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Introduction

I n  [ 1 ] ,  ch ap . IV , 2 '  p artie , (7 . 4 . 8 ) , Grothendieck considered
the following problem:

I f  A  i s  an  exce llen t r in g  an d  n i an  id ea l o f  A , is (A , m ) =
m -adic completion of A  an  excellen t ring  either?

W hen A  is  an  affine r in g  over a  fie ld  k  (i.e. A  is a commutative
r in g  fin ite ly generated  a s  a  k -a lg eb ra ), th e  problem  can be turned
into the following o n e (s e e  [ 3 ] ,  introduction):

I f  k  i s  a  f ie ld , (X ) = (X1, • , Xn) and (y ) -  ( Y1, • • •, I'm) a re  two
sets o f indeterm inates, i s  A = k [X ]  [ [ Y ] ]  an  excellent ring?

In  th is  case there a re  several p artia l answers.
In  [ 3 ]  it is proved that A  i s  excellent, for every  n  and  m , when

char (k) = 0.
I n  [ 3 ]  an d  [ 4 ]  it is proved that k[X1,•••,X,J [[Y 1 ]] i s  excellent

when k  i s  an  arb itrary fie ld  of characteristic p>0 .
M oreover, in  [ 4 ]  it  is  p ro v e d  th a t  k [X ] [ [Y ]]  i s  excellent for

e v e ry  n  an d  m  i f  its  fo rm al f ib ers  a r e  geom etrically  regu lar (i.e .
closedness o f  s in g u la r  lo cus i s  a  consequence o f  such  property of
formal fibers).

F in a lly , it  is  a  consequence o f  th e  resu lts g iven  in  [ 8 ]  that A
is excellen t for every n and m  when char (k) = p > 0  and k  i s  a  finite
vector space over kr).

') The present paper was written while the author was a  member of G. N . S. A . G.
A. (C . N . R .)
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Therefore the unique open question concerns th e  case  w hen the
base field h  has characteristic  p > 0 ,  b u t is  n o t f in ite  o v e r  k P  and,
moreover, m  is  str ic tly  g reater th an  1.

In  the p resen t p ap er w e  g iv e  positive an sw er to  the question,
proving that h [X 1 ,• • • ,X ii][[1 7 1 ,• • • ,1 " ,d ] is  a lw ay s  excellent, for every
n  and  m.

W e have to observe that our proof w orks for every field k , with
char (k) = 0 a n d  char (k ) = p > 0 ,  both when k  is  f in ite  and when k  is
not finite over kP.

F urtherm ore our techniques, independent o n  th e  b a se  f ie ld  k ,

g iv e  r ise  to  p ro o fs  q u ite  s im p le r th an  th e  p roof g iven  i n  [ 3 ]  for
char (k) 0 and the proof deducible from [8 ]  fo r char (k ) — p> 0  and
h  finite over kP.

A s  a  consequence of our m ain resu lt w e can  show that, if  (A, nt)
is  a n y  equicharacteristic complete lo c a l r in g  a n d  (X ) = (X 1, •-• , X „)

i s  a  se t o f  indeterminates over A ,  then  th e  r in g  (A , In) IX„ •••, X„}
o f  restricted  pow er series o ver th e  nt-adic r in g  A  ([1 ], 0 1, (7 . 5 ))
is excellent ; hence w e generalize a  re su lt  o f  [8 ] ,  w here A  is sup-
posed  to  contain  a coefficient field of characteristic p > 0  finite over
its p-th  power.

n. 1.

A ll rings are com m utative w ith  1.
H ere  w e  sh o rtly  reca ll a  few  defin itions an d  properties which

w e  n eed  in  th e  w o rk  (w e  u se  term inology o f  [2 ] ,  chap. XII and
chap. XIII).

(i) Let A  b e  an  integral dom ain and K  i t s  quo tien t fie ld . We
say  th a t A  is  N-2 if , fo r  every fin ite extension L  of K ,  the  integral
closure of A  in  L  i s  a  finite A-module.

