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§ 0 .  Introduction and statement of the  result.

L e t  G  b e  a  c o m p a c t, connected, s im p le  L ie  g ro u p  a n d  T  its
maximal to r u s .  A s  is  w e ll k n o w n  [7 ] , G I T  h a s  n o  to rs io n  a n d  its
Poincaré poylnomial is

1 1_ t2nii
P (6 1  T ;1 )-=  

, = i
_ 1 2

where (2m, —1, ..., 2m,— 1) indicates th e  degrees o f  th e  p rim itiv e  ele-
m en ts o f  H*(G; Q). T h u s  th e  a d d itiv e  s tru c tu re  o f  H *(G IT ; Z ) is
know n. Furtherm ore  its ring structure is  k n o w n  f o r  G =U(n), Sp(n),
G 2  [2 ] , [7 ]  a n d  probably fo r  G =S 0 ( n ) .  T h e  purpose o f  this paper
is  to  d e te rm in e  th e  r in g  s tru c tu re  o f  H * (G IT ;Z )  f o r  G =F 4  a n d
E 6 ,  w h ere  F 4  a n d  E 6  a r e  sim ply connected, com pact exceptional
L ie groups o f  ra n k  4  a n d  6  respectively.

Throughout t h e  p a p e r  H *(X ) a lw ays deno tes  the  in teg ra l co -
homology r in g  o f  X  and

0- , (t „  t 2 ,..., tn )

i s  th e  i- th  elementary symmetric function o n  n  variables t l , t2 ,..., t„.
Then our main results are stated as follows.

Theorem A.

H*(F4 IT )=Z [t,, t2, t3, t4, y 1, y3, WEP1/ P2/ P3/ P4/ P6/ P13/ P12)
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w h e re  t1, t2, t3, t4, y, E H 2 , y3 e  H6 ,w  e  H 8 a n d

p, =c, - 2y,, p 2 =c 2 - 2 y , p3 =C3 -  2y3 ,

p4 =c 4 -2c 3 y1 +2yf -3w, P 6  =  caYi +7i

P8 = 3 C4r11 - Y7+ 3 w ( w + c 3Y1),P 1 2  = w3

for c,=--a,(t,, t 2 , t 3 , t 4 ).

Theorem B.

H*(E6 IT )=Z [t 1, t2, t6, Vi, y 3 , Y4]/(P1, P2 , P3, P4 , P5 , P6>

P9, P12)

where t6 , Y e H 2 , y3 e H 8 , y4 e H 8 a n d

= c1 - 3 Y1 , =c2 -
4y , P 3  =  c 3  - 2 y3

P4 = C4+ 2 Yt p 5 =c 5 - c4 y 1 + c3 yi -2y?

P6 = 2 c6 +Yi,

P8 = -9c6A+3c5A-yI+3)74(y4--c3n+2Yt),

/4 = -3 w 2 t +t 9 , P 12 = w3 +15 w 2t4 _9 w t8

for c1=0-;(11, t2,• • •, t6), t = Y1 t1

and w =y4  -c 3y, +2yf +(y 3 -2 y i+ y it-y ,t 2 +t 3 )t.

L e t  p  b e  th e  p ro je c t io n  o f  E 6 /T  t o  t h e  irreducible symmetric
space E III=E 6 ID 5 . T 1 . T h en  t a n d  w in  the  above theorem generate
th e  im a g e  o f  th e  in je c t iv e  homomorphism p*: H*(EIII) - ■11*(E6IT),
a n d  w e  h a v e  th e  following r in g  s tru c tu re  o f  H *(EIH ) w h ic h  is  a d -

ditively determ ined i n  [9].

Corollary C .  H*(EIII)=Z [t , w ]/(t9 -3 w 2t , w 3 +15 w 2t4_9 w t8) .

T h e  paper is  o rgan ized  a s  fo llow s. I n  § 1  we describe how we
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calculate H*(G I T ) from  the inform ation of the invariants of the W eyl
g ro u p  0(G). § 2  is  u s e d  to  d e te r m in e  H*(S0(1)/T) which is needed
in § 6 .  I n  §3 w e discuss low  dim ensional cohom ology o f  CIT . The
Weyl g roups o f  F ,  a n d  E 6  a r e  explained i n  § 4  a n d  t h e  rational
cohomology rings of F 4 /T, E6IT  a n d  E II I  a r e  determ ined in § 5 .
T he  fina l sec tion  §  6  completes th e  p roo f o f  o u r  m a in  results.

§ 1 .  Sketch of the argument.

L e t  G  b e  a  c o m p a c t connected L ie  group a n d  le t  U  b e  a  con-
nected subgroup o f  G  w hich contains a  m a x im a l to r u s  T  o f  G.
T he  behavior o f  th e  rational cohomology rings o f spaces related these
L ie  g roups a r e  w e ll  k n o w n  [2 ] .  T h e  rational cohom ology ring  o f
G  is  a n  exterior algebra o f  odd dimensional generators:

H*(G; Q)= c • • E

By Borel's transgression theorem

(1.1) H*(BG; x2,,  H 2 n",

in particular, (2m 1 ,..., 2m 1) =(4, 12, 16, 24) for C = F ,

=(4, 10, 12, 16, 18, 24) f o r  G=E6.

T h e  rational cohom ology spectra l sequence associated  w ith  the
fibering

GI T  = 9--+ BT BC

collapses. Furthermore the  im age  o f p t  coincides with the subalgebra
o f  H*(BT; Q) which consists of the elements invariant under the action
of the  W eyl group 0(G) = N(T)I T o f  G . Thus

(1.2) H*(BG; Q)L2 H*(BT; Q)ø(G)

and : H*(BT; Q)/(Im H*(G I T; Q),

where (Im M  indicates th e  ideal generated by Im 13-6= ptH+ (BG ; Q)
=H+(BT; Q)ø(G).
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Consider three fiberings

GI T G I U B U ,  GI U B U BG

and U IT , GIU.

In  th e  first one , the  rational cohomologies o f  GI T  and B U  vanish
f o r  th e  o d d  dim ensions. T h u s  the  spec tra l sequence collapses. Then
th e  sam e holds fo r  th e  se c o n d  a n d  th e  third fiberings, a n d  w e  have

(1.3) H*(GIU; H*(B U; Q)/ ( Im p )

H*(B T ; Q)(u) I (H+(B T ; Q)(G))

and the hom om orphism  p*: H*(G I U ; Q )-41*(G IT ; Q ) is  injective and
equiv alent to  that induced by  the  inclusion  o f  H *(B T ; Q )cr(u) into
H*(B T; Q).

F o r  t h e  integral cohom ology t h e  m o s t  im portan t r e s u l t  is  the
following ([7]):

(1.4) H*(G I T )  has no torsion and vanishing odd dimensional part.

I n  t h e  follow ing w e shall consider th e  c a se s  that the following
(1.5), (iii) holds.

(1.5) The follow ing conditions are equivalent.

( i) T h e  in tegral cohom ology  spectral sequence associated with
the f ibering U I T GI T  1—L, GI U  collapses.

(ii) i*: H*(G I T )-q -1* (U  T ) is  surjective.
(iii) H*(G I U )  h a s  n o  to rs io n  an d  vanishing odd dim ensional

part.

(1.5), (i) implies

(1.6) p*: H*(G I U)-+H*(GI T ) is  injectiv e and Ker i*=(p*1-14 (G1 U)).

D escribe th e  r in g s  H * ( U  T )  a n d  H * (G IU ) by  genera to rs and
relations :
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H*(U I T )= Z [a ]k r k )  a n d  H*(G I U ) =  Z  ;Est) ,

a n d  deno te  by  th e  sam e sym bol 13;  i t s  im ag e  in  H*(G I T )  under the
injection p *  o f  (1.6). Since i*  i s  surjective the re  a r e  elements a i o f
H*(G 1 T) such that

Then from  (1.5) th e  following lemma follows easily.

Lemma 1.1. L e t  Pk = PkOti , A d eZ [o t i ,  fi; ] b e  a  p o ly n o m ial such
th at it  v an ish es  i n  H*(G 1 T; Q) and th at  (i*pk =)p k (oei , 0) -= r ,  modulo
th e  id eal o f  Z [ocj generated  by  r;  f o r  j < k ,  then

H* (G / T ) = Z [ oci, 16; ] /(Pk, S I) •

§2. 11*(S0(m ) 1 T ).

P u t B„ = SO(2n +1)1S0(2n — 1) x T ' . First we see

(2.1) H*(B„)=Z [t , e]/(t -2e , e 2 )  w here te H 2  a n d  e e H 2 n.

