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For a positive integer N ,  le t Fo (N )  b e  the congruence subgroup

of level N, i.e. Fo (N )=  { ( a
b  1

e )eS L 2 (Z) c=-0 m od N I and Sk (N ) denote

the space of cusp forms f  of weight k  for r o (N ) .  L et q  b e  a prime
divisor of N  and qvIIN . Let Wq .  denote an  element of the order R =

(N  of the fo rm  W -=(q v x  Y  )  such that det Wq . = q v  with in-Z q" N z  q v w
tegers x, y , z and w . In other words, putting Rq =C)Z q , Wq ,  denote any

— Ione of the elements of IV' n  V 0 )R,x, where R x(resp. R ':) is  the group(I

of all units in  R(resp. Rq). Then Wq .  normalizes T o (N ) and keeps S (N )
invariant under the usual operation fi--41 We  ( s e e  1.1). Recently, H.
Hijikata [2] h as g iv en  the trace formula of the Hecke opera to r 7,,
acting on S ( N )  for arbitrary N .  N ow  the purpose of th is paper is
to  g iv e  the trace of the operator Tn .We  o n  th e  space  Sk ( N ) .  Then
using the result of [2 ], w e are able to  g ive the traces of Hecke opera-
to rs  on the space of cusp form s fo r a  normalizer of T o (N ) ,  generated
b y  F o (N )  an d  Wq .. W e m ainly follow  the terminology and notation
b y  [2].

1.1. F o r a  complex valued function f (z ) ,  difine the operator

f  =(detaY 12. (cz-Ed) kf ( a z + b

cz + el
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where o  = ( a  
c  

)E GL 2 (R ) , a n d  k  is a  p o s itiv e  integer. W e  d e n o t eb  d
th e  space o f  cusp form s o f  weight k  fo r  r o(N) b y  Sk(N ) , i.e . the set
o f  a l l  holomorphic function f ( z )  o n  t h e  com plex  upper ha lf  plane
satisfying f lo- = f  f o r  a n y  o- E r o (N )  a n d  v an ish es  a t ev e ry  cu sp s  of
r o(N ). L et n  b e  a positive integer prime to  N , th en  th e  Hecke opera-
t o r  Tn i s  a c tin g  o n  S k (N )  by

f o = n k / 2 -1 fli

w h ere  T„ corresponds t o  th e  u n io n  o f  th e  d o u b le  cosets Z-E= u Ect iF
a n d  w e p u t its  le ft cosets'2E= u Ffl i  w ith  F = T o (N ), o r  explicitly

f  0 Tn =  n k—  1 E f  (az  +   )d _k

ad=n b mod d d
a>0

1.2. Let N = f l  q"i i  where q i are distinct prim es and let N o = IT

where 0 < u  t. For q 1 N 0 , w e define 1,1(,i =(qP X  Y ,  )  where x, y, zN z  q  ,iw
a n d  w a re  integers satisfying det I/Vg y = t ip .  Then it is know n that Wq :i
defines a  C-linear automorphism o f  o rd e r  2: »—>fl1V„:i o n  S k (N),
m o re o v e r  W  commutes w ith  Tn ( [1 , Lemma 17]). Define

WN 0 = H  w q „.
qiN.

1.3. Since TWN I = T W N 0 = WN o T  a n d  T„ corresponds t o  the union
o f  th e  d o u b le  cosets U  Fa ir ,  th e  opera tor Tn . WN 0 corresponds to
EWN o = U Fai WN . F .  T hus the trace tr T„WN 0  is  g iv e n  a s  follows by the
form ula  of Hijikata ([2, Theorem 0.1, 5.4])

tr Tn WN . = —  E a (s) b (s, f  ) e(s, f , q)+ 6(k)- d,

where 6 (k )=1  o r  0  according as k =2 o r  n o t .  T h e  meaning of the
symbols a(s), b (s , f )  e tc . sha ll be  g iven  in  t h e  follow ing. L e t s  run
over all integers such that

