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§ 1 .  Introduction

W e  s tu d y  i n  t h i s  n o te  th e  follow ing forw ard C auchy problem;

a2 m
t l ( X  t ) =  E t; )14(x, t),at ' J-0 ax

(1.2) =u0(x)e 9r2(RD,

a where 
—
_9.°

2 m -
i ( X ,  t ; E  a  • ( x  t )  ) 5  a c, .(x , t) E éVa x ) 1 ) ,,

uX
5

OX
(X ,  t)e R x" x  [0 , 1] and  n;  O .

O u r  purpose in  th is  no te  is  to  s e e k  a  necessary condition of the
grn-well-posedness fo r  th e  C a u c h y  problem  (1.1)—(1.2). Recently K.
Ig a r i [4 ] has studied this problem , b u t  o u r  research is different from
it. F o r  in s ta n c e , o u r  research is based  o n  th e  modified order 2 )  o f  th e

1) .9 .72(R ) = iu (x ) ;  V - j  u (x )e L , 2 (R',..) for any a}

a r  (R )  =iu(x)e C ( R ) ; j ( )  u x j M  f o r  some ./1/„.>0 for any a}

u (x ,  t )E r ) ( a  means that u (x , t ) E a x  for any fixed t  and continuous in t  in the
usual topology of a_

2) W e say  that the m odified order at t = 0  o f  t'i...r a „,_j  i s  2 m
— i 

n i+ 1
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differential operator. T he  no tion  o f the  modified order was introduced
w h e n  w e  c o n s id e re d  Cauchy-Kowalevski's th eo rem . A n d  a lso  th is
n o tio n  w ill b e  u se d  w h e n  w e  sh a ll s tu d y  th e  hypoellipticity o f  de-
generate parabolic differential equations. (M. Miyake [5]).

N ow  w e give our theorem : le t us assum e the following conditions,

i) 2m—j0 =  m a x  2 m
 — j ,  for some j o e {0, 1,..., 2m— 1 },l• + 0 5 j52m ni -I-nro

( C .  I )  ii) 2 m — j 0  > 2 m — j  f o r  any j=0, jo —ni 0 +1 ni+1

iii) Re .02 „,_ ; .(0, 0; 27ri°) = S>0 for some ER , In  = 1 ,

w here  R ea  m eans th e  re a l p a r t  o f  a, •N/

a n d  i= — 1.
Then we have

Theorem 1. L e t  u s  a s s u m e  (C. I), t h e n  th e  C au c h y  problem
(1.1)— (1.2) i s  n o t  9b-well-posed i n  any  neighborhood o f  t =O.

W e g ive  now  th e  definition o f  .9T2-well-posedness of the C auchy
problem for the  equation (1.1).

Definition. W e  s ay  th a t  th e  C au c h y  problem  f o r  t h e  equation
(1.1) is uniform ly I2-w ell-posed  i n  [0, 1], i f  f o r  a n y  uo (x )e
an d  any  in itial-tim e  s a [0, 1), there ex ists a un ique  so lu tion  u(x, t) E
SI' (3 1 5 ) 3 )  i n  t s  satisf y ing  u15„ = u 0 (x ) ,  a n d  t h e  m apping  uo (x)—*
u (x , t) is c o n t in u o u s . M o re  precisely  f o r  any  non-negativ e integer
1, there ex ist a  non-negative integer h  an d  a c o n s tan t C  independent
of  s such that

3) Ilu (x )Ill= 11( --a—a u(x)I12 • !lit(x, t) h  denotes the norm in x-variable and t  is
L 2

considered as a  param eter W e also note that ..9.72 is a Fréchet space with
semi-norms Ilu(x)16, (h -= 0 , 1, 2,...).
SI(322)B u(x , t)<:=> u(x , 0 E 9 1 3  for any fixed t  and it is continuously defferen-
tiable with respect to  t  in the topology of .972.
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(1.3) max u(x, <ludx)111, •sstsi

W e shall prove our theorem  from  §3  o n , a n d  th e  m ethod of the
p ro o f re ly  o n  th a t  o f  S . Mizohata ([1], [2]). I n  th e  c a se  where the
coefficients of the equation (1.1) depend only o n  t, we shall give suffi-
cient conditions of c/°2-well-posedness in  §2.

