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Introduction. F o r R iem an n  su rface s  o f in f in i te  g e n u s ,  it i s
known that there occur m any phenom ena which a r e  completely dif-
ferent from  the function theory on plane regions or Riemann surfaces
of fin ite  gen us. A ctua lly  w e see  th em  in  various exam ples in classi-
fication  theory o f R iem an n  su rfaces . Undoubtedly such phenomena
depend on , in  in tu itive sense, the d istributions o f ho les and handles
rep re sen tin g  g en u s . N o w  w e  tak e  a  countable num ber of disjoint
cyc les  {yn} on R iem ann surface R  so  th a t  G=R—  u rn becomes a
p lan a r reg io n . G  is conform ally equivalent to a  slit region. So, in
th is  no te , w e consider plane region R  w hich has an  infinite number
of disjo int s lits  {y„} clustering nowhere in R .  G=R— u r  i s  a  sub-
region of R  whose boundary consists o f u  rn and the ideal boundary
of R .  We construct Riemann surfaces by conform al sew ings (c f. sec.
1 )  o f  G  and investigate som e relations b y  extrem a l length  m ethods
between the c lasses o f such surfaces and the types (weakness, semi-
weakness and so  o n ) o f th e  slit regions. Furtherm ore w e give som e
exam ples re lated  these top ics. T h e la s t  one w ill g iv e  a  re levan t re-
m ark for the extension of classical Koebe's theorem to open Riemann
surfaces.

T he author expresses his hearty thanks to Professors Y. Kusunoki
and T. Fuji'i'e for their valuable suggestions and ceaseless encourage-
ment.

1 .  L et R  b e  an  open R iem ann surface. By a  s lit  in R, we shall
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mean an  analytic arc  w h ich  is  homeomorphic to  th e  closed interval
[ — 1, 1 ]  on the re a l axis in the complex p la n e . Consider a countable
number of s l i t s  (y .}.-= , in  R  which are  m utually disjoint and cluster
nowhere in  R .  Denote G =R — u „ y.. N ow  w e define conform al
sewings o f G .  (1 )  T a k e  a  param etric  d isk  U 1  around each r i  so
that y j  is represented a s  {zi ; 1Re T m  z j=  0 } b y  the local par-
am eter z1, then  each  y j  has tw o sides, the upper edge y j+  and the
lower one y,-. (2 )  Partition {r.}.-=0 into a  countable number of finite
sections (y , ) , , , „  ( k = 0 , 1 , • • • ) .  (3 )  For each arrangement of elements
in  every  section (Ti) LEI,, s a y  (y,„ n2, ••.,  identify y j -  with

j2, and y z „ ,  w ith  yt,. Through these processes we
can define a R iem ann surface. Above a ll, th e  tw o  points of the sur-
face corresponding to the end points of s l it s  have ac tu a lly  the fol-
low ing structure. For instance, the end point  1} = {zi2= = • • •
= {zi„(,)= 1 } h as a  neighbourhood which is represented by n  fu ll cir-
cu lar d isks in  the complex p la n e . T hey are  identified in the manner
of an n-sheeted covering surface w ith  a  branch point, and we obtain
a local param eter by taking an n-th root. W e d en o te  th e  resulting
surface b y  S ( G )  and  c a ll su ch  a  se r ie s  o f operations a  conf orm al
sew ing of G =R —  u ,,  y„. When we use the w o rd  'an y ' (resp. 'some ')
conform al sew ing, we m ean conform al sew ing fo r  a n y  (resp. some)
(1 ) parametrization, (2 ) partition and (3 ) arrangement for { y „ } .  Es-
pecially, i f  each section consists of only one y ,, then S ( G ) = R .  More
gen era lly  w e  m ap  ( 1 1 - 7 . ,  conformally onto —  r "  w here U'1 i s  a
neighbourhood of = Iz'j; 1 Re T m  z'j =- 01. F o r such w e
can do the processes stated above to obtain a Riemann surface. We
say such  an  operation a  general conf orm al sew ing .

