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Introduction.

Let X  and S be smooth schemes over a field k, and let 7r: X-->S
be a  smooth k-morphism . W e are  concerned with constructing a
canonical integrable connection, the "Gauss-Manin connection", on
the relative De Rham cohomology sheaves SaR (X /S ).

In his 1966/67 Harvard Seminar, Mumford defined this connection
by means of a certain connecting homomorphism. We noticed that this
connecting homomorphism was the differential d, between certain E,
terms of a spectral sequence. This observation implied immediately
the integrability  of the connection, and the existence, when S  is
affine, of a "Leray spectral sequence" for the De Rham cohomology.

We begin by explaining the formalism of Connections. We then
recall the notion of relative De Rham cohomology sheaves, construct
the Gauss-Manin connection, and prove its fundamental properties.
Next, we "explicitly" calculate the connection, and show that it
agrees with the original definition given by Manin C5), and later ex-
tended by Katz ( 4 ) .  We conclude by giving the "Leray spectral
sequence" when S is affine.

1. Connections.

Let S be a  smooth scheme over the field k, and let E be a quasi-
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coherent sheaf of O s-modules. A connection on e  is a homomorphism
p o f abelian sheaves

P :  e—s21,1kOo se

such that

(1) p ( f e ) =f  P(e )+d f 0 e ,

where f  and e  are sections of Os  and S respectively over an open

subset o f S, and d f denotes the image of f  under the canonical ex-

terior differentiation d:0,--->S211,,.
A  connection p may be extended to a homomorphism of abelian

sheaves

p i :  2 isikO o s e - 2 isV  oose

by

(2) P,(,0 0 e )— d p )O e+  (-1 )1 0 )A  p(e)

where w and e are sections of SYsik  and e  respectively over an open

subset o f  S, and where p) A p (e )  denotes the image of 0)0 p ( e )  un-

der the canonical map

S41,0  s ( Z i k  o s e)—s2',VOo s e

sending w ®  Ø ee  to (a) A r) 0 e .
The curvature K  o f th e connection p  is  the Os-linear map K

= plop : e—.0s 15o o 5 e .  One easily verifies that

P1+1 0 P ((-,) 0 e) = (PA K(e),

where w and e are sections of 141,  and S respectively over an open

subset o f S.
The connection p  is called integrable i f  K = 0 .  An integrable

connection p on e  thus gives rise to a complex
Pi Ps

( 3 ) 0 e —>szis ik o o ,e ---.122s,k o o s e • • •

which we will denote simply by .Q O o s e  when there is no confusion.

Le t 2 e r k (05) denote the sheaf o f germs o f k-derivations of Os
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into itself. We note for later use that g e r k (Os )  is naturally a sheaf
of k-Lie algebras, while, as Os-module, it is isomorphic to Stomp s (fl isik,

Os)
Let end, (E) denote the sheaf of germs o f k-linear endomorphi-

sms of E .  We note that Encl,(E) also carries the structure of sheaf
of k-Lie algebras, as well as that of 0 2-module.

Now fix a connection p  on C ; p  gives rise to an Os -linear map-
ping

2 e r k ( O s ) - - > e n c lk ( e )

sending D  to h, where h is the composite

0 3 CDA 1 Os , se  C.

Notice that

(4) b ( f e )=D (f )e +f D (e )

whenever D , f  and e  are sections of 2 e r 5 ( 0 5 ) ,  O s and E respectively
over an open subset o f S .  Conversely, because S  is smooth over k,
any Os -linear mapping .Ter5 (0s)-->end 5 (E ) satisfying (4 ) arises from
a unique connection p.

The connection p  is  integrable precisely when the mapping
2 e r 5 (0 s ) , End 5 (E )  is also a Lie-algebra homomorphism. This can
be seen by using thewell_known fact that for D1 and D2 in g e r5 (0 5 ) ,
we have [b1, —  [DI, D2] = (Di A  (K ) ,  where the right hand
side is the composite map

K ( D i A A ) 0 1e - . o s o  o s e=e.