§ 2 .  Sufficiency of the well-posedness

I n  th is  section w e  o n ly  co n sid e r t h e  following equation;

(2.1)
2m

UkX, E  t
a

tif 2 2 _ • ( & '
f

t ) .m JOt f=0

I n  th is  case, w e  have easily sufficient conditions of the  well-posedness

for the equation (2.1), and  an  elementary result is the  following

Theorem  2. L e t  u s  as s u m e  th at  the coefficients of 2 ,„_ ;  a re
continuous and

2m 2m—j=  maxno + 1 osis2m n1 +1
(C. II)

ii) R e 2 2 15(1; 27ri) — 6 1W 'n
 

f o r  a n y  E

T hen the f orw ard  Cauchy  problem  f o r th e  equation (2.1) is uniform ly
.915-well-posed in  [0, 1].

I n  o rde r to  p rove  ou r theo rem  w e  u s e  a  fundamental inequality.

2m 2m —j Lem m a. If —  max then w e haveno + 1 0 5 j5 2 m  n i +
,

'

( 2 . 2 ) ( t
ni+.1 s nii- 1)2m < C(tno+ 1  s n0+1)2m— j

f o r some positive constant C. 4 )

Pro o f  o f  t h e  le m m a. W e p ro v e  (2.2) d iv id ing  in to  th ree  cases;
i) s=0, ii) 0<s<t 2 s  a n d  iii) 0 <s<2 s< t. I n  t h e  first c a se , (2.2)

i)

4 )  In  th e  sequel, we shall denote by the same symbol C any o n e  o f various diffe
rent constants.
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is obvious from the assumption. Now we prove (2.2) in the second case.
tui+i—s".1+1 =(n i +1)1 t e i  th  <  (ni+l)t"i(t— s) <  c  t— s 1 J+1 Thus

t  — S   ) 2 m

s(t n i + 1  — S n i + 1 ) 2 m  <  const. 2m(si+1)

Next, it is obvious that ( t n ° +  1  — Sn ° ÷  1 )  >  (n 0 +1)  t
— s

sno -" ,  then we have

(tn0+1 s no+ 1 )  2m–j >  c o n s t .  t — 2m – j (2m –  j)(n0+ 1)
s

 s

t— s 
< 1 ,  i t  h o l d s  (

 t—s 2 m  <  t —  Since O n  th e  o ther hand,s
2m(n i + 1 ) ( 2 m  — j)(no + 1) from the assumption, therefore we get s2 "(")+ 1 )
- s( 2 'n- i)("0+ 1 ) ,  ( 0 < s _ 1 ) .  It p roves th e  inequality (2.2). Finally let us
consider th e  th ird  c a s e . I t  is  o b v io u s  th a t (tni+1— s n j + 1 ) 2 m  <  t 2 m ( n . , - 1 -  1 )

A n d  th e  c o n d it io n ,  ( 0 <s <2 s <t )  im plies tn0+ 1 —s"0+ 1 >const. t"o± '.
Hence we have ( t 1 4 ) +1  — S" ° +  1 ) 2 m –  >  C O nS t. i ( 2 m –  i ) ( "° +  1 )  . These imply the
inequality (2.2). q .  e .  d .

Proof o f  t h e  theorem. L e t Ex ( t, s )  b e  a n  elementary solution of
the Cauchy problem for the  equation (2.1), tha t is,

a(2.3) E x ( t ,  s )= 2f  tn i2  2 „,_i (t; )E x (t, s),ot p=o ax 1 s > O.

(2.4) S x  m eans D irac 's distribution.