Proposition 1. S u p p o s e  t h a t  f o r  e ac h  y,, t h e re  e x i s t s  a  p air
o f  param etric  ne ighbourhoods U ,,, V ,, such  that

(a) r. c  c  U. c  v., n V7„ =0 (m *n)
(b) V „— U„ is  c o n f o rm ally  e q u iv ale n t to  a n  annu lus A „

(c) 1 <00,
log mod A „

w h e re  mod A „ d en o te s  th e  m odulus o f  A „( >1 ) .
T h e n ,  R E O , i f  S ( G ) E 0 G  f o r s o m e  c o n f o rm al s e w in g  o f  G.

Conv ersely , if  R E O G  then  S (G ) E O G  f or any  con f orm al sew ing  o f  G.
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M o re o v e r th is  proposition i s  a ls o  v a l id  f o r  0 118, 0 HD, Um, and
Um , in  p lac e  o f  OG•

P ro o f .  Let f „  be a  bounded continuous function on R  such that
L I  „= „ =- 1 and f „  is harm onic on  V„— U „ .  S e t f
T h e n  b y  ( c )  w e  c a n  e a s ily  f in d  th a t  f  i s  a  bounded continuous
D irichlet potential on R .  W hile , w e can  regard fn, and consequently
f  as bounded continuous Dirichlet potentials on S (G ) .  If R O G  then
th ere  ex ists  a non-constant bounded positive harmonic function on G
vanishing continuously along th e  re la tiv e  boundary OG w ith  respect
to  S (G ) .  H ence S(G)

W e can  prove similary the converse, and also  the last statement.

2 .  L et R  b e  an  open  R iem ann surface w ith ideal boundary
an d  le t R , be a  param etric d isk w ith  com pact relative boundary aR,
in  R .  We consider the fam ily o f curves F = F (R— Ro) in  R—
such  th at each  c E F  consists o f  a  fin ite num ber of disjoint Jordan
closed curves and c  separates the ideal boundary 3  from  OR,, i .e .  c
is homologous to O R ,.  Let A ( F )  be the extremal length of F .  Then
w e  have the w ell know n fact;

Lemma 1 .  RE 0 0  i f  a n d  onlY i f  A(F )=0 .

L et F'=P(R— R0,OR0) be the fam ily o f curves c F  such that
each component o f  c  i s  a  dividing cyc le  in  R .  A ccording to Kusu-
noki [6],

Definition. W e  s ay  th a t  R  b e lon g s to  c lass  0 ' i f  A ( F )  O.

T hat A(F') --- 0  i s  an  ideal boundary condition and is independent
o f the choice of R ,. (Such  a  rem ark w ill be om itted hereafter.)

C learly  0 ' c  0 , .  M o re o v e r , i f  R  belongs to  0 ' ,  th en  R s*  the
Stoilow compactification o f  R  co incides w ith  Rm* the M artin  corn-
pactification of R  ( c f .  [2 ],  [6 ]).

3 .  From  now on , w e consider an open p lan ar Riemann surface
R=C---3, w h ere  e-,,3 stan d  fo r respective ly  th e  extended complex
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plane, a com pact subset o f C  such that c -g  is  connected . L e t  {r„}
denote a  sequence o f s lits  a s  in  sec . 1. O f course u  r.— u r„ c
(w here c losure is taken  in  e ) . L et G = R— u,, r„, th en  G  itse lf is
a  p lanar R iem ann surface and g i s  a  closed subset o f the boundary
of G .  So , w e  can define the notion of weakness, semiweakness and
parabolicity of 8 w ith  respect to G .  Here, we define them as follows.
L et Go b e a  param etric d isk in  G .  W e  introduce here two fam ilies
F ',  F ' o f  curves in  G — G ,. A  curve c E  F '  if  an d  on ly if  c  consists
of a finite number of Jordan closed curves in  G— G, such that c  sep-
ara tes  13 from  O G o. W hile , c E  F ° if  an d  only i f  ( i )  c  consists of a
finite number of disjoint Jordan curves such that each com ponent of
c  is  c lo sed  o r  connects some r>, w ith  r„, (m ay be m = n )  an d  ( i i )  c
separates g from OG, in  G — G ,. L et ,1 (F ') (resp. , (F ° ) )  b e  the ex-
tremal length of F '  (resp. F ' )  w ith  respect to  G— Go.