T h e  Stiefel m anifold  V = SO (2n + 1)/S0 (2n — 1) is a  T
over B .  T h e n  V  is  e q u iv a le n t to  a  f i b r e  o f  a  m a p  B„ BT
classifying th e  T ' -bundle. A s  is w e ll  k n o w n  H *(B T ')= Z [t ], t 112 ,
and H ( V )  Z  (g =0, 4n— 1), Z2 (g = 2 n ) and H ( V )  =  0 (g 00, 2n,
4 n - 1 ) .  By dimensional reason, the spectral sequence associated with
the  fibering V — > B „ -- .B T  '  collapses f o r  to ta l  degree < 4n — 1 . Thus
H(B)=O  f o r  o d d  i a n d  w e  have  th e  following exact sequences for
0<i<2n— 1:

0 H2i(BT ') H2i(B„)---4121-2"(BT  ')O H 2 "(V)

I n  particular H2 '(Ba )  Z  f o r  0 <i < n — 1. Since B „  i s  an orientable
m anifold  of d im ension 4n — 2, H 2 i (B n )  H 4 n  -  2 - 2 M O  Z  f o r  n <i<
2n — 1. This proves (2.1) fo r  t =f*(t).

T a k e  a  m a x im a l to r u s  T "  o f  SO (2n +1) a s  usual :  T "  U (n )c
SO (2n +1) a n d  consider th e  following diagram
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11*(BS0(2n+ 1)) ,  H*(B T ")--+ H*(S 0(2n+1)1T  n )

H* (BU (n))

where the hom om orphism s are natural ones and  H*(B T .)=Z [t i ,..., t i
f o r  canonical generators ti . c i =o-

i(t i ,..., t n )  i s  th e  im a g e  o f  th e  i- th
C h e rn  c la s s  ci e H 2 i(B U (n)). Consider th e  above d iagram  i n  mod 2
coefficient, then it follow s from  ci w 2 i (m od 2) (cf. [4 ])  tha t the image
o f  ci i n  H*(S 0(2n+1)1T ") vanishes m od 2, that i s ,  i t  i s  divisible by
2. T hen  it fo llow s from  (1 .4 )

(2.2) Denoting by the same symbols t i , c . th e ir images in H*(S0
(2n -  F 1)1 T ") we have the unique existence of elements e 2 1 c H 2 i(S0(2n
+1)/T a) such that 2e 2 1 =c 1 .

Theorem 2 .1 .  H*(S0(2n +1)ITn)=Z[t 1, e21]I(C1 - 2 e2 1 , e41 +  E  (-1 )i
0 <  j< 2 i

e 2 j e 4 1 _ 2 i )  where 1=1, 2, ..., n, ti e H 2 and e2 i e H21; e 2 k  = °  fo r  k >n.

P ro o f .  W e prove the  theorem by induction on n. Clearly it holds
fo r  n = 1 . L e t  n  >  1  a n d  consider the argument in  § 1  f o r  U = SO(2n —

1) x  T '  a n d  G = SO (2n +1). B y  ( 2 .1 ) ,  G I U =13„ satisfies (1 . 5 ),
(iii) , a n d  L em m a 1 .1  can  be  app lied . F o r  15 i i * ( t i ) = t i ,  i * ( c i )
=c i (i*(t„)=0), a n d  it fo llow s from  (1 .4 ) a n d  (2 .2 )  t h a t  i*(e2 i ) =e 2 i .
W e m ay  ch o o se  t su c h  th a t  p*(t)=t„. R ational invariant fo rm s for
G =S 0(2n+1) a re  g iven  by  the Pontrjagin classes :

2i
/ 2 i = 1)1p i = E (— oje f c2 1 _; =4(e 4 ; +  E (—  oie 2 ; e4 1 _ ).

j= 0 0 <  j< 2 i

T h u s  the relation 1 2 i /4  = 0  ho lds i n  H *(S0(2n+ 1)1Tn). Remark that
i*(c„) = i * (e2n) =O . Then it follow s from  L em m a 1.1

H*(S0(2n+ 1)1 T")= Z [t  e 2 , t , 1(c 1—  2e21, 12 1 /4, 2P, e 2 )

w h e r e  1  i n — 1 a n d  P=p * (e ) . P u t c i = ta_  1 ), t h e n  ci =
cl+ and 0  =  c =  E (— oic n _it .  It fo llo w s, b y  p u ttin g

0 S iS n
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e2n =e2.-2 ( n—  + (  1 )"e2tr + ( — O n +  le,

t h a t  c„ — 2e 2 , ( — 1)"+ 1 (t„— mod (c, - 2 e 2 1 ,1 1)

and /2 „ / 4=  d „  e2 m o d  (/2 ,/ 4, 1 1, 41
—  20).

Then w e have the assertion of the  theorem. Q. E. D.

Corollary 2.2. H*(S0(2n)1 T ")=Z [t f , t„, e2 1 ]1(c,-2e 2 ,, c„, e 41 + E
0 < j< 2 i

(— 2i) w h e re  1 i a n d  t i , t„ E  H 2 , e 2 1  e H21; 
e 2 k  = 0

fo r  k>n.

P r o o f .  Since H*(S0(2n)IT ") has vanishing odd part, the spectral
sequence associated with the  fibering SO(2n)I
S 2 " collapses. S i n c e  c „  i s  invariant u n d e r  0 (S 0 (2 n )) , c „  a n d  also
e2n=c„/2  v a n is h  i n  H *(S0(2n)1 T "). T h e n  e2 „ generates p*H+(S 2 "),

a n d  th e  corollary follows from Theorem 2.1 a n d  (1.6).

§3 . Considerations in  low dimension.

Throughout th is § , G  s tan d s fo r  F 4  a n d  E 6 . T h e  mod p  coho-
mology r in g s  o f  F 4  a n d  E 6  a re  know n [ 3 ] ,  [ 1 ] ,  [ 5 ] ,  a n d  th ey  have
th e  sam e structure  for dim <8:

H*(G; Z 2 ) = { 1 ,  X3, Sq 2 x 3 , Sq 3 x 3 , x 3 Sq 2 x3 , x3 Sq 3 x 3 ,

(Sq 4 Sq 2 x 3 ),... }

H*(G; Z 3 )  ={ 1, x 3 , ..g"x 3 ,  f3.9 1 x 3 ,  ( x 9 ),... }

and H*(G; Z )  = [1, x 3 , ( x 9 ),... } f o r  p  5,

w h ere  x 3 e H 3 a n d  f o r  G = E 6  x 9 , Sq 4 Sq 2 x 3 e H 9 . It follow s

(3 .1 )  H 3 (G )L=Z  g e ne ra te d  by  x 3 , H 6 (6)-_'-Z 2  g e n e ra te d  b y  x 6  S q 3 x 3

(mod 2 ), H 8 (G) Z 3 g e n e r a te d  b y  x s x 3  (mod 3 )  and  Hi (G) = 0

f o r  i = 1, 2, 4, 5, 7.

Let t 1 ,... , t ,  b e  an  add itive  base  o f H 2 (B T ) ,  then H *(B T )=Z [t ,,
ti ]. W e u se  th e  same symbols t,, t, E H 2 ( G  T )  fo r  the ir images

u n d e r  t h e  homomorphism f*
:  H*(BT)-÷ H*(G I T )  in d u c e d  b y  the
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natura l inclusion t: G I T - 4 1 T .  W e  h a v e  a  fibering

G GI T  =-> B T .

L e t u e 11 4 ( B T )  b e  the transgression im age of x3 e 113 ( G ) .  Obviously
c* (u )=0 . Then w e have the  following

Lemma 3 . 1  L et G = F4  o r  E 6 .  There exist elements y3 e I/ 6 (G 1 T)
an d  y4  e H 8 (G I T )  such  that 2y3 = ( * (Y6), Y6 S e u  (mod 2 ) and 3 y =
(*(y ,), y , .9 1 u (mod 3) f o r  som e y6 e H 6 (B T )  and y 8 e H 8 (B T ) .  For
such elements th e  natural homomorphism

z Et ,  •  .  t,, y3, y ]/(u , y6 — 2y3, Y 8  3 Y4) ---> H*(G I T)

i s  a n  isomorphism onto f o r dim <8.

