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The present paper continues the study made in a recent series
of papers [2] and [3]", concerning with an analytic #-dimensional
manifold admitting a complex 7-dimensional distribution satisfying
a certain condition. For brevity, such a structure of a manifold
will be called a ="-structure. In the first paper [2], the case where
n=2r-+1 was treated and some results were obtained in connection
with an almost contact metric structure due to S. Sasaki. In the
second paper [3] was presented a generalisation of these results to
the case where #=2» and it was found that there is a close relation
between a z"-structure and an f,-structure due to K. Yano.

The purpose of the present paper is to show an existence of a
certain f,-structure and a symmetric real affine connection on a
manifold with a (z"—TI)-structure such that f is covariant constant.
To do this, we shall first make clear a more precise relation between
a n’-structure and an f,-structure, and discuss an integrable n"-struc-
ture. We shall express our main result [in Theorem 9. It is re-
marked here that we assumed, in preceding papers, the manifold
under consideration to be analytic, and, however, we shall treat, in

the following, manifolds of class C=, unless otherwise provided.

1) Numbers in brackets refer to the references at the end of the paper.



68 Yoshihiro Ichijyo

The present author wishes to express his hearty thanks to Prof.
Dr. M. Matsumoto for his kind criticism and encouragement.

§1. Historical remarks

In 1953, E. M. Patterson published a very interesting paper [4].
In his paper, he dealt, for the first time, with a field of complex
planes (hereafter we call it a complex null distribution) and ob-
tained a geometrical characterisation of Kdhler manifolds. That is
to say, he found several properties of complex null distributions and
proved that a differentiable manifold M* of class C* admitting an
r-dimensional complex distribution z” which is null and parallel with
respect to a given positive definite metric g on M?* is a Kihler
manifold whose Kihler metric is g. It is important, in the proof
of this theorem, that the distribution n” and its conjugate complex
distribution 7" have only the zero vector in common. Though the
above property is derived from the fact that g is positive definite,
the existence of a metric g is not necessarily essential. From the
above consideration he finally concluded that, if a differentiable
manifold M* of class C* admits a complex distribution =", such
that n” and 7" at each point have only the zero vector in common,
and a symmetric affine connection I' with respect to which =" is
parallel, then the manifold M* is a complex analytic manifold.

In these theorems, Patterson treated only the case where the
dimension # of the manifold is 2». It is obvious that, if there is
such an 7-dimensional distribution, the number »# has to be equal or
more than 2r. Accordingly it will be interesting to study on a
structure of a manifold such as #>2r.

The present author firstly treated the case n=2r+1 [2] and
obtained the theorem that a manifold M**!' admitting a ifield ="
which satisfies the similar conditions as in Patterson’s first theorem
admits a (o, &, », £)-structure having the covariant constant ¢-tensor.

The notion of (¢, & %, &)-structure in odd dimensional manifolds



Differentiable manifolds admitting complex distributions 69

was introduced by S. Sasaki, which is equivalent to the almost con-
tact metric structure.

Recently, K. Yano [12], [13] introduced the notion of an
structure including an almost complex structure and an almost con-
tact structure, and obtained a number of interesting results. The
present author found, in his paper [3], the close relation between
an f,-structure satisfying a certain condition and the existence of a
complex distribution =" (2r<<n) satisfying the similar conditions as
in Patterson’s second theorem.

On the other hand, A. G. Walker [9] and, at the same time,
T. J. Willmore [10] studied on connections for integrable real dis-
tributions, and they succeeded in proving that for any system of
integrable real distributions there exists an affine connection in the
large with respect to which the distributions are parallel and which
is symmetric. The present paper gives a condition of the existence
of a real symmetric affine connection I' with respect to which the

-

complex distribution =" is parallel, which is an extension of Walker
and Willmore's result in a real distribution and also can be regarded
as an analytic interpretation of the assumption in Patterson’s theorem
[4] and the present author’s [3].

§2. Manifolds with z’-structures

In this paper we treat z-dimensional differentiable manifolds of
class C=. We shall begin with a definition of a =’-structure.