s2 — 4nNo case (p)

t2 case (h)
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1 t2 mm 1 m o d  4

t2 .4m m  2 ,  3  m o d  4
case (e)

w ith a positive integer t  and a negative square free m .  Corresponding
t o  the above case  o f s, a ( s )  is  g iven  by

lx i
4 (P)

min {1x1, bok-i.(nNo)1-k/2 (h)

j2_Ock— 1 y k—l‘
(
x y) - 1 .(nAlo )i - k/ 2 ( e )

where x  and y are the so lutions of the equation  Os (X )= X 2  —sX +
nN o  = O . For each s  fixed, let f  ru n  o v e r a ll positive divisors o f t  in
the cases (h )  and (e), and f = 1  in the case (p). Let K  b e  the quoti-
e n t  ring Q[X ]10 s (X )  and g  denote the canonical image of X  in  K.
K  i s  a commutative Q-algebra of ra n k  2 ,  and g  generates a n  order
Z + Zg in K .  Put 4 =(s 2 — 4nN0 )/f 2 ,  th en  for each f ,  th e re  is  a  uni-
quely determined order A =A 4  o f  K  containing Z + Zg a s  a  submodule
of index f ,  [A : Z + Z g ] =f .  Let h(A ) denote the class number of local-
ly  principal ideals of A , and let w(A) denote the half of the cardinality
of the unit group A '.  Then

b(s, f)=h(4)1w(4).

Finally c*(s, f , g) i s  the num ber o f non-equivalent embeddings o f K
in to  M 2 (Q ,) optimal w ith respect to  R ,/A , such  tha t tli(g) E WN o R q

x ,  i.e.
c*(s, f, g)=1Emb(g, W N .R q , R 4 1/19)1R'9 1̀

in the notation of [2, 2.0].

1.4. For a n y  (ill V , Emb(g, R g , R q f A q ) I R q X  c a n  b e  g iv e n  a s  follows
( [ 2 ,  Theorem  2.3]). L et v =ordq(N )  and  p=ord q ( f ) .  P ut P=R E Z I
0 , ( ) 0  (q v + 2 e ) and g  ( g e ) } .  Let F  be a  complete system of repre-
sentatives o f  F  modulo q " - e  a n d  p u t  F' =R e FlO s (n)_0 (gv + 2 0 -")} .

Define tp4 : K--*M2(Q q ) ,  b y  1114(g)=(__ 9 ,( )  s q )  and ip;i : K-41142 (% ),

b y  i/J;(g)=Gs
v 4 (v+71)f(n)) respectively. If (g - 2 e(s 2 4 n N o )  is  prime

a(s)=
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t o  q  (resp. divisible b y  q ) ,  the  se t { t (resP. {t/J41 EF}
E F 'D  is  a  complete system o f representatives of Em b(g, R q , R q 1/14)114.
L e t c(s, f , q) denote its cardinality  i.e . c(s, f , q)=1F1 (resp. 1F1 + IF'D if
q - 2 e(S 2  —4nNo ) 0  ( r e s p .  0 )  m o d  q. I f  (q, N 0) = 1 ,  then WN o Rq =R q .
Hence c*(s, f , q)=c(s, f , q). We claim

Lem m a. I f  (q, N 0 ) > 1 ,  and qviIN 0 ,  th en

{

c*(s, f , q)= 1 , i f  s E--_ 0  ( q v )  a n d  (f , q)=1

P r o o f . Since R qx normalizes WN  0  qR  = ( q : Z  Z q E=Em b(g, W N 0 Rq ,q  Z ,  q v Z  '
R q IA q) IR ': can  be  considered  as a  se t o f I/fE  E m b(g , R g lil q )1R,x7 s u c h
that kfr(g)e Wi v o Rg . If tp 4 e  E ,  i.e. t / f 4(g)E WN o R q , then s _  0 ( q 0).