(ii) L et A  be a  noetherian r in g .  W e  say  th a t A  i s  a  Nagata
r in g  (un iversally japanese in  E.G.A.'s term inology) i f  A / $  i s  N-2
fo r every  prim e id ea l T.

(iii) Let A  be a  noetherian r in g .  W e say  th a t A  is  J-1 if the
se t R eg (Spec (A )) o f regu lar p rim es o f A  is  open in Spec (A ).

(iv) L e t  A  b e  a  noetherian r in g .  W e  s a y  th a t  A  i s  J -2  if
every fin itely generated A -algebra is J -1 . It can  be show n (see [2],
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chap. XIII, theorem 7 3 ) that property J-2 is equ ivalen t to  the follow-
in g  condition:

F o r every  T. E  Spec (A ) and for every fin ite radical extension K '

o f  k  (P ) = fractio n  f ie ld  o f  A / 1 3 , th e re  is  a  f in ite  A -a lg eb ra  A '
sa tisfy in g  A / C A 'C K '  su c h  th a t  K ' = frac tio n  f ie ld  o f  A '  and
R e g (S p e c (A ') )  contains a non  empty open set of Spec (A ') .

(v) L e t  A  b e  a  r in g  containing a  f ie ld  k . W e say  th a t A  is
geom etrica lly  regu lar (norm al, reduced , )  o ver k  i f ,  f o r  every
finite extension k '  of k ,  th e  r in g  A C M ' is  r e g u la r  (norm al reduced,
) .

W e say  th a t a  homomorphism A  B  is  reg u la r  i f  i t  i s  flat and,
fo r every  s.13E Spec (A ) th e  fib er B O A k ( 4 3 )  is geom etrically  regu lar
over k (T )  (= fraction  field  of A / T ).

(vi) A  noetherian ring A  is a  G -ring if, fo r every  s.1.3"E Spec (A),
the homomorphism A43—*(A13)— is  r e g u la r . The fibers of A.13—>
are called formal fibers; hence a G-ring has formal fibers geometrical-
ly regular.

I t  is  e a sy  to  se e  th a t A  is  a  G -r in g  if  Ani—> (A n )  i s  r e g u l a r
for every G  M a x (A ) ( [2 ],  chap. X III, theorem 75).

(vii) A  noetherian r in g  A  is  e x ce llen t i f  i t  i s  J-2, a G -ring
and un iversally  catenary ([2 ], (14 . B )).

(viii) W e sha ll n eed  a lso  the following definition:
L et A  be a  r in g , nt an id ea l of A  and X 1 , • • • ,X „  indeterminates;

a  formal power series f c  A [ [X 1 ,• • • X , , ]] is  restric ted  fo r th e  ut-topo-
lo gy  o f  A  if , g iven  a n  in teger s> 0 , a l l  coefficients of f ,  but finitely
many, belong to In'.

T h e rin g  o f restricted  pow er series over th e  m-adic r in g  A  is
denoted by (A, ni) { X 1, • • • X „ }  (or A {Xi, • • • , X ,.} w hen  there is no fear
o f confusion ; fo r in stance, w hen A  i s  a  lo c a l  r in g ,  A { X i ,  •••, X .}
means th e  r in g  o f restricted power series w ith respect to the topology
of the m axim al ideal).

B as ic  definitions an d  properties o f  restric ted  p o w er series can
be found in  [ 7 ] .  W e  re c a ll th a t  A -(X 1, • • • , X „) c an  b e  th o u g h t of
a s  th e  completion o f  A [X -1, •••, X , J  w ith  respect to  a  su itab le adic
topology ( [7 ] ,  corollaire 1 to  proposition 1).