Definition. A manifold with a =’-structure is a manifold
admitting an r-dimensional complex distribution =" satisfying the
relation = N7 ={0} at each point of the manifold where = means
a conjugate complex distribution of =’

As is well known, an f,-structure defined by Yano [12] is an
example of such a structure. That is to say, in a manifold admit-
ting a real non-zero tensor field f of type (1,1) such that

2.1) fi+f=0, rank of (f)=2r,
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7-dimensional eigen vector spaces f and f’, spanned by eigen vectors
corresponding respectively to eigen value —1 —1 and v/ —1, are
defined globally. Since they are mutually disjoint and conjugate
complex, they construct a =n’-structure. We call the distribution f~
the complex f-distribution hereafter.

Now we consider the converse of this fact and prove

Theorem 1. A manifold M" admits a =’-structure if and
only if M™ admits an f,structure.

Proof. If M™ admits an f,-structure, then it admits a zn"-struc-
ture as is shown above.

Conversely, let M* admit a =’-structure, then at each point of
M=, the relation

(2.2) =z ={0}

holds good. Then the direct sum n"@z" constructs a complex 27-
dimensional distribution and has a real basis, that is, #”P%" contains
a real 2r-dimensional distribution L*=&e[nx"®%"], which does not
depend on the choice of basis of =". In tangent space at each point
of M™, we take a real complementary distribution of L*, which we
denote by M™%, Let A« and N»” be basic contravariant vectors
of =” and M™* respectively, then A« are basic vectors of 7', and
the determinant |A|=|Aw, A, Ncay| does not vanish. Hence we
construct the inverse (x) of the matrix (A), which is expressed by
(4§, u$*) in terms of local coordinate (x', U). Then we have
directly p®@ =7, 70 =,y® (@a=a+ry).

Next, let us define a complex tensor field ¢ of type (1, 1) by

2.3) o= %‘./I(a)y(“’ ;

the tensor ¢ does not depend on the choice of the basis of #”, and

2) 1In this paper the indices @, 3, ¢, d, e run over the range 1, ..., 27; A, i, j,
< 7,8, t the range 1, ..., n; A, B, C, D, E the range 2r+1, ..., n; a, B, v, 8 the
range 1, ..., 7; &, B, 7, 8 the range r+1, ..., 2r; and for example, & means a+7.
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it is easy to show that the following equations are satisfied:
2-4) P*=0, Pho=4wn, ¢Ako=0, ¢pNwu=0,

where ¢*® and @i, mean, in terms of (&', U), i} and ¢jdi«y respec-
tively, from which it follows that ¢ is a projection tensor of =’.
It is obvious from (2.4) that the projection tensor y» of #" is given
by \1»=§Z(a>ﬁ(“), and satisfies

<2° 5) 11"=¢> (P\I/'ZO, '\II'QDZO, \Pﬂ:"){"

Now, making use of the tensor ¢ as above obtained, we shall
construct an f,-structure by putting

(2.6 f=—vV~1(p—o.

The tensor f constructs a real tensor field of type (1,1) and
satisfies the relation f°+ f=0 by virtue of the relations (2.4) and
(2.5). The tensor f also satisfies

@7 frw=—V—1kw, fho=V —12w, fNuw=D0,
from which the rank of (f) is equal to 2r. Q.E.D.

Remark. In the proof of the above theorem, we showed an
existence of a special f,-structure in M™ admitting a =’-structure.
Though we could construct the f,-structure by (2. 6), it is clear that
the tensor f depends on the choice of the complementary distribu-
tion M™%, But, the f,-structure defined by (2.6) has an interest-
ing property that f' coincides with n’. Therefore we shall call an
f.-structure defined by (2.6) an induced one from =" (correspond-
ing to the complementary M"*), and the above L* a real f-distri-
bution hereafter.

We shall now examine a change of a induced f,-structure when
a complementary distribution M"* is replaced by an another one

M’n—2r

Theorem 2. In a manifold with a =-structure, induced f.,
structures f and f' corrvesponding to the complementary distri-
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butions M™% and M'™* of the real f-distribution L* satisfy
equations hf=0, — f*h=h, where h=f"—f.