Definition. g is  c alle d  w e ak  (w ith  respect t o  G )  i f  A (F ')= 0 ,
an d  is  s a id  to  b e  semizveak (w ith  re sp e c t  to  G )  i f  A(F°) =0.

Definition. 8  is  c a l le d  p arab o lic  ( w ith  respect t o  G )  i f  ( G ,
OG) E  SOHB, i.e . th ere  ex ist no HB-functions on G  vanishing continu-
ously along OG except constant zero.

W e som etim es say that G  i s  of w eak  ty p e  (resp. semiweak type,
p arab o lic  ty pe ), when 8 is  w e a k  (resp. semiweak, parabolic).

Definition. W e  s a y  t h a t  G  b e lo n g s  to  c las s  01 (resP. 02) i f
S (G ) E  OG f o r  a n y  (resp. som e) conf orm al sew ing.

I t  is  c le a r  th a t 0,C  0 ,  By Proposition 1, there exists non-trivial
G E  0 1 .

4 .  L et G  b e a s  in  sec. 3, and let b e  the d o u b le  o f G  along
O G =u  n y„. T h en  th ere  is  a  n atu ra l in d irect conformal mapping yo
of G  o n to  itse lf . F o r  a  subset E  of G , w e  use the symbols 7g, Ê  in
p lace of yo (E), E u  ç9 (E )  respectively.

Proposition 2 .  G  i s  o f  semiweak ty p e  i f  a n d  o n ly  i f  GEOG.
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P r o o f .  L et F =F (G — G0, 0G 0) b e the fam ily of curves in Lemma
1. F o r any c EF, ciG the restriction of c  onto G  belongs to F°. B y
F la, w e m ean  the total of d o  su ch  th a t c E F .  T h en  A (F°) A (F 1 c)
in  G — G,. Clearly (FIG) ( F )  in  -a 60.  S in ce  each  c  FIG is
contained in  G — G„ A (F°) . S o , if  d  Oa then G  i s  o f  semi-
w eak  type.

Conversely, le t  d  O G . T hen there exists the harmonic measure—
to = w CO, 86o) ( 0 ) of the ideal boundary o f d with respect to  G — Go.
We t a k e  cls=igrad col I dzi a s  a  linear density on G — G0, and set dsc
=dsIG, w hich  is a  linear density on G — G o. F o r a n y  cEF°,e'=-cue
E F  .  So , by m eans o f the symmetricity o f co,

f dsG =  f ds/2 = f !grad w!  dz /2 f *dc01/2 D(co)/2

w here D (co ) means the Dirichlet integral of co. Hence, 2. (P )>  D  (0 )
/2>0. T hus G  is  n o t o f semiweak type.

If m O0, then G  belongs to S O H ,. Hence,

C oro llary . 8 is Parabolic i f  is  semiweak.

Proposition 3 .  I f  8 is weak, then every symmetric HB-func-
tion  u  defined near th e  ideal boundary of  G  has a  l im it  v alue  at
each Stalow  ideal boundary p o in t , w here by th e  symmetricity of
u  we mean that u= uoço.

P r o o f .  T ake do  as in Proposition 2 so  that u  is  d efin ed  o n  d
— .  S i n c e  d  belongs to OG, u i s  D irichlet finite an d  i grad u l Idzi
becomes a  linear density on G — G,. Let a , b  b e c lu ster va lues o f u
a t  a  Stoilow ideal boundary point p .  F o r each c EF1 , c u e surrounds
a  sym m etric ideal boundary neighbourhood. It is not difficult to see
th a t th e re  ex is ts  a  determ ining sequence (17„} (sym m etric w ith  re-
spect to go) for p  such that

fe I grad u  Idzl —>0 (n —> co„
w here w e denote DV,, b y  c ,„  T hen by maximum principle,

— bj <max u — min f  !dui <  e l grad ui idzi.e„ e„ ,
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Hence, a = b .