N o w  le t  t(t, s; b e  a  F o u rie r  transform  o f  Ex ( t, s )  w ith  respect to
x ,  th e n , d u e  t o  Petrow ski's theorem  ([3], Th. 5 .2 )  t h e  necessary and
sufficient c o n d it io n  o f  th e  uniform ly gr2-w ell-posedness i n  [ 0 ,  1 ]  is
t h a t  PO, s; satisfies t h e  following inequality,

(2.5) It( t , s ;  )1 +11)P,

where C  and p  are positive constants independent o f  t  and s.
Since

t 2m
P (t , s; = exp[ s iEo THJY 2 „,_ ; (-c; 27ri) dti ,
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it holds

E(t, s; ;_exp

Considering Lemma, we have

[ —  6n 0 + 1

(t,70+1 _ s no-F1)1 I 2m

2m
+ C  E  ( t n j + 1  — .0 ' 4 - 1 )  I I 2 m —  J 1  

•
j=1

6  (2.6) !P (t, s ;  )1 5exp [ —

n o  + 1
0"° + 1  s " ° + 1 )11 2 'n

2m 2m—j 
E _ s n o + i )  2m  I I 2m— ji

•

1 62 m
Let X  = (t n °+ 1  — S" ° + 1 ) -frn  il,  then

n o  + 1

X 2 m + C  E  X 2 m —
i<  C ' for some

i= i
positive constant C '.  This completes the proof. q. e. d.

Now let us weaken the assumption (C. II) as follows.
There exists a  sequence {m i }rta satisfying

i) 0 = m 0 <m i <m 2 <•••<m k <m k + i =m.

(C . III) ii) 2(m — mi )  = max 2m — j (i =0, k),n2m , + 1 2m1S j52m i + j —1 nj +1

iii) Re -29 2 ( . , 0 0 ;  27ri0< — 6 g12 ( m- "" ) ,

(6 > 0, i=0, i=0, k).

Then we have

Corollary 1. U nder th e  assum ption (C. III), the Cauchy  problem
f o r th e  equation (2.1) is uniformly 21°2-well-posed in  [0, 1].

Pro o f . I t  i s  clear, since  w e m ay  repea t the above reasoning for
2mi+i-1 0each brock of E t./..29 2 m 4 t ; P rec ise ly , w e  can  show the
j= 2m I

following inequality

11 2mi+ ,--1
(2.7) R e  { E  rni2 2 „,_ ; (r; 2rci)}dr C,

s j= 2 m i

j=1
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(1=0,k )  b y  th e  same way as  the  thoerem. q. e. d.

Finally, le t us consider the case where n ;  a re  integers and the coeffi-

cients o f  2 2„,_; (t; w -) a re  continuous in  a n  interval [ — 1, 1]. Then

we have

Corollary 2 .  I f  w e assum e the condition (C . II) an d  no  i s  an  even
integer, then the  C auchy  problem  f o r th e  equation (2.1) is uniform ly
315-well-posed in  [ - 1 ,

P ro o f . U nder th e  assumption o f  th e  corollary , it holds that

1t It ni ld'r c(r 0 +1  _ s n o - F 1 ) 2 L - J
( - 1 ...ç_s<t . 1)  .

Its  p ro o f is  o b v io u s  i n  view  o f  th e  p roo f o f  th e  lemma. Therefore,
w e  can  p rove  th e  corollary from  th e  above inequality. q. e. d.

R em ark. In  th e  ca se  where the coefficients are dependent only on
t, w e can  ob ta in  trivial extensions of o u r th eo rem s. T h a t is ,  instead
of considering (2.1), we may consider the equation

(2.1)' a2 m au= a x ) u ,

where -  2 m - J O; 27 ri0  i s  a  homogeneous polynomial in o f  degree
2m —j with continuous coefficients.

I n  t h e  assum ption  (C . I) , it su ffices to  assume th a t  Re 2 . 2m _ i (t;
27riV)= tni.0'2 „,_; (t; 27-ciV ) fo r some V e R", (j =0, 1,..., 2m — 1). And in
the  assumption (C. II) or (C. III), it suffices to assume that Re ..r2„,_ ; (t;
22TiO =tn.' 2 '2 „,_; (t; 21E4) f o r  any e R n, (j  =0, 1,..., 2m — 1).