Proof. Let us denote basic vectors of M by N, and the
inverse matrix of (A, Ay, N(s) by (#), then we have

h=—v"—13 [Aayrt® = dayt’ — A&t ® + &1,
from which we find -

hf = — 2 [Aer ' — daypt + A@yA® — dwp®] =0.
a

In the same way, we have Af =0, which gives us ff' =(f"—
h)f'=f" These results, therefore, lead us to

—fh=—F (=) ==+ =f~f=h. QED.

Now, let us consider the converse of Theorem 2. For this pur-
pose, we have first

Lemma 1. In a manifold with an f.structure, if there exists
a tensor field h of type (1, 1) satisfying hf=0, the vectors N (a
=Ny +fhNyy are linearly independent where N are basic
vectors of a distribution M defined by a projection tensor m=
i+

Proof. It is obvious that the tensor s is a projection operator
and the distribution M defined by m is (#—2r)-dimensional [12].
Then there exist #—27 linearly independent vectors N¢ in M.
Now the relation A#f=0 shows that the determinant |/+fk| does
not vanish. Thus the vectors Ny=({+fh)Nc are linearly in-
dependent. :

Theorem 3. In a manifold M™ with an f,structure, if there
exists a tensor field h of type (1, 1) satisfying

(2.8) hf=0, —f*h=h,

then a 'tensor field f'=f+h constructs an f,structure in M™,
whose complex f-distribution coincides with that of f.
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Proof. The conditions (2.8) give us directly 2*=0. From this
and (2.1), we can easily verify the relation f"+ f'=0. The defini-
tion of the complex f-distribution f gives us Awy=1v" —1 fiw, which
leads us to

(f' + 1/_—11)1@1) =f1(a) + ]’M(a) + l/-——ll(a) = 'l/jhfl(a) = 0.

Then we see that the rank of (f')=2r. On the other hand, from
the result of Lemma 1, the vectors No=(I+fh) N, construct an
(n—2r)-dimensional real distribution. Since the definition of the
vectors N given in Lemma 1 shows fNy=0, we find f'Niy=
f*hNy+hNesp=0. Thus the rank of (f')<2r must hold. Con-
sequently the rank of (f)=2r.

§3. An f.-structure whose complex f-distribution
is integrable

In a manifold with a n’-structure, if we take a complementary
distribution of the real distribution L¥, we can define an induced
frstructure by (2.6). Moreover Remark of Theorem 1 shows that
the complex f-distribution f’ corresponding to the above induced
frstructure coincide with the given distribution n’. Therefore in
order to consider a manifold with a =’'-structure whose distribution
#n” is integrable, it is convenient to treat a manifold with an f,-
structure whose complex f-distribution is integrable. Hence in this
section we treat a manifold with an f,-structure.

Now, the projection tensor ¢ of the complex f-distribution f7 is
given by

(3.1) o= (— S V=1,

Then, the relation (2.4) holds good.

‘We shall now extend the results given by Walker [9] in the
case of real distributions to that of the complex distributions. In
the first place, we have
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Lemma 2. If the complex f-distribution [’ is integrable, the
equation

3.2) (@0 — €1, 0) @50t =0
holds good, where commas denote partial differentiation.

Proof. For the differential operator X.=1iwd:;, the condition
for f7 to be integrable can be written in the form (X«Xs— XsXo)
=¢lsXy. These are also equivalent to

? b7
Alpy, » Aoy — Al » 40> = basAly) -

Multiplying by #zi®u{®(8;—¢)) and summing for a, 8 and ¢, it can
be verified that these equations are equivalent to the condition
(3. 2).

Lemma 3. A necessary and sufficient condition for the com-
plex f-distribution f to be pavallel with respect to a given affine
connection T' is that the projection temsor ¢ satisfies

(3. 3) 7(0(‘7:07

where, expressed in terms of local coordinate (x°, U), Vop means
(V k(DD‘P;‘ .

Proof. If the distribution f~ is parallel with respect to the
connection I', then there exist #* local covariant vector fields x5,
with respect to which the relation

3.4 méa)zguiﬁikxém

holds good. From the relations (3.4) and (2.4), it follows that
@V Acay=V . Differentiating (2.4), covariantly and using the above
result, we have Fppiw;,=0. On the other hand, the relations (2. 4),
and (2.4), give Vppliy=0 and PeeNy=0. Thus we obtain the
relation Ve =0.
Conversely, if the condition Fepp=0 is satisfied, (2.4), gives
¥V Ay =¢V Ay, which shows us that the distribution f~ is parallel.
Q.ED.
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Remark. In this Lemma it is to be noted that the affine con-
nection I" is not necessarily real one.

