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1 .  Introduction

In  th e  p rev ious paper [5 ] ,  th e  author stud ied  th e  uniquess of
an a ly tic  so lu tion  o f the C auchy prob lem  to  th e  following equation
w ith  in itia l data on  the hyperplane t = 0;

E N _, 0] ors
L 0  o i t

_ K  (t, Vti [C  (t, x ) P  (t, x )
(t, x) 0.1 (t, x) J x , L 0 a  (t, x )  J

w here E N _ i  denotes the ( N - 1) X  (N - 1) u n i t  m atrix, B i(t , x ) 's  and
C (t ,  x ) a r e  (N —1 )x  (N  —1 ), and  K j(t,x )'s , 1 L j(t, x )'s  an d  P (t ,x )
are ( N - 1) x  1  m atrices w ith  en tr ie s  of analytic  fnnctions o f  (t, x)
i n  a  neighborhood o f  th e  o r ig in , an d  fin a lly  9Y(t, z) 's a r e  analytic
functions in  a  neighborhood o f  th e  o r ig in . W e  c a lled  (1. 1) of thpe
(N —1, N - 1) if a (0 ,  0 )* 0  (for the general definition of type  ( p ,  q ) ,

see Definition. 1. 1 o f  [5 ]).
In  [5 ] the author treated the case o f a(t, ---1, and obtained

the following results ;

Theorem  1 .  A  necessary c o n d i t io n  f o r t h e  s o lu t io n  o f  t h e
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C auchy  problem  f o r  ( 1 .  1 )  to  b e  un ique  is

01 (0, 0) =0  ( j=  1, 2, • • •, n) .

Theorem  2 .  If  the  so lu tion , w h ich  is  analy tic  in  a neighborhood
o f  x =0 ,  o f  t h e  f o llow ing  equation

(1.2)( b . i  ( 0  x ) 0 f / a x j  = f ,

i s  o n ly  t riv ia l  o n e ,  t h e n  t h e  so lu tio n  o f  lh e  C au c h y  p ro b le m  f o r
( 1 .  1 )  i s  u n iq u e .  M o reo v er, i f  f o r  an y  n - tu p le s  o f  non-negativ e
integers (ai, • •• , ce„) it holds

(1.3) a12.1+'... any ln*1,

th e n  th e  e q u at io n  ( 1 .  2 )  h as  n o  an aly tic  so lu tion  ex cep t th e  triv ial
one , w here are  the  e igenv alues o f  (00 i (0 , 0) /ax,) k =1, • • • , n).

H ow ever, w e can  give a  simple example of the equation which
has only triv ia l so lu tion , nevertheless the  equation ( 1 .  3 )  is violated
by som e n -tu p le s  o f  non-negative integers (a1 , •  •  , a„ ) (see th e  4-th

example of section 6 ) .
In  this paper, we shall consider the case when a (0 , x )  vanishes

at x=  0 ,  but exclude the  case  when a (0, x) . 0 .  M oreover, we are
lim ited to th e  c a se  o f  n = 2 ,  that i s ,  our equation concerned is as
follows ;

(1. 4) a (x , y ) au/ax  + b(x , y )au /0y  = c(x , y ) u.

In  add ition  to  th e  analyticity o f  a ( x ,  y ) ,  b ( x ,  y )  an d  c  (x , y )  in  a
neighborhood of the origin, w e  assum e the followings throughout this

paper ;
(H. 1) a P+qc(0,0) /Ox Pay 1=0 fo r all non-negative integers p  an d  q
such that p  q < m  — 1  w ith  som e in teger m  larger than 1 ,  and
O'c (0, 0) /ax"' =  1  (we may assume this without loss of generality).

(H. 2) OP +ga (0 , 0) /0 xPayg -= OP +11) (0, 0)/OxPayq = 0 for all non-negative

integers p  and q  such that p-i-

T h e  purpose o f  this paper is to find sufficient conditions under

which the analytic so lu tio n  in  a  neighborhood o f  th e  origin of the
equation (1 . 4 )  to be only zero. Such a  problem, of course, is deeply
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related  to  the question whether o r not the equation (1 . 4) adm its an
an a ly tic  in teg ra l in  some neighborhood o f  th e  o r ig in . F o r  th is, in
the early days H . Poincare already investigated th e  case  when a (0, x )

—1 essen tia lly  an d  th e  number o f v ariab les  is  g e n e ra l n ,  in  his
th e s is  [8 ] , and obtained a  sufficient condition for the integrability.

R ecen tly , T .  O s h im a  [6 ]  obtained a  re su lt re la ted  to  th e se
problem s. In  [6 ] he studied the equation o f n  variab les not assuming
(H . 2 ) , a n d  w eaken ing hypothesis o f  [ 8 ]  p a r t ly  b u t  under some
additional algebraic conditions for the coefficicients, he determ ined
Coker P  and K er P, where P  denotes the concerning operator. How-
ever, th e  resu lt o f  [ 6 ]  does not cover fu lly those o f  [5 ]  o r  o f  this
paper, and  conversely th e  re su lt o f  [ 5 ]  o r  o f  th is paper does not
fu lly  th e  re su lt o f  [6 ]  a s  fo r  th e  uniqueness o f th e  so lu tio n . F o r
exam ple, our resu lt is not applicable to  the 11-th exam ple o f [6 ].

O ur princip le in  order that the  analytic  solution of (1. 4) is only
zero is to  show that the  all derivatives o f the so lu tion  v an ish  a t the
origin. A n d  w e  use the term  "so lution" on ly fo r the analytic solu-
tion  throughout th is paper, s in c e  w e  a r e  o n ly  co n cern ed  w ith  the
analytic solution.