Proo f . F ir s t  r e m a r k  th a t  u 5 .0  s in c e  i t  is  t r u e  i n  t h e  rational
coefficient. Consider the integral cohomology spectral sequence (Er. , q)
associa ted  w ith  th e  above fibering, t h e n  El , q = HP(B T )QHq(G) and
d4 (1 x 3 ) = u01. Since = 0  f o r  o d d  p ,  th e  p o ssib le  ca se s  o f
non-trivial differential d  E f . , " E rr'q - r +  1 f o r  q < 8  a r e  d4  f o r
q =3, 6 a n d  d ,  fo r  q = 8 . d 4  fo r  q = 3  is  equ iva len t to  th e  multiplica-
tio n  o f  u in  H *(B T ), hence  it is  injecitve. It follow s d, = 0  fo r  q =6,
E " 3 =0 f o r  r > 4, hence d 6 =0 f o r  q = 8 .  Thus, in total degree p+ q <8,
th e  non-trivial E .  te rm s a r e  E t . °  H*(BT)I(u), E 6  H 6  (G) Z2

(p =0, 2) a n d  E  8 Z 3  .
L e t y3 a n d  y4  be  representa tives o f  t h e  perm anent cycles 10 x 6

a n d  10 x ,  respectively. Since Im e* = E t,° , E a0,6 = II-6(G' T ) /lm ,* and
Ea , 8 + El' 6 H 8 (GIT) 1 Im c*, th e  e x is te n c e  o f  y6 a n d  y ,  satisfying
the required relation and the last assertion of the lemma follow.

N e x t c o n sid e r  th e  s p e c tra l sequence i n  Z 2 -coefficient. B y  the
naturality o f  Sq 2 , d6 (10Sq 2 x3 ) =Sq 2 u 0 1  w h ich  sh o u ld  b e  non-zero
since H 5 (G I T )  = 0 .  T h u s  Sq 2 u  generates th e  kernel o f  H 6 (B T ; Z 2 )1
(u ) . E g , 0  H 6 (G IT ; Z 2 ). F rom  th e  la s t assertion  o f the  lem m a the
kernel is also generated by y6 (mod 2). T hus y , -- S q 2 u (mod 3). Simi-
la r ly , y, . 9 (mod 3). B y  (1.4), w e  s e e  th a t  t h e  cho ice  o f the
elements has no influence t o  the  last assertion. Q.E.D.
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§ 4 .  The W eyl group o f  F 4  and E6.

(A) The case F4.

L e t  T 4  b e  th e  maximal torus o f  S O (9 ) defined as in § 2 .  T h e n
w e have

H*(BT4)=Z[11, t 2 , t3 , t4 ] ,

w h e re  ti e H 2 . L e t  it : Spin (9) S O (9 ) be  the  un ive rsa l cove ring .
T h e n  T=11- 1 (T 4 ) i s  a  m ax im al to ru s  o f  Spin (9 ) and

(4.1) H*(BT) =Z[t 1, 12 , t3, 1 4 ,  YI]/(C1 — 21 0

w here ti , y, E H 2 a n d  c l =o - i (t ,  t 2 , t 3 , t 4 )= t i +t 2 +1 3 +1 4 .

A ccording to [ 6 ] ,  w e choose Spin (9 )  a s  a  subgroup o f  F ,  such
th a t  F 4 ISpin ( 9 )  m ay  be  iden tif ied  w ith  th e  C a y le y  p la n e  H . The
to rus T  is  maximal in F4 , and the  W eyl group 0(1'4 )  acts o n  H*(BT;
Q)=Q[t,, 1 2 , t3 , 14 ]  a s  follows (see [6, § 19]). L e t  R  b e  th e  reflection
to  the  p lane  11 + 1 2 + 13 + 14 = 0 :

(4.2) R(t,)=t,— (. 1 12 (i =1,..., 4).

T h e n  0(1'4 ) is g e n e r a te d  b y  R  a n d  t h e  W e y l g ro u p  0 (Spin (9))

o f  Spin ( 9 ) ,  w h e re  0(Spin ( 9 ) )  is t h e  g r o u p  o f  perm utations of
ti ' s  together w ith the changements of signs o f  ti .

(B) The case E6.

L e t T  b e  a m axim al to rus o f  E 6 .  We begin with choosing generators
o f  H 2 (E 6 T ) .  A cco rd in g  to  Bourbaki [ 8 ] ,  th e  Schldfli d iag ram  of
E6 is

a, u3 a4 a 5 Œ6
o

where a i ' s  are the sim ple roots o f  E 6 .  T h e  corresponding fundamental
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weights ru i a r e  g iven  in  p a g e  2 6 1  o f  [ 8 ] .  T hese  e lem ents form  a
b a s is  o f  H 2 (E 6 / T )  a s  explained in  [ 6 ,  §  1 4 ] .  L e t  R i d e n o t e  the
reflection to  the hyperplane =O . Then

(4.3) Ri(trii)= — oti > ru ; and R i (w )=v if o r  i  0  .

N ow  w e put

16 =Tig6,

15 =R6(16) = r/35 —1136 ,

14 =R5(15) = — rg5

13 =R4(14) =1132 ± 713 — rci4  ,

/2 =R3(13)=101 +M2 — t/33

1, =R i (t 2 )=— ro i +rn 2

1
and x=rrt2 =-5-c, f o r  c l = t i + t 2 .•• +t 6 .

T h e n  x  a n d  ti , 1 < i < 6 ,  span  H 2 (E 6 / T )  s in ce  Tit, a r e  integral
linear combinations o f  x  an d  t i 's. H 2 (B T )  is identified with H 2 (E 6 / T)
since E 6  is sim ply connected. Thus

(4.4) H*(BT)=Z[x, t t 6] (3x — 1)

D e n o te  b y  II t h e  centralizer o f  t h e  o n e  d im ensiona l to rus T'
which is defined by

; (t) =0 (2 6, t e T).

T h e n  U  is a  closed connected subgroup o f  m a x im a l r a n k  a n d  o f
lo c a l ty p e  D, x r  w ith  D 5 n T 1 =Z 4 . (S e e  [1 0 ]  fo r  details.) The
quotient manifold

EIII = E6 I U

i s  the com pact irreducible hermitian symmetric space of dimension 32.
The W eyl groups 0(E 6 )  and  0 (U ) are  generated by R, , R 2 ,..., R 6

and  R 2 ,..., R 6  respectively. F r o m  ( 4 .3 )  w e  h av e  the follow ing table



R2 R3 R4 R5 R6

1

1'1 -1'2 1'2

1'2 - 1'1 1'1 13

1'3 1'2 1'4

1'4 1'3 1'5

1'5 t'4

H *(B T; Q ) = Q [ t t 6 ]  =Q[1, t ]

and  the  following table:

(4.7)
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o f th e  ac tio n  o f  R i 's  fo r  th e  generators x  a n d  ti .

(4.5)

R, R2 R3 R4 R5 R6

11 12 X - 12 - 13

12 11 x - 11 - 13 t3

t3 X -  ti -  t2 t2 t4

(4 t3 ts

t5 t4 16

t6 (5

X — x + t4  + t5 + t6

where th e  blanks indicate th e  triv ia l action.

Putting

1(4.6) t = x —  = r o ,  a n d  t =t i + 1 - -2-t f o r  i =1,..., 5 ,

w e have
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W e shall consider the relation between the elements t, e H 2 (S0(10)

I T ' )  in  §3 a n d  th e  elem ents just defined. F o r  th e  subgroup T '  T
o f  U =D 5 •T ', p u t  To = T I T ' .  Since D 5 n Ti =Z 4 , U1T' =S0(10)/Z 2

a n d  it con ta in s T o a s  a  m a x im a l  torus. T he  inverse  im age  T 5 o f
T o u n d e r  th e  d o u b le  covering it: SO(10)—>S0(10)/Z2 i s  a m axim al
to ru s  o f  SO(10). Since  every  m axim al to ri a r e  conjugate to  each
other, changing SO(10) b y  a n  in n e r  automorphism, w e  m a y  regard
th a t  th e  to ru s  T 5 i s  th e  canonical o n e .  W e have the  following com-
mutative diagram o f  natural maps

U 1 T (S0(10)1Z 2 )1 To  SO(10)1 T 5

(4.8)

BT1 _ A BT ) BT0u B T 5 BZ2

T h e  W e y l  g r o u p s  0(U), 0(S0(10) 1Z 2 ) and 0 (S 0 (1 0 )) are
isomorphic and  the  ac tion  is  compatible w ith  it a n d  f t , a n d  also com-
patib le  w ith  /1 a n d  v  fo r  th e  tr iv ia l a c tio n  o n  B T ' a n d  BZ 2 . The
a c t io n  o f  0 (S0 (10 )) o n  H*(B T 5 ) =Z [t 1 ,..., t5 ] is a s  usua l, tha t
is , same a s  (4.7) replacing t ; b y  ti . Since th e  sequences o f  both sides
o f  B T 0  i n  (4.8) a re  fiberings, w e have exact sequences

O - 4  11 2 (BT0) H2(BT) H2(BT ')

and 0 H2(B T0) H2 (BT 5 )  '-2--* ̀ Z2 0 .

