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Introduction.

Let f  b e an im m ersion  of a  m anifo ld  M  in to  the m-dimensional
Euclidean space R"'. Assume that f  is  n o n -d e g e n e ra te  (s e e  §  1 ).  In
h is p ap er [15] one of the au th o rs h as sh o w n  th at th ere  is  asso c ia ted
to  f  a linear differential operator L  in  a natural m anner, and th a t  it  is
equivalent, in a sense, to  the differential operator d O f o f  infinitesimal
isometric deformations o f f  ([15], Theorem  1 .2 ; T h e o re m  1. 1 in the
present paper). Especially the infinitesim al isom etric deform ations u

o f f  are in  a one-to-one correspondence w ith  the solutions yo of the
equation Lço -= 0 .  It should be here pointed out th a t th e  symbol of the
operator dO, necessarily degenerates, while th e  symbol o f th e  operator
L  does not necessarily degenerate. T h u s  w e  have the notion of ellip-
tic ity for the operator L .  T hese facts ind icate that the equation 4 = 0
plays an important r o le  in  th e  s tu d y  o f th e  rig id ity  p rob lem  for the
immersion f.

O wing the operator L , h e h as in deed  estab lish ed  a  g lo b a l rigid ity
theorem ([15], Theorem 2. 4) w h ic h  m a y  b e  s ta te d  as follows :  Let f o

be an immersion M--->R -  w h ich  satisfies the following conditions : 1 ) fo
is  e llip tic , i. e., f o is  non-degenerate and the associated equation 40=0
is elliptic ; 2 )  f o is  g lobally  in fin itesim ally  rigid, i. e., every  global solu-
tion of the equation 4 0 = 0  is  d e r iv ed  fro m  a n  infinitesimal Euclidean
transformation of R - ; 3 ) M  is  com pact. Then the theorem states that
if tw o imbeddings f  and f ':  M -+ R " ' lie  both near to  f o w ith  respect to
the 0 -to p o lo gy , a n d  i f  th ey  in d u ce  th e  sam e R iem annian m etric g,
then there is a unique Euclidean transformation a  o f R -  su ch  th a t f '=- -- af.
H e has also applied this theorem to the canonical isometric imbedding f o

of a compact hermitian sym m etric space, M= K/Ko , into th e  Euclidean
space fr --R - , f  b e in g  the Lie algebra o f  K , and has obtained a  rigid ity
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theorem  ([15 ], T heorem  3 . 5 ) fo r  th e  im bedd ings arround  f o , which
partially generalizes the fam ous theorem  o f  Cohn-Vossen.

The main purpose of the p resen t p ap er is  f irs t to  m ak e  a  general
and systematic study on the rigidity problem  fo r  isometric imbeddings,
b a se d  o n  th e  operato rs L ,  and second to  e s tab lish  ac tu a l r ig id ity
theorems (analogous to the second th eo rem  c ited  ab o ve) f o r  som e of
the canonical isometric imbeddings of the so called symmetric R spaces
into Euclidean spaces.

Corresponding to the global rigidity theorem  m entioned above, we
prove, in the present paper, a  loca l rig id ity theorem  (T heorem  2 . 8 ),
which we shall explain from  now on . L e t u s  first introduce the notion
for an im m ersion of b e in g  f in ite  (see  §  2 ) : An immersion f :  M — > R'"
is  o f completely finite typ e  if f  is n o n -d eg en e ra te  and if the second
prolongation V  of the symbol 1) o f th e  equation 40= 0  i s  minimal in
a sense. Now le t f o b e  an immersion M—*R'". A s su m e  th a t f o i s  of
completely finite type and th at M  is connected . T hen the local rigid ity
theorem  asserts that i f  tw o immersions f  and f ':  M . - -> R " l ie  both near
to  f o w i t h  respect t o  th e  0-to p o lo gy  a n d  i f  th e y  in d u c e  th e  same
Riemannian metric g ,  th en  there  is  a unique Euclidean transformation
a  of such that f '= a f .