In  sec tio n  2 , w e  s tu d y  the structure of the coefficient matrices
o f  th e  equations w hich determ ine th e  v a lu es  a t  th e  o r ig in  of the
partia l derivatives o f the so lu tion  o f (1 . 4 ) o f easc order.

In  the th ird  section, w e shall consider th e  case  when th e  coeffi-
cient matrices considered in  section  2  are  o f triangu lar type, and the
case which we can make them to those o f triangular type by a  suitable
linear transform ation (equivalently by a n  an a ly tic  transformation) of
independent variab les w ith  kep t the hypothesis (H . 1). W e say such
an  equation "triangularizable".

In  th e  fourth section, w e  sh a ll show th at  th e  equation (1. 4) has
no solution except the triv ia l one, unless (1. 4) is essentially triangu-
larizable.

In  section  5 , w e shall s ligh tly  m ake mention of the case in which
th e  h yp o th es is  (H . 2 ) is  rem o v ed . T h e re , w e  sh a ll show  th a t the
m ethods used  in  t h e  prev ious se c tio n s  a re  a lso  applicab le to  the
equation when th e  van ish ing orders o f  a (x , y ), b  (x , y )  a n d  c (x, y)

a t  th e  o rig in  a re  sam e , an d  th e  fin a l sec tio n  is devo ted  to  g iv ing
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some examples.
From the next section to  the forth section, w e  use the notations

A  A  (x, y), B = B (x, y) , and C =C (x, y )  for the homogeneous parts
of degree m  1  of a (x, y )  and b(x, y ) and for the homogeneous part
of m  of c (x, y )  re sp ec tiv e ly . B y  v irtu e  o f (H. 2) , a l l  the arguments
in  these sections w ill b e  ca rr ied  out in  term s o f A , B  and C.

A t the end  o f th is  section, w e c la im  that if the vanishing orders
of a (x, y )  and b(x, y )  both a re  larger than  that of c (x, y )  plus two,
then the equation (1. 4 )  has no non-trivial solution.

2 .  Structure of coefficient matrices

In  th is  section, w e study the structure of the coefficient masrices
of the system s o f  th e  equations which determ ine th e  v a lu es  a t  the
orig in  of the partial derivatives of the solution of (1 . 4 ) of each order.

L et u s rew rite  th e  equation (1. 4 )  a s  follows ;

(2. 1) C (x, y) u= A (x, y )  au / x + B (x, y) u /0Y + R (u ; ,

w here R(u ; x, y )  is g iven  by

(a —  A)Ou/ax + (b — B)Ou/ay+ (C — c)u.

Differentiating m  tim es w ith  respect to  x  the both sides of (2. 1) , we
have

(2 .2)m c i • c o - o u ( 0 - 1 - 2 ,  „,c ,  • Ao-')uo+i) + „c ,B (- -o u g ;
1=01 =0 1-0

+ R("')(u; x, y) ,

where , f (Z  stands forf / O x P a y °  fo r  a  function
defined for any in teger m  and 1 by

m !/ (In — 1)! 1! i f  m >  />  0{

0 i f  m < 0  o r 1< 0  or m < / .
m C i =

f (x , Y )  and C 1  is

From (H. 2 )  an d  (2 . 2 ) , w e have a t f irs t u (0 , 0) =  0, and it  is  e a s ily
seen that R (u; x, y )  gives no influence to determ ine the values of the
p a rtia l derivatives at the  orig in  o f order n +1, i f  a l l  th e  derivatives
of order less than  n  van ish  at the origin.

T h e  m a in  a im  o f  th is  section is  to  p ro v e  th e  following two
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theorems.

Theorem 2 .  1 .  L e t  co ( x ,  y ) ;

(2. 3)w  (x, y )  =  L o1.e-IY 1 (wo =1) ,
/=0

be th e  greatest common divisor o f  A ( x ,  y ) ,  B ( x ,  y )  a n d  C ( x , y )

C [ x , y ] ,  a n d  O N  be th e  colum n vector w hose ( k + 1 ) - t h  component
is given by a N u ( 0 , 0 O x 'a y k  ( k =  0, 1, • • • , N )  f o r  each non-negative
integer N ,  then f o r  t h e  equation to determine O N  f r o m  0 0 ,  0 1 ,  • • •

N - 1 ;

(2 .4)S N  Oh, • ' N  F N  ( 0 0 ,  (-7. j N - 1 )

where S N ( o ) , ,• • • , ( 0 ,)  is  a (N + 1 )  x  ( N + 1 )  matrix which depends on
A , B ,  a n d  C ,  a n d  which we re g ard  as  a  function  o f  (01, • •-, o.),.), in
p artic u lar, an d  F N  is  a  vector w ith N  + 1  components depending on

0 0 , 0 1 , - •  •  ,  O N -1 linearly, we see that th e  determinant o f  S N ( 0 1 , - - ,

w p,) is independent o f  ( w 1 ,• • • ,w ,)  f o r  each N .

Theorem 2 .  2 .  F o r  each N ,  t h e  kernel o f  S N ( 0 1 , • • • , 0 , )  does
not depend o n  ((oh • ,  0 , ) .