2 .  Relative De Rham cohomology.

Let 7r: S  be a  smooth k-morphism o f  smooth k-schemes.
The relative De Rham cohomology sheaf R D. , (X / S )  is, by definition,
the quasi-coherent sheaf of graded anticommutative algebras on S  de-
fined by
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SUR(X / S) = lign*(S2k is)

where S2x. is  denotes the complex of S-differentials on X , and Rqn *  is
the q-th hyperderived functor of n* .

We now describe a canonical integrable connection ,L(= , j ( X / S ,  q)
on each cohomology sheaf SUR (X /S), the "Gauss-Manin connection."

We recall that, because n  is smooth, the sequence

(5) 0 ---> (Sn ik )---> —> —> 0

is exact. The complex 2 f k  admits a canonical filtration

(6) S2'x ik = F° (S2 1,) D  F 1 (S2 ) D  F 2 (S2'xik) D • • • ,

where

Fi = F (S2'x ik ) = image [S2.x -fki  o i r *  (Z 1 0  t2 ;f ik i •

Because the sheaves S2'x ik  and S 26 on X  and S  respectively are local-
ly free, the exactness o f ( 5 )  allows us to conclude that the associa-
ted graded objects of this filtration are given by

g rl=g r ( gx ,,) = F 1+1 = 7r* (SYs1 1,) e x g x Ts
i

Consider the fu n c to r  W n *  from  the category of complexes of
abelian sheaves on X  to the category of abelian sheaves on S .  The
derived functors of R° r*  are K i n * .

P l y i n g

 the spectral sequence
no f a  finitely filtered object [EGA, —AIIPI, 13. 6. 4] to we obtain

a spectral sequence abutting to (the associated graded object with
respect to the filtration of) Rq7-c* (S 2ik ), while

( 7 ) = RP+ g7r* (grP)=11P+ a7r* (7r* (4 ) 0  o x fla )

= R qn*( 7r*  (141k) 0  c x s  I k O o s l i g n* ( i Is)

= S41k0 o sS L R (X / S )

We get the isomorphism in the equality above, because 4 1 is local-
ly free and because the differential in the complex n*(..(4 ) 0  o x pils
is 7-c-1 (0,) -linear.

Since the filtration on Dx), is compatible with the exterior pro-
duct, i.e. FI A F' OEF' + ' ,  and since the sequence of fu n c to rs  .1147r*  is
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multiplicative, it follows that this spectral sequence has a product
structure. Explicitly there are pairings, for each p, q, p', q ' and r

E  x  E .g+q'

sending (e, e') to e • e' where e and e ' are sections of E  and E r-7 ,

respectively, over an open subset of S .  This pairing satisfies

e • e'= ( - 1 ) ( P+q) ( P'+e)e' • e
and

d (e • e') = d ,(e) • e'+ ( — 1)P+ q e • d , (e') .

(This product is most easily constructed by means of the canonical
flasque resolution, generalizing the procedure for the construction of
cup product in Godement [2] ).

In particular, let us consider the E , terms. Since cl, has bide-
gree (1 , 0 ), we obtain, for every q, the complex E ',  which is ex-
plicitly

( X/S) S21s/k OsSODR (X/S) --->S22s1k o s NLR (X/S) • • -

For q=0, the complex El. ' is  /k9  6 6 — n( X / S ) ,  with the differe-—s.C s

tia l 4 ,0 1 ,  where ds/k denotes the exterior differentiation in 12.5. 1k ,  and
so we may regard Z i k  as a subcomplex of E 1 '°. T h u s  if  co and e
are sections of Dislk (which is contained in E i'') and of E?:q = SaR(X/ S)
respectively over an open subset of S, we have

(8) d" (o  • do) • e+  ( - 1 ) o  • dPqe.

