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The purpose of the present paper is to consider a Finsler space,

characterized simply by the equations
Rh‘jk=R(gh15i—ghk5§), C;;j[k;—c;;ij,

where the euclidean connection of E. Cartan [4] is treated. The first
equation means that the Finsler space F” is h-isotropic [1, p. 43-49],
[6], [7, §39], and Akbar-Zadeh proves that the scalar R is constant.
On the other hand, the second equation means that the torsion tensor
C of F” is recurrent with respect to the covariant differentiation due
to E. Cartan. A generalization of the concept of recurrence was first
introduced by A. Moér [9], who treated the recurrence of R,’;, and
gave some interesting results. ’

An interesting example of a Finsler space which is characterized
by some simple conditions imposed upon the curvature and torsion has

been given by Gy. Soés [117]. His conditions ‘are expressed by
CiR};,=0, Cj;,=0, (C;=Ci).

Similar to the Finsler space due to Gy. Soés, the Finsler space under
consideration in the present paper is a simple generalization of Rieman-
nian or Minkowskian spaces, because the former is characterized by
Ci;=0, and the latter is done by R=0 and K,=0 [4, p. 397, [10,
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p. 1361, [5], [8].

§1. Fundamental tensors and important formulas

Let us consider an n-dimensional Finsler space F”, equipped with
the euclidean connection of E. Cartan [4]. If we denote by g;;(x, y)
the components of the metric tensor derived from the Finsler funda-

mental function L(x, y), and if we put
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then the parameters (F}k, C}k) of the euclidean connection are given by
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According to our theory of Finsler spaces based on connections in fibre
bundles [7], we shall use the following terminologies and notations
throughout the paper. First of all, let T% be components of a (1, 1)-

tensor field, and we have three kinds of covariant derivatives of T% as

follows.
i oT; h i i fh ivati
T =W+ T4F},— TiF%,---...h-cov. derivative,
. 0T b i i b N
Ti| kza—y"+ T%C;,— T;Ch,--....v-cov. derivative,
i
T =%Z;— ...... 0-cov. derivative.
Yy

Now, there are three kinds of curvature tensors:
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[IYTIRES h-curvature tensor,
Piyyoeenn hv-curvature tensor,
Stppeeee v-curvature tensor,

and five torsion tensors in general. In the case of the euclidean con-

nection of Cartan, two of them vanish and

e=9"Rij- (v)h-torsion tensor,
=y Pl (v)hv-torsion tensor,
by e (h)hv-torsion tensor.

The following expressions are well-known.

1.1) Piju(= gin P)) = SijACirnii+ Cien Cly10}
(1.2) Piju(= gin P%) =Cijrio,
(1-3) S}klzskl{C;!lC;zk} =Skl{—2—c}klll},

where the index 0 means contraction by y‘, and S;;{---} does interchange
of indices i, j and subtraction.
Next, the Ricci identities for a tensor T} will show the role of

curvatures and torsions as follows.

(1.4) Tiwu— Thuw= TR}y — TiRl — T wREs,

(1.5) Tigli— Tilyw=T4P}y,— TiPhy— Ti,Ch— T 1Py,
(1.6) Tileli— THile=T4Sip— TS

Finally, the Bianchi identities of curvature tensors are expressed
by

7 Sip{RY 411+ PR} =0,
(1.8) Skl{Pi"kjll + R?lmC;znj +P¥ImP;znj} + Rglk |j+ S?ij'tnk=0,

(1.9) SudPlpli— Py CP— St PR} + Sk ; =0,



4 Makoto Matsumoto
(1-10) Sjkl{S?jkll} =0,

where S;;;{---} means cyclic permutation of indices J» k, { and sum-
mation. The identity (1.1) is thought of as a Bianchi identity of the
(h)hv-torsion tensor C!,. The other Bianchi identities will be obtain-
ed from (1.7), (1.8), (1.9) by contracting by y’. For the later use, we

shall here write one of them, derived from (1.8):
(1.11) Sk Prrjit+ RumC + PunP 3} + R | j— Rijnie=0.

§2. C-recurrent Finsler spaces

Definition. A Finsler space F” will be called C" or C*- or C°-

recurrent, if the (h)hv-torsion tensor C?, satisfies the equation
A;C}k=Cj~kKl,

where we denote by 4; the h- or v- or 0-covariant differentiation respec-

tively, and K;=K,(x, y) is a covariant vector field.

In this section, we shall be concerned with v- and O0-recurrences
only. From the following proposition, we are not interested in these

concepts.

Proposition 1. If a Finsler space F" is C- or CO-recurrent, then
F” is essentially Riemannian.
Proof. If F" is C’-recurrent, then
(2-1) C;:k | I=C§k K,
and hence the identity C%,|;=C},|, gives immediately
Ci,K;=Ci K.

By contracting these two equations by y', we obtain —Cj. k=C§ Ko and
Ci,Ko=0, which imply C},=0.

Next, if F” is C’recurrent, then
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(2.2) Cipi=CiuKi,

and hence (1.3) leads us to
i o L i i
Sjkl— 2 (Cij]_leKk).

Similar to the above case, contractions of these equations by y’ give

us Ci,=0 easily.

