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§1. Introduction and main theorems

In this paper we shall discuss on the initial value problem of the
fundamental system of differential equations for compressible viscous
isotropic Newtonian fluid, especially setting more weight on the problem
of the uniqueness of the solution. The system to be treated is as
follows:

(r.n! %f+divpv=0,

o I I A+ . |
2 — i v ot EvTEp., — .
(r.1) Fr =f—(v-F)v 5 Pp++--Av+ 4 dlvv+p(7,u Pv

I divo -
+—Fo )V o+ Vi,
p( V) p P U
a0 K 1 Y((Pv) dive
3 |9V = + (k)70 + - 0—(p.
(L.1) o pC, A0 pCy (Fx)-r0 pCy pCy Po-0—(0-F)0,

(p, density >0; v, velocity vector; u, fi, viscosity coefficients <ﬁ+ %"# 20, u> O);

p, pressure>0; 0, absolute temperature>0; C,, specific heat at constant
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volume; x, heat conductivity; ¥, dissipation function= j(divv)? +%eu-

euéO(eU=3i—ivj+£;v,~>; the space is of 3 dimensions).

Notations. For an index vector m=(m,, m,, m3) (m;'s, nonnegative
integers), xe R3,1eR', and r (nonnegative integer), x| and D;D7 are
conventionally defined and |m|=m,+m,+m;. For a nonnegative
integer n and «e(0, 1), H** is a Banach space of scalar functions
defined on R3=R3x[0, T] (Te(0, + o)) such that

(12 HpE = 0z U fles S DDy

n
+ % DD+ 3 [ DIDRSfISr <+ oo},
2r+|m|=0Vn—1 2r+|m|=n
where
[f15= sup_ |f(x, D],
(x,1)eRT
|f|(z“42)5 sup If(xi t)—’fl()/fz, t)|
’ = t—t'|* ’
(x,0),(x,t")eR}
(1.3) i
|f|(a)r= Sup l_f(;x’ t)_/f(x,s t_)_l_
x, T — — —y' | *
(x,0,(x",DERD. |x xl
(x%x")
(1.4) A1 = 1 A1+ 111852

H"+*(n, nonnegative integer; ae(0, 1)) is a Banach space of scalar
functions defined on R3 such that

(15 HE = (u(: ul = S Dl 8 Dzl

<+ o},

where

Julx) —u(x)|

, (0) — (2) =
(1.5) lu] _iggjlu(x)l,lul =S x=x [

(xx")



Initial value problem 415

For a nonnegative integer n and ae(0, 1),

Bytr={w(x,n): 3 |DDwwl|{®+ 3 |DIDww|

r+|m|=0 r+|mj=n

< + 0},
(1.6)

Bi={w(x, 1): Z" | DD | 490 < + 00, DED™ w(r+ |m|

r+|m|=0

<n)are continuous}.

For a vector function g(x, t)=(g,)%-,, g€ H}** implies g;e H}** (i=1,...,
k) and |g|{® denotes Yk ,|g:%°, etc. For the Holder exponent a=1,
notations such as |g|{4} are used.

( 2 ( : (af
<v>'= 3 Dl + X D%,

fm|=0 |m|=0
(1.7)
‘<o>= 3 {| Dl Eh+ | Dol A2}
|m|=2
(1.8) 2,,=(0, a*)x (0, +00) (0<a*=const. £ +0).

For n=0, 1, 2,...,
HifH(2,0)={q(p, 0): q is defined on 2,, n times
(1.9) partially differentiable there, and all its derivatives of

the n-th order are locally Lipschitz-continuous there}.

(1.10)

,P<Dx;_'<_, , >=_'€_ ) )
2C, a, b pCVA+(a F)y+b

Remark. According to our definition, R3 is not defined for T=0,
nor are Hiyte, |h|{n+e) etc,

Theorem 1 (existence). We assume that
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u ik, pellli(2,,), Cpe HY (D, ,), fe H3 (for an
(1.10)
arbitrary Te (0, + 00), a (0, 1)).