This shows that cll'a : SaR(X/ S)--- D isik® e s SOR(X/ S) is a connection
on ,gtf,R(X/S), and that the di.q are deduced from cn'q canonically
according to the rule ( 2 ) .  The curvature is thus cl14 • dP q =0, and
so cn-q is an integrable connection.

Further, letting eg  and eg ,  be sections of AZR(X/S) and AgE(X/S)
respectively, over an open subset of S, we have

(9) cn:" (e g  eg , ) = (e,) • e + (-1)qe, • d' (e,').

W e may now define the Gauss-Manin connection ,11 on the rela-
tive De Rham cohomology sheaf .4(ZR(X/S) to be d .
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Theorem 1. Let n: S  be a smooth k-morphism of smooth
k-schemes. There exists a  canonical integrable connection
,U= 11(X / S , q) on  the  re la tive  D e R ham  cohom ology  group
S L R (X /S ). L ( is compatible with the cup product in the sense that

(10) (e • e') -,.q ( e )  • e' + (-1)qe • ,11(e'),

where e  and e ' are sections of S aR (X /S ) and ,q1L'R(X /S )  respec-
tively over an open subset of S.

A s explained earlier, ,L1 gives a  homomorphism o f sheaves of
k-Lie algebras

gerk(0s)--->Endk (saR (x /s ) )

sending D to h , such that

(11) 75(e • e') (e) • e' + e • -15 (e')

(12) TD(f)=D(f),
where D, e, e' and f  are sections of gerk(Os), SILR(X/S), SigR(X/S)
and O s (which is contained in SaR(X/S)) respectively, over an open
subset of S.

The formula (1 1 ) expresses that each 13 is  a  k-derivation of
the sheaf of Os-algebras SCDR(X/S). (The formula (11) differs from
(1 0 ) by a sign, because, in defining 15, the term Disik appears on the
extreme left.)

3. "Explicit" calculation of the connection.

Reduction.
The calculation rests on the general fact that, in the spectral

sequence of a filtered object, the differential

Ei'a=.11P+an * (grP)— *E;.+L q=R P+q+ 1 7r* ( grP+1 )

is the connecting hom om orphism  of the functors Ran*  for the exact
sequence
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(13) 0 —.gr 1 —*F'/F 2 -  g r  -  0.

Because the sheaves R i r * ( F 1/F') are the sheaves associated to the
presheaves on S

V — H (7r '  ( V ), F1/F3 g - 1  ( V )),

it suffices to explicate the connecting homomorphism on these pre-
sheaves, indeed on the sections of the presheaves over arbitrarily
small affine open subsets of S (since we are ultimately concerned
with the mapping induced on the associated sheaves).

For the remainder of this section, then, we will assume that S
is affine, and that S2,,, is free, and explicate the connection on global
sections:

,fl: Fs( R(X/S)) = H'(X, gr°) Q s Ø  r5 ( 41R(X/S))

= H 1 ( X, g r') .

The problem is thus reduced to computing the connecting
homomorphism of the functors H(X, ?) for the exact sequence
(13).

tech calculation of  the  H (X , F 1/F')
Let (Jr, d )  be any complex of abelian sheaves on X, such that

each .J1 is quasi-coherent (such as F 1/F'). F ix  an  affine open cov-
ering U= {UJ of X; we define a double complex

C (U , ..L ') =C ( U ,  £ P )
P. q O

as follows: C' (U, . . f ' P )  is the set of alternating q-cochains with
values in J ,  i.e. to each (q+1)-tuple, i 0 < i 1 •.•< i ,  19 assigns a sec-
tion 19(i0 , « ,  jq) of £ over U01fl f l  U i. The two differentials are

d: C (U , JP) C (U , £ P+ i)

defined by
(d19) (i0, , i ) d ( 1 9 ( i 0 ,  • . . ,  q ))

and
: C (U , £ ) - - C 1 (U, J )

defined by
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Q+1
(a 49 )( i 0 , . • • , i „ , ) — ( - 1 ) P E ( - 1 ) j , s ( i o ,  • . . ,

3-0

These satisfy the relations

d 2 = 0 , 82=0 , da+ 8d= 0 .