In  order to prove above theorems, we prepare a  few  lem m as. Let

u s  p u t

A (x, y ) =  w (x, y ) a  (x, y)

(2 .5)B  ( x ,  y )  w ( x ,  y )  ( x ,  y )

C  ( x ,  y )  =  ( x ,  y )  r ( x y ),

and

-1 a (x, y) = L  a„xm+l-i— y
0=0

m_fi
(2 .6)8  ( x ,  Y ) f9 x" 1--"y"

r (x , y) = (r0=1) ., 0

W e begin w ith
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L em m a 2 . 1 . It holds

(2. 7)( N —p)  Nc, • NC (K + P +1) E  N c q  • Kcq_p_i.

P r o o f .  Notice that

(N  p) NC, (q  - p ) N C  + (q +1) NC g+i,

when N > q  + 1  and q > p .  In  fact, w e  have

q+ (q +1) NC q+1 (q — p )N !/ (N — q )!q !+ N !/ (N — q -1 )!q !

=  (N P)NC,,

and hence we obtain

(N -  p )  N cq .K cg , E {  ( q N C q+  (q + 1) NC,+,} KGq-p

E {q • +  ( q  - p ) „ c q , } , c ,

=  (K  +  p + 1)E  Nc, • KC,_p_i. Q.E.D.

L em m a 2. 2. T h e  le ft h a n d  s id e  o f  t h e  (k  +1)-th  equation
o f  (2 . 4 ) is given by

(2. 8) E E .ci .N_kc,_, (m -o-)!{,c,o-!( (N +6 — k) E w,_ar
a 1

0)q_rr,-) kC 6+1 ( r  + 1 ) ! f j  (1)6+1- 43r} U N " ,

where UN' denotes the ( j + 1 ) -th component o f  O N , a n d  a,=3_=0,
i f  z- <0 o r  r>m  +1, i f  r < 0  o r  r> m  a n d  w r=0 i f  r < 0  Or

r> f l .
P r o o f .  A fte r in se rtin g  (2. 5 )  in to  (2. 1) an d  differentiating

tim es w ith  respect to  x  both sides, w e have

(2 .9)E (0)r)(m-oum = E c,{ (0)a) (In —1)11(E)

+  (W 3 ) (n " ) ±  R (') (14  ; X, y),

an d  (N — k) tim es w it respect to  x  further, w e get

(2. 10) E E c, • „ X i ,  (0)r)
u ( N - k +  a )

(I 1
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_
1 • N —  kC 1 — 6 {  (W CY ) (74-6)u(N+1— ki-cr)

C

+ (0)8)(m -c)li(i-k+6)} + R(m+N-k) (u; x, y) ,

and moreover, k  tim es w ith  respect to  y ,  we obtain

(2. 11) E „,,Ci • iv_kCi_o- • k C ,  ( o r ) rk) '
r a

=  E  E  E • N _ k C i_ ,  • kc , {  ((pa) C )u f frk )+ 1 +  6 )
ro I

+ ( 4 ) + -MT)+ N-k) (u ; x , y ) .

Now le t  x = y = 0 i n  (2 . 1 1 ), then we obtain

(2. 12) E  E •  N _ k C i_ ,  (or) 17,;- 6) U
C

= „,Ci • N— kCI—a • kC 6+1 { (w a ) fr,f+-i;) uNk_ cr — 1

• (a)(3) ( L-16)) UNk — 61 + c)+N — k ) (11; 0, CO

w here R V N -k )  
(

u ; 0 , 0 )  is represen ted  in  term s o f  00, 01, • • UN-1,
and hence

(2. 13) E E mCi ( h C 6 I N _ k C i+ i ,  (a)a)fl;)+1 —N- k  1-a  (or) 6)1
C I

k C  + 1  N — kC — a (tO  ( 7 . ; 1 6 ) ) U  N "  = R (T )+  N  k )  (Z I  ;  0, 0)

Now let us notice

(c )a ) V 1 -a ) =  (m  +  1  —  ! 6! E  co6_,a,

(2. 14) (w0 ) = —  ! (0+ 1) ! E 0 , 8 r

(or) rcr'r )  =  ( n i  —c)! 6 !  1:

and

(2. 15) (971+1-6 )E  m C i • N _ k C + i_ o -  — (N  —  k  6 ) E 7.CL • N _ k C i_ , ,

which follows from  Lem m a. 2 . 1 , then  w e obtain  (2 . 8 )  i f  w e  insert
(2 . 1 4 )  a n d  (2 . 1 5 )  in to  (2 . 1 3 ) , a n d  th e  (k + 1 ) - th  component of

F N  ( U p ,  U 1 ,  •  •  •  ,  U N _ i )  is  g iv e n  b y  —R k)(u ; 0, 0). Q.E.D.

T h e follow ing lem m a is important.
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L em m a 2 .3 .  L e t  -.5.k+i be the (k +1)-th row vector of S N •

co,), then we have

(2. 16) Sk+1/ a Wx Sk+1-Xlw1=•••=w,=0,

where p=min(,a,k— A )  a n d  is  th e  n o ta tion  to  d en o te  th a t the

vectors o f  both sides are proportional eace other, and here we assume
= O i f  j _ 0 .

P r o o f .  L et us consider the case w hen v=k —  A. T h e proof of
th e  case  when p = f i  is  c a r r ie d  out similarly. W e  notice th a t the
coefficient of ox in the j-th component of .Vk+1 is g iven  by

(2. 17) k !/  (j-1 )! j - 1 ) !

x {(N  —  j+1)ak-i-A .+1 r  k -  j + x + i+  — 1 )  8 k _  i_ x + 2 1

and the j-th component o f  k XI w k - a - 0  is given

(2.18) (k — A )!/  (j-1 )! .Ci•N+x-kCi_k+x-14-i(m—k+ /1-1+j)!

x {(N — j+ 1 )a k -i-x+ i— rk -j-x+ 1 +  (j— 1) _ _ } .