Since .1.*  i s  compatible w ith  th e  a c t io n  o f  0 (U ),  /1*(0=
(t1,1)=A * (4+1) f o r  i =2, 3, 4, 5, P` (t

2 ) =A*(2t 2 +2t 3 — t4  — t5 —t6 +(R 2 x -
x))=.1*(-2R 2 (t 1))=  —2/1.*(t 1 ) a n d  /1*(x)= )*(R 2 l1 + t2  + t) = —  3A *(t ,). It
fo llow s tha t H 2 (BT 1 ) Z  is  g e n e ra te d  b y  .1*(0  a n d  th e  kernel of
A * is generated by

t 1  -  = 4 + 2  -  4 + 1  for 1 = 1 ,2 , 3 ,4  a n d +  = t, +  t 2 + t3  - X .

S o , a s  a  subgroup o f  H 2 (B T ) w e have

5
(4.9) H 2(B T 0)= { E a it;la i e Z , eti - 0 (mod 2)) .

i=t
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U p  t o  constan t m ultip le , t', is c h a ra c te r iz e d  b y  t h e  property :
R3 R2 (t'1 ) = —t  a n d  R4 ( t )= R 5 (t'1 )=12 6 (ti1 ) =V1 . S a m e  is  t r u e  f o r  t,
w ith  respect t o  0 (S 0 (1 0 )). Since kt* i s  compatible w ith  the action,
p.*(2t) =c. t, f o r  s o m e  c E Z  a n d  p*(20 =c. t i f o r  i =2, 3, 4, 5, by

applying R1+ 1 . So, y*(Ea 1t;) =P2-(Ect 1ti ). Since y *  is  an injection of
the index 2, it follow s c= +  2 . Changing t, t o  —t, i f  c= — 2, w e have

(4.10) y*(Eyit)= Ea,t, ( a1 0 (mod 2)).

(4.8) induces th e  following commutative diagram :

H*(BT ) H*(BTo) H*(BT5)

H*(111T )- H*((S0(10)1Z  2 )1 To )'-' H*(S0(10)1 T 5 ).

F o r th e  right vertical m a p  i *  w e use the convention i*(t,)= t i a n d
i*(c i ) = ci = a i (t, , t5 ). S in c e  t= x— i , e H2  (B T )  is 0( U)-invariant,
ct(t)= 0  and c (X )= c ( t 1 )  b y  (1.2), (1.4). Compute i n  rational coeffici-
ent : et(t i ,) = tt(t i , — 1/2)=4(0 = i*y*(ti) = M O =  ti ,  a n d  4 (0 =  tt ((t 2 +
• • • + t6 )/2 — 3t/2) = (t 1 + • • • + t5 )/ 2 = e2 . T h u s  ai(t,, t 6 ) = ai (t 2 , ..., 16 ) +
cri _ i (t2 , . , t6 )t 1 i s  m a p p e d  b y  i* t o  ci + ci _ 0 2 . Consequently we
have the following

(4.11) T he natural homomorphism H*(BT) =Z[t 16, x]/(c 1 — 3x)
—>I1*(U I H*(S0(10) I T 5 ) satisfies

4(0 =0, ct(X )= et(ti)=  e2 , 1(4 + 1 )=4 fo r  i =1, 2, 3, 4, 5

and et(ai (t,, • ., t6 ) )= c i + ci _ 0 2 f o r  i = 1, 2,..., 6 (c 6 =0) ,

where the  elements in  th e  right hand sides o f  th e  equalities are  those

in  Corollary 2.2.

§ 5 .  Rational cohomology ring  of F 4 / T, E6 / T and Eli!.

( A )  11*(F 4 1 T; Q).
Choose generators ti e H*(BT; Q )=Q [t i ,..., t4 ]  as in § 4 ,  ( A )  and

put
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p i = a ti, c H 4 i(BT;

and si =tii + 6 + 6 + 4  e  H 2 i(BT; .

s2 „'s are  written a s  polynomials o f  p i 's  by use  o f Newton's formula :

(5.1) s2 „ = n ( — i pis2,2i+ (— 1)n
-  i n p n (P„=0 f or n > 4).

Consider a set

I . i< j 4 }

o f  elements o f  H 2 (B T ; Q ), w h ic h  is  o b v io u s ly  invariant under the
a c tio n  o f  0(Spin (9)) and a lso  under tha t o f  R  b y  (4.2). Thus it is
invariant under 0 (F 4 )  a n d  so is

i n =  E ((t i + on +(t i — On +(— ti + t1— on).

Since

E/ 1 n! = E (e" -"i + + +
i< j

1=  [ ( E e t o 2  + ( E e - t i ) 2  _ E ( e 2t, e - 2 t i
) ]

 E e t,. Y e -t i 4
z

w e have easily th e  following

(5.2) in e H2n(BT;
 Q ) ø ( '4 ) ,

 1'0 =24, /„ =0 f o r odd n

and 12 „=(16-2 2 ")s2 „-F2 E  ( , ;

2 n

 )
0 < i <n

S 2 ,5 2  -2 in f or n > 0 .

Lemma 5.1. H*(BT; Q) . ( 1 . 4 ) = Q [ 12, 1 6 9  /8 9  /1 2 ]

and H * (F41 T: (2Et1, t2 9  t3 9  14E / 3 19 P 39 1 2 P 4 ± P i 9  P D •

P ro o f . Applying (5 .1 ) t o  (5 .2 ) w e  h a v e  th e  following relations.

A t first

s2 = p i  a n d  12 =(16 — 4)s 2 = 1 2 Pi •

Next considering in  m odulo  / 2 ,  w e have
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S2 0 ,  S 4 2p2, S6 3p3

and / 6  (16 — 64)s, —144p3m o d  (12 ).

Similarly

s6 .0 , s8 .2 p i — 4 P4

/8 —  2 4 0 S 8  +  2 (  4
8 ) 6 1  80(12p 4  +Pi)

Finally we have

_  7  2S 8  =  T P 2 ,

and 112 — 40805 1 2  + 4 ( 7 ) . „ 4 . 9 6 0 p 3

and

5  3
s12 2

mod (/ 2 , 1 6 ) •

mod (/ 2 , / 6 , '8 ) .

T h e se  sh o w  t h a t  12 , /6 , /8 a n d  / 1 2  a r e  indecomposable. Since

H*(BT ; Q ) ( F4) is i s o m o r p h ic  t o  H*(BF 4 ; Q) =Q [x 4 , x 12 , x 1 6 , x 2 4 ],

x i e  Hi, w e  c o n c lu d e  t h a t  H*(BT ; Q ) 4 ( F4 ) = Q [1 2 , 1 6 , / 8 , 1 1 2 ]  a n d

H*(F 4 1 T ; Q ) is is o m o rp h ic  to  th e  q u o t ie n t  o f  Q [ t, ,. t4 ]  b y  the

ideal (12 , /6 , /8 , 112 ) =(/),, p 3 , 12p4 + p3, pi). Q .  E .  D.

( B )  H *(E , I T ; Q ) and H *(EIII; Q ).

(4 .7 ) show s th a t  th e  a c t io n  o f  0 ( U )  on t'3 is s a m e  as

th e  usual ac tion  o f 0 (S 0 (1 0 )). Thus

(5.3) 11*(BT; Q) ( u ) = Q [t , q i ,  472, d's, .73, 94]

where

di =cr,(t'i t ' 5 )01 2 1  an d  g i = t'52) e H41 .

Since E — 1)ig i— =j1(1 — ri ) (1 + t;)=  E — E

(5.4) q i =  E
JA-k=i

N ext put

x, =2t, — x f o r  i =1, 2,..., 6 ,
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then it follow s from  the  tab le  (4.5) th a t the set

S ={x i + xi , x —xi ,  —x—x1 ; i <j}

i s  invariant u n d e r  th e  a c tio n  o f  0 (E 6 ). T h u s  w e  have invariant
forms

In= E  yn E H 2 n(BT ; Q) 0 (E6).
yES

Consider th e  following elements (.1; E H 21 (BT; Q)):

'1 2 = c2 —  4x 2 ,

J5 =C5 — C4X d- C3X2 - 2X5 ,

J6 =8C6±Ci — 4C4X2 — 4x 6 ,

J 8 = — 27C6X 2 + C i - 3C4C3X -1- 19C4X4 —  15C3X 5 + 31x 8 ,

.19 = —3w 2 t + t 9  ,

and ' l 2  W 3
 + 15 w  2 t4 9 w t8

where ci = ai (t t2 ,..., t 6 )

t = x — 1 1

1 9
w=-6—q2

t4 .