We define the associated single complex

K •(...C * )= E K " (...r ) ,

where K " ( . . . t )=  E  C Q ( u ,  Z P ) ,  whose differential is d+ . Then  the
15+ 0 = n

hypercohomology group H q (X ,.. .r )  is the q-th cohomology group of

the complex K ' ( . . . t ) .  (EGA III, 6.2.2) (Remark: the statement in
EGA III, 6.2.2. remains valid even i f  d is not Ox -linear.)

Since the covering U  is  affine, we obtain exact sequences of

complexes of abelian groups

(14) 0--->K •(P )---) .K • (F ° )--> K '(gr° )— .0

(15) 0 ,./ C '(gr1 )----> if• (P /  F 2 )---)-K*(gr°)-->0.

The connecting homomorphism of the functors l i g ( X ,  ?) for (13) is
that arising from (15).

Local calculations.

Fix a  basis { d s i ,• • • ,d s ,}  o f S2's i k ,  and cover X  by affine open
sets Ua such that S21,c ,/k admits a  basis of the form {dsi, ••-, dsr,
d x " , • • • ,d x } .  The canonical filtration on S.4 7 0  is given by

F 3 (D .x „ )=  E  ds,, A ••• A d s ,  A l2 4 ;/ .

Denote by { i r a (  a
a
s i ) „  qp,c (  a

a
sr ),  ax

a
t„ , •••,  a

a
x }  t h e  basis of

2 e r 0 (Oua )  dual to {dsi, ••-, ds r ,  d x ,• • • ,d .4 `}  i.e.

*a( o
a
s,

k ( 5\

and
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'  a 
axcì

a 
(x`1)=80Oxct

This determines a decomposition of the exterior differentiation dx  in

(16) dx--= +

defined by

dc (hco) = E
a  

 )(h)dsiAco,=i osi
and

cn,,s(hw)—i (h)dxv\,,o,oxi-

where h is  in Ou„, and 0) represents a monomial in the ds, and dx Ì.
Notice that cn, dcx̀ I s and dx  m utually commute.

Define yoa: Di, s---> S2i7a lk

by
occ(pdxis(gi) A»  A d x is (g p ))  pol i s ( g i)  A • • •  A d i s(g•p).

We omit the proofs of Lemmas 1 through 5.

Lemma 1. ç9 c, splits the exact sequence of Ouc,-modules

0  F 1 0440—>QuaIp - - > S2 it,ds - - >  0

and ço„ocl xi s= cickso(p..

Define Ç 2: C g  (11, g115) - - - ) *C g  ( U ,  Z ik )
by

( 0 )  ( io ,  • • •  ,  iQ ) •••,

w here i„ <••• < i , .

Lemma 2. ( p  sp lits the exact sequence of abelian groups

( F 1 )---K '(F °)— K * (g r° )— .0 .

Define J :  Ca (U . , ..(4 1 s) - - ->C g + I ( U , Z ik )
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by
(Je) ( j0 , ( - 1 ) P + 1 ( § 2 , 0 — ( P , i ) ( a ( i i ,

where i0<•••<ig+1.
By Lemma 2, we have J(K * (g r° ) )c .K * (F ') .

Lemma 3. aço - ç9 8 = j •

Define the total Lie deriv ativ e w ith respect to  S

L s : Cq (U , .Q10). Ca C i s 2 W )
by

L s(9)(i0 ,•••,i g ) -- --dV (R (io, •••,i g ) ) ,  w h e re  < ••• < i g .  Notice that
L ,(K • (Fi))  c  K  •  (F'') .

Combining Lemma 1 and (16 ), we obtain

Lemma 4. dxoço=1, sc)go+ v , dxf3.