§ 3. Localization of the equation

F ro m  th is  sec tion  on , w e shall p rove our theorem  sta ted  i n  § 1.
A t first, w e localize th e  equation (1.1). L e t )3(x) e CZ(R'xI) satisfy that
supp [fi] is  c o n ta in e d  i n  a  sufficiently small neighborhood o f  x =0,
and apply fi(x) to  the  equation (1.1) then we have
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2 ni

(3.1) a (I3u)= E t n i t;) (at j=0 OX

+ E 22;(2 ,),-; (x, t; )0(00} ,.1„1_2.-.;

w here  _i (
2"1„;_i  d e n o te s  d iffe re n tia l o p e ra to r  o f  o rde r 2m — j H p ]  and

(  ax0  yfloo= 

Since w e m ay m odify coefficients of the equation (3.1) outside of
supp V ]  in  view o f  (3.1), w e assume th a t the oscillations of coefficients
a re  small a s  w e  desire . L et 6i() e C (R ") be  6 ( )=1  in  a  neighborhood
o f  = 0  a n d  supp [i] is suffic ien tly  sm all. T hus w e m ay assume that

in f  Re 2 2 ,n _i 0 (0, 0; 27ri)>  2  
esupp[a ] 3

Now we define a convolution operator a(D) as follows.

(3.2) Œ(D)u=. '[( ) û ( ,  t ) ], t) =g  x [u(x, t)] .

O bviously a(D )u is r e w r i t t e n  b y  a(D)u =a(x) (t ) u(x , t), w here  a(x)--
i '[ i ( ) ]  a n d  (*x )  d e n o te s  the  convolu tion . Hereafter we u se  th e  fol-

lowing notations.

k ( ) = 6 ( an(D)u =.9- ilLa„(0C1(, t)] .

L et us apply an (D) to  the  equation (3.1), then we have

a a(3.3) (a,i(D)13u)= 2f  t n i t ;  - - ) ( a n (D)flu)at a x
2m a+ E ti „,an (D), 2 _J (x , t; -- )1 ( f iu )axi=o

2m ( a ■+ E kf„),_;(x, t; -0--)(04„(D)P 1i) u)}i=o X

+ E[ Œ ( D ) , ) 1 6 6 ( 0 u ) }  ,
j = 0 1 51/1152m -j aXt; _)1 (p u ) } ,

 [ an (D), 2 m _ i ]u =an (D)(.29u )  _ 2 9( a  (D)u). Thus we have2m- j 2 m - js  n
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(3.3) gt  (Œn (D )f iu )= 2f  t n i  2 . 4 x ,  t --c )(c(„(D)flti) + f „(x, t) ,i=0

where we denote by f „(x , t) the  terms following the second term  in the
right hand side o f (3.3).

In  th e  following we shall prove a n  energy inequality fo r  th e  equa-
tion (3.3)'. A t first, we remark that

d  „
d t  

ot
"
ki4fiu11 2 — 2 2f  r i  Re (-T 2„,_; (x, t;(3.4) aax)

i=o

(c(„(D)fitt), Œ,1(D)13u)

+2Re (f„(x, t), c(„(D)13u),

w here  11'11
 a n d  ( ,  )  denote th e  L 2 -norm a n d  th e  inner product of

L2  i n  x-variable.
Then we shall show an energy inequality when t  is small,

d (3.5)5) dt liœ5(D)flull>95(t)11«„(D)fiuli —  Ilf„11,

where g„(t)= t ni 0 n 2m-  ja _  c  E  t „ ,  2m -n for some positive constant C.2 0 5 f 5 2 m
7* io

In fact, we prove (3.5) dividing (3.4) into two parts ; i) j = j o a n d  ii)
jO j o . A t first we investigate the case i).

a „  r „  „Re (..r2„,_;o(x, t; -G) tanki-,ni
Q an(p)f iti)

=Re ( 3 2 „,....40, O; —a-.T )o(„(D)fiu, a n (D)13u)

x-+ R e  (fr2 m -io (X , 
.  a 

) 2
;-t ) }

(c15 (D)f3u), a5(D)1314)

5) Instead of the inequality (3.5) we have
d(3 .5)' (--ft-dia.(D)P u 112 > g.(t)11 a.(D)/9 u it2 const.

E 0 3 , 2 „ s - j  II f.I12.
For the simplicity we use (3.5) in the sequel. The singular part of the second
term of the right hand side of (3.5) ' does not trouble in  view o f  (4.6).
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=1+11.