Since det t/f 4(g) = — D—f( ) =nN o , and  ord q(nN 0 ) =  v , w e  g e t  o rd ,( f
( ) )= v . S in c e  f ( ) .  0  (gv+2 e ) ,  p  sh o u ld  b e  e q u a l to  0 . H e n c e  w e
c a n  ta k e  F = 101. Similarly i f  14', E E , w e get ord q(f(n ))=  v . T h en  the
condition f (q) - _- 0 (qv -L i) fo r F ',  implies that F ' is em pty. Thus

( {0}, if s 0 ( q v )  a n d  p =ord q(f ) =0
E =

empty, otherwise .

H ence c*(s, f , q)=IE1=1 o r 0 .

1 .5 .  A s is easily  seen  the  case  (p )  occurs i f  a n d  on ly  if  N 0 =4.
The case (h ) occurs if  a n d  only if  No i s  a  s q u a re . Hence in  th e  for-
mula o f trT„117, 0 ,  the partial sum  E  over the  s 's  o f type  (h ) is given by

— E a( s )  b ( s ,  f ) c* (s, f , q)
s2 -4nNo=t 2 q l  N

=  s o ( N / N o )  N o ki 2— l E a k- c (so , q )
a al N ■

where th e  sum  E  is extended over 0 < a <.,./ n , amit. and  a 2 +  n  0  (mod
V N 0 ), a n d  s o = a N o (a+ n la)>O , f 0 =n1a— a, ç ( 1 n )  denotes the Euler
func tion . W e rem ark  tha t the  vo lum e part o f the  trace  does not ap-

0, o th erw is e .
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pear since the intersection of the center GL2(Q )  with E.-EWN 0  is empty.

1 .6 .  Summing u p , w e have obtained th e  following
Theorem. I f  (n, N)=1, the  trace  t r  T„WN .  o f  th e  operator T„WN o

o n  Sk(N )  is  g iv e n  as  follows:

h((s2-4nN o)f -2).x k -1—  Y k - 11tr  T„WN0 = H  c ( s ' f '  q' • w((s 2 -4nN 0 ) f - 2 )

__, (51 . 0VN 0 ). A rk / 2 -1 . —1
iV 0 E 2 a k  • r j  c ( s o , f o , q)

qiNN -61

k - 1  

_6 2 .n 2  

2  
. r i  ( q [ i-i + q [ v -21 ] )

eliN I4 \

+ 6 3 ' E d,
d in

w here 6i = { 1, if  N o i s  a square, 62 = Ç 1, i f  N 0 = 4  and

an d  (53 = j 1 , i f  k=2 T h e  su m  I  is  e x te n d e d  o v e r the

1 0, otherwise.
p airs  o f  integers (s , f) su c h  th at s2 <4nN 0 , s--a- 0  mod N o ,  f >0 ,  (s 2 —

4nN0 ) f -  2  0 ,  1  mod 4  an d  (f, N0 ) = 1 .  T he sum  1 2 is ex tended ov er

the integers a  such that 0 < a <  n ,  a n ,  a 2 +na-0 m od,/ N 0 and  w e  put

n  is  a square

0, otherwise 0 , otherwise

so = \ /No (a+n1a), f0 =n1a— a. Th e  num ber c(s, f, q)=-1F1 o r  IFHIPI
hash e e n  ex plained  i n  1.4.

2 . 1 .  L e t Sk(N, No ) denote th e  space o f  cusp forms o f  weight k
fo r  th e  group generated by Fo (N )  a n d  WN 0 . Then Sk(N, No ) can  be
viewed a s  a  subspace o f  Sk(N ) .  L e t  SV(N) b e  th e  essential part o f

Sk(N ), i .e . th e  space spanned by th e  new forms in  t h e  sense of [1 ]
a n d  p u t  S,?(N, N0 )=SV(N) u Sk(N, No ). L et tr,(resp . tr N N O , trg, tr , o)
denote th e  t r a c e  o n  Sk(N )  (resp. Sk(N, N o), SV(N), S IM , N o)). It is
known (cf. [1]) that there exists a  basis {h }  o f  Sk(N )  such that each
h  i s  an  e igen fo rm  o f a ll the  operators T „  an d  W e (q1N0), a n d  WN 0

maps S19(N) into itself. Since
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wN. =
-L,

if L E S k(N,

if S k (N , No).