Now, using Lemma. 2. 1 respectedly, w e have

(2. 19) (m —  k + A - 1+ j ) !  E • N -F X - k C I-k -F X -1 +

= (N  + 2 — j) (N + 3 —j )  • • • (N —1) (m — k + A)!

X E 7„Ci • N A -X -k C I-k -E X ,

and

(2. 20) (m — k  j - 1 ) !  E

(N + 2 — j)(N + 3 — j) ...(N 1) (m — k)! . 0  N -k C 1 -1 e ,

hence we obtain

(2. 21) (k — A)! (m — k + A)! .C1. N +x_ kc /an)k + x -  -  k  + 1 ,  -  -X

= k! (m — k)! ,nc i .  N _  k C  ;S. k +1- XI wk_A=0.

This im p lies (2. 16) . Q.E.D.
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Now we prove the following proposition, then Theorem . 2 . 1  and
Theorem. 2 . 2  can be obtained a s  it s  cororally .

Proposition 2. 1. For each N ,  S N ( C O „  • • • , ( 1 ) , )  can be decom posed
as f ollow s;

S N ( 0 1 , • • • , ( )  = T N ( 0 ) 1 , • • • , ( 1 ) , ) S N ( 0 , • • • , 0 ) ,

w here T N ( ( 0 1 , • • • , ( ) ,  a  m atrix  o f  o rd e r N +1 , is  as f o llow s;

1 0 0  ........ 0-•

C2201 1 0  ........ 0

C31 (01 C32(02 1 0

•

P ro o f .  F rom  ( 2 .  8 )  w e see that each is  g iv e n  b y  a  linear
function o f  (o),, • • • w „ ) , and b y  v ir tu e  o f  (2 . 1 6 )  o f  Lem m a. 2 . 3 ,  we
have

=  C 2 1 0 1 :5 .1  +  2  (C )

civw,-;/_, (0, • • 0 )  + (0, • • • , 0) ,
V=1

w ith som e suitable constants c1". T h is proves our asse rtio n . Q.E.D.

3. Triangularizable ease

In this section, w e  sh a ll trea t th e  case  in  w hich each S N = S N ( 0 ) ,

co,.) i s  o f  tr ian gu lar ty p e  o r  w h ich  w e can  t r ia n g u la r iz e  i t  b y  a
suitable transformation of independent variables.

W e start w ith

Lemma 3. 1. T h e  m atric e s  S N ( N  = 1 ,  2, • • •) a re  o f  trian g u lar
t y p e  i f  a n d  only  i f  so  is  S 1 , th at  is  to  say , 8 '1 .13  (0 , 0 ) / 8 .e ' =  0 .

P ro o f .  It suffices to n o te  (2. 8) . Q.E.D.

A t first w e have

Theorem 3.1.  L e t  Orn+lB (0, 0)/O x"'+ ' =  0. I f  f o r  a l l  non-nega-
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tiv e integers j  and k , it holds

(3 .1)j a o +  A 3,*1,

then the solntion o f  (1 . 4 )  does not exist except the trivial one.
P r o o f .  We prove this theorem by showing tha l a l l  the derivatives

of the so lution of (1. 4 )  van ish  at th e  o r ig in . F o r  th is , w e  use the
mathematical induction w ith  respect to the order of derivatives. Here,
w e  fo llo w  the no tations o f the previous section. S ince U 0= 0, w e
w e have S1t"1-- 0, an d  th e  equation (3 . 1 )  w ith  j + k = 1  implies that
d e t  S 1 ± 0 .  S o  w e  o b ta in  U 1 = 0 . N o w  suppose h e re  0 ;= -6  ( j= 1 ,
2 ..., N - 1 ) ,  th en  w e  have SNUN=0. Therefore, th e  equation (3. 1)

w ith  j + k = N  im plies d e t  ,S'N O, and hence ON =17,5. T h is  completes
the proof. Q .E.D.

T he next to be considered is the case in which 6"1/3 (0, 0)/axm+1
d o es n o t n ecessarily  v an ish . I n  th is  case , 'w e  a im  to  r e d u c e  the
equatio n  to  th e  c a se  w hen  r + T ( 0 ,  0 ) / a x " 1 = 0  by suitab le trans-
formation of independent v a r iab le s . In  doing so, it suffices to consider
only a  linear transformation, since w e a re  concerned with the values
a t  the o rig in , th at is  to  say,

(3 .2)
[xy ]— [Pr qs ] [ e v ]  

( p q ± r s ) .

A fter the transformation (3. 2) , the  equation (1. 4 )  turns into

(3. 3) a* (e, au/OC + b* (e,v )Ou/av=c* (e,v )u,

w here a* (Ç, v ) , h* (Ç, v )  and c* (Ç, v )  a re  given by

a* (e , v) 4 -1 -(sa(p$  + (177,2- 6 + sv) qb(p6 + + s77)}

(3 .4)b *  (C, q) z ri{ ra ( p E  + qv, re +sv ) + ph (1,6 + qv, re + sv)}

c* (E, v) = c (p6 + qv, re + sv) ,

w here d =-ps — qr.