5 .  W e consider conformal sewings of p lane reg ions w h ich  are
sym m etric w ith respect to  the real a x is . M o re  precisely, w e assume
that 8 is  a com pact set on the real axis and {1-2„ }  (n=0,1,•••) are  con-
tained in  th e  upper half p lan e  an d  7.2„, =  {z; .-Era„}. Furthermore,
in  th is  section, S (G ) i s  the R iem ann surface obtained by identifying
r 2 n  With r2/1-1-1 sym m etrically w ith respect to  the re a l ax is . T h en ,

Proposition 4 .  G  is  o f  w eak  type i f  an d  only  i f  S (G ) belongs
to  c las s  0 '.

P ro o f .  T h e  correspondence zion,—>,t- induces a  n a tu ra l indirect
conformal mapping (0 (resp. 0 ) of S (G ) (resp. R = C -8 )  onto itself.
0 (r2„) =- r2.-Fi. L e t  G , b e  a  sym m etric (w.r.t. th e  r e a l  a x is )  neigh-
bourhood around co  such  that Gon (u „ r,,) - 0 ,  a n d  le t  F '  b e  the
fam ily o f  curves in  S(G ) — Go defined in  s e c . 3  fo r  w eak n ess . F '
denotes F' (S (G) 0 , O G  0 ) in  s e c . 2  ( i .e .  S  (G ) 0 '  i f  A  (F') =- 0)
and F " =  {cE F ' ;c= -v (c )} . First w e prove that A (F ")  = 0 if and only
if A (F ') = 0. In fact, 2 ( F " )  0 implies A (F ' ) 0 since F "  c F '.  Con-
v erse ly , le t  2 (P )  = 0. F o r  any linear density p and  s>0 , there ex-
is t s  a  c E r  su ch  th a t ic(P+P°49)1dzI =1,(,)(P+P.v) idzl<6. Thus,
rcuge) pIdz f ,„ , ( c ) ( p +  p o O ld z i  < 2 s .  H ere , c  u  (c) F " .  Hence,
2(F") = 0 . N o w  w e  can  p ro v e  semilarly th a t 2(F1) = 0 i f  a n d  only
if 2(F2)  0 ,  w here F2= {c E F 1  ;  C =  (C )

C learly  F2 c F" So , if  2(F1) = 0, then A (F ') = 0. T h u s ,  S(G)
E  0 '  i f  G  i s  o f w eak  type.

Conversely, any c e F "  does not m eet u  rn , since each compo-
n en t o f  c  i s  a  d iv id ing  cyc le  in  S (G ) .  Thus F " cF 2 . H ence, the
converse statement follows.

In  the same manner, fo r th is S (G ) w e have,

Proposition 5 .  S(G ) E  OG if  an d  only  if  G  is of  semiweak type.

I t is  e a sy  to  v e r ify  th a t i f  G  i s  o f w eak  type then G  belongs to
class 0 2, 4nd i f  G  belongs to 02 then G  i s  o f semiweak type.

T h us, w e get th e  following schema of inclusion relations :
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0,

02

weak

sem iweak — > G E OG - >
4 - 1 - - parabolic

R em ark . W hen w e define classes 0 1 a n d  0 2  fo r  generel con-
form al sewings ( c f .  s e c . 1) in  p lace o f conformal sewings, then we
get besides in the schema, ' 0 2    s e m iw e a k ' and th at if  8 consists
o f  a  finite number o f components then ' 0 1   w e a k '.

6 .  Examples.
In  th is  section w e g ive  so m e exam p les . T h e  exam ples ( I )  and

(II) show the im plications ' w eak  —i—> 0,' and 'p a rab o lic  —1—> semi-
w eak ' re sp ec tiv e ly . T h e  example (III) shows ' 02 —4—> 0,' and also
' 02 —4—) w eak'. Besides them , these exam ples have other interesting
properties.

(I) L e t  R = C  ( i . e .  8= { 00) an d  {r„} b e  g iv e n  so  th a t  u
— u„ c 8. S e t  G =C —  u  r„, then  c learly  6E00. T hus G  i s  of
semiweak type. (Generally this is true for a n y  {ro, if  th e  logarithmic
capacity of a9 w ith respect to  C i s  zero.) While, we insist that there
exist some choice of {r„} and some conformal sewing such that S(G)
belongs to a  hy perbolic  Riemann surface.