Now let L=(L}) be an arbitrary symmetric affine connection
defined over the M”, and denote by | covariant differentiation with
respect to L, then the quantity I defined by

(3.5) r=L+T

gives an affine connection over M™ where T is a tensor field whose
local components have the following form:

(3.6) Ti= — )10t — 0ns0’ + 0h1 o0kt .

Then we get

Lemma 4. The complex f-distvibution f is parallel with
respect to the affine conmection I' defined by '(3.5) and (3.6)
where L is an arbitrary symmetric affine connection.

Proof. Denoting by F the covariant differentiation with respect
to the I, we find, using the relations (3.5), (3.6) and ¢*=¢, Vipip}
=00 05. On the other hand, the relation ¢*=¢ gives ¢}e? 0! =0.

Consequently we obtain Fepe=0. Thus Lemma 4 follows at once
from Lemma 3.

Theorem 4. If the complex f-distrvibution f~ is integrable,
there exists a symmetvic affine commection I' with respect to
which f7 is parallel.

Proof. From the result of Lemma 4, the distribution f* is
parallel with respect to I' given by the relations (3.5) and (3.6).
Hence it remains for us to prove that the I' is symmetric. To do
this, using the relation ¢*=¢ and (3.2), we find

w—Thy=TjH— T},
= [¢ss0+ Lieos—04:5— Lisps) 01 0}
= (0hr0— P02 0L}
=0.
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Theorem 5. Iz a manifold with an f,-structure whose com-
plex f-distribution f° and real f-distribution L* are both inte-
grable, there exists a real symmetric affine connection r with
vespect to which f~ is parallel.

Proof. 1t follows, from the definition of the real f-distribution
L*, that the tensor /= —f* is a real projection operator of L*. As
the distribution L* is integrable, from the well known Walker’s
Theorem [9], [10] there exists a real symmetric affine connection

o <] o
I’ satisfying the equation F/[=0. Hence, on taking I' instead of L
in Lemma 4, the tensor T is determined by (3.6). Now putting

3.7 =P+ T+ T,

we get a real affine connection F Then the proof of Theorem 4
shows us ;’ is symmetric. To complete the proof of this theorem,
it is sufficient to show ;¢¢=O. However, from Theorem 4, relation
Ppe=0 holds good with respect to the affine connection I =;"+ T.
Hence we have ;,¢f¢§=(ﬁ»¢7”<o.§7_'{2)¢f. Substituting (3.6) into
the right hand member of the last equation, and taking account of
(2.5), we have

P i) = — B 70— o1 015
Moreover we substitute (3.1) into the right hand member of this
equation, and making use of the relations If=fIl=f, PlI=0 and
l;lf =0, we find

P il = —%[— VA Fin (Bl frfe vV TR — vV =1 D)

+V =1 i GG+ frf =V =1 frl+ v =11 )]
=0.

Thus the proof is completed. Moreover, considering the Theorem
1 and Theorem 5, we obtain
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Corollary. In a manifold with a ="-structure whose complex
distribution =" and real distribution L¥=Re[nF 7] are both in-

%k
tegrable, there exists a real symmetric affine connection I' with
respect to which the distribution =" is parallel.

§4. A manifold with a (z"—TI')-structure

Let us consider a manifold M with a =’-structure. In such a
manifold we defined a (z"—TI')-structure in the paper [3] as follows:

beﬁnition. A manifold M" with a (=" —TI)-structure is a
manifold M™ adwmitting a n='-structure and a real symmetric

affine connection I' with respect to which the distribution = is
parallel.

Now we shall prove

Theorem 6. A necessary and sufficient condition for a mani-
fold M™ to admit a (=" —T)-structure is that the M™ admit a ~'-
structure whose complex distribution =° and rveal distribution
L*=Re[n"Dx"] are both integrable.