Then w e have  the  following

Lemma 5.2. (i) H * ( B T ;  0 ( ( E 6 )  =Q  [12, 151 16, 18, 19, 112]

H * ( E 6  7'; Q) --Q  Et 1,• ••, t6]/(J29 J5 , J6 , J8, J9, J12) •

(ii) Identif y ing  H *(E III; Q ) w i t h  th e  im ag e  o f  th e  in je c t io n
p*: H*(EIII; 0 -) 1 1 * (E6 1 T ; Q ) w e have

H *(E /H ; Q )=Q [t, w]/(J9, J12).

and

and
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P ro o f . Put

t6 ) a n d  R =Q[1 1 , c',,...,

R  is a  subalgebra o f  H *(B T ; Q ) containing ci , 4  g i , x=c113 ,
t =x - t 1 ,  a n d  H*(BT; Q)f»(E6 ) , H*(BT ; Q ). ( ") . Denote by

a, R  (resp. b i c H*(BT ; Q )cu))

th e  ideal o f  R  (resp. o f  H*(BT; Q) ( u) ) generated  by /Is fo r  j<
je  {2, 5, 6, 8, 9, 12}.

W e assum e the  following sublemmas (5.5), (5.6), (5.7) which will
be proved in  th e  last half o f  this section.

(5 .5 ) 12= -243'12, 15 -2 7 3-5J5m o d  a 5 ,

1 6  2 7 32 4 mod a6  a n d 1 8  2 2 5.18 m o d  a s .

I n  H*(BT; Q)Ø(u ) = Q [t , g,, g 2 , d'5 , g 3 , q4 ]  we have

(5.6) 12 =6(4q 1 + 3t 2 ) , 15=  -2 7 3.5d'5  +decomposable,

/6  =2 7 32 q3 + decomposable, 18= _ 21o3 •5q
4  + decomposable.

(5 . 7) 19-_,2113374 mod b9 mod 6, 2 .and -2"345J12

B y  (5.6) a n d  (5.7) w e see  th at, for 1 =2, 5, 6, 8, 9, 12, I .  is  n o t
a  po lynom ial o f / Is  fo r  j <  i .  Since H*(BT; Q) ( E6) H * (B E  6 ; Q)=

QE.x4, X10 , x12 , x16, X18, x241 it fo llo w s  t h a t  H *  (HT; Q)ø(E6)

=Q [ 1 2,  1 5, 1 6,  1 13,  1 9, 1 12] a n d  II* (E 6 /T ; Q ) = H* (HT; Q )  (IM BT ;
Q r (E 6 ) ) =H *(BT ; 01( 1 2, 1 112). B y ( 5 . 5 )  an d  (5 .7 ) , (1  1 12)
= ( '1 2, J5 , - , J 1 2 ).  Thus ( i )  o f  Lemma 5.2 is proved.

N e x t, b y  (1.3), H *(E IH ; Q ) is iso m o rp h ic  to  H*(BT; Q ) (u)I
(H+ (BT; Q)

0
(E6)) = Q [t, q l , q2 , d ,  q3 , q4 ] /b1 3  a n d  p *  i s  an injection

equivalent to th e  natural correspondence. By (5.6), H* (BT; Q)z(u)=

T t ,  1 2, w, 15, 1 6 , 1 8 1  T hus by (5.7), H*(K ill; Q)=QEt, w EJ 9, J12).
Q. E. D.
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Proof  o f  (5.5). W e use  the  following notations :

s„ =xn, + • • • + 4 ,  a n d  d = cr,(x x  2 , ,  x  6 ) .

sn  is  w ritte n  as a  po lynom ial on  d i 's  b y  u se  o f  Newton's formula

(5.8) s „=  E —  1)''nd„ (d „=0  f o r  n>6).
15i<n

N ote that

(5.8)'d 1  =s, =0

since d 1 = Ex i =2Et,— 6x =2(c 1 — 3x) =0.

1 1F r o m  E I n l n! E ex. -Fxi+ E e - x, (ex + e—) = T ( E ex0 2 —
i<)

e2x,

2Ee x 2 i/ (2 j) ! , it follows

1 ( n(5.9)
)S  iS —• 2"- ls„+ 2  E  (—  o i )s.x2i1 " = T ;  +J=n  - i+2j=n

First w e have  the  following relations:

(5.10) 12= — 12(d2—  x 2 ) ,

15 —  60(d 5 d 3 x 2 ) m od n,

/ 6  I 8(8d 6  — 8d4 x 2 + di) mod a 6

/8 80( — 36d 6 x 2 + 22d4x4 + x 8 ) mod a 8

19  — 2 '3 3 7d mod (x, a 9 )

and 112m —2- 3 3 5 5dt mod (x, a 9 ).

These a re  com pu ted  s tep  by  s tep  a s  h a v e  seen  i n  th e  p ro o f  of
Lemma 5 .1 .  W e exhibit th e  data:

S tep  1 : s i  = d i  = 0 ,  s 2  =  2d2 a n d  12 =652 + 12X 2  =  — 12(d2—  x 2 ).

Step 2 (mod a 5 ): d 2 x 2 , s 2 — 2 x 2 , s 3 =3d 3 , s 4 2x 4 -4 d 4 ,  s,
5d5 —5d3 x 2 a n d  1 5 = —12s 5 +10s 3 (s2 -2 x 2 ) —60(d5 + d3x2).



T he in tegral cohomology rin g  o f  F ,IT  an d  E6 IT 275

Step 3 (mod a6 ): — d3 x 2 ,  s5  —  10d3 x 2 ,  s 6  —  6d6  + 6c14 x 2 +  3di
—2x 6 a n d  1 6 = — 24s6 + 15s4 (s2 + 2x 2 ) + 10s  + 30 s2 x4  + 12 x 6 18 (8d 6

— 8d4 x 2 + di).

Step 4 (mod a8 ): d 6 d 4 x 2 — s6 = d i — 2 x6 , s 8 136 (d 6 —

d4 x 2 )x 2 + 4d24.+ 2x 8 a n d  /8 — 12088 +  28 ,36(s2  +2x 2 ) 5 6 s 5 s3 + 3 5 s4(s4+
4x4 ) +56s 2 x6 + 12x8 80( — 36d6 x 2 + +22d 4 x4  + x 8 ).

1 Step 5 (mod (x, 09 )): x d2 d 5 d 0 and d6 —  8  d i .  T h e n  / 9

a•di and for som e a, a 'E Q . S o , w e m ay consider modulo
2(X, d 4 ,  a9 )• T h e n  s, 0 f o r  n0 0  (mod 3), S 3  =  3 d 3 , S 6  

15  ,
4  3 ,  S 9  -=

147 3 3  

 d3 ,  s12 = d4 ,  and /9 —  252s9 + 84s6 s3 _=_ — 2- 1 33 74  /12 —2040s128 3 —  3 2  3

2 2 0 S 9 S 3  462q, —2 3 3 5 5 d .

N e x t, w e  rewrite (5.10) i n  term s of . Since E d „  =  ( 1 +x,)
= n o _ x + 2 0 = E ( l  x) 6 - 1 2ic,, w e have

(5.11)d =
 1=0 n— = 3x.

F o r  n=2, d2 =15x 2 — 10c, x + 4c2 =4c 2 — 15x 2 a n d  ' 2 =  — 12(d2 — x2 )
= — 48(c2 — 4x2 ) = —24 3J 2 .

Modulo 0 5 =  ( 1 2 )  =  ( J 2 )  w e  have d 3 8 c 3 —24x 3 , d 4 2 4 c 3 x
+51x 4 , d 5 32c 5 — 32c4 x + 24C3X 2 — 40x5 a n d  /5 —  6 0 ( d 5  d 3 X  2 )  — 1920
(c 5 — c4 x + c3 x 2 — 2x5 ) — —2 7 3 5 J 5 .

Similarly, m odulo  06  = (J 2 , J 5 ) ,  w e h av e  d6 64c 6 — 16c4 x 2 +24c3 x3

—53x 6 a n d  / 6  18(8d6 — 8d4 x 2 + 2732J6.
Finally we have directly /8 21254 mod a8 ,  completing th e  com-

putation o f  (5.5).
B y (5.11), d-=-2nc„ mod (x ) .  Then w e have

(5.12) 1.90 —2 8 33 7 6  and  /12 — 29 35 5c1. mod (x, 0 9 ) .