Now the symmetric R  spaces form  a  class of compact Riemannian
sym m etric  sp aces, w h ich  a re  associated  w ith  the sim ple grad ed  Lie
algebras o f  th e  first k ind , g  = go+  [11 (see [12] and § 3). I t  is
known that every symmetric R  space M  can be canonically isom etrical-
ly im bedded into a  E uclidean  space . It is  a lso  know n  that th e irredu-
cible herm itian sym m etric spaces of compact type as w e ll as  th e  real
Grassmann manifolds belong to  th is class. F irst o f  a l l  w e  show that
the canonical isom etric im bedding f  o f a n  irreducible herm itian sym -
m etric  sp ace  of compact type, M , is  o f  com pletely fin ite type except
th a t  M  i s  a  com plex projective space (T heorem  3 . 7 ). T h is  is a
refinem ent o f [ 1 5 ] ,  T h eo rem  3 . 5  c ited  ab o v e . A s  fo r  th e  canonical
isom etric im bedding f  of the real Grassmann manifold G ( R )

w e  p ro v e  th e fo llo w in g  fac ts  : (1 ) If th en  f  i s  o f  completely
fin ite type (Theorem  4. 1), and ( 2 )  if P 2 and q 3, then f  is ellip tic,
o f  in fin ite  type, and globally infin itesim ally rig id  (T heorem s 3 . 8  and
7 . 1 2 ) . Note th at i f  p=1, th e n  f  is g lobally  deform ab le. A ccord ingly
th e  rig id ity  p ro b lem  fo r th e  canonical im bedding o f  a  sym m etric R
space considerably depends on  th e  (group-theoretic) structure of the
individual space.

In  §  1  w e  f ir s t  r e c a ll th e  defin ition o f th e  operator L , and then
study the symbol of the equation Lço=O together with its prolongations
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b( `) . I n  § 2  w e  p ro v e  th e  lo ca l r ig id ity  th e o re m . I n  §  3  w e prove
T heorem s 3 . 7  an d  3 . 8  after som e general considerations o n  a  sym-
m etric R  sp ace . §  4  is  d ev o ted  to  th e  proof o f  Theorem  4. 1, which
m ak es  u se o f th e  root system  associated w ith the s im p le L ie  algebra

R ).
§ 7  a re  d evo ted  to  th e  s tu d y  of the global solutions of the

e q u a tio n  4 = 0 , a s so c ia te d  w ith  th e  canonical isom etric im bedding f
o f a  sym m etric R  sp ace  M .  I n  § 5 w e  g iv e  a  sufficient condition for
f  to  b e  g lo b a lly  in fin ites im ally  rigid , w h ich  is  d e sc r ib ed  in  te rm s of
the eigenvalues o f  th e  L ap lac ian  4  on  M  (Proposition 5. 10). §  6  is
prelim inalry to  th e  subsequent section, § 7, and in th is  la s t section we
prove Theorem 7. 12 by the application of Proposition 5. 10.

F inally  in Appendix we study the non-linear d ifferential equation of
isometric imbeddings, and give another proof of the theorem  o f Janet-
Cartan on the possibility fo r  locally isom etric im beddings o f Riemannian
m e tr ic s . (A  study in the sam e line can  be found in  th e  recent paper
of G a s q u i  [ 5 ] . )  T h ro ugh  the discussions h e re  w e  fu r th e r  f in d  the
close relation betw een  the l in e a r  e q u a t io n  4 0 = 0  a n d  th e  non-linear
equation o f isometric imbeddings.

§1. The linear differential equation 4 )= 0 .

1.1. The differential operator L. L e t  M  b e  an  n - dimensional
differentiable m anifold . T (M )  or simply T denotes the tangent bundle
o f M , and T *  its  dual. SkT* (resp . A k T * )  denotes the k - th  symmetric
product (resp . the k -th  exterior product) o f T*.

Let r (M ,  m ) denote the set of all d ifferen tiab le m aps o f M  to  the
m-dimensional Euclidean space and Jr (M , m) the subset of r (M , m)
composed o f a l l  immersions of M  into I r .  For u E r  ( M ,  m )  we define
a cross section 0 (u ) o f S2 T *  by

(u) --= <d u , d u> ,

w h ere  < , >  stands for the inner product a s  a  Euclidean vector space.
I f  f  ( M ,  m ) , th e n  g = 0 ( f )  i s  a  R iem ann ian  m etric  on  M , which
is ca lled  induced from the immersion f .  Conversely given a  Rimannian
m etr ic  g  o n  M , an immersion f  E  f  ( M ,  m )  i s  c a l le d  a n  isom etric
im m ersion of the Riem annian manifold (M, g )  into the Euclidean space
R -  i f  i t  is  a solution of the equation 0(u) =g.