L e t  { a .} ,T = o  b e  a  sequence o f  str ic tly  in creas in g  positive  num-
b ers to w ard  in fin ity . S e t nt= lz = x + iy ;  lx1 y — a n } (n = 0 ,1 , —) .
Identify 11 . w ith  1-2-;,+, and  r,-„ with sym m etrica lly  w ith  respect
to  the lin e  y=  (a2.+a2.+1)/2 so that we obtain Riemann surface S (G).

Suppose E;,..=, (a2, —a2_1) = M <  co, then S (G) E 0 0 .

T o  see  th is , f irst w e  note that G'=E;,°_, G„ can  be regarded as
a  subregion of S (G ) w ith  Gn= x + iY  ; xl <1, a2.--i<Y a2.} ••

 It
is  c le a r  th a t G ' i s  conformally equivalent to the p lane region Si?:

{z=x-FiY;Ix1<1,0<Y<IVII.

Under this conformal mapping, 8G ' corresponds to  tz= x+ iy ; x
=  ± 1 ,0 < y < M 1  u  {z  y  =  0}. S in c e  (G' , aG') S ( G )
is  h yperbo lic . F urtherm ore , w e can  easily  show  by definitions that
G  i s  o f w e ak  type provided that a2.+1/ a2.>n(n=- 1 ,  2 ,  •  •  • ) .
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(II) G enerally w e can  prove that slit region  G  i s  o f parabolic
ty p e  if  th e re  ex is ts  a  conform al sewing such that the  resulting sur-
face S ( G )  belongs to OH, — O G .  H ere w e take  rad ia l slit d isk  G =17
and Riemann surface S ( G ) = i 'E O H B - 0 0  by some conformal sewing
of G  (c f. T ô k i  [ 1 0 ]  ) .  Then G = F  i s  o f parabolic type. W h ile , G
is  n o t of sem iw eak ty p e . F o r , — log Irc (p)1 i s  a non-constant positive
superharm onic  function o n  d, w here it d en o te s  the projection of G

onto the un it disk.
T h is  exam p le  g ives a lso  a  counter exam ple show ing that sub-

reg io n s  o f  a  re g io n  o f  ty p e  NOHB ( i.e . on w hich there exist no non-
constant HB-functions whose normal derivatives vanish along the rela-
tive boundary) are n o t  alw ay s  o f  ty p e  NOHB. (Note that every sub-
region o f  a  region of type S O H B  is  a lw ay s  o f type S O H B .)  Now, for
sufficiently small positive number r , G0= {1z1 < r }  becomes a  parame-
tr ic  d is k  o f  S (G )  an d  G .  Let S (G )  — 0=G ',  th e n  the double
along G '= 0 G 0  belongs to  ( Y H B - O H B . T h u s  (G ',O G ')  i s  of type
N O H B .  W hile , G — Gro a  subregion of G ' is  n o t of type N O ,B .  For,
the double of a subregion belongs to 0 H B  if  an d  on ly i f  i t  i s  simul-
tan io u sly  o f typ e  NOHB and  S O H B  (c f . K u s u n o k i-M o r i [7 ]  ) . And
c learly  the double of G - 0 a lo n g  (G — G0) does not belong to OHB.

(III) L e t  {a„},T=0 b e  a  strictly  decreasing sequence of positive
numbers converging to zero for n— >00 . Let,

8= -(z = x + iy ;lx 1  ___-1,31= 01,

T.= iz; lx1 < 1 , y —  an}  and r_„=, {z; y  — a . }  (72= 0 ,1 , ...) .

Identify 7.7, w ith  r_n sym m etrically w ith  respect to  th e  r e a l  a x is  to
obtain S ( G ) .  C lea r ly  8  is  n o t w eak . T o  p ro v e  the semiweakness
of 8, consider annuli A „  and A Z  in  S (G )  such that

A„ {z ;(1.4-1‹ iz — 11<an}

— {z -= x  iy ;1 — a n x 1 ,3 ,1 < a „ + ,} ,

A n '= { z = x + iy ;— x + iy E A „ } .

