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Iniroduction

Simplicial method is very useful in discussing (co)homology theory

in a non-abelian category. M. A ndré [1] and J. Beck [2 ] investigated

the simplicial cohomology H* (A, M )  o f  a  commutative algebra A
over a basic ring K  with coefficients in an A-module M.

The purpose of the present paper is to interpret the cohomology
H* (A, M ) .  Our interpretation o f H* (A, M )  is  an analogy o f that

of the functor Ext* by N. Yoneda [9] .

It has been known that the 0-th cohomology group H° (A, M )
is isomorphic to the module Der,(A, M ) o f K-derivations o f A into

M , and the first cohomology group Hi (A, M )  is  in  1 - 1  corres-

pondence with the set Exi (A, M ) o f  isomorphic classes of 1-term

extensions of A by M .  N. Shimada and others [8 ]  have shown that

the second cohomology group is in 1 - 1  correspondence with the set

Ex2 (A, M ) o f equivalence classes of 2-term extensions of A  by M
in  th e  sense of S. Lichtenberg and S. Schlessinger [71 (or in

M. Gerstenhaber [5] ).
We start with the definitions of quasi-simplicial algebras and the

simplicial cohomology. Let <_.4  be the category of associative commu-
tative algebras with unit over a basic ring K .  Denote by (-4, A)
the category o f morphisms in A  w ith  range A.
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A  q u a s i - s im p l i c ia l  alg e b ra A  over A  is defined by a  diagram

in  ( c l ,  A)

eo
( 0 .  1 ) • • • A „  : A : • • • A0—> A_i = A

- >
E l

with ei  = e`, i< j  (see §1 for details).

If B  is an abelian group object in  ( c l ,  A ), then B  is the ideali-

zation A + M  of some A-module M .  For every object C  in  (,I ,  A),
A-module M  is regarded a s  a  C-module v ia the structure homomor-
phism C—.261, and we have an isomorphism of functors

Hom(,, A ) (C, B)=DerK(C, M ).

A  quasi-simplicial algebra (O. 1 )  leads to a  cochain complex

(0.2) • • • *—Hom (A„, B ) , H om (A „ ,, B ) , --• • •<—H om (A ) , B )

where 0" - 1 ) Hom(e, B )  and Horn = Hom(,7, A).

The derived group of the complex (0. 2) does not depend on the
choice of A * , so far as A ,, is  "free" and "acyclic" ( § 1 ) .  It is called

th e  simplicial cohomology group o f  A  b y  M ,  a n d  denoted by

H* (A , M ) .  Our cohomology is equivalent to that in M. André [1] ,
Chap. II. In particular the "standard sim plicial algebra" (§ 2 ) of A
is free and acyclic, and hence our cohomology is also equivalent to
the cotriple cohomology in the sense of J. Beck [2] .

For a positive integer n ,  we define an n-f o ld  (q u a s i - ) s im p li c ia l
extension of A  by M  to be a (quasi-)simplical algebra which satisfies

certain conditions ( § 3 ) .  A s every simplical module is determined by
its "Moore complex" (§ 1 ) , an n-fold simplial extension of A  by M
is as well determined by a  sequence of K-modules

d„„ d „ cl,
0—>M >A„_1 - >  - > A 0

- > ./1 - > 0  (exact)

with certain conditions ( § 5 ) .  Such a  sequence is called an  n - te rm
extension of A  by M . The totality of n-fold (resp. quasi-) simplicial
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extensions of A  by M  is suitably classified into the set Ex"(A, M)
(resp. Ex—(A, M ) )  (§4).

The main theorem asserts that H "(A , M )  is  in  1 -1  corres-
pondence with Ex"(A, M )  and simultaneously with E x ( A ,  M ).
The argument is functorial in substance, so it will be applicable to
other algebraic systems: e.g. non-commutative algebras, algebras with-

out unit and Lie algebras.

The author wishes to thank Professor N. Shimada for his sugges-

tion and encouragement.

§1. Simplicial objects

Let 0  be the category such that ob0 consists o f the null set
[ —1] and sets [n]= {0, 1, •••, n} for non-negative integers n , mor0

consists of monotone non-decreasing maps. Let 7  be the subcategory
o f 0  such that moat consists o f all injections in 0. Let 00 (resp.
7 0 )  be the full subcategory o f 0  (resp. g i )  such that ob00 (resp.

ob7o) consists o f  ob0 (recp. ob7) except the null set.

For a monotone map a: [p]--->[q] in a), p  (resp. q) is called the
domain (resp. the range) o f a ,  and denoted by d ( a )  (resp. r ( a ) ) .

There exist the special monotone maps

[n —1] —> [n] , 8i =8'„ : [n +1] [n]

with 0 < i ‹ n  such that

(1.1)! ( j )  =i'j < i ,  a i ( j ) = j ,
j+ 1 , j> i .

Every monotone map a  is represented by a composition of a sur-

jection ô  and an injection e : a = ea. Every surjection (resp. injection)
is represented by a composition of 8  (resp. s')

A  contravariant functor o f 0 , 00, 7 or 70 into a category C  is
called respectively an augmented simplicial object, a simplicial object,
an augmented quasi-simplicial object, a quasi-simplicial object in C.