L em m a 1. L e t k  be a  fie ld  o f char. p >  0  and  ( X ) ,  (y ),  (z)
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t h re e  f i n i t e  s e t s  o f  indeterm inates. I f  D E  Der (k  [[X , Y, ZB),
t h e n  t h e r e  a r e  D1, ••• , D, b e lo n g in g  t o  Der (k [[X , Y, Z

] ]
) and

a1, • • • , a ,  k [[X ,Y  , Z ]] su c h  th at:
(i) th e  D i's  m a p  th e  subring  k [X ] [[y ]] [Z ]  in to  i t s e l f ,  fo r

i=2 ,• • • ,s ;
(ii) D , c an  b e  ap p ro x im ate d  as close as w e  w an t ,  in  th e  (X ,

Y , Z )-topology , by  deriv ations w hich  m ap k [X ][[Y ]][Z ] in to  itse lf ;
(iii) D =1:1 aiDi.
Pro o f . C h o o se  f  E  k [[X ,Y  ,  Z ]].  I t  is  e a s y  to  check that D ( f )

= D ' ( f ) +D "  ( f ) ,  w here D ' and D "  a re  defined a s  follows:
1) D ' (a ) = D ( a ) ,  f o r  a E k ,  D ' (X i) = D' (Y  i) D ' ( Z r)  = 0 ,  all

j ,  r;
2) D " (a ) =0 ,  fo r a E  k , D " = D  on variables.
It it im m ed iate  to  see  th at D '  is  a  derivation on k[[X , Y, Z ]],

hence D " =D  — D ' i s  a  k-derivation of k [[X ,Y  , Z ]].
N ow  it is easy to see that  D " = aD1 , w h e re  a i  k [[X ,  y, Z ]]

and the D i's  are  p artia l derivatives.
A s  f a r  a s  D '  is  concerned , it is  determ ined  by its values a t  a

p-basis of k , say  (bi)/E r. I f  D ' (b ,) i s  a  formal pow er series, w e can
approx im ate  it b y  a  su itab le c ,  i n  k [X ][[Y ]][Z ]  a n d  define the
new derivation D : k [X ] ]][Z ]— > k [X ][[Y ]][Z ] by putting: D (bt)
=ci.

H ence also  ( i i )  is satisfied, choosing D , =D '.

N o w  w e w an t to  in vestigate  th e  closedness o f  s in gu la r  locus
(i.e. property J-2), proving the following.

T heo rem  2 .  L e t k  be an arb itrary  f ie ld  a n d  (X ) =- (X,, ••• , X „),
( y )  (Y ,, • • • , Y„,) tw o  sets of indeterm inates.

T h e n  the ring  A =k [X ] [ [Y]] i s  J-2, f o r  e v e ry  n  and m.
P r o o f .  L et p E  Spec(A), K=fraction field of A/p, L =finite ex-

tension of K .  T hen  it is enough  to  show th a t  th e re  is  a  finite ex-
tension B  of A/p such that L=fraction field of B  and Reg(Spec(B))
contains a non  em pty open set of Spec(B).

I f  1.1. ( Y )  w e  a r e  done, since A / p  i s  a  fin ite  module o ver a
r in g  k [ X 1  [R71], w h ere  (r )  is a  s e t  o f  n i  variab les and  (X ' )  a
s e t  o f  n '< i i  variab les ( [3 ] ,  theorem  (1. 2)) ; s o  w e  c a n  a rgu e  by
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induction on n ,  observing that, fo r n = 0, the property is obvious.
I f  p= ( Y )  w e  a re  done also, since k [ X ]  is  excellent.
Therefore w e can assume that 1G  (y ) .
Put : A ' = A /p  and  choose a  r in g  B '=- A '[ t „• • • , t 8 ]  such that :
a) L  i s  the fraction field  of B ';

b) B '  is  f in ite  free  over th e  subring A '.
S ince p (Y )  w e can  assum e th a t  Y.,(; p. T h e n  w e  p u t : y =

Y, modulo p, zi=yti ( i=1 ,• • • ,  )  and B =A '[z i , • • • ,z 3 ].
S o  th e r e  is  a  p r im e  id ea l 43 o f A [Z 1,• • • ,Z 3 ] (Z i 's =v ariab le s )

such that B  = A [Z ]

A  d ire c t computation shows that 43 is contained in  (Y , Z ) A [Z ] .
N ow  put: C = A [Z ], = (X ,Y  ,  Z ) C .  Then w e have :  (CErz) —

=k [[X ,  y, Z ]].