Then, under the initial condition
v(x, 0)=vy(x) e H2**, O(x, 0)=0y(x) € H2** (0< B, =
(1.11) inf0y), p(x, 0)=po(x)e H'** (0< po=infpy < py <
Po=1pol‘® <a*),
Jor some Te(0, +0), there exists a solution (v, 0, p)e H3**x H2*e

x B}*e satisfying (1.1)~(1.11).

Proof. Essentially, we have only to take procedures analogous to
those in [5], [6]-corrig. and add. to [5] (also, cf. [7]). Q.E.D.

Theorem 2 (uniqueness). Under the assumptions that

1N .ﬂ* K, D€ leo+cL(9p,0)’ Cl’ € HllotL(gp,O); fE B'II"
(1.12)
felii LAl < + o0,

if (v,0,p)eH}** x [(H}**x B}**) n {(0, p): 0<inf0, 0 < p £ |p| {9 <a*}]
satisfies (1.1)=(1.11), then (v, 0, p) is unique in the above convex set.
(The proof is to be made in the following sections.)

§2. Characteristic mapping, etc

For v=(v, vy, v3)e H3** (Te (0, + ), 2 €(0, 1)), we consider a sys-
tem of ordinary differential equations

7}—2”(1; x, t)=v(X,(t;x,1), 1),
(2.1) T

x(t; x, )=x, ((x,NeRF, O0=ZLt=T).

By the assumption that ve H2*%, we have a unique solution curve pass-
ing (x, 1) that satisfies (2.1). If we put

(2.2) x8(x, N=x,0; x, 1),
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then it is obvious that the transformation (x, )=(x§(x, 1), to=1) is a
one-to-one mapping from R} onto R3}. We denote the inverse trans-
formation by (x°(x§, tg), 1=1,) and name (x§,t,) the v-characteristic
co-ordinates after (1.1)’. Henceforth, for simplicity, we often omit
the superfix or suffix ‘v’ unless misunderstanding arises. For an arbitra-
ry function g(x, 1)((x, 1) € R}), we define

(2.3) G(Xo, 1o)=g(x"(xq, tg), t=1g).
Lemma 2.1. If v and ge H3**, then §,e H3*,

Proof. First, |§|{®’=1g1{*’. We remark that

0xo; 0xj _
24 Ox; 0Oxg, =i
From the fact that gfi—(‘t; x, 1) (i, j=1, 2, 3) satisfy
i
a4 0x; . _ 0o o 0%, ..

J a7 ox, (U RO g R x D, DG D,
(2.5) (

1 (e x,0)=8,; (1, j=1,2,3:0ST<T),

Xj

it follows that

j“ divo(®(r;x,1),1)de
e Jo

F(xo, x)=det (—aax;‘l"—(x, t)>=

J

)

(2.6)

d 0%,
(N. B.: a’;f” (x, t)=?§l+(0: x,1), F(x, x0) F(xg, x)= l)-

j

Thus, by (2.4), (2.6), and the equality

04, _ ox, g
axO‘ (xO’ to)— ain axk (x, 1),
we have
A (0)
2.7) %‘% S6.TI [P gl < 4 a0, (1=1,2,3).
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(2.8) L9029, 0’xy 09 | O0x; 0Ox, 0%
- ainaxOJ ainaXOj ax, 6XO,' axo_, 5x,,,6x,’

_d___a__zf" (T;x,1)= 620,- a)?k 2’?1" _QDL _a_sz_

dt ox,0x; 7’ 0x,0x, Ox; 0x, 0x, 0x,0x;’
(2.8) |

PXi (. =

axlaxj(ta X, t)—()a

Next, from the relations that
we have

2 A 0
0%,

)
m <+w,(l,]=l,2,3).

T

After similar calculations, we obtain the conclusion that §,e H3*=
Q.E.D.

It is to be noted that (2.1) implies
d _
(2.9) 27 X(x0, 1) =0(x0, 1), X(x0, 0) =X,.

Thus, x(x,, t,) is expressed in such a way that

(2.10) x=x0+g;oﬁ(xo, e,
Hence,
6x,. _ to—a& 6_x_A
m_aij SO ax0j (xq, T)dT, ot =9,
(2.10)’
0tx;, _ (" 8%,
aijaka_So axojax()k(x09 T)dT.

Lemma 2.2. The mapping Fv=0, from H3** into itself, which
we call the characteristic mapping, is one-to-one.