The assignm ent u -4 i (u )  gives a  non-linear d ifferen tia l operator 0
o f r (M ,  m ) to  r (s, T .). Let f E  f  (M ,  m ) .  As usual c/Of  denotes the
linearization  o f  0  a t  f ,  w h ic h  is  th e  lin ear d iffe ren tia l o p era to r of
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(M , m ) to  r(s2T*) given by

dOf , (u) 2<df, du> for a ll nE r (m, m).

A solution u  of the equation d0,-(u )=0 is called  an infinitesimal isomet-
ric deformation o f f.

W e denote by N  the normal bundle of the immersion f ,  which may
b e  regard ed  a s  a  subbundle of the trivial bund le M x R'. L e t  17  b e
the covariant differentiation associated w ith  th e  induced R iem annian
m etric g = 0 ( f ) .  I t is  w e ll k n o w n  th a t, fo r  an y  x, yE T „  the second
covariant derivative 17)7,,f i s  in the fibre N , o f N  at P.

Definition (c f. [1 5 ] ) .  W e say th at the immersion f  i s  non-degen-
erate if th e  fib re  Np o f N  at each  P E M  is  spanned  by the vectors of
the form 17)7,f, x, yE T„

For vE N „ w e define a  sym m etric bilinear form  0 (v )  on Tp by

(v) (x , y) = <v, 17f f  > for a ll x , y E T p ,

w hich  is usually called  the second fundamental form o f  f  corresponding
to the normal vector v. I t  i s  c le a r  th a t  f  is  non -degenerate  if and
only if the bundle homomorphism 0: N 3v— >e(v )E S 2 T *  i s  injective.

N ow  assume that f  is  n o n -d e g e n e ra te . T h e n  the image u = & (N )
of N  b y  e forms a  subbundle of S2 T * , w h ich  w ill b e  ca lled  the bundle
of second fundamental forms o f f.

W e define a  differential operator D  o f 1 " (T * ) to  r (S 2T * ) by

(DO (x, y)= (I 7 ( y )  +  y ço)(x) for a ll wE r ( T * )  and x, yE T „

L e t H  denote the projection of S2 T *  onto the quotient bundle S2 T*/n.
Then the composition L = H o D  of H  and D  gives a  differential operator
of [ '

( T * )  t o  T (S 2 T* /n).
The next theorem  which is fundam ental in o ur arguments indicates

that the two operators c/Of  and L  are equivalent in a sense.

Theorem 1. 1 ([15], Theorem  1. 2). L e t a G r  (S 2 T * ) .  Then there is
a  natural one-to-one correspondence between the set o f so lu tions u  o f
the equation clO f (u )=  a  and the set of solutions (p  o f  th e  equation Lço=
Ha. Furthermore the two solutions u and ço are related as follows :

go=  < u , d f>

1u = V f 0 - 1  (Dgo— a),
2
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where V is th e  vector f ie ld  d ua l to  ço w ith  respect to  th e  Riemannian
metric g=  0  ( f) .

1. 2. T h e  differential equation R  and its  prolongations. Let
f  "  (ILI, m ) .  W e denote by Jk  (T * ) th e  vector bundle o f  a ll k-jets
of local cross sections of

 T * ,
 a n d  denote by f$__, the projection of

Jk (T * ) onto ( T * ) .  A s  is well known, th e  vector bundle SkT*OT*
may be regarded a s  a  subbundle o f  J k (T * )  and w e  have the exact
sequence :

0—>SkT*OT* (T*)—>.P - '(T*)—>0.

Now assume that f  is non-degenerate and consider the associated
operator L :  ( T * )-÷ r (S 2 T* /11). The equation 40=-0 may be represent-
ed as usual by th e  subvariety R=  U R,, of .P (T * ) ,  where

p E M

Rp= {L49 1 io e  r  ( T * ) ,  (4 )=o1
The intersection l) = R  n (T * O T * )  o r th e  kernel of the map pio : R--÷

T *  is usually called the symbol of the equation R.
The assignment 4y0—>ç 0 p+ (V ço) gives an isomorphism o f .P (T * )  onto

T * + T * O T * , by which we identify these two vector bundles. Then
R p =  tç + (17 ço) „I çaE r (T * ) , (D ço ) rt} . Therefore R  an d  b  may be
described respectively as follows:

R = T *  (n+ A2 T *),

n+ / V T * .

We now define the l - t h  prolongation R ( ' ) o f th e  equation R  by

R(') = J' (R) n,P+ 1 ( T*)

and define the l - t h  prolongation bu) of the symbol b  to  b e  th e  kernel
o f  t h e  m a p  p

1:  R (/ ),R (r--o :=  (s,+i r ko T * )  n  Ru). N ote  that 11( ')

depends only on I), or more precisely,

b( i) = ST*01) nS' -"T*(1)T*.