If X  is one of them, then we write X ,„  X „ , and a. instead of X,
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X ([n i)  and X (cT ). The morphism r!, : X„ - 4 - X„-1 (resp. i  : X, - X ÷ 1 )
is called the face operator (resp. the degeneracy operator), and often
denoted by ef (resp. 8 i - 6 )  fo r  simplicity.

Let p „  p* : be two morphisms of quasi-simplicial objects
( a  morphism p* means a  functor morphism). Consider a  family
(0*— {(0} of morphisms with (01= (0,; : X,,-->Y. +1, 0 <i<n , which satisfies
the following conditions:

(1. 2) eo60,o, p■,

e +1 (07, = p,
i < j ,

loy

---- e ` - 1 , i > j  -I- 1.

Then (0* is called a  hom otoPy  between and p , , .  p ' * is said
h o m o t o P i c  to  p* , in notation The relation —  is not an
equivalence relation in general.

If p'* ,p * : X * -->Y * a r e  two morphisms of simplicial objects, then
a  homotopy between p'* an d  p* is defined by a family (0* which satis-
fies the above conditions (1. 2) and the following conditions

(1.3)( 0 1 8 '  = i< j ,

For an (augmented) (quasi-)simplicial object II * in  a  category
with zero object, if  there exists

„
A„— n Ker e i

=1

for every n , then :21-* = { -24-.} w ith  d„=e°1 A, forms a  chain complex.
This chain complex is called the M oore complex of A * .

A  simplicial object in the category of sets is called a simplicial
set. In  th e  same sence we use terminologies "a simplicial module",

etc.
An augmented (quasi-)simplicial set A * is  sa id  acyclic, if, for

every integer n > 0  and  n -I- 1  elements 0 0 ,0 1 ,.•• , a, A„-1 w ith eia,
=e j - 1 0 1 ,  i < j ,  there exists an element aE A „ such that eia—ai.
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A n augmented (quasi-)sim plicial se t A .  is  sa id  to  sa tisfy  the
K an condition, if, for every integer n > 0  and n  elements ao, •••
ak ,,,•••,a„EA „_., w ith  0 <k <n  and i<  j ,  there exists an
elements aEA „ such that si a=a, for i # k . If an augmented (quasi-)
simplicial set A,,, is acyclic, then it astifies the Kan codition.

A  (quasi-)simplicial group, module or ring is said acyclic (resp.
to satisfy the Kan condition), if the (quasi-)simplicial set consisting
of its underlying se t is acyclic  (resp . satisfies the Kan condition).
The Moore complex o f  a n  (augmented) (quasi-)sim plicial r in g  is
is defined to be the Moore complex of the underlying m odule. It is
easily verified that a  (quasi-)simplicial group (hence also module and
ring) satisfying the Kan condition is acyclic if and only if  its  Moore
complex is acyclic. It is well known that a simplicial group satisfies
the Kan condition.

Proposition 1. (Partition of  u n ity ) L et A . b e  a simPlicial
object in a pre-additive category C  with kernels. Then there exists
the Moore complex A. of  A . A n d  th e n  f o r every integer n>0
there exists one and only one family o f  morPhisms

fo„: A„--).A r Icr : [n].-->[r] is a surjection, 0<r<n}

satisfying the following conditions:

(1. 4) &o= O, 0 < i < r ,

(1. 5)=  Ea n a /

(oz runs over all surjections with donain n).

Moreover we have

(1. 6) na7V 3 7t , C E  =  (3,

0, c e # ,

(1. 7)o z A , ( « )  ,  r t ; I :  =  l m  I ,

where E  means biproduct (i.e. product and coproduct).

Before the proof we introduce the following notations. For each
monotone map Ç : pi [q], define E. ,  : [p+1] [ q + 1 ]  by
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o<i<p,
=q +1 , i=p +1 .

Evidently (ô) + =K +i, (e) + = e in +1 and ($12),_ = E + 72+ . We extend formally
this notation to by (E )+ =E  and also to linear combinations of these

If a  :  [n]— >[r] for n >0  is a surjection, then we have

case (1) a =1 9 + fo r some surjection ,e if a ( n - 1 ) < a ( n ) ,
case ( 2 )  x = 8 " '  for some surjection j3 if a (n -1 ) = (n ) .

Proo f  of  Proposition 1. 1. For a surjection a  :  [n]— >[r] put

(1 .8 )0 0 ,  4 6 ) 2
OE • • •o: ,

etc = if a ( j —1) = ce( j),

1—ai- Y ,  if a ( j - 1 ) < a ( j ) .

Then it follows (1. 4). If a surjection a  is in case 1, it follows
Occ= (0) + (1— r - 1 6 ") and a s '  er( a) P. If a surjection a  is in case 2, it
follows O =  O s "  and as" =  8 .  Hence we have by induction on n

(1. 9) for two surjections a ,  8  with domain n.

