),

L,.Gi(t, 57 §)€ Clisy 5.(Q, 5),
and then denote (extending LG;€ Cl,,p yse(R" S)) for x€ Q, £€S,

Ei(t,x;7 &) =G;(t, x; 7 g)_gtds SRnZ(t, x589 L, ,Gi(s, y; 7, &)dy,

which has the following properties :

i) amxmfﬁémﬂas) 0y <),
i) L, Et x;7 &=

i) Buoo Byt xim §) = Za,u)B (2 ZimE)oKt—n2—Fin )

z(f)

(E) it x5 7€),
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where
if(t X5 T, E)
— 19 . 3 e F—&

Z[B’(—a— L)y () —a Bl (5 L ¥) |Gyt —n 2 F;

' (Lo, f : )
SEALIOTRs (E) B2 s02) ['ds[ 2t w15 L, Gits 3im By
and

Ei(t, x; 7 E)e C27131%'(S, S).
Put

ut, 1) = | ar [ Bt 317, By, £)aS,

where we assume ;€ C},_,_.(S), then we have

) ui(t, £)€ CP( Q)N Cilion, (Q),
i) (Lu)¢, x)=0 for x€Q,
iii) For x, £€ S,

(Biuj)(t, x) = 6;;(Kp;2;)(t, %)
+S:dTSS (=8, Ky (t—m x, )+ Ej(t, x5 7 E)}p,(r, £)dS;
where
{8, K}(t—, x, §)+Ey(t, x; 7, E} € CBIIT(S, S).

Let us prove iii).

(Bou)(t,x) = leac,(x)s a"rSB (lai_ ; ,E’)G’(t rE—F i F)
X &, (E)p;(r, §)dE
+ S:d'rSE;,-(t, 21 E)py(r E)dS;
— I+1,.
By the same reason as for the half space,
I,(on S) = 3i];al(x)Kéj[al(x)¢j(t, x)]
= 8Ky i)t x) =8, dr | Kt =, x, B0, ©)ds,

(by virtue of Remark 2 of Lemma 6).
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Now we put

u(t, x) = 2 u;(t, x)
and

(Baa)(t, )| = filt, %)
then we have for z, £€ S

(K sf)(t, 2) = pult, )= 32 [ dr | @t 557 2,(n B1s;
(i =12, -0b)
where

DY (t, 231 E) = K_g;[0:;K3;(t—, x, E)—Eis(t, x5 7, &)]

which belongs to €%, _4(S, S).

We can solve the above integral equation in the following way.

Pilt, 2) = (K_pfo)(t, 00+ 31 | dr | @ust, x3 0 )3, £)(r, E)Ss
where ®=(®;;) is the solution of
Ot 337 &) = 0, 137 6+ ds| @Vt x5 5 95, yi 7 £S,.
Put, for x€ Q and §€ S,
&t w57, ) = Exlt, 237, )+ 2 [ ds | Bult v15, 9)@usts, yi 7, 915,
where
&(t, x5 m £)€ CEI(Q, S)NCE0n (D, S).
Here we have

Theorem 1. Assume (A.1), (A.2), (A.3) and

fi(t, x)e C?174(S).
Then

u(t, x) = 31 ' | et x5 7 OU 0, f)(r, £)S:

j=1

belongs to the class C2-"*Y(Q)NCRiY(Q), and satisfies
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- (Lu)(t, x) =0,
(Biu)(t> x)‘slv = f](t’ x) (.7 = 11 A b)’

u0,2)=0 (lu(t, x)| < Ce ¥4, where I, = dis.(x, S)).

3. Green’s function
We define Green’s function by

Gt,x;7,8 =20t x;7,8)—Z.(t, x; T &)
where

Z(txim ) =3 S:a’sgséj(t, %38, (K5, B;Z)(s, 93 £)dS, .

j=1
Then we have the following estimates.

Theorem 2.
l(i)hzc(t) x; T, &) I g C(t_T)—w(”+lk|)e_"‘(t—7’x"f)“l‘(t—?,]5)
\ox =
for |k|<2b—1.

Proof: We know that K 4,B;Z¢€ (:‘*:‘Ln_, and §&;€ éf.i‘,l"”.

NZt x5 B = Cstdsg(t—S)'“‘”“’e‘%““’“‘”

X (s_,r)—a:(n-1+2b-e)e—\pc(s—7.y-g)ds
y
< Ce-‘bc'(’_"’é')stds S (t—s)‘“’("”)e_‘l’c“'s' x-9

X (s—rr)"”‘”““”““’e"Pu‘”"‘f’dsy
S ot I (f— ) g ot

Derivatives of Z, are estimated analogously. Especially for |%| =
2b—1, recalling the construction of &;, we have only to use the
Holder-continuity of K_g;B;Z for the principal part of é&;.