O u r task from  now on is to study the prolongations R ( ' ) and
For this purpose we first make a  consideration on the special solutions
çoA of the equation R  coming from the infinitesimal Euclidean transfor-
mations A  o f R"'.

L e t  E  (m ) b e  th e  Euclidean transformation group of and e(m)
its  L ie  algebra. L e t  o (m ) b e  th e  L ie  algebra o f  skew symmetric
matrices of degree m .  Every element A  o f  e(m ) may be represented
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0  0
by a  m atrix A  o f degree m +  1  of the form : or by a m ap R - B x

—43xd-c R '", where c e i r ,  B e n ( m ) .
For A E e (m ) w e define a  1-form soA on M  by

SDA  "== <A f ,  d f > ,

giv ing a solution of the equation 4 9 = 0  or o f R .  It is  k n o w n  th a t the
m ap A—>çnA i s  in jective (se e  [151). For P E M  w e d efin e  a  subspace
Wp  o f  .»+1 (T * ) , by

1R,= ti,± 1WA I A E e(m )} , —1,

ip 125and  denote by b̀ p the kernel of the (surjective) m ap p R _ R - 1 .  soAli +
b e in g  solutions of R , w e have R c / Vpi) and bpi cIV ).

These being prepared, w e shall now  prove the following

1Proposition 1 .2 . d i m  R --= n , dim  Vp=r+ 
 2  

n  ( n - 1 ) ,  d im  bip = nr,

dim = -1 r ( r - 1 )  a n d 0 for where r=m — n.
P2

If aE E ( m ) , the tw o immersions f  and a f  induce th e  same Rieman-
n ia n  m e tr ic  g ,  th e  sam e bundle n  of second fundam ental form s and
hence th e  sam e operator L .  C onsequently w e m ay assume that (p )

=0, f T = R e 1 and Np =  2  Re i ,  w h ere  (el ,—  ,  e j  denotes the canon-

ica l b asis of the Euclidean vector space I r .
T h is  b e in g  sa id , ev e ry  A e ( m )  m ay  b e  rep re sen ted  b y  a  matrix

o f degree nt+  1  of the form :

0 0 0

c _ ,  Bo — 13 1

B, By

w here c_ , E R ", co E R ', B o o (n ) , B ,E 0 (r)  and B , is  an r x  n  matrix.
A  s im p le  calculation proves the following

Lemma 1.3. L e t  A E e (m ) a n d  x , y ,  z,

(1) g9A (x)=<c_„ 17 „f >.

(2) (17,40A ) ( x ) = < B 0 ( F , f ) ,  1 > +  <co, r i f  > .

(3) ( F  ADA) (x)= —  <V V  f, B,(1 7  f )>+ <B , (1  7  f ) ,  V,>
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+ <A ( ,, f), 17 1 ,f >+ <c _ i + co, 17 I ,F ,f> .

(4) I f  c,=  co = Bo = B,= 0, then

(P" 1 ,,yoA) (x) = <B, (17 f ), 1 >+ <B, (I 7 ,„1 )  ,  f  „I f >

<B ,(I ,,f ) , V f  f > .

Now Proposition 1 .2 follows immediately from the following

Lemma 1.4. L e t  A E e (m).

(1) = 0 if and only if  c_i = O.

(2) PA° = 0 if and  on ly  if c,=  co = B0 =0.

(3) = 0 i f  and on ly  if c„= co = Bo = Bi = O.

(4) j'ADA-= 0 i f  and on ly  if A =0.

Th is  fact fo llow s easily  from  L em m a 1 . 3 . W e  o n ly  r e m a rk  th a t

i ipS0 A =0 if and only i f  (F: k.- 217 çoA )p=0 for all
W e  put R '=  U 1V ,, and bt= u blp, w h ic h  a r e  v ec to r  b u n d le s  b y

p e M p E M

Proposition 1. 1.

Proposition 1 .5 .  R =- R ° and R ( 1 ) R '.

Proof. By Proposition 1 .2  w e have dim R° = n+ r+ 2
1 n (n —  1) = dim R,

whence R =R °. S in ce  R= R°, the seq u en ce  0 -4 ( ' ) -->R( 1 ) --qZ-->0 is exact.
B y Proposition 1. 2, w e  have d im  b l= n r , a n d  w e  sh a ll p ro v e  in the
next paragraph  that d im  1) ( 1 ) = n r. T h ere fo re  1 ) 0 ) = 1 il and h en ce  R ( ')

=1 1 . Q E D.D.