61.(3----- 1 ,  if ce=i3,

0, i f  a *8.

where the notation -= implies the congruence modulo the submodule
generated by feL  with 0<i<n, T EHom c(A „ ( 6 ) , 24„ ( a) ). I f  {C }  is
another family of morphisms satisfying (1. 4) and (1. 5) then (1. 9)

implies Oa = (1 . 6 ) fo llow s from  (1 . 4 ), (1 . 5 ) and (1. 9). (1. 5)
is verified by induction on n  as follows

E d (a ) - -n  =  E a 0 , - 1 ) — o c ( n ) 2 +  E a ( m - 1 ) < a ( n ) n a

+ 1 3 " - 1 ( E d ( Œ 1 ) = n - 1 T Cap e" (E d(a2)-m -1ra2)+  ( 1  — )

= o 1e  ±  (1— a" - le )
= 1 .

Hence A „ is isomorphic to the biproduct of all Ker (1 — nc,) = Im (n a ).

Let A „ be the kernel of 1— n , for the identity e= c .  o f [n ] .  Let
: .:4-„-->A„ be the canonical injection. Then we have an exact sequence

for each object B  in C;
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Homc (B, )
H  mc ( ? )

H o m c ( B ,  A „ )A„

(H otnc( , e 9 )
  -41 Homc (B,

i =1

which leads to

n Ker ei
i =1

For a surjection a : [n]--, [r]

Homc (B, 21-,) l lm - r ie (  ' ( F )   - Homc(B,

Homc ( , 1— na) 
H o r n ( ' (B ,  A „ )

which leads to
 Ker(1—Tra)=ZŒÀ, (a) .

(exact)

(exact)

Proposition 1 .  2 .  (D o ld )  I f  C  is  an additive category with
kernels, then for a Positive chain complex À l in  C  there exists one
and only one sim plicial object A * in  C  such that the Moore com-
plex o f A * is  4 .  Therefore there exists an equivalence between
the categories o f  sim plicial objects and Positive chain complexes
in C.

P ro o f. For a positive chain complex A * , let

A„= EOE X.r ( „ )  n > 0

where a runs over all surjections with domain n .  Denote by a :  Ar()
the canonical injection. For a surjection  9  in  0,, : A,(s)

—.Ad(a) is defined by

(3ii=a(3, for each surjection a with d(oz) =r([3).

For an integer i  with 0 <i<n , 24.--->A„_, is defined as follows.

i> 0 ,  a(i —  1) <a(i) <a(ti + 1), d(ce)=n,
d (a)=n -1 , i>0 ,
d (a) =n -1 ,
d ( a )  =n - 1 ,
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where a+ is defined by a+(0) =0, a+6° = ? a  and d ,  : is a
boundary morphism. Note that every map in 0° is represented by

aa° or ex+ . Straight forward calculations lead to R P  R R„ 1 , 2 2 , 1  for two

surjections j3, fi, with r(3 1 ) d (2 ) , E ' if i'81 -8Y  - -e1+1 -6,

with i< j, =id  and Ei + l ai = 0.
Hence A * is  a simplicial object.

The remain of the proof follows from Proposition 1. 1.

§2. Simplicial cohomology

Let K  be an associative and commutative ring with unit. L e t
be the category of associative and commutative K-algebra with

unit. An object A  in  „A  i s  called simply a K -algebra. For a K-
algebra A, denote by (,A, A ) the category of morphisms e = e,, : B
in A .  An augmented (quasi-)simplicial object A *  in  r_)7 is called a
(quasi-)simplicial algebra ov er A _,. By a morphism p , of a (quasi-)
simplicial algebra over A  we mean a morphism of augmented (quasi-)
simplicial algebras with p i  id A .

Denoted by S the category o f pointed sets. L e t  U (A ) be the
underlying set of AE ob,A with the base point OE U (A ). Let F(S )
be the quotient algebra of the polynomial algebra generated by the
set S  identifying the base point with 0. Then we have an adjoint
pair

(e, 72) : FH U  : ( A S )

The pair FH U  generates a cotriple (G, E , 72) =  (FU, E , R7211). Func-

tors G.—G' 1 and functor morphisms G`eG"- , =  G'aG"' define a

simplicial object in  Cat(c_A, ,/). For a K-algebra A , a  family of
G„(A ) with e' = e  ̀(A ) , 8'  ( A )  defines a simplicial object called the

standard simplicial algebra over A . An (augmented) quasi-simplicial

algebra A *  is called free, if A . is  a polynomial algebra over K  for
n > 0 . An (augmented) simplicial algebra A *  is called free, if there

exists S„E obS for 1 ,/ 0 such that A „= F(S „) and ( UCS„cS„,,,
0<i<n.
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Proposition 2 .  1 .  The standard simplicial algebra G (A ) is
free and acyclic.

Pro o f . Since G„(A)=FUG„_,(A ) and ( U8')(UG„(A))c UG„,i(A)
for 0 <i<n , it follows that  G ( A )  is  free. On the other hand, 72
induces a contracting homotopy of the Moore complex b— * (A).

Proposition 2 .  2 .  Let F * be  a free (quasi-)simplicial algebra
over a K-algebra A. Let A * be an acyclic (quasi-)simplicial algebra
over A .  T hen there ex ists a m orphism  p *  :  F* —>A* o f  (quasi-)
simplicial algebra over A.

Pro o f . We construct p„ for n>- — 1 such that p_ i = i d A , e',

0 <i<n , furthermore in the simplicial case p„d` =8 1p„_ 1 ,  0 < i< n .  As-
sum e that such p, Po, 1 9 1 1 - 1  are defined.