Proof. Let Fv=%v*, i.e., b,=0%. Then,

v(x(xq, 1o)s 10) =V*(x""(Xq, to), to) -
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Moreover, it holds, by x/(t; x4, 0)=x"(xg, T) and x,.(7; Xo, 0)=x""(x,,
1), that

%-x”(xo, 1) =0(x"(xg, 7), T)=0,(xg, T),x"(Xxg, 0)=xg;

(2.11) d . . . .
47 X" (Xo, ) =0¥(x"" (X, T), T) =0f(x0, T), X" (X, 0)

=x0.

Therefore, we have
%(x"(xo, 1) — x""(xg, 7)) =0, (x*—x"") (x4, 0)=0.

Hence, x%(xq, T)=x""(xg, T) and v(x¥(xo, 7), T)=0*(x"(xy, 7), T) for an

arbitrary (xo, t)€ R3. This shows that v(x, 1)=0v*(x, f). Q.E.D.

Under the assumption (1.10), let (v, 0, p)e #4=H2**x H3** x B}*+*
satisfy (1.1)-(1.11).  Then, (8, 0., p,)(xo, to)(€ #%, since p, obviously
belongs to BJ*e) satisfies the following system of equations and initial
condition, which are expressions of (1.1)-(1.11) in the wv-characteristic

co-ordinates: (‘;E( 630,- ))

Po=po(x0)* F(x, x0)~ ",

b - 5L u(p,0) (ut+i)(p, 0)>A
5t (ox to) = P(PxpoP s ML), (LRI C) )

+f(x0+g;°t‘>(x0, t)dt, to>+—lﬁ-(7x0,~-l;,y- onj-l?j)v

on,-ﬁ
F)

+’%Vx0;-ﬁi3k-(7x0jf7ju)k + it Viij-ﬁji),'

—%VXOV‘;:P(@ 0),

aé ’ ( & K Vx "ﬁ'x
(X0, 20)="P( VP x¢;-F ;5 57—, —=2L 1,
610( (V] 0) [1] i pCV pcy
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Viij-ﬁjﬁi )(‘} (Vin'ﬁ,‘ﬁ)
— - + Py ,
pCy ,Do' pCy

(0, 0, p)(x0, 0)=(g, Oy, po) € H2+* x H2+* x H1+a,

where we note that Fx, is to be expressed in terms of 6—0’:—"— (cf. (2.4),
0

(2.10), (2.10)'). Now, besides, let (v*, 0* p*)e s satisty J(I.l)—(l.ll).
Then, the system of equations and initial condition that (b%, 0%,
p¥)e sy satisfies are in form quite the same with (2.12). By Lemma
2.2, in order to show that ¥ =(v, 0, p)=¥"*=(v*, 0*, p*), it suffices to
demonstrate that ¥ = (b,, 0,, p,) =% *=(b%, 0%, p%). We avail our-

selves of the fact that each of ¥ and ¥* is a solution with inde-
pendent variables x, and t, that belongs to s#%.

§3. Conclusion of the proof of the uniqueness

Hereafter, we replace the assumption (1.10) by (1.12) and, moreover,
assume that inff, inf0*>0 and [p|{°, |p*|{®’<a*. Since p, and p*
are expressed in terms of O, and %, respectively, our problem reduces
to showing that (d,, 0,)=(0%, %). From now on, we denote g,
and g% (g=v,0, or p) simply by § and g* respectively. (U, @)
=(0—0* 0—0*) e H3**x H2*= satisfies the following relations:

,g‘)g_(xo, ty) = P<Vx;;,..l9,-; n(p, (), (l‘i!fl(!’;@.)y(xo, to)
0t P

>

A

P3P iz )= PO ik f(x0+( "0x0, D1, 1)
+..._%7x3i.'ﬁ,.p(p, O)JI_W_.W], (cf. (2.12))
(3.1) EP[Y;]_U+N,["/;‘,‘/>*],
09 — v - . ’ v - .
-67_(x0, to)—- P(VXO,"V,', "')O+{ P(VXOI"VI’ .“)
0

, : (P xy;.F ) ]
— Sk Bl S ARAd L SLAN A — [y sy*
PV —»¥ )}0+[ 5.Co(5.0) i [ In
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='P[¥)0+N,[¥, ¥"*],
(U’ 9)(X05 O)=(03 O)w

where ‘¥ —>¥* denotes the replacement of v, §, and p by v* 0% and
p*, respectively.