Definition 3. 1. The equation (1 . 4 ) is said to be triangulariza-
ble i f  a n d  on ly  i f  a  suitable choice o f  p , q ,  r and  s  w ith  p s* q r
implies O'c* (0, 0) /O r =  1  and m -"b* (0, 0) / O r ' = 0.
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W e have

Theorem 3. 2 . Th e  eq u atio n  ( 1 . 4 )  i s  triangu lariz ab le  if and
o n ly  if th e  f o llo w in g  sy s te m  o f  algebraic  equations:

(3.5)
i xB(x, y) —  y A  (x , y) 0

C (x, y) =1

h as  a root.
P r o o f .  It suffices to note

am+ib* (0,0) / em = z1-111,13(p,r) — r A  ( p ,  r)}

c*  (0 ,0 ) /ar = C  ( p , r ) .  Q.E.D.

R em ark . I f  (3 . 5 )  h as a  root, w e  can  ch o o se  q  a n d  s  such  as
zI* 0 ,  s in c e  (0 , 0 )  i s  n o t  the rootof  (3 . 5) .

By Theorem. 3 . 1 , we obtain

Theorem 3.3. L e t  A  (x, y) = w (x, y) a (x , y ) , B (x , y ) = w (x , y )
8 (x , y ) a n d  C (x, y ) = w (x, y) r (x , y) ,  w h e re  w (x, y )  i s  the greatest
com m on  d iv isor o f  A  (x , y ) , B (x , y ) and  C (x, y) . Suppose th at  the
sy stem  o f th e  algebraic equations;

(x , y) —  ya(x, y) = 0
(3.6)

C (x, y) = 1 ,

h as  a  r o o t .  I f  f o r  s o m e  ro o t  ( p ,  r )  o f  (3 . 6 )  ,  th e s e  e x is t  tw o
com plex  num bers q  and s  satis f y in g  p s ± q r s u c h  th a t  f o r  all n o n -
negativ e  in tegers j  and k

(3.7)j A +  ka*Ps —  qr,

w here  A  and / I are g iv en  b y

(3.8)= s a  ( p ,  r) — ( p , r ) ,

and

(3.9), c t  = — r {O a  ( p ,  r) /a x + ( p ,  r) /ay }

p l q a c t ( p , r )  /&x  + sa ( p ,  r) //?y} ,
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then th e  so lu tion  o f (1 . 4 ) is only  zero.
P ro o f .  F or such p , q, r and s, consider the lin ear transformation

g iv en  b y  (3 . 2 ) , and then  w e can  see that the equation (3 . 3 ) h as no
solution except the triv ia l one by Theorem . 3 . 1 , and so does not the
equation (1. 4 ).

Theorem. 3 . 1  and Theorem. 3 . 3  describe the sufficient condition
under which the diterm inant of SN never vanishes fo r each N , when
S i ,  i s  o f  triangu lar ty p e  o r  can  be reduced  by a  suitable exchange
of independent v a r ia b le . I f  th e  determinant of SN vanishes fo r some
N , we must impose some conditions on the h igher order term s of the
expansion of a (x, y) , b (x, y )  and c (x , y ) to obtain the uniqueness of
the solution.

4. Non-triangularizable case

I n  th is  section w e  w i l l  co s id e r th e  equation  w h ich  is no t tri-
a n g u la r iz a b le . S o  w e  assum e h e re  th a t th e  equation (3 . 5 )  h as  no
root, that is , a l l  (x ,  y ) satifying

xB(x, y) — y A (x, y) = 0

satisfies also

C (x, y) 0.

L et A (x , y ), B  (x , y )  a n d  C  (x , y ) b e a s  o f  ( 2 .  5 ) .  A t first, w e
consider the case  when the following system  of algebraic equations ;

I xig (x, y ) — ya(x, y) = 0
(4 .1)

r (x , y) = 1,

has a  ro o t ( p ,  r ) .  T h e n ,  w e m ay assume that th e  following matrix
S , i s  of triangular type w ith  0"`+'-°8 (0 , 0 ) / ax" '-"  =  0  b y  tak in g  the
linear transformation of independent variables g iv en  b y  (3. 2) ;

a'+'-Pa (0, 0) /axm +1-P 0"1-" 3 (0, 0) /axm +1-1'[

a ' ce (0, 0) /ax' -P O y 0 '- '7 3  (0 , 0 ) / a x 'a y  •

Thus we obtain

s , -
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Theorem 4 .1 . Suppase t h e  e q u at io n  (4 .  1 )  h a s  a  ro o t ,  a n d
hence an'+'-3 (0, 0) /0x1"1 - I = O . I f  f o r all non-negativ e integers j  and
k , t h e  e q u at io n  (3 .  1 )  h o ld s , th e n  t h e  s o lu t io n  o f  (1 .  4 )  is  o n ly
zero.

P r o o f .  L e t  ( I ,  b e  th e  homogeneous p a r t  o f  d e g re e  k  of the
so lu tio n . T h e  proof can be carried out b y  the induction with respect
to  k. Obviously U0-- 0  an d  le t v 1 =  • • • = u k _ i =  0 , then  U , satisfies

(4 .2) w r  (x, y) U, ( x ,  y) aU k /8 x + ( x ,  Y )  a uk/ay•

Since co (x, y )  0  0 , d iv id in g  b o th  s id es b y  o)(x, y ) ,  w e can  app ly the
same argum ent as of the proof of Theorem. 3. 1. Q.E.D.