In the quasi-simplicial case, there exists a set S E S  such that
F„=F(S ). A quasi-simplicial set Hom,A(F(S), A * )=Hom s(S ,U(A * ))
is  acyc lic  b y  the assumption of the theorem. Hence there exists
p „ E H O M J / (F (S ) ,  A „) such that e'p„=p„_. i e'.

In  the sim plicial case, there exist S E S  f o r  n > 0  such that
F„=F(S,), (U89S„_1c S„. Hence there exists a set map ,,  S,,--UA
such that

T.),,(x)= -&. p „,( y ) ,  for x —8iy for some j and some yES„-i
—1

iip„(x )=i5„,'(x ), 0 < i< n ,  for x E  S, —  U

where p—i= Up„_,, 8"= U8', ei U e i ,  whence T9„ determines a required
morphism p „  :  F„=F(S„)-->A„.

Proposition 2 .  3 .  Let F* be  a free (quasi-)simplicial algebra
over a K-algebra A .  Let A * be an acyclic (quasi-)simplicial algebra
over A . Le t  p ,  p *  be tw o m orPhism s o f  F * to  A ,,. T h e n  i s
homotopic to p * .

P ro o f . We construct a homotopy co:„ 0<i n , between p'*  and
p * . Since H om s(S , U (A * ) )  is acyclic, it follows that there exists
(0°=- 04 such that e 'w °=i4 , e 1 co° = p 0 .  For an integer n > 0  assume that
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( 0 ,  0 <i< j<n , are defined.
In the quasi-simplicial case, since the quasi-simplicial set Homs(S,

U(A * ) )  satisfies the Kan condition, it follows that there exists co,̀:
such that E

°
W,

°
, =  0,1,( 0 0 _ 1  e i - 1 ,  0 < i< n  + 1 .  In  th e  same way we

define inductively co, 0 < j < n ,  so that E
i
C01, = w _ le i for i < j ,  s i ca,= e i cof,- 1

and elcol = co-,e` - 1 fo r  i > j+  1. Since Homs(S, U(A * ) )  is acyclic, it
follows that there exists co'„̀  such that EV: —0),",:lei for i <n , rw',; = e" ,
e n +1,0 7„,r =___ p t ,

In the simplicial case the proof can be obtained analogously, if
we pay the same attention as in the proof of Theorem 1.

L et T  b e  a  contravariant functor o f ,y1  (resp . (a ,  A )) to  an
abelian category. If A* i s  an augmented quasi-simplicial algebra, we
have a chain complex

ao ai
o T(A o ) —  A (T i ) • • • —> T(A„) —> T(A„+1)--> • • •

8" =E":"! (-1) Te'.

I f  co* is a  homotopy between p'*  a n d  p* w h ic h  a r e  morphisms
o f  augmented quasi-simplcial algebras o f  A* i n t o  A '* , th en  s"
= E ° ( - 1 ) 1 Tc0:, for n > 0  form a  chain homotopy between T p'* and
T p * i.e.

+ Tp'„— Tp„

whence Tp„' and Tp„ induce the same morphism of the derived objects
1 1 '(T (A ) ) -  ill"  ( T (A * )).

Let F *  b e  a  free  acyclic quasi-simplicial algebra over A' in  a
(resp . (a , A )). Then we can consider cohomology H * (T (F * )),
which does not depend on the choice of F *  b y  Proposition 2. 2  and
2. 3, and is denoted by H* (A' ,  T ) .  In the same way we can consider
n-th homology H,. (A', S )= H * (S (F * ) )  for a covariant functor S  of

(resp . (a ,  A ))  to an abelian category.
I n  particular fo r  a n  abelian  group object B  i n  (a, A), we

consider th e  cohomology group o f  A ' i n  (a, A ) b y  th e  functor
Hom(,A A )(  , B ) .  B  is represented as an  idealization A+ M  of an
A-module M  (J. Beck [2] ).
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We call the group H" (A, H o m (  B ) )  the simplicial cohomo-
logy  group of A  by  M , in notation H" (A, M ).

Hom A )(A ' , B ) fo r  A'Eob(c)/, A )  is isomorphic to the K-
module DerK(A ', M) of K-derivations, where M  is considered an A'-
module via the structure homomorphism E : Let A ,  be a
simplicial algebra over A .  Put

Derk(A„, M ) =  { f  DerK (An, M)I f a i  = o ,  0 < i n }

={ f  e Der, (An, M)1 .1.7, ,=f}  •

where we use the same 7Ct as defined in Lemma 1 for identity e = t„.

Proposition 2. 4. I f  A  be a sim plicial algebra over A , then
we have the canonical isomorphism

H" (Der; (A ,, M)) 2 -;11" (Der K(A * , M )),

Proof . I f  f  Der; (A „, M ) then

(fan + i)m.+i —firL„an+ i —fan+ i

whence fa„+ iEDerk (A. +1, M ),  where 8„ E7-0( —1)  e!.

Hence Der- (A , M )  is a chain subcomplex.

Put

t i = (1— a°6 1 ) (1 —ale2 ) • • • (1—ai- Y ) ,

t e — t0 r — t1 a 1 + • • • + ( -1 ) 1t1_,ai - 1.