Proo f  o f  (5.6). Since 1 8 E  H* (BT; Q). ( E6) H *  (B T ; Q ) (u) =Q[t,
q1 , q 2 , d'5 , q 3 , q4 ] ,  18 =aq 4 +decomposable f o r  som e a e Q .  T ake  the
following values of variables : t = 0, t  =  C ‘ f o r  i =1, 2, 3, 4 a n d  t', =0
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w h e re  C =exp (2n .\/ —1 /8). Obviously q, =11 2 =  =  q 3 = 0  a n d  q4 =1
1

f o r  su ch  c a s e . I t is  co m p u ted  d irec tly  th a t x =x, = 5 (1 + C+ C2 + C3 ),
x i+  = 2C i x , x 6 = — x a n d  S —nio i(1 -11-C +C2 + C3 ), Ci(1
+ + C3 ) (1 j  8); 0, 0, 01. H e re  1 +C+C 2 +C 3 = 2 V  1 +  .0 /2  2 ±

for =exp(27r,/ 1  /16). Then we have a =  E y ' = 2 8 (4+4 — (1 +,,iTa )

yeS
—(1 —

 N ./ 1/2) 4 ) =  —2' °3.5, proving th e  la s t  fo rm u la  o f  (5.6).
F o r  I s , t a k e  t = 0, t = V  f o r  C =exp (2n —  1  /5 ) , t h e n  S ={2C1,

—2Ci (1 i 5), 2Ci +2Cj (1 i < j 5 ) ,  0 ,  0 } ,  a n d  /5 becomes
25 (5 —5 —5+5(1 +0 5 +5(1 + C 2 )5 ) = — 235  w hich  is  the  coefficient of

F o r  /6, t a k e  t = t'4  =Ps = 0  and =a)i (i =1, 2, 3) f o r  co =exp
(27r — 1  /3 ) , th e n  S = {20, 20, 20, (i =1, 2, 3), 2w 1 +2coi
(1 i  < j 3 ) ,  0 , . . . ,  0 1  and the  coeffic ien t of q ,  i s  26 3(3+2+1)=2 7 32

since 0)6 =(1 + (.06 =1.
12  is determ ined sim ilarly o r  b y  a  d ir e c t  com putation from  the

following (5.13) a n d  q, = —2d'2 .
3Since x =t+ t ,  and (1 + x --y t)E d;, = [61 (1 E (1 — -)6  i c i ,i=

w e have

(5.13) d ;,+( x —  t ) d ;,_ ,= ci L (  -2-
) ' n—z /

eitn—i.

M odulo a s =(c 2 -4 x 2 ) , w e  have

d', = 2x ,2 d'2 .2 x 2 — 3xt+

d'3 c  3 — 2x 3 —2x 2 t — 3

x t
2 —  t

1 3

2 4  

and d'4 C 4 —  C3X+2X4 —
x 3 t  .4 _  3 

x 2 t 2  
—
4

5  x t 3 +  9   t 4

2 16 •

Since q2 =d '2 2 -2dS d 'I +2d'4 w e  have directly

(5.14) 1 9   4
= W q 2  +  16 t

1 1=—c 4 + -
2

c 3 t +t 4 —(c 3 +t 3 ) x +t 2 x 2 - 2 tx
3 

± -
8  

x 4

— 3 3 mod a 5.
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P ro o f  o f  (5.7). P u t  wo  = w — t4 . S in c e  19 a n d  1 , 2 belong to
H *(BT; Q )D iu)=Q [t, g,, g 2 , d'5 , g,, ch.]=Q[t, 1 3 , w0 , 15 , 1

6
, 18 ] ,  we m ay

put

— 28 33 7(a 2 wP + a ,w0 t5 +a 0 19 ) mod b9

and 112 — 2 9 35 5(b3 4 + b 2 w6t4 + b, wo ts + b o il 2 ) mod b9

fo r  som e ai , bi e Q .  W e consider these relations modulo

(X , a9 ) =(x, J 2 ,  J 5 ,  J 6 ,  J  8 ) = (X , C 2 , C 5 , 8 C 6 + c ) Œ  R.

B y  (5.14) a n d  (5.12) w e  have

1 wo  c4 + —
1

c 3 t ,
3 2 c 3  a 2 w t+ a, +aot9

and c1L7b3w8+b2mit4+b1w0t8+b0t' 2m o d  (x, a 9 ).

N ow  w e assume the following (5.15) w hich w ill be proved in later.

(5.15) (i) t 6—  c 4 t2 — c3t3m o d  (x, 0 9 ),

(ii) R I(x, 09 )  h as  a  basis c4ci,tj; i>0, 5> j>0} .

Then 12t —
W O  — C4C3t2 c32t394

Wot 5 11 c 3 — t2 1 2 t 3
1

— 16 3 e )  C 3  
— 2- C 3 + - -

3
c

t 9 = C 3 - F C  r  / - L  9

— 8  3 4- 3 2• -8-C3t — C4t 5 ,

and  as  the  so lu tion  o f c 3  a 2 w6t+ a  wo t5 +a o t9 w e  have

a 2 = 2 4 ,  a 1 =48 a n d  ao  =16 .

Thus 19 a-  — 2"3 3 7(3w6H-6w 0 15 +2t 9 ) mod b9

=2 "3 3 7(— 3w2 t+ t9 ) =2 "337J9
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S im ila rly  W 3 =  —

1  

C  C —1 C 3 t 3
0 4  4  3

2 t 2 +  8 3

I   ,,4 I „3,•3
—

1„  f2 = „2t2
WO

t4 ——  
3 2  

... 3 — —
4

,4 , 3 —
4  

3•
3

,4 , 3 • 5 ,

— I 4 
139  3 5wo t 8 = — c 3 + c 4 cit 2 + c 3 t

3 — —
6

c 4 c 3 t 5 ,16 24 16

5 5  „3 t3 „t1 2  = _ 9 c4 — ,.2t23 —  — , 3 • 5,6 4  3 4 4

a n d  w e have  b 3 = bo =  
6 4

 ,  b2 =192/ 1
b  =128

/
 and3 

112 — 2"2 4 5(wg +941 4  +6w,t 8 + t ' 2 ) mod b 9

=  2 1 8 34 5(w3 +6w 2 !4  — 9wt8 3 t 1 2 )

5 34 5(w3 +15w 2 t4
 —  9%48 ) = — 2 ' 8 3 4 5 .1 12 mod 6, 2 .

F in a lly  w e  p ro v e  (5 .1 5 ) . O b v io u s ly  c satisfies ci = c; + ci_ l t i

(i =1, 2,..., 6; 4 = 0 ) .  Conversely, cii =  E c1 ( — t , ) i .  T h u s  R =Q [t,,c ,
i=o

c'3 ]  is  g e n e ra te d  b y  t a n d  c le 6 i n  w hich th e  re la tio n  E c i1=0
( — t,)6 - i = 0  h o ld s . S o ,  t h e r e  i s  a  n a tu ra l ring hom om orphism  of
Q [t,, c 1 ,..., c6] / ( E ci ( — t 1)6 - 1 ) o n to  R. B y  c o m p a r in g  the Poincaré
polynom ials, w e see that this is an isom orphism , and we may identify

R =Q[1 1 , c6]/(Lci(—t1)6 9 •

S in c e  t =x —1 1 a n d  c l = 3 x ,  RI(x )=Q [t, coi (c6+ cst + • • • +
c2 t4 + t 6 ). Then

R 1(x, a 9 ) = Q [t,  e3, e4, C6 ]  ( 8 C 6  C i ,  c ,  C6 4 - C 4 1 2  C 3 t 3 +41 6 )

2
= 4 2  [t , C 3 , C 4 ] — 8 C3 +C 4 t 2  -1- C3.13 + 0 ) ,

6

a n d  (5 .1 5 )  follow s. C onsequently , (5 .15), (5 .7) a n d  Lem m a 5.2 are
established.
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§ 6 .  Integral cohomology rings.

( A )  H*(F4 / T).
F o r  t h e  subgroups T c S p in (9 )  o f  F 4  i n  § 4 ,  (A ) , w e  have a

fibering

(6.1) Spin (9)1T —1-4 F4 /  T - -  H  = F 4 1Spin (9) .

T he  universal covering i t  induces a hom eom orphism  of Sp in(9)1T

onto SO(9)/T 4 . Apply Theorem 2.1 to H*(Sp in(9)1T )=H*(S0(9)1T 4 ),

th en  it h a s  the  generators ti , e2 ; ( i=l ,  2 , 3, 4) w ith the relations 2e 21 =c i

(i=  l, 2, 3, 4), e 4  =  e i, e 8 =2e 6 e2 — 2 e 8 e4 = e Z  a n d  e i  = 0 .  Thus w e
have

(6.2) H *(S p in  (9 )1T )=Z [t  t 2 , t 3 , t 4 , e2 , e 6 ]/(r 1 , r 2 , r 3 , r 4 , r 6 , r 8 )

w h e re  r, =c 1 — 2e2 , r 2 = c 2 — 2e3 r3  = C3 — 2e6 ,

r 4  =C4  — 2e3ey _1_104 r  6 — — 6

and r, = 3c4 e1 — e! .