2F ro m  th e  a ssu m p tio n  th a t i n f  Re 3 2 „,_ i 0 (0, 0; 2ni)> —s -- (5, we
Esupp[cil

have

/ = Re (Y 2 ,„_ j a (0, 0; 2 ni06/.(0 1(, t), 0 „(0/ g, t))4

> 2— (5/1 2 m - i 'llau(D)flull 2 •3

O n  t h e  o th e r  h a n d , since  the oscillation of the coefficients are
small, we have the following inequality when t is small.

1111 < e E
10, 1=2 m— io 'Ox( a  

)oc (D)fiu • Ilan(D)flu II ,

 

w here e  i s  a  sufficiently small positive  constant. Therefore  w e have
<e'.n 2 m- io an(D)flu 112  f o r  som e sufficiently sm all positive consatnt

s '.  Combining the above two inequalities, we have

c2Re t; w -c )(a„(D)flu), a„(D)13u)> 5n
2 m

- Jo lIgn(D)flull 2  •

In  the case of ii), we have easily

IG2 '2„,-;(1 „(1 ) ),811 ), ott,(D)flu)1 const. n2111- 12

since th e  o rder of 1 t 2 , n _ i  i s  2m — j. T his  proves th e  inequality (3.5).

§4. Proof o f th e  theorem

W e  sh a ll p ro v e  t h e  th e o re m  b y  contradiction. Let { q ( x ) } 1

9 15(R ) b e  a  sequence o f  C a u c h y  d a ta  satisfying 0,,g)=Og — n0),
w here  (og )  q ( R 14 ) a n d  O g) =1  i n  a  neighborhood of = 0  and
supp [0 ] is sufficiently small. That is,

(4.1) 9„(x) = e2  < x ' "4 ° >  (p(X )

cp(x) = [0 (0 ]  and < x ,  >  =  x •  A n d  n o w  le t  fun(x, ,T=
i=

(g r2 ) b e  a  sequence of so lu tions w ith  C auchy  da ta  (cp„(x)};,°_, at
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t =0, tha t is,

(4.2) aat  u„(x, t)= r i y 2 „,_ ; (x ,  t ; _-
a
 )u„(x, t),

J =0

(4.3) u„(x, 0)=(p„(x).

I f  w e assume th a t  th e  forward Cauchy problem (4.2)—(4.3) is well-
posed, u„(x, t) should satisfy

(4.4) max lian(x, C'nh ,ostsi.

f o r  som e positive constants C  a n d  C ,  a n d  non-negative integer h,

where we may assume without loss of generality that h 2m .
It is easy to see

(4.5) 11(x„(D)fian(x, 0 )11> co

for some postive constant c 0 . (see S. Mizohata [1]).

W e shall prove the  following inequality for f„(x, t) appeared in (3.5)
substitu ting  u  f o r  un ,

(4.6) ilfn(x, t)11 < h „ ( t ) i E 110 ( ; ,o (D )n - ip if ic to u
" +

I
'.11LI-FivIsh n

2m
where h ( t )= C  E (c  is a  sufficiently large constant) and_fro
a(„v)(D)u n = {xvoin (x)} (t ) u„(x, t).

A t  firs t, w e  conside r t h e  te rm  o f  Lan (D), 2 ,„_ ; (x , t; 7 -c )1(flu n ).

[a„(D), a n . ; (x , t)( a
a
x ) 21((3u„)

= {a „ , i (y, t)—a (x, t)}a„(x— y)(4 ) 1 (flu n )(y, t)dy

o lv id »i (x, t )D I a  you„)}E y! "  ax



04,0(D)(  a  you )ax n

[an(D), 2„,-;(x, t; a
a
x  )1(flu„) <  C  {  E  n 2 "1- illc4" ) (D)flunll

Since

it holds

(4.7)

<const.n 2 m- illoc„v) fl lai =2m —j,in  view of
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+
(i_1)h+1

E
i l= v!

 a„,;,v(x, y, t) (x — y)',;x„(x — y)
v h+1 

)dY,ey ,
(  a )1(1311")(Y' t

where ai r-_ 2m —j, dc,v,)
; (x , t )e S ? (a .) and aŒ J V

Now let us consider the last term  in  the  above equality.

y ,  t)(x — Y) v ot,,(x — Y)( 4)2(fiu„)(Y, t)dy

= (_ E  Cc, OEY  y accd,r(x, y ,  t)
a ' Sa u

a  1 .