T he case  w h ice  w e  m ust cosider is w hen  the equation (4 . 1) has
no root. Then, tak ing an  exchange o f independent variab les, we may
assum e r (x, y )  h a s  x  a s  it s  f a c to r . Now le t  x , x +  co), xd-c.3)
be the irreducible factors of r (x, y ) ,  an d  le t r (x, y )  b e a s  follows ;

(4 .3) r  ( x ,  y ) = .e °  (x + ciy) "'• • • (x + c„y)P'

Since the zeros o f  xig (x, y ) — y a (x ,y ) a r e  a ll th o se  o f  r (x, y ) ,  we
m ay put

(4. 4) x13 (x, y ) —  ya (x , y ) --= xx° (x + ciY)I` • • • (x +

w here A i a re  all non-negative integers, and  6  a  c o n s ta n t . T h a t the
equation is not triangularizab le  assures O *0.

Before stating our m ain theorem of th is  section, w e prepare the
following easy lemma.

Lemma 4 .1 . I n  (4 .  4 )  w e  h av e  A1>_-2 f o r  som e j. H ence w e
m ay  assum e A0>2 af te r a  suitable  ex change o f  independent v ariables,
i f  necessary .

P r o o f .  S in c e  4 ( x ,  y ) —ya (x, y )  is h o m o gen eo u s o f  degree
m + 2— i a n d  it does not van ish  identically , w e have

/10+711+••• +,1,=m + 2

S o  i f  ,I.j < 1  fo r a l l  j ,  w e  g e t m + 1 — ,ti< n . O n the other hand, we
have n +1<m — g ,  fo r  th e  degree  o f  y (x, y )  i s  m — g. T h is  leads
u s  to  a  contradiction. Q .E.D.
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B y  the above lem m a, we assume 2.0> 2  hereafter.
The m ain aim of this section is to establish the following theorem.

Theorem  4 .  2 .  Suppose that the equation (4 .  1 )  has no root.

Then the equation (1. 4 )  has no solution except the trivial one.

P r o o f .  W e  use  th e  mathematical induction a l s o .  L e t  U„ be the
homogeneous p art o f degree k  of the so lu tion , and  let u-1= • —  k -1

= 0 .  O f course, w e know  already U 0 = 0 .  N ow, then we obtain

(4. 5) r y )  U k  =  a (x, y ) aUk/a x +  8 (x , y ) a Uk/OY.

H ere , le t u s  p u t U k a s  follows;

(4 .6)U k  =  u0xk ukyk,

th en  (4 . 5 )  becomes

( 4 . 7 )  x i %  ( x  c i y ) •  •  •  ( x +  c n y ) " '  
(uoxk + + + ukyk)

=  (a o x '  +  a i x ' y  +  •  •  •  +  a m _ o x y '  

x  (k u o x k ' +  (k  — 1 ) u ix 'y  +  •  •  •  + 2 u k _ 2 x y ' +  u k -1 ? -1 )

+  (3 0 x "1 -A  +  1 1 P y  +  •  •  •  +  +  8 .+ ,_ ym + 1-1

X (ttixk -'+  2u2xk 'y  +  • • • +  (k  — 1) uk_ixyk ' +  kukY") •

O n the other hand, observing

(4 .8) x 3  (x , y ) —  y a (x , y )

190x 2- 1̀ + a o ) x " ' y  + • • • + a .„ ) x y m .+ 1 -"

am+1-

an d  n o tic in g  th a t x 2  i s  a  fa c to r  o f  4 ( x ,  y )  —  y a  (x ,  y ) ,  we obtain

am _0=  8 .+1_, and am+1, - 0. M oreover, we have 16).-Ei-p 0. In  fact,

if „,+,_,= 0 ,  w e see  th a t x  gives a  common factor of a (x ,  y ) ,  9 (x ,  y )

and y  (x , y ), and this contradicts to that to ( x ,  y )  i s  th e  greatest com-

mon divisor o f A (x ,  y )  ,  B (x ,  y )  and C  (x ,  y ) .  T hus (4 . 7 )  turns out

a s  follows;

(4.9) x " '  ( x  +CIY) A ' • • • (X  ±  C n Y )  ( U 0 X k  +  •  •  •  +  U k - 1 X Y "  +  I lk ? )

= + • • • + +
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X (kn0xk-1 + (k — 1)1112 'y  + • •  •  + 2u k_2xY" + uk-1?-1)

+ (igox ' +  •  •  +  „ x y '  +

X+2 u 2 x k 'y  + •  •  + (k  —  1 )  U k 1 X Y  + k u k Y k - i)  •

Since 1.10 1  and 8 . + 1 , ± 0 ,  w e have uk = 0 ,  and successively uk_i = 0,

uk_2= 0  and so  o n . T h is  im p lies Uk =O. Q.E.D.

5 .  The case when the vanishing orders o f  c t ( x ,  y ) ,  b  ( x ,  y )  and

c (x , y )  a r e  sam e

In  th is  section, w e  sh a ll trea t the case when the vanishing orders
cif a  (x ,  y ) ,  b  (x ,  y )  and c ( x ,  y )  a t  the o rig in  a r e  s a m e . T h a t is , in
addition to (H . 1) , w e  assume here the following in  p la ce  o f (H. 2);

(H. 2 )  ' 0P+qa (0, 0)/OxPayq= 0P+qb (0, 0) /axPayq = 0 for all non-negative
in tegars p  and q  such that pd -q m — 1 ( m _ 1 ) .

T o avo id  any trouble about notations, let us use the different nota-
tions from the prev ious sections. L e t u s  denote by f  ( x ,  y )  ,  g (x, y)

an d  h ( x ,  y )  th e  homogeneous parts o f degree m  of a (x , y )  , b  (x , y)
and  c  ( x ,  y )  re sp e c t iv e ly . A n d  b y  2 (x ,  y ) ,  w e den o te  th e  greatest
common divisor of f  ( x ,  y )  and g (x , y ) ,  and w e  set

(5. 1)
i f  (x , y) = 2 (x ,  y )F  (x , y)

g (x, y )  =  (x ,  y )G  (x , y) .