C oro lla ry . B oth  th e  equations R  and  1'0) a re  vector bundles, and
the following two sequences are exact :

1)( ') R " ) 1? >0

-->b ( ' ) --> R ( 2 ) ---> R ( ')

(Note th at b") and h en ce  R(2) are not necessarily vector bundles.)

1. 3. The algebraic prolongations. L e t  V  b e  a n  n - dimensional
vector space over a fie ld  K  (o f characteristic ze ro ). In  th is paragraph
w e shall m ake a  general consideration on the prolongations 1)( `) o f th e
subspace 1)=  / \ 2 V * o f 0 2 V * ,  u  b e in g  a  subspace o f  S W * .  This
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le a d s  to  th e  s tu d y  of the prolongations I) ( "  o f  th e  sym bol t) of the
equation R ,  associated w ith  a non-degenerate immersionn f.

F o r  u G V an d  XGOW *, w e  d e n o te  b y  u  X  th e  e lem en ts  of
®l_1 V* d e f in e d  b y  (u J X)(141, zi1_1) = X (u , , u 1 _ 1 ) f o r  all
u1, u , _ ,  E  V. W e  have 0 2 V* = V*-I- A' V *  (d irect s u m ) . W e
denote by 77 the projection of CY V* onto S2 V*, and define a linear m ap
a : 03 v*  v *  OA' V* by

(D X ) (u , y ,  w ) , x ( y ,  u, w)—  x ( w ,  u , y )

fo r a l l  XGC) 3 V* and u, t), wE V.

For an y  in tege r 1  1 ,  w e define a linear m ap

7r, :CY+2 V* C)1 V*C)S2 V*

by 1107, and a linear m ap

:CY+2 V*-->CYV*CDA 2 V*

b y a, = 1,_10a, w here l k denotes the identity of O W * onto itself. C learly
w e have z i odi = 0 and

u it, (u 

▪ 

X),

u ia,,X =a,(u

▪

XE0+217*,

N ow  let n b e  a n  r-dimensional subspace o f  S W * . W e  d e f in e  a
subspace f) o f O W * by

1)=n+ A 2 V*

and denote by t)( "  its  l-th prolongation :

t)( ' ) = S' V*Ot) n si+iv.ov*, 1.

Note that 1)( ' ) = V*CDt) ) fl SzV*01) ( '- ", w here 1)( - ') = V*
us now define vector spaces p' (n ) (/ .. 1) as follows :

(n) =

P2 (10  sw.on n a;-1 ( s 2 v*CDA2 v*),

pi(n ) =SW*On n S 'V *(D P 2 (n),

Note that p i (n) = V* Opl - 1 (n) n ,s, V*Opi-2 (n),

Theorem 1. 6. For any th e  map

and 1)(°) = I). Let
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: cy+2v* cyv*os2 v*

induces an isomorphism of V )  onto p l ( r t ) ,  and the inverse of this isomor-
phism  is giv en by  the map

ot+2 v* B c y + 2 7*,

restricted to pl ( t ) .

In  particular w e know  from  th is theorem  that d im  1)( 1 ) =nr.

Proof  o f  T heorem  1. 6. F ir s t  o f  a l l  w e  a s s e r t  t h a t  t h e  m a p  7 1

in d uces a n  isomorphism of S2 V *(D  V * onto V *0  S 2 V* and t h a t  X =
r iX ± a r iX  for a l l  XES 2 V * ( )V * .  In d eed  le t  Y E  V*(DS 2 V * .  Putting
X =  Y+617 , w e have X (u , y, w) = Y(u, y ,  w )+  Y (v , u, w)— Y(zy, u, v)
for a ll u, v, wE V .  H e n c e  w e  e a s ily  f in d  th a t  10 . X E S 2 V*0 V * , 2°.
Y = 0  if  X = 0  a n d  3°. Y=-7r1 X .  These facts prove our assertion.