It follows that

1—t„—a„ + , ten+ Un—la„ •

If f  is an n-cocycle (i.e. fa, ,i = 0 )  in D er(A „ M ), then

f - f m = f ( 1 -  t n )  =  ( fU „ - 1 ) a „  7

A s  u„_, is represented by a  linear combination o f  morphisms in
( I ,  A), fur-1 is a derivation. Hence f  is cohomologous in Der (A * , M )
to a cocycle f7c, in Der -  (A „ M ).

If f  Der -  (A „, M ) is  a coboundary in Der (A „, M ), there exists
gE Der M )  such that f = g a „.  Therefore
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f =f 7r,.=0„77c.= (g7rt._ 1 )a„.

Hence f  is  a coboundary in Der - (A„, M ).

§ 3 .  Standard extensions

Let A *  b e  an (augmented) (quasi-)simplicial algebra . Let M *

be an (augmented) (quasi-)simplicial module. If M . i s  an A„-module
for each n, and if the multiplications A.OKM, - - >111,, are compatible
with the face operators e`, also with the degeneracy operators 8  in
the simplicial case, then we call M * to be an A t -module. T h e  ideali-
zations A,,+ M,, form an (augmented) (quasi-)simplicial algebra, which
w e call the idealization of M * ,  and denote it by A * + .  A  sub
A t -module / ,  of A *  is called  an ideal of A .  A„/I„ form an (aug-
mented) (quasi-)simplicial algebra, which we denote by A * 11.* . If

I *  satisfies the Kan condition, then we have (A* /I* ) -

For a positive integer n and a module M  over
there ex ist one and only one simplicial A-module

d„—identity and = 0  for n
simplicial algebra over A, then M * is canonically an

60 1
multiplication of which is given by A ,O M ,--> A 0 M
consider the idealization B* =A * + M * . Let f  be
D e r(A * , M ) .  Define a subset I, in B, as follows

/ ,=  0 ,  r< n -1 ,

1„_,=e°(ri—ic2f)(A7,),

I ,=  {x E B , ( x )  /„_, for every injection ci:

r>n.

an n-cocycle in

where K, : A„--43„ and K 2  : M-- , -B„ are the canonical injections.

If a  :  [n -1 ]--> -[r] is not an injection, there exists an surjection
[n -1 ]—, [s ] ,  s < n -1  and an injection : [s] [ r ]  such that

=  3 . H ence xE I, implies i-"(x) =0, which means &(x) = 0 .  Hence
for every r, I, is the set of a ll x  B r such that a (x )  E  /„ , for every

a K-algebra A,
/14-* such  that

— 1 . I f  A * i s  a
A* -module, the

We can
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monotone map a : [ n - 1 ]  [r] . Since 1 -1  i s  an ideal o f  B „ ,  it
follows that I *  is  an ideal in B .

Denote by E ( f ) ,  p  and r ,  th e  simplicial algebra B,K/ I * ,  the
canonical homomorphism A -->E ( f )  and M — >E(f ): respectively.

Proposition 3. 1. Let A  b e  an acyclic sim plicial algebra over
a K -algebra A . L e t  M  be an A-module. If f  i s  an n-cocycle in
Der; (A,., M ), then there ex ists one and only one acyclic simplicial
algebra E,,, over A  satisfy ing the following conditions: ( 1 )  There
exists a morphism  p . : of sim plicial algebras over A . (2)
T here ex ists an isomorphism r : M -->k , o f it-m odules such that
p„—rf .  (3 ) É r =0  f o r  r > n .  (4 ) or i s  an isomorphism f o r  0 <r
<n - 2 .

Pro o f . To prove the existence w e m ay pu t E ,,— E (f )  using
the above notations. Then the condition (1 ),  (2 ), (3 ) and (4 ) are
satisfied. In the following commutative diagram the upper and middle
raws and all the column are exact.

> 0

M ,_2-> • •

II II
0 -->É„ - - >  É le - 2  •  •  •  - 4 ' 0

0 0

Hence the Moore com plex È . is acyclic . It shows the acyclicity of
.E* . The uniqueness of E  fo llow s from  the Corollary 3. 3 o f Pro-
position 3. 2.

Proposition 3. 2. W ith the same A ,  M  and f  as in  Pro-
position 3. 1, let f '  be another n-cocycle in  Der; (A,„ M )  which is
cohomologous to f .  Let be an acyclic (quasi-)simplicial algebra
over A  satisf y ing the condition (2 ) and (3 ) in  Proposition 3. 1
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for a m orphism : A , E * of  (quasi-)sim plicial algebras over A
and r' : M — >k ,/,. Then there exists a m orphism  6,, :
of  (quasi-)sim plicial algebras over A  such that cr„r=r', a p r

=  PI, f o r
0<r<n—  2.