Hence we obtain the  following

Proposition 1.

trN T„ —  2trN,NoT.= —N0 k/2 - 1 .t , W

trg7„-2ta, N 0 'T„= —No
 02—  1 .t r ioTn wN o

Rem ark. L e t  g  (resp. g * )  denote  th e  gneus o f  t h e  g roup  To (N)
(resp. T *(N )=<F o (N ), WN > ) .  Specializing our Theorem  a n d  Proposi-
t io n  1 t o  th e  simplest case where N o =N , k  =2  a n d  n =1, w e get the
well known formula of Fricke;

g — 2g* = —
1

(h(-4N )+h(— N ))-1 , i f  —Na- 1mod4 and N#3,2

i f  —/NT_O, 2 ,3  m od 4 and

N#2, 4

if  N =2 , 3, 4.

2 .2 .  F o r th e  trgi T„WN 0  g iven  in Proposition 1, w e have the follow-
ing formula;

Proposition 2.

trgT„ WN 0 =  E  /3(N N 61m - 1) •  E  (Q)trm N 0 Q - 2T ,, W N 0 ,2-2
M INN61 1221N0

where [Km) denotes the M öbius function, and ,6(n)=E ,u(d)p( T ).
d in

P ro o f. Since Sk(N )= (I) (") ,S1i1(M)d (direct sum), where S2(M)d =
mNi din/N-1

{ f (dz )If ES 2(M )} . W e have

trN T„W N o =  E  tr,52(M) d T„W N 0 .
M IN

dIN M -1
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N ow  fo r a  divisor M  of N ,  assume q " (M  where q  i s  a  fixed prime
s u c h  th a t  qv Or o . T h e n  b y  [1, Lemma 26], w e  g e t  fo r any divisor

L  o f  NM - 1  p rim e t o  q , t rW ,= 0  on S (M )L 9 ' C) S,?(M)Lq" -  i f  0 5_

26<v— p., and for a n y  o th e r  prime 'IN °  distinct f ro m  q ,  t r  W
o n  4(M)L" = tr W q vi o n  S2(M)L" - H e n c e  w e  g e t

trN  T„ WN . = E  d(  N  " fr 
n I /
w 

O p

M INN51
NOM

where d(m ) is  the number of divisors of m , and the sum  E  is extended
over all j =  (tt,, t i „ )  su ch  th a t 0 5 p i v i , v i  mod 2 (1 5 i u ) ,  and

w e put Qi i =f iq 't i ( u : the num ber of prime factors of N O .  Put N '=

NNE,', ,1.(N')=i - trN  T„ WN 0  and yl,°(M) =E u tr (2i,T W Q ,  then

N '(N ') =  E
M IN  

d ( - -. .„ )).0 (m )
, iv,

hence

N '.1,°(N ') .= E ,6(--„)2.(m)
M IN '

with P(m) = E it(d)p(1 ) .
d im

While

'M N ')  = E„trgi , (2 ,, T„ WQ ,

t r" -  2 TnWNoQ -  2Q ;0

hence

14(  N ' )  7  ii(Q )tr MN o(2-  2  W1VoQ -  2 .trg T„ WN0= 
M IN ' PV 11 Q t k

T„

3.1. U sin g  o u r  T h e o re m  and Propositions w e g iv e  h e re  so m e
numerical examples of the eigen-values o f  T „ o r  W N . ,  exclusively for
weight k = 2.
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(1) The case N =3 5 7 =  105, dimS2 (105) = 13.

eigen-values

I II III IV

147
3 1 1 —1 —1 1 1 1 —1 —1 —1 1 1 —1

W5 —1 —1 1 —1 1 —1 —1 1 — 1 — 1 1 1 —1

W7 1 —1 1 1 —1 1 1 —1 1 1 —1 —1 —1

Ta —1 —1 —1 —1 0 a 13 0 a 43 ,13-- —4 - 1

( a ,  — 1 1 1 1 )

I , II  an d  III  denote the old form s obtained from  the form s o f  level
3 5 , 3 7  and 5.7, respectively. IV denotes the new forms. Each column
corresponds t o  an  eigenform. F rom  the above table, w e can  see , for
example, dim S 2 (F') =3, for F' = <F 0 (105), W3 W5 > .