Lemma 3.1. P["/;‘]—ag- and /P[n/}]_()(t) in (3.1) as linear
0 0

operators are, respectively, uniformly parabolic in Petrowsky's sense.

Proof. We put J,k=%¥”‘— and J=(J,). Let P, be the principal
X

part of P[Y;‘]. Then, from
dCl(PO(JIkiék)_/“)=0 (ée R3)

it follows that

[ A= —(.I,,‘,‘Z‘,‘,)Z&f;ﬁ-‘ﬂ (double roots),

(3.2) { A

1 - (J:kfk)zr—zfiﬂ%’i‘—é—) (2/1 +iz %ﬂ)
We note that (J,&)%=E&(J.J)E (J', transposc matrix of J, etc.) and
that J'-J is a symmetric real matrix, thus, its eigenvalues being real.
By virtue of the above fact, the relation (2.6), detJ= _¢(x§, x), ve H3*2,
and the continuous dependency of the eigenvalues of J'*J on its elements
as independent variables, we have

(3.3) max Rei,< —C(T; u)-%’lmz (<0, if and only if || %0),

where C(T;v) is a positive constant depending only upon T and v.
A similar discussion is also made as to ’P[V;']—éi—. Q.E.D.
0

We shall estimate, for N, and N, in (3.1), [IN(xq, to)l and
[N (xo, to)lI§2) (O< Ty <T). First, we have inequalitics
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fo
(3.4) |f<XO+So D(xg, T)d1, to>—f<xo+3 D*(xo, 1)d7, t0>l
SILIIUNS Ty (021, Ty),
Hf<x0+ S;Dl‘)(xo, 1)dz, lo>—f<xo +S;Dz‘)*(xo, 1)dr, to>}

—{Xo = Xo} | =111 [ S QULIOIUIG - Ty x

17@_~ y Io\l _ - a
X |goa/1 {.f(-"m‘"&o i(xgy 1)dT, to) S0 )}di‘
STo- BILNO + | fel I+ D1 T} UL + [ PU|L)
Xlxo“xb|a,

where xg;=Axo+ (1 —A)x;. In the same way, for arbitrary t, and ¢
€ [0, Tol,

35) {0+ 00, D, 10) ~f6-209) ~ {16013}

SBIANO+ 10180 | fel M To+ | fil - To} T2
X UL to — tp]*/2.

Thus, we have

(3.6) || f<x0+g;°i)(xo, 7)dr, x0>- f(b0%) (T)

SK(Tos Lls®, LI 1AIS 1815+ (P85 (UIS) +
+IPUIY)  (0<T,<T),

where K(Ty;..) is defined on [0, T] and K (To)\\K,;(0)=0 as T,\,0.
Next, it holds that

(3.7)  1h(xo, to)— P*(x0, o)l =polxo)| F(x", x0)™" = F(x7, xo)| ™"

<|p0'(0)[e7(|lle’+|lv*|(m) 2{|+T(|Vv|‘°’ | *l o)}
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x ToLalP UISS) = 1pol®) - K(TIF UISS),
where K,(Ty)=[-+14(0<Ty<T) and K,(0)=0. Moreover, we have
(3.8)  [{A(xq, 10)— Pp*(Xo, 1o)} — {Xo—x0}

A 1 A A a
<(2po 1. Kz(ToHVU|(T%))1_G{SOIVﬁ_Vﬁ*l(xo’l’ (o) d2|

x v = ¥ol#S ()15 [{Ppor g0, o)t L L Xl

— {o-0¥)

'(:)T'|x0—x’oi“§K3(T0)(|I9U|‘T‘f,’+IﬁﬁUﬁlf,ﬂ’,’)
X[xg=xpl*,  (0<To=T),

wher K;(T,)\\K3(0)=0as Ty\,0. Similarly. we have

(3.8)' [{P(x0, t0)} — P*(x0, 1)} —{to=to} | Slto— 5] K5(To)

X [FU| 49, (0=tg, ty S To<T).