X  'ay )  { ( X  —  y)vol„(x — y)} x (flu„)(y, t)dy. .

Using Hausdorff-Young's inequality f o r  e a c h  te rm  o f  t h e  right hand
side, we have

'leach term11,2. const. ( -6(7._,) {xvot„(x)} Li•Iligu„IlL.2 •

  

I. a 1It is easy to  s h o w  ( —
a
 ) 1 (xvoc„(x))ex I. = n ' ' 'I- Iy1 ( _ ) ( x y a (x ) )Lte x Li

, since

a„(x)= ndhn(R")a(nx). A nd on  the  other hand, w e know  that Ilun ll =0(nh)
from (4.4), hence we have

'leach term ll L 2 const. .

+n 2 - - t - 1
}  .

Next, it is obvious
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(4.8)M  --i°(12-i(an(D)fi (' )un)II const. Ila„(D)#(14)unll

because of the  order o f l ' , _ i  is  a t m o st 2m —.j

Finally for the  term  o f  [an (D ) ,  k _ ; ](13( ) u„), we have

(4 .9 ) II [a„(D), (fl(")un)

const. 1 E Ila(„r)(D)fi(")un I +n2m-J-Iti1-11
1sivish

by the similar way as the  first te rm . A n d  also we know that

(4.10) oc(„v)(D )n- n <  const.i f I I + 1 1 ,1
—  n

Hence combining (4.7)—(4.10) w e have the  inequality (4.6). There-

fore

d
(4.11) (D)flu 11> q (t)liot (D)fiu

-h„(0.1 E da(nr)(D)tt-1"113(")un + —
n
—}

in view of (3.5).

I f  w e repeat th e  above reasonings by setting an(D ) b y  cx(„v) (D ) and
fl(x ) by n -Itilfloo, we have

(4.12) d  I IH a "
 ) ( D)n - 16(P) u„il >g(0110t (nr)(D)n - l'11 /3( ")unllœ d t n 

— const. h„(t){ E 11,4.'" ) (D)n - wifl (w) u,ill + 1

ivi-H-41+1 1.
Now let us define S„(t) by

S,1(t) = E ct,"1-ovipx;,v ) (D)n -
IP 1/3(P) u„11.

i i i  1+ i vI h

T hen  (4.11) a n d  (4.12) im ply, i f  w e  g ive  a  sufficiently large constant

Co,
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d (4.13) S
" 
(t )>

"
4 (os (t) —

dt " n

where 4 „(0= b 0 t"on 2 m— jo — const. r in 2 m -i, for some positive constant
0 S./ 52m

j#  Jo

N o w  let c , 1(t) =  D (r)clr =  3 0 t"i0+ I n 2 "1- Jo — E e rr"  n 2 m -j =
05J52m

(50
jO jo

then we have from (4.13)

dd
t {exP[ — C„(t)] • Sn(t)} > n hn(t) • exP [— Cn(t)]

Since S„(0)> co > 0 from  (4.5), it holds

S (t) > co • exP [C„(t)] — -ç— exP [Cn(t)] • n(T) • exP — Cnerndt

We choose a positive constant e satisfying

(4.14) e <  m i n  (2nz— j o )(n +1) — (2tn— j)(n i o + 1) (,)

j o -

then if  n is sufficiently large, we have

_ 3 s ( 2 m - J o i
(4 .1 5 )  S n (n  ni .+1+E) >. 

 2

c o  e x n n j 0 + 1  +
2

The proof o f (4.15) will be given in §5 , s ince  it is  long.
O n  th e  o ther hand , from  th e  assumption o f  th e  well-posedness it

m u s t  b e  S5 (t)=0(nh), ( 0  t  1). T h is  con trad ic ts from  (4 .15 ), which
proves the theorem. q. e. d.