§3. C"*-recurrent Finsler spaces

The remainder of the present paper will be devoted to studying
C"-recurrent Finsler spaces. First of all, we shall give two notes. The
first is that any essentially Riemannian F” is C".recurrent, because of
Ci,=0. The second is that any 2-dimensional F ? is also C"-recurrent,
because C;;; is then written in the form Cjx=C h;h;h;, where h; is
orthogonal to ' and h-covariant constant [2], [10, p. 253].

Now, assume that F” is C*-recurrent:
(3.1) Chijie= Cpij Kp.
Then, the expressions (1.1), (1.2) and (1.3) lead us to
3.2) Piji=K; Cjry— K;; Ciry— Ko Sijniy
(3.3) P;jr =K, Cijpe
Differentiating (3.3) h-covariantly, we obtain
(3.4) Pijii= Cija(Kou+ Ko Ky),

from which we conclude as follows.

Proposition 2. Assume that F" is C"-recurrent. Then, the v-
curvature Spijr is also recurvent with respect to the h-covariant differen-

tiation, that is,

Shijr=2K; Shijn.
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If Ko=0, then the hv-curvature Py is expressed
Pij=K; Cjru— K; Cipay

and the (v)hv-torsion Py, vanishes. If Ko5#0, then the (v)hv-torsion
Py, is recurrent, that is,

P;Jkll'—Puk(Kl+ KO”)

Next, it follows from (3.1) and the Ricci identity (1.4) that
(3.5) Chij Kkz = Cmij R;,”“ - Chmj R’inkz - Chim R?’“ - Chij l mRz'n

where Ku=Ki;;—Kj;z. In order to treat (3.5) in detail, we shall
assume that F, is h-isotropic [1], [ 6], which is characterized by

Ryijn=R(gnj gir— &k 8is)>

where R is a scalar. Akbar-Zadeh proves that R is constant, provided
that n=3. It is remarked that the concept of A-isotropy does not
coincide with that of constant curvature due to L. Berwald [3].

For the h-isotropic F”, the equation (3.5) is simply expressed as
(3.5 C1ij Kii= R Shij{Crni 8j1— Cini gir} + RSu{Chij| e yi}.
Then, contraction of (3.5") by y' gives us
(3.6)  RL*Chij| #=C1ijKeo— R (Crijyn+ Crjnyi+ Crni yi+ Crijye)s

where L is the Finsler fundamental function, namely, L’=g; yiyj.
Substituting (3.6) into (3.5"), we obtain

(3.7 Chij(L*K i — Kro yi+ K10 y#) = R Shij{Chni bjs— Crni bje},

where b;,=L’gjx— yiys. If we contract (3.7) by g" and then by
C’=g**C},, we obtain

(3.8) C; (LK — Ko yi+Kioyr) = R(Crbj— Ci bs),

(3.9) C;C’ (L* K — Ko y1+ Kio yx) =0.
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If C;C’=0, that is, C;=0, then Deicke’s theorem shows that F” is
essentially Riemannian. Therefore, assume that F”* is not so, and (3.8),
(3.9) lead us to

(3.8) R(Crbj—Cibjn)=0,
(3.9) L*Ku—Kroyi+Kioyr=0.

It will be seen from (3.8") that, if F” is essentially Finsler and R5~0,
then there exists such a scalar a that b;;=aC;C;, which implies n=2.
If F” is essentially Finsler and R=0, then it is observed from (3.5")
that Kz =0, and (3.9") is reduced to the trivial equation.

Summarizing the above, we have

Proposition 3. All of h-isotropic and C"-recurrent Finsler spaces

are divided into one of the following three classes.

(1) Riemannian space of constant curvature,
(2) essentially Finsler space of 2—dimensions,

(3) essentially Finsler space of dimension n =3 with vanishing scalar

curvature R, and K;;=Kj;.

In the remainder of the paper, we shall treat only the interesting
case (3). In this case, R;j»=0 and hence R;;;=0. Therefore, (1.11)

is reduced to
Sei{Purju+ Pum PP} =0,
which is, in virtue of (3.3), (3.4), (1.3), rewritten in the form
K% Shimr= Su{(Koin+ Ko Ks) Chji}

Sijm are skew-symmetric with respect to indices A, j, while the right-
hand side of the above equation are symmetric with respect the same

indices, and hence we obtain

(3.10) KiShju=0,



8 . Makoto -Matsumoto -
(3.11) Su{(Kojp+ KoKy) Crjsy =0.

It follows from (3.10) and (3.2) that P, =K;Cj;;—K;Ci;. On the
other hand, if K,==0, then S;;;;=0 from (3.10). Next, it is seen from
(3.11) that, if B,=Ko:+KoK;5#0, then there exists a scalar C that
Cijx=C B:B; B

Summarizing all the above results, we conclude

Theorem. Let F* be an essentially Finsler space of dimension
n=3. If F" is h-isotropic and C*-recurrent (3.1), then

Knj:Kjlia

h-curvature Riju =0, (v)h-torsion R;;=0,
hv-curvature Py =K;Cip—K;Cip,
(v)hv-torsion Pij=K,Cij.

Moreover, if Ko5=0, then

v-curvature Sijp=0,
(h)hv-torsion C,’ijC BiB;iBr Bi=Ky;+KyK;.

From the expression of P;;; given in Theorem, K; will be easily

eliminated and we obtain
(3.12) S1ij{Pnmrs Pijri+ Pamui Pijr s} =0.
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