Proof. The conditions are sufficient because of Corollary of

Theorem 5. To prove the necessity, we first write the basic vectors
Awy of 7 in the form

“.1) Aoy =Qay+ v =1 beoy
where @wy and by are both real vectors. When we use the notations
“4.2) Cay=0aw), €@ =b)

the 27 vectors ¢, are real basic vectors 'of the real f-distribution
L. Since the manifold M™ admits a (z"—TI")-structure, the relations

(4.3) Vidiay= ; 2 Aiey 5
(4. 4) ViCiy= 3 A

hold good for suitable covariant vectors x{3), and A{),. Now we put
)
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(4' 5) ‘;a)ai = Xa ’ CZa)ai = Xa ’
then, by making use of (4.3) and (4.4), we have
(4.6) (XoXs— XaXo) =20,X,,

Y

(4- 7) (XaXb_ XbXa) ZEthXc ’

where we put Aaould);—Herdi=0w and Ci,AE,—ChAL=h,.
That is to say, the distribution =" and L* are both integrable.
Q.ED.
Next, we shall give a simple proof of a theorem in a preceding
paper [3], i.e.

Theorem 7. If a manifold M™ admits a (z"—TI)-structure,
then an f,structure induced from the n'-structure satisfies the
relation

(4.8) Vff=0.

Proof. By virtue of Theorem 1 and its Remark, we know that,
for an f,-structure induced from the given =’-structure, the complex
f-distribution f” coincides with the distribution =". Therefore the
distribution f” is assumed to be parallel with respect to the given
connection I Then Lemma 3 shows us that Fpep=0, which can be
rewritten by means of (3.1) as

(—fVff+20ff) +vV =L ff+fTff) =0.

Since f and I are both real, the real part and imagirary part of
the last equation are equal to zero. Then straightforward calcula-
tion gives (4. 8). Q.E.D.

Now, in order to prove the following theorem, let us recollect
the some results obtained in the preceding paper [3]. Consider a
manifold M™ with a (a”—TI)-structure, then the distribution L* and
n” are both integrable and the equations (4.6) and (4.7) are satis
fied. Hence a system of differential equations

(4.9) X.f=0 (a=1, 2, -, 2r)



Differentiable manifolds admitting complex distributions 79

is completely integrable and has #—27 independent solutions, saying
w1, w2 ... w", which are C~-functions of x' in each local coordi-
nate neighbourhood («°, U). Similarly the equations (4.6) shows.
that a system of complex partial differential equations

(4.10) Xo.f=0 (a=1,2, -+, 7)

is also completely integrable and has z#—7 independent solutions.
However w*(A=2r+1, ---, n.) are also the solutions of (4. 10), and
real independent solutions of (4. 10) are only w* and their functions,
because of the definition of C.,. Now let z¢=u*+v —1v*(a=a+7)
be the other » complex independent solutions of (4.10). Then
(2, -+, 2", w¥*, ---, w™) can be regarded as fundamental solutions of
(4.10), and z* are necessarily complex valued functions and of
differentiability class C=.
Although a system of complex partial differential equations

(4. 11) Zéa)aif_—_-o (CY:]., 2, ooy r)

is also completely integrable, its fundamental solutions are given by
@z, -+, 2, w¥t, ..., w™). That is to say, the relations

(4. 12) }fa)a,-fﬂ = 0, ifa)a,-w” =0

hold good. Since the n—7 functions (2% w*) are also independent
functions, the rank of the matrix (8.z% d.w*) is n—7 over the M™.
From this fact and the condition (2.2) of a =’-structure, it follows
that the determinant |u3%|=]4e0:2*| does not vanish. Thus we
can take a matrix (¢%) over the M™ as the inverse of the matrix

(ud).

On the other hand, it is clear that there is no functional rela-
tionship of the form F(z!, ---, 2", 2, ---, 2", w***, ---, w™) =0, and hence
we can take (u', -+, u", ¥}, -+, V', w¥*, .-, w™) as a coordinate system

in («', U), which was called a canonical coordinate system in the
paper [3].

By means of these results, we have obtained, in the paper [3],
the following theorem.
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Theorem 8. In a manifold with a (" —TI)-structure, integral
submanifolds of L”=8e[n"E7"] have a complex analytic structure.