§ 5 .  Proof o f  (4.15)

In  order to evaluate e in 2 "1 - i exp [ — CnerAdr, let us show0

(5.1) 3_ cn ( t )  <  _   . ,
t ni o  1 2 m - J o

2

6) The existence o f such e is guaranteed from the condition ii) of (C. 1).
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in  0 t min 
—

) n r n J o Jo — 1 

o s is io -1  
• n

In fact, we prove (5.1) dividing into two cases.
i) the case where j j 0  +  1 . Now let us consider

ono=  3 0  t nio+i n 2 m - j o _  E  -e . t ni + l n 2 m - j .
4

(2m — j ) ( n i o  + 1) 
i + 1  ,  henceThe condition i) of (C . I) implies n 

fo

ociii) ( 1 ) > _50 E
4

njo4-1
( 0  t 1). If  we put X  = t 2 m- i° •n, we get

( nj 0 + 1 ) (2 m —j )

 

2m— io •n
2 m — j

5

c i ) ( t )  >  50  x 2„,-Jo_  E  e , x 2m - j >  c
— 4 .i&jo+1

because o f that X  O.
ii) th e  c a s e  w here  (:I - j . j 0  — 1. W e  n o te  t h a t  the  cond ition  ii)

of (C . I) implies n i >n i o ( j< j 0 ) ,  therefore in  the  interval

min0 < t
3

o 
 ) n j - n j o j o — j  

" • n
o s is io -1 (  4:10a;

it holds

So   t ni o +1n 2m- e  tnj+ 1 n2m—  <0
4j 0

These prove the inequality (5.1). Thus we have

P t

o t n ir l 2 m — i  exp [ — On(T)]dt

Pt

< const. nin2m-i exp —
Jo 0 z"i0+ 1 ,22 — io  dz.2

N ex t, l e t  u s  evaluate f l j (t) tnin 2 m- i exp — --2-3
2

-c"-03-"n2m-joldr,
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(j=0, 1,..., 2m).
a) the case where (:1- _j j o — I. W e  note that n .>  n10 , then obvious-

ly it holds

const. I — exp — 3   
//Jo+ I n 2m- J0  1}

b) the case where j

H i o ( t)= const. I — exp —  52° t
ni o +  n 2m- i o

c) the case where j  j o + 1. B y  the sam e w ay a s  i) of the proof
of (5.1) w e can  p ro v e  th a t —  !)-

5
2

tnio+In 2 m- io +t"i+ln 2 m- i <  C  f o r  any

n and any t e [0, 1]. T here fo re  w e  have

Hi (t)_ const. Tnin2m--1 exp [ —  zni+' , 7 2 m
-  j]d r

=const. {1 — exp [ — t".1+ 1 n 2 m- i] }  .

N o w  i f  w e  p u t toge ther w ith  th e  above inequalities, w e have

const. t 2 m
(5.2) exp [C „( t ) ]  { T"in2 m- j} exp [ — On (r)]d-r

0  .fro

const.  , +  exp [C„(t)]
.fro

const. {  E + 11 exp [0„(t)
3
0_ tnio+ 1 n 2m— jol

i=0 2

const. exp [c (t) —  e V +  1 n 2m-
n i=i0+1

2m-io Under the above preparations, we shall evaluate at

/„(t)= co exp [C„(t)] —  C
n  exp [ (t)] t

o hn(t)exp [— 0„(t)]dt

At first, we note tha t if n is sufficiently large, it holds
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1 
2m— jo 5 0  ) oi—njo jo — i 

n '1,0+1 <  min  n ,
osisi o -1 (4 j 0 -e;

in  view of the determination of E. And we can show

2m - i o e (2 m -..i0 ) e ( 2 m - i o )
(5.3) C„(n H.0 +1+0 = Jo n  nio-Ft+E o(n n jo + i+ e ),

a s  n-4 + c o .  In  fact, it suffices to see that when jO j o ,  we have

E (2 m -jo )
tni-1- 1n 2m -j j o  =  o ( n  n jo -1- 1+E )

. j o + I + .

as + oo ,

in  view of the condition (C. I) and the determination o f e.
Finally, in the case where 0 jo — 1, it follows

2m - J o  = 0 ( 1 )  a s  n--). + oo
=

0 -  n J o + I +e

because (2m —j0 )(n i —ni 0 )—(n i 0 +1+s)(j 0 —j)> 0.
Thus, combining the above inequalities, it follows

2m- jo3 e(2m — i0) CoI„(n n i o+i+c) > —
2

e x p  °  n 'Q .+ 1+e
2

w hen n  is sufficiently large, which proves (4.15). q. e. d.
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