W e obtain  the following theorem.

Theorem 5. 1. S uppose  that
(1) i f  a  t r i p l e  o f  com plex  num bers (Ici, ic2, satisfies

f  (x, y) + (x, y )  = &VI (x, y),

it  f o llo w s ic, = O.
(2) x G (x , y) —  y F (x , y ) ,  0 mod (Ax + gy)2, for som e (A , / ) * ( 0 ,  0).

T h en  th e  s o lu t io n  o f  ( 1 .  4 )  is only  z ero.
P ro o f .  L et u s  denote by U , the homogeneous p a rt o f degree k

o f th e  so lu tio n . F irs t w e  have

(5. 2) f  ( x ,  y ) 0 ( - 1 , / d x + g  (x, y )  aUday = h (x , y )  U0,

and  in  v irtue o f  ( 1 )  w e obtain  U 0 = 0 .  Thus, w e get
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(5 .3)F  ( x ,  y ) a  U 1 / 6  x  +  ( x ,  y )  O U , /  ay =  O.

Now le t F  (x ,  y )  and G  (x ,  y )  b e a s  follows ;

(5. 4) F  (x , y )  = Fox' + • • • + +  F „y ',

(5. 5) G (x , y ) = Gox' + • • • + +  G y n

W e cla im  here that none of F  (x ,  y )  and G  (x , y ) vanishes identically.
Indeed, le t, fo r example, G (x ,  then  w e h ave  S 2 (x , y ) = f (x , y )

and consequently F  (x , y ) 1 ,  and this contradicts to (2) . Moreover,
w e  n o tice  th a t  w e  m a y  assum e (,I, ,u) =  (1, 0) by considering  the
following transformation of independent variables ;

=  /Ix+  ,uy

= x +  Tty Oft *;1'. ,u) .

T h u s  w e  h av e  Fn -= 0 and G ,  = F n _ 1 . M o reo ver, w e  see  G „ ± 0 , if

x G (x ,  y )  — Y F (x , y )  d o es n o t v an ish  id en tica lly . I n  f a c t , if  Gn = 0,
F (x ,  y )  and G  (x , y ) have x  a s  their common foctor, and this contra-
d ic t s  to  th e  assum ption o n  th e m . I f  x G  (x , y ) —  y F  (x ,  y )  vanishes
identically, we have easily F  (x , y )  = x  an d  G  (x , y )  =y. W e  f ir s t  ta k e
the case when x G  (x , y )  —  yF (x , y )  0.

L e t Ui = uix  + u2y, then w e obtain  from  (5.3)

u1 (Fox' + • • • - I- + G„xYn - 1) + u2(G0x' + • • • + = 0,

and this implies u1= u2= 0 since G „ * O . Now let U1-= U2= • • • —= U k _ i=  0,
then a s  is easily  seen , w e ob ta in  the following equation o f  U k ;

(5 .6)F  ( x ,  y )d U k la x  +  (x , y )  aUk/ay = 0.

H ere, let us put

U k— =U o.rk  u+ ukyk,

and in serting  th is in to  (5 . 6), w e have

(5.7)( F o x '  + • • • + Fn_2x2y"--2 + G„xy"-') (kuoxk-1 + (k —1) uix'y

+ • • • + + (Gox" + • • • +  G y )  (u iz  +2 u 2 xk 'y

+ • • • + (k — 1) u1_ixyk-2 + ku2yk-1) =- 0.

Hence the sam e argum ents as of the proof of Theorem. 4. 2  leads us
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to  U, = O . T h e remainder part o f the  proof is the case when F (x, y)

= x  and G ( x , y ) = y .  B u t if  w e  no tice (5 . 7), w e  c a n  e a s ily  show
(Lc.= 0 fo r th is  c a s e .  Q.E.D.

T he next object o f our stud ies is the case when (2 ) is removed.
Then, w e  assume that the  degrees of F (x , y ) and G  (x, y ) a re  larger
than  1. U nder such  assupmption on  F  (x , y ) an d  G (x, y) , w e see
th at x G  (x , y ) y F  (x , y ) h as  a t le a s t tw o  irred u c ib le  factors, since
th e  p o lyn o m ia l o f th e  fo rm  (Ax + day)2 c a n  n o t  b e  th e  fa c to r  of
xG (x, y) — yF (x, y) . T h e re fo r e  w e  m a y  a s su m e  t h a t  xG (x, y)
— yF (x, y) has x  and  y as its  factors, considering th e  following linear
transformation of independent variables;

E-=-61x+62y

v=z-ix+r2Y,

where 61x +62y and r1x + r2y are distinct irreducible factors of xG(x, y)
— yF (x, y) . Let us set

(5 .8) x G  (x , y ) —  y F  (x , y ) J x y  (x  +  d iy ) •  •  (x  +  d ,y ),

where J  i s  a non-zero constant and d1, •••, d, are non-zero and dicinct
constants. O f  c o u r s e  (x+  d ly )•••  (x+ d ,y ) d o es  n o t ap p ea r  if  th e
d eg ree  o f  F  (x ,  y ) (a n d  consequently o f  G (x ,  y ) )  i s  e q u a l  t o  1.
From (5. 8) can see im m ediately that F (x, y ) has x  a s  it s  factor and
G  (x , y ) h a s  y  a s  it s  f a c to r . Thus w e obtain F„=- 0  and G0=0, and
therefore F o *0  and  G O  since F  (x , y ) an d  G  (x , y ) h av e  n o  com-
mon factor.