(1) T he case 1= 1. L et XES 2 V * Ø V * .  Then for a l l  uE V w e have
u  X = u j7r1 X+ u Ja7r,X. W e  have u in-,XES 2 V *  and u Ja7r,XEA 2 V*.
H ence XE/) ( 1 ) if  a n d  on ly if  7r,XE V*®n=Pi (T) . T h e re fo re  the m ap  7r,
induces a n  isomorphism o f 1)( 2 ) o n to  1, 1  (n ) a n d  X = 7r,X-1--a7r,X fo r  all

(2) T h e  c a se  1= 2. B y  (1 ) w e  s e e  th a t  th e  m ap  7r, induces an
isomorphism of V*Cpl) ( 2 ) o n to  V*(DP 1 (n ) and that X= 7r2 X+a,7r2 X  for all
XEV * O e .  L et XEV * C)e ) . Then for a ll u, vEV, we have v  u  X -=
v1uJir2X+v1uJ,ir2X. W e have v  u  7 r 2 X t t  and v  u  ag r,X  A2V*.
H ence XEl) ( 2 ) i f  a n d  o n ly  if 7r2 XES 2 V *O n  and 6gr 2 XES 2 V*C)A 2 V*,
i. e., 7r2 XEP 2 (n). Therefore the m ap r , induces an  isomorphism o f  b( 2 )

onto P2 (n) and  X=7r2 X+ agrzX for a ll  X 1 )( 2 ).
(3) The case  l 3. B y  (2 ) w e  s e e  th a t  th e  m a p  7r, in d uces an

isomorphism o f V*00 ( 2 ) o n to  v*C p2(11) and th a t X = 7r3 X+a,7r3 X  for all
XEV * Ob (2) . L et XEV * C)f) (2) . Then for a ll  u, vE V , w e have v  u  17,X

p1 (u) = V*C)rt and v j u  ja ,7 r ,X .a (v  u _j 2 r 3 X )  V * ( )A 2 V*. Hence
XEL) ( 3 ) if  a n d  only if  7r,X eS 2 V*(Dp' (n), e . ,  7r3 X  i,3 (r t). Therefore the
map 7r3 induces an isomorphism of V )  on to  p ( l )  and X=7r3 X + a r 3 X  for
a l l  XE1) ( 3 ) . In  th e  sam e way or prec ise ly  by  induction on the integer
1, w e can prove the theorem for

Q . E . D.

1. 4. In vo lu tive  immersions. W e  u se  th e  s a m e  notations as in
the previous p a ra g ra p h . L e t fe„ , en )
1,5___i n w e define a  subspace 1), of I  b y

{XEnl

b e  a  b a s is  o f  V.

= e, J X=0 }

F or each
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T h en  th e  basis (el, • • • , is  c a lled  reg u lar fo r  1 )  if  th e  following
equality is satisfied :

n - 1

dim 1) ( ' ) .= E  dim 1)1.

By definition th e  subspace 1) of C)zV* is  inv olutiv e if  V  adm its a  regu -
la r  basis for 1).

Proposition 1. 7. A  basis (e,, ,  e }  o f  V  is  regu lar f o r  1) if  an d
on ly  if

dim (1),_,//),)=- n, 1.

P ro o f .  F irs t  assum e that fe„ , e n }  is regu lar. T hen i f  we put r i =

dim(1);_11)1), w e  have r 1 n  an d  dim b i = dim hi — E r ,. Furthermore we
= 1

have dim  1)= -rd--
1

n(n— l)  a n d  dim2
1)( 1 ) = n r .  Therefore the equality

n - 1

dim ' = E  dim 1) i g iv es

n - 1

nr= -

2

-nz (n — 1) nr —  ' (n —i) r 1 .

Hence we obtain

1 rt - n - 1

n 2
1

(n -1 ) ,  E(n— E(n — —
1

722 (n— 1),

ind icating that r 1= n, 1. The converse is  clear.
Q. E. D.

Corollary 1. A  b asis  fe„ e„) o f  V  is  regu lar f o r b i f
. 1 i f  n contains n (n  —  1 ) independent sy m m etric  f orm s 0  (12

s u c h  t h a t  e i .,-. (1),*co3 ( m o d  toz,10V • ), w h e re  foz„ . . . , (0,1 is
basis o f  te„ , e„}.

an d  only

1)
t h e  dual

Corollary 2. I f  t h e  subspace') o f  0 2 V *  is  involutive, then

1 1— n (n -1 )<= r — n(n+ 1).
2 — 2

Definition. A n  im m e rs io n  fE  (M , m ) is  s a id  to  b e  inv olutiv e if
it is non-degenerate an d  if  th e  symbol 1)=n+A 2 T * o f th e  equation R
is  involutive, i. e., each  fib re bp of t) i s  involutive.