H e re  w e  se e  th a t th e se  t i ' s  a r e  identified  w ith  those in  § 4 , (A)
a n d  §  5 ,  ( A )  b y  t h e  isom orphism s c* : H 2 (B T )  H 2 (F 4 1T )  and
i*: H 2 (F 4 I T )  H 2 (S p in (9 )IT ). A s is well known

(6.3) H*(H)=Z[w ] 1 (w 3 ), w e H 8 (H ).

T hus (1 .5), (iii) is sa tisfied  a n d  w e  can  ap p ly  (1 .6 )  a n d  Lemma
1.1. I n  particular

(6 .4 )  i*: H i(F 4 1T )-41i(Sp in  (9) I T )  i s  bijective f o r j  < 8  an d  Ker i*
is generated by  p*w f o r j =8.

I n  H*(BT ; Z „) (p = 2 , 3 ) the  following holds.

(6.5) Sg2c2c3+c2c1 (mod 2) ,

— c3 ci + ci + c 2 cf (mod 3).
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For, Sq 2c 2 :_=_ E  sq2(t 1t; ) ,  E (t i + o t i ti =c,c, -3(. 3 a n d  g ' c 2 E  ( t i2

+ t3)t i t, =c 2 (ci -2e 2 ) - c 3 c, +4e 4 .
Now apply Lemma 3.1 fo r  G = F 4  w h e re  H *(B T )=Z [t,,..., t 4 , 'Yi]/

(c, -  2y) -Z [1 1 ,  t2, t3, y ]  b y  ( 4 .1 ) .  F ir s t  w e  s e e , u p  to  sign,

u =132 =c2

b y  ( 6 .4 )  a n d  ( 6 .2 ) .  B y  ( 6 .5 ) ,  Sg 2 14 Sq 2 c2 e3 +2c 2 1,
1 1---- c3 (mod 2)

a n d  g ' u ' c2 -2 .9  ' yi c i  4 c 2 y i  - 4 y f  (mod 3).
It follows from Lemma 3.1 the existence of elements

y3 EI/ 6 ( F 4 / T )  a n d  7 4  E I1 8 (F 4 / T )

satisfying 2y3 =e*c 3 =c 3

and 374  =e*(C4  2 c 3 y1 +  c +4c 2 y i 4y1 -)

=e 4 - 2 c 3 y, + 8y`t

a n d  that, by putting w =y 4 - 2yf,

(6 .6 )  th e  n au tral h o m o m o rp h ism  Z [t t 4, y y3 , W ]I(P1 , P2 , P3 , P 4 )

--4 -1 * (F 4 I T )  is an  iso m o rp h ism  f o r dim_<8, w here p h . . . ,  o ,  are

giv en in  Theorem A.

S ince  i*(t i )-- t i , i*(c i ) =c i , a n d  b y  (6 .2 ) , 2 i* (Yi) = ci =2e2, 2 i* (73)=
c, = 2 e ,  and 3i*(w )=c 4 -4 e 6 e2 + 2 e 'l  = 0  in  H *(S p in (9 )IT ). It follows
from (1.4)

(6.7) i*(y,) -= e, , i*(y3 ) =e 6 a n d  i*(w)=0

This defines a homomorphism

i* : Z [t , 12, t3, t4, y l , 7 3 , w] Z [ti, t2, t3, t4, e2 , e 6 ] .

Then we have obviously

(6.8) i*(pi) r if o r  i  =  1, 2, 3, 4, 6, 8 .
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It fo llow s from  (6 .6 ) and  (6 .2 ) th a t  th e  kernel o f  i*: H 8 (F 4 I T )
— H 8 (S p in )/ T )  is  genera ted  by  w . T hus (6 .4 ) im p lies

(6.9) W e m ay  choose th e  generato r w  o f  (6 .3) s u c h  th at  p*(w)=w.

Proof  o f  Theorem A.
A pply L em m a 1.1  to  the fibering (6 .1), th e n  b y  (6 .3 ) , (6 .8 )  and

P12 =w 3 i t  is sufficient to prove that p1, p 4 , p6  a n d  p , are relations
i n  H*(F 4  I T ; Q ). (6 .6) shows t h a t  P i  p 2 , p3 , p4  a r e  r e l a t i o n s .  By
L em m a 5 .1 , H*(F 4 I T ; Q )=Q [t . , t4]/(PI ,  113, I2 4 + , pi). As (5.4)
th e  re la tio n  p i =  E (— oi -Fici ck h o ld s .  T h e n  w e  have

j+k =i

P6 =Yi — caYi 4
1 ( c i -2 c 4 c2 ) =-!f p 3 =0

and P8 = P8 + 4 P6Tf +P4Yf = 3 W2 3 w(C3Y1 - 1 1 )+  (C 3 Y 1  '4 ) 2

= -
1

(2c 3 y , — 2y1 +30 2 +  3  14,2 — 1 
( 1 2P4 +PZ)= 04 4 48

since 3w = c4  2 c 3 y  +  2 y ;  c 4  c 3 c  + -1—c3 = ±-p 2 a n d  ci =p 4 .2 2

Q. E. D.

( B )  H*(E, I T ) a n d  H*(EIII).

L e t TŒU b e  th e  subgroups o f  E 6  defined in § 4 ,  (B ) ,  a n d  con-
sider the fibering

(6.10) UIT E6IT EIII=E61U.

T he following (6.11) is essentially proved in [9].

(6 .1 1 )  H * (E IH )  is multipli.?atively g e n e rate d  b y  tw o  e le m e n ts
teH 2  a n d  weH 8 .

F o r ,  a p p ly  th e  G y s in  e x a c t  sequence for T i -bundle  E6 ID 5 --*
E III , w h e re  H* (E 6 ID 5 ) =Z [x 8 , x 1 7 ]1(xg, x? 7 ) a n d  Iii(EIII)= 0  fo r
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o d d  i  by Corollaries 4 a n d  5 o f  [9 ] .  Then w e have an exact sequence

H* - 2 (E/H) H *(E III) - - o  Z [x 8 ]1 (4 ) - - 0  0

which implies (6.11).
A s in  §4, (B ) w e identify  U IT  w ith SO(10)/T 5. Then Corollary

2.2 implies

(6.12) H *(U IT )= Z [t i ,•••, t5 , e 2 , e6 ]/(r 1 , r2 , r 3 , r4 , C 5 , r6 , r8 )
 w here  ri 's

are  the  sam e re lations as  (6.2) f o r  ci =a i(t i , t5 ).

Apply (4.11) t o  th e  commutativity o f  th e  diagram

H *(BT )=Z  Et ,,..., t 6 , x]/(c i  —3x)

H*(E 6 / 1") i *  
o H  (U IT )

an d  u se  th e  notations:

e*(x )=y  , t*(t)=t , c*(t i ) =t i a n d  e
*

(C i )= C i

for t6). Then w e have

(6.13) i* ( t)=0 , i* (Y1)=i * (ti)=e2, i * (e6)=e5e2

i*(4, 1) =t 1 a n d  i*(ci )--=ci +c i _ l e2 f o r 5 .

N ow  consider t h e  element u  i n  Lemma 3.1 which generates the

kerne l o f  t*: H 4 (B T )---4 1 4 (E 6 IT ) .  By Theorem  5.2 a n d  (1.2), in

th e  rational coefficient the kernel o f  t
* is  g e n e ra te d  b y  J2 =c 2 -4x 2.

.
1

2  i s  a n  integral class a n d  not divisible in H4 (B T ).  Thus u =c2 - 4 yi
u p  to  sign.

B y  (6.5), Sq 2 u-= c3  ( m o d  2) a n d  .9 'u  c 4 +c3 — 14yf (mod 3).

Then Lemma 3.1 implies the existence of elements y3 a n d  y4  such  tha t

2y3 =e*(c 3 ) =C3

and 3Y4-=e*(e4+ci —14yt)=c4+2Yi



T he integral cohom ology  rin g  o f  F4 IT  an d  E 6 IT 283

and that

(6.14) the natural hom onzorphism  Z [t,,..., v 0 0 0 06, 1, 3, 1, , 2, 3,  r

H*(E 6 I T )  i s  b ijec tiv e  f or dim < 8 , where p„ 13 2 , p 3 , p 4
 a re  th e  rela-

lions i n  Theorem B.