F „ ,F n ' and F n " a re  fam ilies of curves such that

F „=  {c ;c=  A n n {lz —  =  ,  a.-1-1< r < a . } ,
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= -(c' ; c' = n { z+11 = r ,  a .+ 1 < r< a .}

F „ "=  {c u c ';c e F „ ,c 'E F ,:} .

L e t  G , b e a  neighbourhood of oc such that Gon =91,
a n d  le t  F=F (S (G )— G o,aG o) be a s  in  Lemma 1  (i.e. S (G )E 0 ,  i f
A (F ) = 0 ) .  Since u  F„" c F, we have

1-  1  > :
(F ) /1(F „")

and easily from the  properties of ex trem al length,

2n.
—log (a,„/

“F „ ")< 2 (2 (F „ ) + ,1 (F „ ')).

Thus, fo r any m  >0

1 1l o g  (an/a.-Fi) —  1  log (a,/ am).> E
A (F )- /I (F  .")—  = 0 47t

H en ce , (F )  =0. G  is  of semiweak type by Proposition 5.

7 .  L et G  and  S (G )  be as  in  th e  exam ple (III). W e consider

other properties that S (G )  h a s . A n d  le t  U  be a  regular neighbour-

hood o f th e  ideal boundary o f S (G ) with (U )'D  lo o } ,  then U  is  a
(parabolic) end  in  the sense of Heins [ 3 ] .  Denote by h  the  projec-

tion o f  U  into th e  real axis (i.e. x-coordinate o f th e  p o in t in  U ),
then h  is a non-constant H B -function o f  U .  A nd the fu ll c luster set
of h  at the ideal boundary is clearly [  — 1 , 1 ] . Hence, the harmonic
dimension of U  is at least two. W hile, we can find a  bounded con-
tinuous function h ' o n  S (G) — K  such that h' - -H h 9 H , ' o n  U  and
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h' = 0  n ear K ,  w here K  i s  th e  c losure o f  a  regular neighbourhood
o f  {co} with K n  U = 0 . So , h ' i s  a  continuous function o n  S *  the
M artin  compactification o f  S (G ) — K .  T h e  M artin  ideal boundary
p art d ( U )  of S *  belonging to  U  i s  th e  f ib re  o v er [ —1,1], an d  it
consists of the continuum including minimal points p recisely tw o . Fur-
therm ore there exist no m inimal points o v er ( —1,1), s in ce  minimal
p o in ts are  accessib le . B u t i t  i s  an open problem how many minimal
points d (U ) does have in  m ore general situations.

L e t w  -= f(z) b e a univalent function which maps G  onto a  ver-
tica l s lit reg ion  such  that 8 reduces to the orig in  and the im ages of
7-7, lie  o n  th e  im aginary ax is  sym m etrically w ith respect to the origin.
T h en  ( f ( z ) )2  induces a non-constant AB-function f *  o n  U .  Clearly
f *  has a  li m it value zero  a t  d ( U ) .  Thus we can not conclude that
AB-function reduces to zero, even i f  i t  converges to  zero  uniformly
o n  curves {C ,,}  converging to non-degenerate M artin  ideal boundary
d (U ) .  This shows that the extension of classical K oebe's theorem  to
open Riemann surfaces w ith  M artin  com pactif ication d o es n o t h o ld
u n d e r o n ly  assu m p tio n  th at C „ converges t o  a  non-degenerate conti-
nuum .

F in a lly , w e  g iv e  an  example modified from (III). L e t  0= 1jz1
= 1 } u {z = re "  ; 0<s <r<1 , 0  = 0 }  and iz ; e r<1  —  a„, 0 = b„) ,

={ -±- ;z E r„} - ,  w here { a „ }  and  {b„} a r e  sequences o f  strictly de-
creasing  positive num bers converging to  zero . Identify I n  w ith  1-_„

a s  i n  ( I I I ) .  T h en  w e  h ave  a  hy perbo lic  Riemann surface w hose
Green f u n c t io n  G  d o e s  n o t h av e  compact lev e l curv es w ith  G (p) = r
( 0 < r  — log E).

KYOTO UNIVERSITY
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