Remark. In (3.4) to (3.8)", the following inequality has been used:
(3.8)" A'B'"" <A+ B, (4, B20, y€(0, 1)).

It is the most burdensome to obtain estimates for II;(ng—VxS')I‘T“J
and Iﬁﬁ—ﬁﬁ* %), which appear, for example, in estimating |(P[¥"]
—P[¥*Dol® and |Px8;-Fp(p, 0)—Fx5:-F ip, (B, 0*) |4, respectively.
The estimation of

(3.9) (F(p—p*) (X0 o)} —{xo=x0},  {) —{to—1p)
reduces to estimating

([ Fi(x0, to: Xp, 10)={F po (F(x*(xo, 1), Xo)™ ! — F(v—v*)" 1)},
—{xo= X0} 1 Fi(-1 Xou fo)={+}; = {to= 10},

(31.0) )
Fy(xg, 195 Xo, 1o)=1{po V(£ (x(xg, 1o), Xo)~ ' — F(v—v*)"1},

—{Xo= X0}z F2(-+3 X, 1o)= {2 = {tg— 102
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The procedures of estimating F (X, to: Xo, to) and F, (- xq, 1y) are
such as in (3.8) and (3.8). The estimation of F,(xq, tg; Xp, tp) IS

reduced to have estimates for {S'oﬁ,ﬁj(ﬁ—ﬁ*)(xo, r)dt} —{x¢—= X} 3.
0 3

{-}s—{xo—>x0}s| = Tol ﬁiﬁngf.)ro' lxo—x0l%,
(3.11) - -

(N.B.: IVVUI(ﬁ))gl DI‘“’+| I(“’<+OO)
Finally, we have
(3.12) [Fa(-5 X0, to)lglxo—xé)l“-K4(T0)(II9U|‘°'+|VVU|‘°’

+HIPP UL,

where K (T,)\\K4(0)=0 as T,\,0. Similarly,
(3.13) [Fy(xo, 1o Xo, ! o)|<l’0“"o|a/2K4(T0)(|VU|(O)

+|VVU|‘°’

where K,(To)\K4(0)=0 as Ty\,0. The estimation of {ﬁ(ng—ﬁxg*)l‘T“o’
is almost similar to that of IVp Vp*l‘“’ Besides, we utilize, for
example, the following inequalities:

(3.14)  1Cu(p, )= Cyl(p*, B S(ICy l oo +1Cr ol ap) (15— ¥ +
+10-0%),
I(Cul(p. B)— Cy(p*, 6%)) (x0, 1o) = (++) (X, 1o)]
<lxo=%ol{ 1{Cy.p (5. OF p+ Coalp, D70}~ (77} (o
to)d7,

where 2,=[infp A infp*, [p|5? Vv |p*|5?’] x [inf 6 A inf6*, |8]5°) v |0*]4°]

and |Cy,lz,= max |Cy(p, Dl(c=p or 0). Thus, we have:
(p,0)€20

Lemma 3.2.
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(3.15) [N 9 S K(Tp) <U> + K(To) (< U >+ 0] 5L+,
IN[15%) < K(To) (< U> )+ [0155), (0<T,<T;
RN = 1h15S +1h1%)

where K(Tp)\.K(0)=0, K(Ty)\\K(0)>0, and 'K(Ty)\,'K(0)>0, as T,\,0.
(N.B.: according to our definition, <U>{%_,, etc., are not defined,
but K(T,), etc., arc defined for Ty=0.)

Since the coefficients in P[‘/A/']—B(Z— and ’PU}]_B?_ belong to

0 0
% and Lemma 3.1 holds, we can construct by means of the theory
of systems of linear equations the fundament solutionals [ and '[

corresponding  to P[?]——a(;' and ’P[“/}]—B? , respectively. Fur-
0 0

thermore, Lemma 3.1 guarantees the uniqueness of the solutions u

and w in H#** of the systems of linear equations

/ <P[1}] —~Q—>u(.x0, to))=geH%, u(x,y, 0)=uy e H?*2,
dty
(3.16)