By definition, th e  equation R  i s  inv olu tiv e  i f  it s a t is f ie s  the follow-
ing cond ition  : 1 0 . B o th  R  an d  R ( ' ) a r e  vector bund les an d  th e  map

1

i =1 i = 12 2
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R ( ')  —>R is  surjective, and 2 ° . 0  is involutive. Therefore we know
from Corollary to Proposition 1. 5 that an immersion f  is  involutive if
and only if 10 .  f  is non-degenerate a n d  2 ° . the equation R  is  involu-
tive.

1. 5. Elliptic immersions. Let V be an n-dimensional vector space
over th e  fie ld  R  o f  real numbers, a n d  le t  n  b e  a n  r-dimensional
subspace o f  S2 V * .  Then the following three statements are mutually
equivalent (cf. [15])

(1) The subspace 0=11-ENV* o f O W * is e llip tic. N am ely 0  con-
tains no non-zero decomposable elements (w. r. t. the tensor product), i. e.,
contains no elements of the form a 0 18, where a, PE V * and a, p#o.

(2) T h e  subspace n o f  SW . * co n ta in s  n o  non-zero decomposable
elements (w . r . t. the symmetric product), i. e., contains no  elements of
the form a o ,  where a, pE V *  and a, P40.

(3) Every non-zero form  Hen has at least two eigenvalues of the
sam e sign ( * 0 ) ,  where H  shou ld  be iden tified  w ith  a  symmetric
endomorphism o f  V with respect to an inner product < ,  >  o f V.

Proposition 1. 8 ( [ 1 5 ] ) .  If th e  subspace 1 o f (D2 V * is elliptic, then
1e i t h e r  r<  n ( n - 1 )  o r n = 2  and r= 1.
2

Pro o f . We take an inner product <  , >  in  V and identify S 2 V * with
the space  ( V )  o f symmetric endomorphisms o f th e  Euclidean vector
space V. T h e  inner product <  , >  in  V  induces a n  inner product
<  , >  i n  ( V ) .  This being said, we denote by n  the orthogonal com-
plement o f I t  i n  ( V ) .  W e have <X u , v > ,  <X , uov> fo r all X e ( V )
and u, vE V. Accordingly the assumption fo r  n  means that, fo r  every
non-zero uE V, th e  map it  X—>XuE V is  surjective. It follows that

1 dim n-L=  n ( n d - 1 ) — r n ,  e.,
1

n(n—  1). Let us now consider the2 — 2
case where r=- 4 n ( n - 1 ) ,  i. e . ,  dim u = n .  T h e n ,  fo r  every  non-zero2
uE V, the map n-LD X -4X uE V  is an isomorphism, meaning that det X
* 0  for every non-zero X E n . Therefore we have n = 2  and r= 1 by a
theorem o f Adams-Lax-Phillips [1]. Q. E. D.

F o r  example, L e t  V be a  2n-dimensional vector space over R  and
I  a  complex structure on V. Then the space o f  (real) hermitain forms
on V  with respect to I  contains no non-zero decomposable elements.

Definition. An immersion f  E  f  ( M ,  m )  is  sa id  to  be elliptic i f  it
is non-degenerate and if the symbol 0  of the equation R  is elliptic, i. e.,
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each fibre bp of /) is elliptic.

It is easy to see that an immersion f (M , m ) is elliptic if and
on ly if 1 ° .  f  is non-degenerate a n d  2 ° . th e  operator L  is elliptic
(see [15]).

§ 2. Immersions of completely finite type.

2. 1. Some facts on the prolongations 1)( )̀ , l 2. The notations
being as in  1. 3, we shall study, in this paragraph, the prolongations /)(:),

of the subspace 1)=11+A W * o f ( ) I V * .  By virtue of Theorem 1. 6,
the study is reduced to that of the spaces pz ( n ) ,  /- 2. W e fix  a  basis
te„ e „ 1  of V, and express covariant tensors in terms o f this basis.
T h is  "in d ex " expression of covariant tensors will be o f particular use
for the calculations of the space P2 ( n )  (see 2. 3, 2.5 and  §4).