O bserve th a t , b y  [5 ],  proposition 1, A  is  a  Nagata r in g , since
A is complete for the (Y).-topology and A/ (Y ) =  k [X ] is a Nagata ring.

Therefore C  i s  a  Nagata r in g ,  s o  th a t  it s  fo rm a l f ib e r s  are
geom etrically reduced ( [1 ],  chap. IV , 2me p artie , (7. 6. 4)).

T h is  m ean s th a t, i f  0  E  Spec ( (CI ) ^ ) and 0  n C  43, then the
local ring (CErirc/13 (C9iN) is  a  reduced local ring.

N o w  w e ch o o se  0 E Spec ( (Can) " )  s u c h  th a t  0 ,  i s  a m inim al
p r im e  o v e r  43(C9j2) T h e n , b y  [2 ], (5 . B ),  C  n C = 43, so  that
(C9x)—c/13(Can)i s  a  reduced local ring of d im ension 0, hence a
field, hence a  regu lar local ring.

B y  Nagata's jacobian criterion  o f  regu la r ity  fo r  fo rm al power
series r in gs ([1 ], Ow, (22. 7. 3)), there are f i, • ••,f„, E  s4.3 and D „••• ,D „,

belonging to Der (k [[X, Y , Z ] ] )  such that :
(i) (C n rz  =  ETA (cm) ^z ;
(ii) d  det(D i ( f f ) )  C .
If  r =ht (13), w e have the following relations :
r= h t  (43 (Can)) =ht (0 ) ( [2 ], (13. B ), theorem 19 (2 ))

and also :

ht (0,) = dim ( (Cm) ^z) =m =r,

since 43 (cm) - c  =  (cm) "c.
Therefore w e can find a  r x r  determinant d  such that:
1) d =  det ( D i ( f j ) ) , 1 < i < r , 1 < j < r ;

2) d Er c .
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By lem m a 1 th e re  a r e  D1', •••, E  Der (k [[X , Y, Z ] ] ) (partial
derivatives in char. 0) and aif's in k [ [X ,Y  ,Z ] ]  ( i= 1 ,  • • • ,r, j= 1 ,••• ,u )
such that:

a) D i = E i a i i D / ,  i = l ,  • • , r ;

b) every D 5 ' m ap s C  into itself, j=2, •••, u;
c) D , ' can be approximated a s  c lo se  a s  w e  w an t b y  a  deriva-

tion which m aps k [X ] [[y]] [z ] in to  itse lf (D1'=0 in  char. 0).
H ence w e deduce that d = E  bhdh, w h ere  th e  b ,'s  a r e  suitable

elem ents in  k [ [X ,Y  ,  Z ] ]  an d  th e  dh's a r e  determinants containing
derivatives o f the type D1' ( f i ) .

Since dE C, th e re  is  an  h  such that dh E C .  If c1,, approximates
d h  sufficiently and dh E C , w e  have dhE 3.

B y jacobian criterion of regu larity (2. 1) of [3], B-dh i s  a  regular
r in g , so  that Reg(Spec(B )) contains a  non  empty open set.

R e m a rk : I n  [4] , th eo rem  (3. 1 ), N o m u ra  p ro v es  th a t, if
k [X ] [ [Y  ] ]  is a G -ring, th en  it  is  J -2 . O ur proof is inspired by that
one, but m akes use o f the extra  in fo rm ation  on  k [X ] [ [ Y ] ]  that it
i s  a  Nagata r in g , so that we know that at some prime ideal (the mini-
m al ones) th e  r in g  k [[X , y, z]]/lyz[[x, y, Z ] ]  is  rea lly  regu lar.

N ow  w e investigate the property of formal fibers of k [X ] [ [Y ]]
and prove the following.