P ro o f. There exists an (n-1)-cochain g such that f — f '=ga„.
Let a,=p', : Er=A ,---)-E,' fo r 0<r<n — 2. Let a.„_, : B „,=A „,+M

b e  a homomorphism o f  K-algebras such that o, I A”-1=p'—i
+d„rgd„ and a„_11 M=  d. r'. a „_ ,  induces a  homomorphism o f E „ ,
into E , . .  For an integer r n  assume that homomorphisms i ,  :  E,

s < r,  n < r are defined such that e'ar-1 a r-2  0<i<r — 1. By
the acyclicity of E'„„ there exists an element 6,(x ) for each x  E ,
such that e` (ar (x) ) =1,-1 e  ̀( x ) ,  0 < i< r.  Since dr : is  a mono-
morphism, it follows that a , (x) is uniquely determined by x .  Hence
a  : i s  a homomorphism o f K-algebras such that e'a, =
d„zi=d„- i I M  implies d„r'=ii„,d„r= d„a„r. Hence 71 =  „  r.  The lemma
was shown in the quasi-simplicial case. In the sim plicial case, a , 8'
=(3i„__.1 fo r  0 <i<r<n  follows from the definition. F o r  r> n ,  ,
=8'i follows from the uniquness of

Corollary 3. 3. With the same A ,, and  M  as in  Lemma, let f ,
f '  be two n-cocycles in  Der; (A * , M ) .  There exists an isomorphism

between E - - - E ( f )  and E '= - E ( f ')  such that a„,i--=zi, ar p,=p',
f or 0<r<n—  2 , if  an d  only if  f  and f ' are cohom ologous.

P ro o f. Assume that f  and f '  are cohomologous. By Proposition
3. 2, there exists a canonical morphism a, gives a chain
map 7s* : ,  which is an isomorphism by the five lemma.

Conversely i f  a* :  E ( f ) - ->E ( f ')  i s  an isomorphism such that
a. r  r', a r  Pr =  p  for 0<r <n  — 2, then eta „-1 p.-1= 0g-2 = = e' .
There exists a homomorphism : of K-modules such that
d„-g=6„-i p.-1— .  Since d4(x Y ) = (x )d,k (y )+ p'— i(y )d.k (x ),
and d„ is  a monomorphism, it follows that Kr (x y ) = a 0 _ 1 (x ):g r( y)

ep_ 1 (y )g(x ). Let g=z-i - lg  : then g (x y )=x g (y )+y g (x ) .
Since d„ga°-- a° (a„-2P,-2 — =0, 0 <i<n , it follows gE Der; (A„-i, M).



Simplicial cohomology and n-term extensions of alg eb ras  463

Since d„ -ga„----d„(e„g„—g',)=d„(e„ Tf — r 'f ' )= d „ r ' ( f — f ' ), it follows
that f— f '=g6„.

In particular i f  A * i s  the standard simplicial algebra G* (A ),
and f  is  a  cocycle in  Der; (G, (A), M ) ,  then we call E ( f )  the
standard n-fold extension.

§4. (quasi-)simplicial extensions

Let M be a module over a  K-algebra A .  L et n  be a positive
integer. We define a n  n-fold (quasi-)sim Plicial extension E ,. of A
by M  as follows:

(1) E * i s  a n  acyclic (quasi-)simplicial algebra over A  (so
satisfying the Kan condition),

(2) E"„ 0, r>n ,
(3) E„-=-M as  E„-modules,

(4) E n k „=o , E „=K er(e  :

where P, means the product E, E, o f ideals.

If E ,. is a  simplicial algebra, then the condition (4 ) is replaced
by the following condition:

(4 ')  n, is a  derivation.

In  fact, it is easily verified that (4') implies (4). Conversely
assume that E,. satisfy (4). Then n , (x y ) -0  for x, yE È . Denote
by  0  the un ique map [n] [O ], th en  7E0 is  a  homomorphism of
algebras, and 71'‘ no = O. Note that n, (no (X )Y ) =  (x )m (y ) . An equation
for x ,y EE„

xy=n0(x )y+ TE O  Y) X  n O ( X Y )  (1— n o ) (X ) • ( 1 — no) (y )
leads to

( X Y )  7r0 ( x ) ( y )  n o ( Y ) 7 r , ( X )

= (y)+ yn.L(x).

This states that (4) implies (4').

A  m orphism  of such extensions is defined to be a  morphism of
an augmented (quasi-)simplicial algebras with p_i=idA, i3„=,
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If there exists a  sequence of morphisms of extensions

then E °  and E "  a re  called equivalent. The equivalent classes of
extensions are called th e  Y oneda classes.

Proposition 4. 1. I f  E * is  an n-fold (quasi-)sim plicial exten-
sion o f  a K -algebra A  by an A -module M , then there exists an n-
cocy le f  in  Der;(G * (A ) ,M )  and  a m orphism  of  the standard n-
fold  extension E ( f )  in to  E .

P ro o f. By Theorem 1 ,  there exists a  morphism p*  o f  G ( A )
to E * o f  (quasi-)simplicial algebras over A .  p „n ,  induces caonically
a  homomorphism f :  G„(A )-->M of K-modules: r'f =p„77,.

It follows from ( 4 )  that

10 .7 r(x ) i)  ( 4 7 r0 ( X ) P „T r . ( y ) + p „ (y)p,m(X),

which implies that f  is a derivation. Since 7r 81 = 0 , 0 <i<n , it follows
f  ED eri(G ,(A ),M ).

By the fact p„n‘ a„+ 1=-- e'p,,,i Tr, and the condition ( 2 )  fo r r = n+1,
it follows f 6 ,1 = 0 , which means f  i s  a  co cyc le . It follows from
Lemma 5  that there exists a  morphism of E ( f )  into E .