W e obtain  the following theorem.

T heorem  5 . 2 . Suppose t h a t  ( 1 )  i s  v a l id .  I f  th e  f o llow in g
relation h o ld  f o r an y  n atu ral n u m b e rs  N  and y ;

(5 .9) N F o +  y J * 0 ,

th e n  th e  so lu tion  o f (1 . 4 ) is  o n ly  z e ro ,  M o re o v e r,  i f  t h e  degree
' o f  F  (x , y ) and  G  (x , y ) a rc la rg e r t h a n  2, ( 5 .9 )  c a n  b e  re p la c e d
by

(5.10)N G „  +  p d i •  •  •  d , J * 0 .
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P ro o f .  W e  u se  th e  same notations as those o f  th e  proo f of
T h eo rem . 5 . 1 . W e  m u st sh o w  that all Uk's vanish identically.
Clearly U0=0 holds, an d  hence we h av e  (5. 3) also. T h u s  w e  g e t
U1= 0 since F  (x , y )  an d  G  (x , y )  a r e  linearly independent because
F 0 *0  and Gn5L0.

N o w  l e t  U1= U2= • • • = U k - l =  0 , then we h a v e  (5 . 6 ) also, and
therefore we obtain

(5.11) (Fo x 4 + • • + F , i x Y " ) ( k u 0 x k - 1  +  ( k  1 )  u 1 x 2 y  + •  •  •  +

+ (G ix 'y  + • • • + G ol') (1112-.1  + • • • + (k  —  1) u  k _ ix y '

+ k uk y k -')  = 0.

S ince F0*0  an d  G n*O , we see immediately u0=0 an d  uk = 0, and
have

(5. 12) (Fox  + • • • + ((k  +1) uix k ' + • • • + uk -iY k

+ ( G + • • + 1) (1112-2 + • • + (k  —  1) u k  -1?-1)  = 0.

Thus we obtain

( (k  — 1) Fo + u1= 0.

O n the other hand, w e have

G,—  F0 -= J,

from  (5 . 8 ). S o  w e  have u1= 0 b y  (5 . 9 ).  N o w  l e t  u1= u2= • • • =

= 0 , then we obtain from (5. 12)

( (k  — p - 1) F, + (k  + 1) GO up+,= 0,

and hence by (5 .9 ) w e have u 1 1 = 0.
T he proof o f la tter p art is essentially s a m e . Q.E.D.

If we remove one of (1 )  an d  (2 ) or the condition that the degree
of F (x , y )  or of G  ( x ,  y )  is larger than 1, then we can find the  equa-
tions which adm it null solutions. F o r  this we shall give some ex-
amples in  th e  next section.

6 .  Examples

in  this section we shall give various examples admitting null
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solutions because th e  assumptions o f  our theorem s a re  not satisfied
fully.

T he first exam ple is o f th a t (1 ) is dropped.

Exam ple 1 . Consider the following exuation;

(6. 1) x2O ugx  + y'au /0y = (x2 + 3,2) u,

then, a s  is  eas ily  seen , u (x, y ) ex+ r g ives a  nu ll solution.

T h e second exam ple is of that (2 ) is dropped and  the degree of
F ( x ,  y )  is  eq u a l to  zero.

Example 2 .  Consider the following equation;

(6. 2) T (x , y) Ou /a x + y2au /ay = x2tt,

w here T  (x, y ) = 2y3 + x2 y2 , then u (x, y ) = x + y2  g ives a  null solu-
tion.

T he th ird  exam ple is o f th a t (5. 9) is violated.

Example 3 .  Consider the following equation

(6. 3) x2au/8 x + xy0u/3y + y'au/ay = y2u,

then u  (x , y ) =  x y g ives a  n u ll solution.

T he final example shows us there exists an equation which admits
no solution except zero, even if  th e  determ inant o f  SN  vanishes for
some N.

Example 4 .  Consider the following equation;

(6 .4)x 2 0 u / a x  + (x + y )O u / a y  u ,

then  w e can  show the solution of (6. 4) is  o n ly  z e ro . In  fac t, le t u s
consider the formal solution u ( x ,  y )  expanded into Hartogs series ;

(6.5)u  ( x ,  y) un (y)

then each u, (y) m u s t  satisfy
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(6 .6 )Y u o '  ( Y )  = u 0  ( y ) ,

(6 .7)Y u l '  ( Y )  +  u o '  ( Y )  =  u i ( Y )

and

(6.8)y u 1 ( Y )  +  u.' (Y) + nu . (Y )=u .+1(Y ) (n=  1, 2, • • .) ,

w here' stands for the differentiation with respect to  y.
H ence w e have from  (6. 6) an d  (6. 7) ,

(6 .9)u 0 ( y ) = c o y

and

(6.10)u 1 ( y ) + co,

w here co and  c ,  a re  co n s tan ts . In serting  these  in to  (6. 8) , w e get
= 0 and u2 (y)  -= co and successively u„ (y) = c„ (constant) , since each

u „( y )  must b e  an a ly tic  a t y = 0. M oreover by (6 . 8) w e have

(6. 11) c„ =- (n — 1)! co  (n = 1, 2, • • •).

Thus the formal solution becomes

(6. 12) u (x, y) --co (x + y (n — 1)! x "),

therfore, i f  co*O , the formal solution never converges in any neighbor-
hood o f the o rig in , and  th is im plies that the so lution  of (6. 6) must
be identically zero.
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