Theorem 3 .  L e t  k  b e  arb itrary  f ie ld , (X ) = (X,, • • • , X „ )  a n d

(Y ) (Y1, • • • , Y „,) tw o  s e t s  o f  indeterminates;
T hen  A = k [ X ] [ [ Y ] ]  is  a  G - r in g  f o r  ev ery  n  a n d  m .
P ro o f .  L et 1.3 b e a m axim al id ea l o f  A  a n d  p u t : C =A 13 . By

[2], chap. XIII, (33. E), lemma 3, it is  enough  to  show that, if  D  is
a  dom ain  fin ite over C  a s  a  m o d u le  a n d  C  i s  a  p r im e  id e a l of
b=  (D , R a d (D ))"  such that C,n D =  (0 ), then th e  lo ca l r in g  b z  is
regular.

P u t: X=-Spec (D ) , X' = Spec (D ) and let f :  X ' — >X. be the canoni-
c a l map.

T hen  it is enough  to  show that f  (R e g (X ) )C R e g (X ' )
W e argue by absurd and assume that f '  (Reg (X) )  n Sing(X ')*O .
S in ce  A  i s  J-2 by theorem  2, C  is  a lso  J-2, so  that D  i s  J-1,
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i.e. Reg (X ) i s  open in X .  O n the other hand, Reg (X ') i s  open in
X ', s in c e  D is a  complete semilocal r i n g .  Therefore f  '(R e g  (X)) n
S in g (X ')  is  lo c a lly  c lo se d  in  X ' an d  n o n  em p ty ; so  it co n ta in s a
p rim e  id e a l  p '  s u c h  th a t  d im  (b / p ')  1  ( [2 ] ,  chap . X III, (33 . F ),
lemma 5).

I t  is  im m e d ia te  th a t  p '  i s  n o t  m ax im al, since corresponding
maximal idea ls of D  and are sim ultaneusly regu lar or singular.

Therefore we have: dim (13/V) =1.
Now put: E=D  /p/ , =k [[Y ]] np' = k [[IZ]] n p, where p =p' n D.
Observe that kEY IVa' CD /pCE.
W e rem ark that Dp is  regu la r , w h ile  b p , is  n o t regu la r . S in ce

the morphism D p -> b p , is  fa ith fu lly  f la t , w e  can  co n c lu d e  th a t the
ring /50,/pbp, is  n o t re g u la r  ( [2 ], (2 1 . D ), theorem 51).

Now we want to deduce a  con trad iction . So we distinguish two
cases:

(i) E  is  fin ite  over k[[Y  ]] /,a' a s  a  m o d u le . Therefore D /p is
a lso  fin ite  over k [[Y ]] / a , w h ic h  is  a  complete lo c a l r in g , so that
D /p is  cm p le te  e ith er ([2 ], (23 . L ), th eo rem  55 ), i.e . D/p=i5/pr).

S in ce  p' n D =p , i t  is  e a s y  to  check that p' = pb, which means
that D p,/pbp, is a  f ie ld , hence a  regu lar lo ca l r in g , w h ich  is  a  con-
tradiction.

(ii) E  is no t fin ite over k[[Y ]]/,a.
P u t: kifY ii =B , Rad(E) Rad (C) = nic, etc.
W e  have:
E/mE=homomorphic im age of b / i n  D / m ,  finite module over

C/mn=A/43=finite module over k—B/mB.
Therefore if  n in E  contains som e power of mE, then E  is finite

over B , since B  is  com p lete ; bu t th is is  absurd.
H ence w e must h ave : n in E =  (0 ), s in ce  E  is  a noetherian semi-

local dom ain of dimension 1.
A t last w e have: m n=  (0), i.e . (Y ).
W e know  that D  i s  a  finite C-module; hence D /p is finite over

C/(p n C ), w h ic h  is  a hom om orphic im age of C /(Y )C . Therefore
we see that D/p is finite over A.13/(Y)Aq3=(A/(Y)A)m3,00A)—k[X])13,,
where s.P' = 4.3 m odulo (Y ).

W e can conclude that D /p is finite over an excellent ring, hence
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it  is  excellent a ls o . In  particular the formal fibers of D/1.1 at every
maximal ideal a re  geometrically regular.