For the proof in detail, refer to the paper [3]. Here we shall
sketch a brief proof, which we need in the proof of {the next
Theorem 9.

Integral manifolds of L* can be represented by the equations
w?=const.(A=27+1, ---, #) in terms of the canonical coordinate
system. If we take an arbitrary pair U, U’ of intersecting neigh-
bourhood, admitting canonical coordinate systems (%%, v*, w'4), and
(w'*, v'*, w'4), then (% v*) and (#'*, v'*) can be regarded as co-
ordinate systems of an integral manifold R of L¥ in U and U’
respectively, while w* and w'4 are solutions of (4.9) then, on an
integral manifold R, w'4 can be represented by C~-functions of w*+,
e, Wh

By calculating the components of A, in a canonical coordinate
systems, we have the relation %,4+1v —1%,=0. In the integral
manifold R in UNU’, the last equation leads us to the well known
Cauchy-Riemann’s differential equations:

ou't _ v ou'® ov'®
(4.13 = —, —— = — .
( ) ou ovY ovY ou’
Consequently, z'® are of the form 2z'*=0%(z}, ---, 2") and 0% are

complex analytic. Thus the integral manifold R has a complex
analytic structure.

Now we are in a position to show the main theorem of the
present paper:

Theorem 9. A manifold with a (=" —TI)-slructure admits an
f-structure f* induced from =~ and a real symmetric affine con-

nection 7" with respect to which the relation 1*7 f*=0 holds good.

Proof. By making use of the inverse matrix (¢%2) defined in
the above, let us take a new basis 4« of n”, which is given by

“.14) Acay=Apyos.
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It is easy to see that A{.)9:2°=0, A{.,0:2°=06%. Using the notations
0:2*=2z%, d.w*=w; we have a regular matrix (2) ='(z% 2%, wf). Then,
construct the inverse of the matrix (z), which can be represented
by taking account of (4.14), as the form (Aiw, Aiey, Mis). Since
n—2r vectors M{, are real and pseudo-normal to the distribution
7'z, they construct a real #—27 dimensional distribution M*"-%,
It is easily verified that the distribution M*** is a global one.
Thus a special induced f-structure f* is obtained from the distribu-
tions n” and M*"* by the process which was used in the proof of
Theorem 1. Of course, from Theorem 7, we have:

(4.15) Vf*f*=0.

Now, refering to a canonical coordinate system, the matrices
(2) and (2)7! have the following components

E, —v—-1E, 0
@)=| E, v=I1E, 0
0 , 0 , E'n—Zr ,
1 L, 1 -,
- E £, 0
@D = vV=Tp VT
5 E’, 5 E, 0
o, o0 , E>

Then, from (2.3) and (2.6), the tensors ¢* and f* are written
down in the form

%E',—‘/Z E, 0
. -
@ 1/21E,’ %E’,O
o, o ,0)
0, —E, 0
fr*=|E, 0, 0
o, 0, 0).
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Hence the Nijenhuis tensor N* corresponding to the tensor f*,

namely,

*a= RO *— R0 M4 R0 Y= o ¥
is identically zero. Since the affine connection I' is assumed to be
symmetric, N*;,=0 is reducible to
(4.16) SO ST —= W= * =
Therefore, if we put T*,=—f*W.f* — f*FV;f*r, and consider an
affine connection ; given by ;' =r+ T*, then the connection ;'" is

real. Covariant derivative P,f*; of f*; with respect to I' are
written as

* . . . .
Pufi=Paf ¥ = FTf %= PP F 5
+ R RS
and, from the equations f**+f*=0, (4.15) and (4. 16), we find

* . 3 . .
Vef 5=V i Sl S0 X5 = 57 5] =V
=0.

E3
The symmetricity of I' is verified as follows:
%

%k
o Thy= T — Thi=— N =

§5. Riemannian manifolds admitting null distributions

We finally turn to a consideration of an #-dimensional Riemannian
manifold V™ with a positive definite Riemannian metric g. In the
first place, it is assumed that V* admits a null 7-dimensional dis-
tribution =", i.e. a field of null 7 planes n”. The basic vectors A
of n” must satisfy the equations

(5.1) A8 =0. (a, =1, 2, -, ¥)

Since g is positive definite, the vectors A, are complex ones, and
the relation z"(#"={0} holds good automatically in each point of
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the manifold V~. Thus the null distribution =" constructs a ='-
structure.