Combining Lemmas 3 and 4, we find

Lemma 5. (d x+8)0§9=L 3oço+j +w )(d x,s+8)

mod. F l 1
K r(F°) •<__-> K '( g r° )

so
Lsoy9+J Id x +a IdIcis+ 8

mod F i
K r -1-1 ( F 1 )-->K r+i(F°) — :-) K '+ 1 (gr°)

T hus the connecting hom om orphism  for the exact sequence (14)
is induced by  the m ap (o f abelian groups)

L s o g 9 +J: K '( g r° ) - .K ° ( F ') .

Define, for each UŒ ,  the total interior product w ith respect to
la: DtI“lk

by

/aCtidg i  A • • A dgp)=12± i dgi A • • A dg_i A d '(g i)  A d  g  A • • • A dgp

tt ( - 1 ) ` - 1 Elkoc( 6  ) (g ,)d s ,A d g iA •••  A d g l\- •  A d g p .
- 1 as,

When p= 0, we put /a O . N otice la( F ° ) c  F l.
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Define 2 : CI (U  , Z ik ) — >C qn (1 1 , Z ik )

by
(An) (joy , ig+i) ( - 1) P ( / '

0
— / ` 1) ig ( i i ,  •••,

Notice that A ( K " ( F 9 ) c K • ( F ' 1 ).

Lemma 6. Àoço-= J  mod. K *(F 2 ).

Pro o f . Let C ' ( U ,  ..(4,   ) .  Fix (i t) , • • • , i g + i )  and let co = •••,

i0+1). We must show that ( 1) (I°(I" — I") (soii(c0)) ( - 1 ) 1' 9 io -

(w ) mod. F 2 .
By linearity, we may suppose ç , d g i • • •  A dg p. Then

so10(to) = P d i2 1 s ( g 0  A »  A d'Ils(gp)

= p(dg i —cli2(gi ))A .••A (dgp— c0(gp))

= pdgi A.- A dgp—  P d g i  A  A  dgi-id(g*.i) A dgi+ i A»  •

A dgp+terms in F 2 .

Thus ço,o (co) .- y 9 „ (0 ) )— L V ,( (o )  mod. F 2 ,  and P 1y011 =0• QED.

Thus the connecting homomorphism o f (1 5 ) is induced by the
map of abelian groups

Le+T
K ' ( g r ° ) - - - -* K •  (F°).- - > K

mod. F 2

• (F 1) K * (gr 1 ).

mod. Fi . ,
Because ço is a s e c t i o n  o f  K '(F ° )

K (gro )
and

(L,s + 2)(K * (FI)) c  ( F 2 ), this c o n n ec tin g  hornomorphism is
deduced from L 0 +2  by passage to quotients, i.e.

K* ( g r ° ) K ' (F°)/ K  • (F 1 ) ---* >K • (F 1 )/ If ' ( F 2 ) — K• ( g r i ) .

An elementary computation shows

Lemma 7. L s + 2  com m utes w ith the total dif f erential clx-Fa
o f  K*(F°)----

Theorem 2. W hen S  is  af f in e ,  w ith SA , free, there ex ists a
m ap of  com plex es of  degree 1
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(gr°) K* (gri)

which yields, upon passage to cohomology, the Gauss-Manin con-
nection ,a(x/s): SCDR ( X / DiSlk 0  s SCDR (X  /S).S).

Rem ark. This was the original definition of the connection.
(cf. Manin C5 j and Katz C4 )).

4 .  The Leray spectral sequence fo r De
Rham cohomology.

A s before let 7r: X - - . S  be a  smooth k-morphism of smooth k-

schemes. It was conjectured by Grothendieck ((3), Footnote (13))
that there is a "Leray spectral sequence"

EP,.= HP (S , S2 ,51, 0  O s A qD  ( X / S ) ) >HPD+Rq(X/1?).

Here 2Sik ® 0 A R (X / S ) is  the complex o f sheaves on S  deduced
from the Gauss-Manin connection on ALR(X/S) as in  (3 ). HP (S , ?)

is the P-th hyperderived functor WI's of the global section functor
r s ,  and finally Ht -iV(X/k) is  the De Rham cohomology group of
X /k , i.e.