Now we choose V 'E  Max ( b )  such that 1.)C931' and put: U =
n D , so that p C n .  We know that the formal fiber o f (D / ) (p / )

at the  origin is a  regular r in g , i.e. the following r in g  is regular;

((b/PD ) (n '/ P B ))s

where S = (D / 1.1) (ffi —  (0).
Since p' n D = p, we have: p' (D/Pb) onypi3) n (D/p) arl/p) = (0).
Therefore th e  r in g  b v / p b p , is regular, which is absurd.
A t last, f ' ( R e g ( X ) )  n S in g (X ') = 0  an d  A  is  a G-ring.

Recalling that th e  r in g  k [ X ] [ [ Y ] ]  is a  regular r in g , hence uni-
versally catenary ( [2 ] , (1 4 . B )) , we see that theorem 2  and theorem
3  together give our m ain result on excellent property; we write here
the result explicitly in  th e  following.

Theorem  4 .  L e t  k  b e  a n  arb itrary  f ie ld , ( X )=  (X 1 , ••• ,  X ,)
a n d  ( Y ) = ( Y , , • • • , Y )  tw o  sets o f  indeterminates.

T h en  k [ X ] [ [ Y ] ]  is  an ex cellent ring.

C orollary 5 .  L e t k  b e  a n  arb itrary  f ie ld  a n d  A  a  k-algebra

of  f in ite  ty p e . T h e n , f o r ev ery  ideal ,;.ss' o f  A , th e  ',1-adic completion
(A , , c , l ) '  o f  A  is  an ex cellent ring.

P ro o f .  Since A = k[X i, •••, Xn]/2, where 2  is  a  suitable ideal,
the completion (A , ar is a residue ring of k [X ,,• • • ,X ,J E Y ,,• • • ,

fo r  a  suitable choice of the Y i's , b y  [ 6 ] ,  chap. II, theorem (17. 5).
Hence the  result follows from theorem 4.

Now we want to extend the preceding results to restricted power
series over a  complete lo ca l r in g , obtaining a  generalization o f [8 ],
corollaire (2. 1. 3).

I n  [8 ]  it is proved that th e  r in g  o f  restricted power series in
n  variab les over a  complete lo ca l r in g  o f characteristic p > 0  is ex-
cellent, under th e  condition that the  residue field of the base ring be
finite a s  a  vector space over its p-th power.
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H ere w e g ive  a  m ore general result, proving excellent property
fo r restricted pow er series over an  arb itrary  equicharacteristic com-
plete local ring.

F irst w e need  a  lemma:

L em m a 6 .  L e t k  be a  fie ld , (X ) a n d  (Y ) tw o  f in ite  sets of
inde term inates . Then we have :

k [X ] HY ( k [[Y i] (Y )) {X } •
Proof. k [ [ Y ] ]  {X }  i s  a  completion of k [X , Y ]  w ith  respect to

th e  (Y )-ad ic  topology ([7 ], n . 1 , proposition 1) ; h en ce  it is  re a lly
th e  (Y )-ad ic  closure of k [X  , IT] in k[[X  , y]], exactly as k [X ] [[y]].

Proposition  7 .  L e t  (A ,  n t ) be a n  equicharacteristic complete
lo ca l r in g  a n d  (X ) = (X 1, ,  X „ )  a  se t o f indeterm inates over A.

Then (A , m) {X }  is an excellent ring.
P r o o f .  By C ohen 's structure theorem A  contains a coefficient

field k  and i s  a  homomorphic im a g e  o f  a  form al pow er series ring
over k , say k [[Y i, « , Y r ] ]  (see  [6 ], chap. V, theorem (31. 1)) . There-
fore (A, In) {X }  i s  a  homomorphie im age  o f (k [ [Y ] ] ,  (Y ) )  {X }  in
fa c t , if  A = k [ [Y ] ]/ 2 ,  then  A X } = k [[Y ]] {X} /2 { X }  , w h e r e  {X }
= the se t o f restricted pow er series w ith  coefficients in 2.

H ence w e can  assume that A = k [ [ Y ] ] .  B y lem m a 6  w e have:
k[[Y  ]] {X } = k [X ] EYE = excellent ring by theorem  4.
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