Now we take a real (# —2r)-dimensional distribution M ™* which
is orthogonal to the real 27-dimensional distribution L* =&e [z"@P7"]
with respect to the given metric g. Hence the distribution »” and
M construct an f,-structure. Thus the manifold V™ admits a
positive definite metric g and an f,-structure f.

As is shown in the equation (2.7), the distributions L and
M™% are respectively given by the projection tensors

(5.2) I=—f* and m=f*+1I.

Definition. A manifold with an (f,—g)-structure (cf. [3].)
is @ Riemannian manifold with a positive definite Riemannian
metric g and an f,structure f satisfying

(5.3) g=gm+'fgf.

Theorem 10. In order that a Riemannian manifold V" ad-
mits an (f,—g)-structure, it is necessary and sufficient that the
manifold V™ admits a null r-dimensional distribution with respect
to a given Riemannian metric.

Proof. For the necessity refer to Proposition 2 in the paper
[3]. That is to say, the basic vectors A,y of a complex f-distribu-
tion f~ satisfy relations fAay=—v —1 Aay and Micey=0. These rela-
tions and (5.3) lead us to ‘AwyZAw="An&Mie+ ' (fiw)g (fie) =
—'Ar&Xs. Then ‘g =0 holds good and the distribution f* is
a null 7-dimensional distribution.

Conversely, suppose that the manifold V* admits a null 7-
dimensional distribution =” with respect to a given Riemannian
metric g, then V* admits an f,-structure according to the method
described at the beginning of this section. Then it remains for us
to prove (5.3). To do this, we notice that the rank of the matrix
(048) defined by

(5.4) 68 ="Aa>8 4w
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is 7, at each point of V', because of the condition ="z ={0}.
Therefore we construct the inverse of the matrix (¢«s), which

is denoted by (z*#). Hence the projection tensor ¢ of the distribu-

tion =" has the form <o=%]/l<a)(%‘,gi(a)r’3°‘) by means of (2.3). Then

(2.6) and (5.2) lead us to
gem+'fef=8—8¢p— 80— '08¢+'08¢+ 08¢ — 08¢ .

Since n” is null with respect to g, (5.1) gives ‘og¢=0 and ‘L%

=0. Moreover, (5.4) gives ‘ogp=gp. Thus (5.3) is proved.

Definition. A manifold with a (=" —g)-structure is a Rieman-
nian manifold admitiing an r-dimensional distribution which is
null and parallel with respect to a given positive definite
Riemannian metvic g. (cf. [3].)

We have already established, in the paper [3], the relation of
(f,—g)-structure and (=’ —g)-structure as follows:

Theorem 11. In order that a manifold V™ admits a (=" —g)-
structure, it is necessary and sufficient that V* admits an (f,
—g)-structure satisfying the condition Vf=0 where V denotes a
covariant differentiation with respect to the given metric g. (cf.

(31

In the following we shall give a simple proof of this theorem.
Suppose the manifold V™ admits a (a"—g)-structure, then it
follows, from Theorem 10, that V" admits a (f,—g)-structure.
Since the distribution n” coincides with the complex f-distribution
and is assumed to be parallel with respect to g, Theorem 7 shows

(5.5) Vff=0.
On the other hand, for an (f,—g)-structure, we have the relation
gf+'fg=0, (cf. [12].) and hence f=—g"fg. These equations give

Vif=—g(fFf)g, and (5.5) is rewritten as fFf=0. Then we
obtain Ff=0, by virtue of the relation f*+f=0.

Conversely, suppose V* admits an (f,—g)-structure satisfying
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the condition Ff=0, then V" admits a null 7-dimensional distribu-
tion f” by virtue of Theorem 10. Next, the condition Vf=0 gives
Ve=0. Hence, Lemma 3 shows us that the null 7-dimensional dis-
tribution f~ is parallel with respect to g.
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