B y  (6.13) 2 i* ( y 3 ) = i*(c3 )=c 3 + c2 e2 =2e 6 + 2e3 a n d  3 i* (Y4) = i * (ca
2rt. ) = C4 ± c3 e2 + 2e1 = 6e6 e2 • T hen  it fo llow s from  (1.4)

(6.15) i*(y3)= e 6 + e 3  a n d  i*(y 4 ) =2e 6 e2 .

Since t =y, — t, and i*(y 4  — 2y3 y, + 2yt)=2e 6 e2 — 2(e6 + e3)e 2 + 2el =0,

the following (6.15)' is obtained easily.

(6.15)' T h e  k ernel o f  th e  hom om orphism  i*: Z[t i ,..., 1 6 , y ,, y3 , y 4 ] - 0

Z [t,, t 5 , e2 , e d  def ined by  (6.13) an d  (6 .15) i s  th e  id e al generated
b y  t  an d  y4

 — 2 Y3Yi + 2Y1.•

It is verified directly

(6.16) i*(p ; ) ,  r im o d  (r;  ; j< 0 f o r i =1, 2, 3, 4, 5, 6, 8 (r 5 =c 5 ) .

F o r  exam ple, i*(c 6 )=c 5 e2  a- 0 mod (c 5 ), i*(3c 3 y? — y7)=3c 3 e3+3c 4 el.

I-, mod (c 5 )  and i*(y4  — c3 7  + 2 y )  i*(y 4 — 2y3 y, +2y4-) = 0 mod (r 2 ,

r 3 )• T hus i*(p 8 ). 1.8  m od (r 2 , r 3 , c5 ).
The kernel of the composite of i*  o f (6.15)' and the natural map

o n to  H*(U I T )  i s  the id ea l (p i ,..., p6 , p s ,  t, y4  — c3Yi+ 214) b y  (6.15)' ,
(6.12) and (6.16). By (6.14), for d i m  8 , the ideal is the inverse image

of the kernel o f i*  in the following (6 .1 7 ). T hus w e have

(6.17) T h e  k e rn e l  o f  i*: H* (E, I T) H *(E I T ) is t h e  ideal

(t, c3)71+2yt) f o r dim

1 9  
B y  (5 .14 ), the elem ent w = —q2 +  

1 6  t
4 e H8 (E6 1 T ; Q ) is of the6 

form

(6.18) w =y4 — c3 y i +2yf +(y 3 — 2y? +y it —y i t2 + t3 )t

w h ic h  is  c o n ta in e d  in  H*(E 6 / T). T h e n  Ker i* =(t, w )  fo r  dim <8
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by (6.17). (6.11) m eans that (6.10) satisfies ( LS), (iii). Then by (1.6)
and (6.11), Ker i*--(p*(t), p*(w )). T h u s , u p  to  sign,

p * ( t ) =t  a n d  p * (w )=w +f t f o r  som e fE H 6 (E 6 / T )

(1.3) and (5.3) show  th a t  p*(w )=a'g 2 +b't 4  =a•w +b•t 4  f o r  som e a', b',
a, b E Q .  Thus

1 9—
6

(a — 0g 2—  (b + (a — I ))t 3 ) t16 in  H*(E 6 IT ;Q ) .

By Lem m a 5.2, (5.5) and  (5 .6 ), H*(E 6 I T ; Q )  is isom orphic  to  Q [ti
, t6 ] 1(J2) -(2Ct, t'571(.71)=Q [1] , r5 i/(91 )) f o r  d im  8 .

It fo llow s tha t i f  g t = h  f o r  g eH*(E 6 I T ; Q )  a n d  h e t ]/(q1),
* < 6 , then g = O . F ro m  th e  above equality we have

a=1 a n d  b•t 3 =f  E H 6 (E 6 I T ), b EQ .

Since  i*(f )=b•i*(t) 3 = 0  i n  t h e  rational coefficient, f  E Ker i *  by (1.4).
S o , bt 3 - - f = f 't  fo r  some f 'e H 4 (E 6 I T ) , a n d  it follow s b•t 2 = f .  Simi-
la r ly  w e  h a v e  b•t=f "E H 2 (E

6
I T )  a n d  b• 1 EH°(E 6 / T). T h u s  b  has

t o  b e  a n  integer, a n d  w e  have obtained

(6 .1 9 )  T he generators t  an d  w  o f  (6.11) can be chosen such that

p*(t) = t and p*(w) = w

Proof o f  Corollary C.
B y  (1 .4 )  and (1 .6) the com posite

H *(E III) H*(E6 I T ) H*(E6IT ; Q)

i s  injective. Then it fo llow s from  L em m a 5.2  (i) and  (6 .19) th a t  the
relations J 9  = J 1 2  = 0  hold in  H * ( E I I I ) .  Thus we have a homomorphism

0: Z [t, 1(J9 , J 1 2 ) — > H *(EIII)

w hich  is  surjective b y  (6 .1 1 ) . Put v = — 45w 3 t + 26w 2 t 5 , th en  w e  have
e a s ily  t° 3w2 t, w 3 —  15w 2 t +9wt 8 , w 3 m- 15t), w 2 t 5 -=. 26v a n d  vt4 :---  0
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(mod (J9, J12)). T h u s  Z [t, w]/(.19, .1 12) is additively generated by
() j<  9, 4i+ j < 1 3 }  U  Ic t il0 < i< 4 1 . These generators are

linearly independent in  H *(E IH ; Q ) by Lem m a 5.2, (ii). T h u s  B  is
injective. Q. E. D.

Proof o f  Theorem B.
By (6.11) and  (1.5), we can apply Lemma 1.1  to  the  fibering (6.10),

i n  w hich  H*(U I T )  is g i v e n  b y  (6 .1 2 ) , H *(E III) b y  C o ro lla ry  C,
i *  b y  (6 .1 3 ), (6 .1 5 ) a n d  p *  b y  (6 .1 9 ) . T h e  correspondence o f the
relations between pi a n d  ri is  k n o w n  b y  (6.16). w  is  g iven  by  (6.18).

P1, P2, P3 , P 4  van ish  i n  H *(E ,IT ) b y  (6.14). I n  H*(E 6 I T; Q ), we
have

P 5 = C 5 — c4 y i+ c3 y i--2 y ? = c *J 5 = 0  ,

p 6 -2 C 6  1 ,, = e2 , 6  * (  1 j  ) = 0
4  3 441 r 4  6

and , 1 8  4pg— — 9C6yi +3c 5 y-?—y7+(c 4 +2y 4 c ï  4 C 3 Y 1 - 7 -3- 1)

2 1 2 10, 4 19  8
=  — 9 C671 + 3 C 5 )q  ± -j— c4 — C4C3Y1 4- 44 1 2 C  3 Y Y  Yi

* ( i + 3 J 5 y i ) = 0

T h u s  th e  assumptions o f  Lemma 1 .1  a r e  satisfied, a n d  Theorem
B  follows from  Lem m a 1.1. Q.E.D.

(C ) H * (G 2 I T).
A s  a n  appendix, w e shall give an alternative p ro o f o f  th e  result

o n  H*(G 2 17') in  [7]. Lemma 1.1 can  be  app lied  to  th e  fibering

SU(3)/T G2 / T S6 = G2  /SU(3)

where H*(SU(3)IT)=Z[t 1 , t2 , t 3 ]1(c 1 , c2 , c3 ) ,  H*(BT)=Z[t,,t 2 , t3]/(c 1)
for 1 1 eH 2 , t 2 ,  t3) a n d  H* (S 6 ) =Z [x01(4), x 6 e1/ 6 . Since
H*(G 2 ) is n a tu ra lly  iso m o rp h ic  to  H*(F 4 ) f o r  dim < 6 ,  Lemma 3.1
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h o ld s  f o r  G=G 2  a n d  d im  6 :  H*(G 2 IT) Z [t 1 , t 2 , t3 , y 3 ]I(c 1 , u, Y6 —
2y3 )  f o r  d im  <6 a n d  Sq 2 u  y6 (m o d  2 ) . T h e n  it  is  e a sy  to  se e  th a t
u = + c 2 . S o  w e  c a n  c h o o se  y 6 = c 3 b y  (6 .5 )  and p*(x 6 ) = +7 3 . It fol-
lows from Lemma 1.1

(6.20) H*(G, IT )=Z 12, t3, T3MCI, C2, C3-2y3,

=-Z[t i , 12 , y3 ] / ( t i+ t 1 t2 + ti, t3 -2 y 3 ,

P u t a = t i  — t2 and /3 = t2 ,  then  w e have

(6.21) H *(6 2 / T )= Z Y3P(C (2+30+3)62 , /33
 — 2y3, Ti)

which coincides with th e  result in [7].
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