Proposition 4. 2. I f  p ,  :  E(f)— >E * a n d  p'*  :  E(f')— >E * a re
morphisms from  the standard extension of n-fold (quasi-)simplicial
extensions of  a K -algebra A  by an A -module M , then n-cocycles f
and f '  are cohomogous.

P ro o f. Morphisms p*  a n d  p'4, a re  induced respectively from
morphisms and .0'4,  of the standard sim plicial algebra G* =G * (A )
into E * . By Theorem 2 , there exists a  homotopy (0

* o f  T)/*  into
11= 1

Put g = E ( — 1) i (wLi — p „8 9 7 c , .  Then it follows

6° g an = e° p„)7r„

€j ' = o, 1 <i<n .

Hence kr induces a homomorphism g of G„_1 into M  of K-modules.
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The acyclicity of E  and the condition (2) for r = n + 1  imply
(r9', — )m = g 6„, which means f ' — f  = g .

If x  G„_1 and y E -6 „,  then

k(n o (x )y )= p„(rno (x ) . -g-( y ) + E ( - 1 ) '  (coi — p °)n o (x) • coi n,. (y )
i = 0

=p'no(x ).K . - (y ).

Hence it follows that g  is  an (n-1)-cochain in Def.; (G*, M ).

Hence f  and f '  are cohomologous.

By Corollary 3. 3, Proposition 4. 1 and Proposition 4. 2, we get
the following theorem.

Theorem 4. 3. Let n be a positive integer. Denote by Ex"(A, M )
(resP. Ex;_s (A, M ) )  the set of the Y oneda classes in the category
o f  n-fold sim plicial (resp. quasi-sim plicial) extensions of a K-
algebra A  by an A-m odule M . Denote by H "(A ,M )  the n-th
simPlicial cohomology group of A  by M .  Then there exist cano-
nical bijections between E x"(A ,M ) and Ex_, (A, M ) and H"(A ,M ).

§ 5 .  3-fold extensions

Let n  be a positive integer.

Proposition 5. 1. Let E , ,  be an augmented acyclic (quasi-)
sim Plicial K -m odule such that E r i s  a  K -algebra f o r  — 1<r<n,
and E" r =0  fo r  r > n .  Assume that the multiplications in E r  with
— 1 <r<n  are compatible with the face operators, also with the
degeneracy operators in the sim plicial case. Then there uniquely
exist multiplications in  E r , r > n  such that E ,, becomes a (quasi-)
sim plicial algebra.

P ro o f. For an integer r> n ,  assume th a t associative commu-
tative  multiplications ço, : s < r  are defined and that
e i ços =y9 s _i (e i  X e i ) .  Then there exists a  set map ço,. such  that €1 w,

= (ei X e i )  by virtue of the acyclicity of E , , .  Since d r  :
i s  an injection, q), i s  uniquely determined. Hence v , is  associative
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and commutative. In the simplicial case („9,(8' x ) =8fya r _ i is also

satisfied by the uniqueness of ço,..

In the following a, 8, r ,  6, and 72 imply monotone surjections.
An exact sequence of K-modules

(1)
0_414. dn> :-É -nk o  d o A _ > 0

with K-linear maps

ç : ,  O d(ce) = d (Q) = d (r)<n,

is called an n-term  extension of A  by M , if the following conditions

(2) to  (9 ) are satisfied.

(2) ZE 4,7(4(301)q ,  (1 R ) .
(3) Ç9f3, cc r, where r (x 0 y )  = y 0 x .

(4) volas — çace,

(5) ÇO;Yx5 , f3S = 0, if 1(i) ± 1) .

yo = 0, if a (i — 1) <oz(i) <cu(i + 1 ) and r ( i - 1 )

VoY,5,r3 =  0, if a (i— 1) <ct: (i) <ce(i -I- 1) .

(6) ço'25̀: -1 j , if y (ti — 1) = r(i) ,

ça - li.06, +(prs-i3O5, —e„,(3, if r ( i—  1) y

(7) ço,T,050 + dq)1:; ,o s o= ço7„ o (d 01)

where a +  is the surjection such that e° =  a + e°

(8) Éo is a K-algebra, and do is a homorphism of K-algebras.

(9) 4 = 0 , if c= c, and r (ce)> 0 ,

vt,,, = 0 1 (4 0 1 )  ,

where çom : AOM— .M is the multiplication of M.

A  m orphism  o f n-term extensions is  a chain map p .  with

=id A  and p”=tidm which is compatible with

Proposition 5.5. 2. I f  E *  i s  an n-fold sim plicial ex tension of
A  by  M , v =ça.: E .O K E .--E , is the multiplication, then the Moore
complex . -E",„, of  E  w i t h  ea .' ,0 i s  an n-term  ex tension of  A  by M,
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where

: Er(GoOk(3) - - >kcy)

is induced by erq)(i-t0 0 )  for three surjections a, 9, r  with the same
domain.

T he category o f  n-fold sim plicial ex tensions of  A  by M  is
equivalent to the category n-term  extensions of  A  by M.

P ro o f. The proof of the former part is streight-foreward. Given
an n-term extension E ,  of A  by M . There exists one and only one
simplicial K-module E ,  over A  such that its Moore complex is

E,,, =Ed(G)— É,,(a), m>0.