(2) T he case N =7 3 =343, dim S3(73 ) = 24, dim S3(73 , 73 ) =9 . The
space S3(73 )  is  d iv ided  in to  five  blocks I, II, I I I , III and IV  of the
eigen-spaces o f  Hecke operators an d  characteristic polynom ial of 7;
in  each  block i s  a s  follow s (The part le f t  open in  the tab le is  n o t
computed yet).

1 11

Ta X2+ 4X2 +3x — 1 = 0 x6+2x5-6x4— 10xa+ 10x 2 + 1 lx — 1 =0

Ta x3=0 x6 - 1- 5x5 —  x̀t — 340 —28x2 +49x +49 =0

T5 X3=0

T11 X2-1-- 9X2 + 20X + 13= 0

IL III IV

T , x6+ 2x 6 — 6x4 — 10x1

+10X 2 +11X - 1= 0
(xa — 2x2 —x + 1) 2 = 0 x3 —  3x2 — 4x + 13 = 0

T  a x ' — 5x 5
 — x 4 +3 4 0

— 28X2  — 49x +49=0
xs —20x4 + 124x 2 — 232 = 0 x 3 =0

T5 X6 — 24X4 + 164X 2  — 232 = 0 x2 = 0

T 11 (x3 —x2 —2x+ 1) 2 = 0 xs —5x2 —36x+ 167 = 0
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I  a n d  I I  form th e  space S2(7 3 , 7 3 ) ,  I  a n d  IV  a re  corresponding to the

Griissen-character o f  conductor 7  o f  Q( \/ —7) (see [4]). L e t f(z)=

Ea 5 e2 ninz e S2(7 3 ) ,  then f x (z)=Ea„(T
n )e 2 ninz is also contained i n  S2(7 3 )

( [ 3 ]  Prop. 3.64.) I I x  is obtained from I I  i n  this w ay , i .e . i f  f( z )  is
contained i n  I I  then f ( z )  is contained i n  III . N ow  w e give som e
remarks f o r  I I I .  It seems that th e  p a r t  I I I  is closely related to the

theory o f  [3 , 7 .7 ] (C onstruction  of class f ie ld s  over real quadratic
fields). I f  f( z )  is contained in III,  f ( z )  is also contained in  I I I , a n d

le t  F(resp. K )  be the field generated over Q  by th e  eigen-values o f  T„

f o r  all (  n  )= 1 ( r e s p . fo r  all (--,In =  — 1 ) then  w e see F=Q(C 7 +
7

2 n i 
where C77  a n d  K  i s  a  quadratic e x te n s io n  o f  F  w ith relative

discriminant NH Q b (K / F )= 29 . For (  / ) = 1  (p: a  p r im e ) , le t  p 7 =o1pocp'7
where ap  is  an  element of the  order of conductor 7 in  Q(,/ —7) normaliz-

ed as CP+
 OEP' ) PI  (a' .• the conjugate of Œ ),2 for example a = 

1 3  + 7 \ / —  7

7 P 2
L e t  ap  b e  a n  eigenvalue o f  Tp  a n d  n,,, n 'p b e  the  so lu tions o f
x 2  —ap x +p=-0  (mod 2 9 ) in  th e  p rim e  f ie ld , then we can see

n7 + n' 7+ o c ' (mod 29)P P P

for p = 2 , 1 1 . Furthermore we may expect that N F / Q b(K /F)=29 is related
to the fact N F /Q (c7 - 1) = 8 2 9  with e =C7 + C, 1 .
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