] (P[?] — B%))w(x(,, ty)=he H}, w(x,, 0)=wqoe H2*2,

Thus, we can cxpress U and @ by availing ourselves of [ and ‘I
follows:

! to -
| Vo )= a0 P 10 G 20N tGon 70
(3.17)

fo -~ -
‘\ Oxa. 10)= | "dto | "Flxo. to: €. TN (s oo,

Remark. Let I' and 'I" be the fundamental solutions corresponding
to P(Dx)—(v‘V)——aa»i— and ’P(Dx)—(v'V)——gt—, respectively. Then, it
holds that

I'(xg, 1o Cos To)=T(X"(Xq 1o), t=1tg: E=x"(Ep. Ty), T=T() X

(3.18) < (&, 1)

| a(%o» T())
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P . = (. 9 D)
| [(xg, ty: &g, 10)="T( )'5(50, )
The above fact is related with the uniqueness of the solutions in H#*®
of (3.16).
We can estimate U and @ on the basis of (3.17) in a way analo-
gous to that in [5], [6]. Thus, we have:

Lemma 3.3.

(3.19) <U>P¥ SCUTHR(TH)(<U> +[0]4 L")

To =

+C(TH)K(Ty) '<U>Y),
10154 < 'C(To) K(To) (< U > + 0] 5,+),

"<U>'W S CUTYK(Ty) ' <U>E +C (TYR(Ty) (<U> ' +

To =
+l0]r),  (0<T,=T),

where C,(Ty), 'C{(To)N\NC,(0)="C,(0)=0 and C(Ty)NC(0)>0, as T,
\O.

By Lemma 3.3, for a sufficiently small value of T, € (0, T], it holds
that '

| | —C(Ty)K(Ty)>0,
1
<Uss. C(To)K(T,)

(a) (1+a)
C(TO)K(T0><<U> CIADE

(3.20)
| <U> R+ 101547 S {CUTOR(To)+'C (T K(Ty)
|

1 +C (To)K(To)C, (T K(Ty)
; 1—C,(Ty)-K(Ty)

} <<U>(a)+ ”@”(Ha))

Therefore, by the property of {---},. for a sufficiently small value T,
of Tye(0, T],

O0={Ju(T)<l.
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Thus, <U>®@+[0]¢*=0, i.e, (U, O)(xo, to)=(0,0) (0=1, T, =T).
Hereafter, it remains only to make a finite number of repetitions of
the same procedure. Finally, Theorem 2 has been proved.

We add that, under (1.12) with the condition on f replaced by
fe H%, it is known only that the uniqueness of the solution of (I.1)-
(1.11) holds in the convex set #%n{(v, 0, p): Dyt < oo (Im|=3),
inf0>0, [p|y® <a*} (cf. [5]).

KOBE COLLEGE OF COMMERCE,
4-3-3, SEIRYODAI, TARUMI-KU,
KOBE

References

[1] 3itenenbman, C. 1., Tlapa6omiveckue cucremsl, (1964), Hayka.

[2] Friedman, A., Partial differential equations of parabolic type, (1964), Prentice
Hall.

(3] Teabgana, U. M., uT. E. lllunos, O6o6uiennsie Gynkuuu 111, Mocksa, 1958.

[4] Imai, 1., Fluid mechanics 1, (1975), Shokabd. (Japanese).

[5] Itaya, N.,, On the Cauchy problem for the system of fundamental cquations
describing the movement of compressible viscous fluid, Kodai Math. Sem.
Rep., 23, 1 (1971), 60-120.

|61 Itaya, N.,, A survey on the generalized Burgers’ equation with a pressure
model term, to appear in J. Math. Kyoto Univ.

[7] ltaya, N., On the fundamental system of equations for compressible viscous
fluid, to appear in Sagaku, Iwanami. (Japanese).

[8] Jlaasukenckasi, O. A., u ap., JluHeiiHble U KBa3uJHHeiiHble ypaBHeHHs! mapa6oJi-
uyeckoro THna, (1967), Hayka,

[9] Lamb, H.,, Hydrodynamics, 6th ed., (1932), Cambridge.

[10] Serrin, J., On the uniqueness of compressible fluid motions, Arch. Rat.
Mech. Anal., 3 (1959), 271-288.