Define v=y9„, : 0 <m <n  by

ço(620 )  = •

(2 )  and ( 3 )  imply the associativity and commutativity of respec-
t iv e ly . (4 ) implies the compatibility of ç  w ith  the degeneracy opera-
tors. ( 4 ) ,  ( 5 )  and ( 6 )  follow the compatibility of ço w ith  the face
operators E `  for i> 0 .  It follows that

..v(ao® - - 6.)=Çocao - ),
e°Ço (a+0 =ç, (cide) - ),

4.(a+Or3+)=9(rEd01 .4d),

where the equation is obtained by the calculation

g, 13 ( d 0 d ) =v 1
0', 0 (d 0 1 ) (1 0 d )

---- 5,92;?s , +  de:4 °0,0+5i d ,

4 r (3 , .

Then E„, w ith  0 <m <n  are K-algebras w ith the multiplication
compatible with face and degeneracy operators, whence E,„ is  a  sim-
plicial algebra over A  by Proposition 5. 1.

It follows from ( 8 )  that .- -enk=o, Hence E ,, is  an  n-fold sim-
plicial extension.
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Theorem 5. 2. Let A be a K-algebra and M  be a A-module.
(1) a 1-term extension of A by M  is given by an exact sequence

di do
0—>M—>E0 , A--).0

where do i s  a homomorphism o f  K -algebras, d, is  a homo-
morphism of E D-modules.

(2) a 2-term extension of A by M  is given by an exact sequence

doM  E  1- >  0 - > 1-1 - >0

where do is a homomorphism o f  K -algebras, d, and d , are
homomorphisms o f E0-modules, and

x,Y EÉ17

( 3 )
 a 3-term extension of A by M  is given by an exact sequence

d3 d2 d1d o

with a E D-bilinear map

< 7> : –E'10E0k, - - 4 2 ,

where do is a homomorphism o f  K-algebras, d l  i s  a homo-
m orphism  o f E D-modules with associative and commutative
multiplications (i.e. E0-algebras not necessary with unit), d,
and d3 a re  homomorphisms o f  ED-modules, the map < , >
satisfies:

<x1, yizi>=<xy, zi>+d,zi<xi, yi>

< d2 X 2 , Xi> — <X, d2 X2> Xi X2 .

P ro o f. The proof o f (1 ) and (2 ) are  seen in N. Shimada and
others [8]. The proof o f (3). F o r th e  3-fold simplicial extension
E ,„ let Ê . b e  the Moore complex and

yi> = e x , . 8 i ) y i  , x1, y1 E .
Then
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€
°
<X „ y i>=x iy i — v°€°yi• xi

<vi Y, zi> — yizi> yi>81zi •

Since n  = 0, it follows that

<E
°
X2, xi> — <xi, ex 2> aoao? X2

•=  60 (8181x i  -d°X 2  8 °81X1 • 81X 2  awx1.82x2) =0,

al x i  • x2— cree'x 2 • x 2 = E° ((a° —8i)aix, • ex2) — 0,

x 2 y 2 — <s° x2, e° y2> = e
° (ex 2 • ey 2 — dl x2•81y2+ 81x 2 • a2y2) = O.

Conversely, le t a  sequence

satisfy the conditions in the theorem, E ,  be a simplicial module such
that its Moore complex is given by the above sequence. Denote by
x„ y„ and z  elements of

Now we define multiplications in E 1 , E 2 , E , so that exi. (e - 8 1 )Yi
=<x l , y i >, and prove that E 3,  becomes a  3-fold simplicial extension.
The required multiplications should be commutative and compatible
with degeneracy operators. Therefore the multiplication is determined
only by the following conditions.

In Ei=8°E0+k i,

(ex° + xi) (a° 31° + yi) = 8° (x, yo) + yi +  y o  +  y i ) .

In E3=8 080E0+8 0 +a 1K + K ,

cr ex o •x 2 = x ox 2 ,

ex i•  81.31,— a° (xi y i )  <X1, Yi>,

exi. x2= <xi, d2x2>,
•X2 =  dl XI • X2

X2 *Y2 — <d2 X2, d2,Y2>•

In E 3 =a°a°8°E0 +ea°E-, + ealki + + acik2 + sk2 + s2k2 +

x • X3 = eX • X3 , X E E 2  e= 4 4 4 4 ,

(reXT • a2 X2 = d2 x2> d2x2>,



470 Akira Iwai

• six, = al <x„ d2 x2> + a° (d i  xi. x2— <x„ d2 x2>)

Val xi. a° x2=8° (di xi. x2),

8°x 2 • al y2— s'<d2 X2, d2 Y2> ,

8°x 2 . 82 y 2= 0 ,

61x2.82y2 - 61 <d2 X2, d2 y2> — 8°<d2 x2, d2 Y2>•

It is easily verified that the multiplications defined above are com-
patible with the face and degeneracy operators. The associativity of
the multiplication in E ,  is  seen  imediately. It is not difficult but
tedious to prove the associativity in E 2 .  B y  the definitiion of the
multiplication in E 3 , it follows that E f l -E- = 0 .  The associativity in
E , follows from Proposition 5. 1.
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