Let us remark the following properties of G:

A) G{t, x; 7, E)e CR (0, T)XQ, (0, T)XQ)NC2E((O, T)

n (loc)
X0, (0, T)xQ),
where the latter means that G(¢, x ; =, £) belongs to the class C2+?
when (¢, x; 7, )€ (0, T)x Kx(0, T)xQ (K is an arbitrary compact
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set in Q), hence, we have

(Z)'6tt 257 )< Clt—myemmsgsac (p<2-1),

0 \F . / ((t‘T)“ ”g_’} ) BR+2B) -t —T I
|<ax> G(t,x,-r,’g‘)lgclh— e ) (t—r) ¢
(1k] = 2b).
Moreover we have

i) L,,G{, x;7, =0 for t>r, x€Q, £€Q,
i) BG(, x; T &) Ies =0 for t>r, £€ 0,
iii) for f(x)eC(Q),

lim [G(t, x; m, /@) = (), 1im [Gt, %3 7 O (x)dx = ),

where these convergences are bounded convergences, and are uni-
form on every compact set in Q.

B) Let f(x)e C°(Q), and put
u(t, x) = | G, x50, )7 (&)dk

Then u(t, x)€ C21-((0, T)x Q)N C2:%((0, TYX Q), where C2:Y
((0, T)x Q) means the following: For any compact K of Q, u(, x),
(¢, )€ (0, T)X K, belongs to the class C*Y.

And u(t, x) is a solution of the problem :

{Lu = 0, B,—uL =0(=1,-,0b), u=|o = f}.
C) Let f(¢, x)€ C°((0, T)X Q)N Coe, (0, T)x Q), and put

Wt x) = g:dfguca, x; 7, E)f(r, E)dE

then
u(t, )€ C¥5~**7((0, T) X Q)N C¥%3 %00 (0, T)X Q)

and u(t, x) is a solution of the problem :

{Lu = f, Bjusl =0(=1,--,0), ul=lo = 0}.
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4. Uniqueness

Here we assume the following regularity :

coefficients of A belong to the class C**7,
(A.4) coefficients of B; belong to the class C*~'*Y,
S belongs to the class C**'*Y (S: compact).

Then we have an adjoint system {A* B} (j=1,-,b)} of {4, B;

(j=1, -, b)}, and it satisfies (A.1), (A.2), (A.3). Then {L* Bj}

has Green’s function G’, where L*= —gt——A*. Then we have
Glit,x;m 8 =G(r,&;t %),

in fact, we have the following form from the definition of the
adjoint system.

_ TENJE ~ if u, v are chosen in order that
S D(Auv—uA*v)d’g‘ N SBDB[u, 7]dSe (both integrals have meaning>

where B[u, 7] is a bilinear form of #,, and

Bl u, z')]sl =0 if Bu| =0 and B§v|g=0 (j=1,--,0).
S h
Then we have

[“ar SD(Lua—uL_*Z)df= —S:‘dfng[u, z‘)]dS,;+SDuz7 | d&—SDuTJ ‘ dt.

=t T=t,

Let u=G(r, &;s,y), v=G'(v, £; ¢, x) and ¢ >t >t, >s, D=Q, then

gpcm, £;s, Gt Ei F, 1)dE = SDG(to, £:s, 9)G . Eif, x)dE
+S:‘dTSaD3[G(T, £:s y), C(r E; T, 2)]dS: -

Let D1 Q, then the last mtegral becomes 0. Next, let #, 1¢ and
t,| s, then we have G(t, x; s, y)=G'(s, y; ¢, x).

By using this, we have the following representation for an
arbitrary function u(¢, x) belonging to C*((¢,, ¢t,)XD):
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u(t’ x) = S u(to’ E)G(t’ x5 to, &)d{:
D

+ SZ d'rSaDB[u('r, £), G(t, x; 7, £)]dS;

+ S dr SDLu('r, EG(t, x ; T, §)dE.

Theorem 3. Let (A.1), (A.2), (A.4) be assumed. Moreover we

assume that u is a solution of {Lu=0, Bu|=0 (ij=1, -, b),u |o=0
S t=

(bounded convergence)} in (0, T)X Q, where u is bounded in (0, T)
X Q and belongs to the class C* in (t,, T)XD and to the class
C*in (t,, T)YxQ, >0, D& Q: arbitrary). Then u=0in (0, T) X Q.

Proof: By virtue of the above representation, we have for

(¢, x)e(t,, T)XD,

u(t, x) = SDu(to, £)G(t, x; t,, E)dE+ S{ dTSaDB[u(T, £), G(t, x ; £)]dSe .

Let

Let

[1]
[2]
[31]
[4]
[5]
£6]
71

D1 Q, then
u(t, x) = Snu(t,,, E)GE, x5 b, E)dE.
t,| 0, then we have u(¢, x)=0.
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