H a g  ( X/ k ) = H "q  (X, 12 ) R P'qr x  (gx ik ) •

In  this section, we prove the existence of such a spectral se-
quence in the special case when S  is affine. The technique is sim-
ilar to that used in the previous section.

The desired spectral sequence is that of the finitely filtered ob-
ject 2 x i k  (filtered as in  (6 )), but now with respect to the derived
functors o f W r x . This abuts to (the associated graded object with
respect to the filtration) of Wrx(.Q .x/k)-- 1-1L(X/k), so it remains to
compute the E , term.

The E ,  term is

R P+ qrx(grP)= R P+Qr x(7r*S4 1k o x S2 .2i70
Rqr x (r* Z i k 0  x •Q:yis) •

L e m m a  8. R qrx  (1r*  f41 k O O x ' )  = rs(R qn*(7t*Z ILO  ° A x i s ) ) .
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P ro o f . The factorization R 'r x  = r s oR°2-c*  yields a spectral se-

quence of composition

E;.b= Rars oRbn* > R r x .

Because the complex n*.Z ik Oox S2.x i s  consists of quasi-coherent 0x-
modules, and its d ifferential is 7r-

1 (0 s ) -linear, th e  Os-modules

l'en * (n* S40, 0 O x S2Xls) are quasi-coherent, and hence, S  being affine,
E •b =0  fo r a # 0 ,  and Rbrx (rc*Seso ox .Q.; cis) r5R'n*(7r* Sgik ®
010x Is) • QED.

Thus we get

T's(lign*(n* 260 0 x t2 .xls))

-=— Ps(S gik 0 (X/S))

the global sections of the E , term in ( 7 ) .  Further the d , of this
spectral sequence

: 1's (Q  0  o s S IL (X / S ))—  i 's ( P+1 o s •gaR(X / S ))

is obtained by applying r s t o  the d , of the spectral sequence (7),
i.e. d i  = PS CM •

Thus we get

E =  H o  (the complex rs(S2 .sik o sSIZR (X/S)), rs (L) )•

Lemma 9. E.a= RPrs(s41,,0 osSILRCX S)) •

P ro o f . The factorization R I ' s  = H° o r s yields a spectral sequence
of composition

E . 1 = H'oRbrs    R °
- "rs .

Because S  is  affine and Z ik  o sALR (X/S) is a complex o f quasi-
coherent Os -modules, E = 0 for b* 0 , and so R 'rs  (Z (k  o s .g/LR (X /
S )) =  (rs(Z , k os•gaR (X  S )) •

Thus we have proven

Theorem 3. T here ex ist a L eray  spectral sequence of  De
Rham cohomology when S is affine.
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C orollary. W hen S  i s  an af f ine curve, the Leray spectral
sequence reduces to the long exact sequence

s21,k0  osi-PD-R1 (x/s)--il-PDR (X /k ) - - .H L (X /S ) .

—>Q11k0  e s HI,R(X/ S) ,

In  particu lar, if X  is so sm all that S21/ k=Osds, an d  a
6
s

E_Oer k (Os) is the derivation dual to ds, we have short exact sequences

(17) --.1-/S-2 (X /S ) /   :s (HS -2(X /S ))---)1-1R (X /k ) —

where .1-1ZR(X/S) 51 ' s  is the subset of elements killed by a
a
s .

Remarks.
(i) In the Leray spectral sequence, the term El.q is the module of
rational solutions of the Picard-Fuchs equations in( X / S ) .

(ii) Recent investigations by Dwork o f one-parameter families of
hypersurfaces employ the p-adic analytic analogue of (17). (D work
(1 )).

(A dded in proof .) P. Deligne has pointed out that Theorem 3
is valid without assuming the base S to be affine. To prove this fact
we have to use f iltered double complexes.
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