First o f all the space P2 (n )  consists o f all XES 2 V *O n  which satisfy
the following relation :

X 4 7 ,— X„ F — X rp „,d- X 7 ,,= O,

w here X 4 0 = X (e„ e p,  e „  e ,),  the coeffic ients of X ,  and the indices
a, /3 , . . .  run  over the range 1, n. Another expression of p  (n)
based on a basis o f n, is given as follows : Let . ,  H ' )  be a  basis
o f n. Then every X e S 2 V*C)11 may be written uniquelly  as follows :

EA'01P,
2

S W * O it m ay be iden tified  w ith  th e  space

(S2 V*)' ,  S2 V* x x  S 2 V*. T h is  being sa id , p2 (11) consists o f  all
,  A ') E  (S 2 V* ) r  which satisfy the following relation :

E(u ]A ') A(v J H 1 ) — E (v A (u _1 H 1 ) 0

fo r all u,

Proposition 2. 1. T he dim ension p2 ( n )  is  larg e r th an  o r  equal to
1 r(r—  1 ). A n d  th e  equality  holds i f  a n d  on ly  i f  ev ery  x p 2 (n ) satisf ies
2

the  f ollow ing relation :

X „= —  X 0 ,0 .

P ro o f . Let a  denote th e  subspace o f  S2 V*OS 2 V *  consisting o f all
XESW*(DSW* which satisfy X „=  —  X„„ p. Then we easily see that
P ( I) n a= nO n n a .  Therefore to prove the propostition, it sufficies to

where A 1 E S 2 V * .  Thus
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show th a t d im  (nOn n  = 1 r(r— 1). Let X E n O n , w hich  m ay be ex-

p ressed  u n iq u e ly  as fo llow s: X =  Ea 1,H 2 C )H P . A s  is easily  observed ,
2.11

X E a  if an d  only if a -ka p2 = 0 .  This fa c t  im p lie s  th a t  d im  (n(Dn n a)
= -

1

r(r— l ) . Q. E. D.2

Proposition 2. 2. I f  d im  p 2 (n) = ( r - 1 ) ,  th e n  th e  space y  (n)
2

vanishes.

P ro o f. L e t  X E P ( n ) .  T h e n  X is sym m etric w ith  respect to  the
fo llow ing p a irs  o f indices : ( 6 ,  a ) ,  (a ,  43 )  an d  (r, d). Furthermore

— X,„4 b y  Proposition 2. 1. It fo llow s that X„p„
=  X„p„, X„p„ showing that X  is sym m etric w ith  respect to
the pair (a , r). M oreover, using this fact, w e  have X ,  X. 0 „3 == Xo r ,a

= X , X .  T h us X =  X .  S ince X ,,,p r a
=

  w e  g e t  X, a o r ,
=0, i. e . ,  X = 0 .  H ence the space p 3 ( l )  vanishes. Q. E. D.

L e t  n  b e  a n  r-d im ensional subspace o f  S2 17 *. B y d efin itio n  the
subspace 1)= n + A 2 V* of 0 2 17 *  is  o f fin ite type if the k - th  prolongation
1)(k) o f  1  van ishes fo r  some k > 0 .  Note th a t i f  1) i s  o f f in ite  type, then
it is ellip tic .

Definition. T h e  subspace 1) is  s a id  to  b e  o f  completely finite type
(fo r  simply of c. fin ite  type) if the dimension of the second prolongation

1b")(.---1,2(n)) is  just equal to r(r— 1 )  (and hence the th ird  prolongation
2

( - - p3 (n)) vanishes).

The next proposition w ill be proved in Appendix.

Proposition 2. 3. Let n  be an r-dimensional subspace o f  S2 V * .  We
1put N=- n(n — 1).
2

(1) The case r - l\r. The subspace t)=n+  N V *  o f 0 2 V* is o f  infinite
type (i. e., not of fin ite type) except fo r  r= n = 0  or r= 0 , n=-  1.

(2) The case r < N .  I f , th e n  the l-th  prolongation b( i)

N—r
o f L  does not v anish.

1C oro lla ry . If the  subspace 1.) is of c. fin ite  type, then r n (n -1 ).— 4

2 . 2 . Rigidity theorems. At the outset we recall the (global) rigid-
ity theorem  fo r  e ll ip t ic  immersions w h ich  w as  p ro v ed  b y  one of the
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authors in  [15]. In  general let f  ( M ,  m) and assume that it is non-
degenerate . T hen  w e deno te by „qf (M , f )  the space of global solutions
of the equation 4 , 0 ,  and denote by JdE (M, f )  the subspace of .91 (M , f )
consisting o f a ll the special solutions ÇOA  AEe(m ).

Theorem 2.4 ( [1 5 ] ,  Theorem 2. 4). Let f o E  ( M ,  m ) .  Assume the
following: 1 0 . t o is  e llip tic : 20 . a ' (M , f o ) =  1 )  :  30 . M  is compact.
Then there is a  neighborhood U  of f 0 (in (M , m ) )  w ith  respect t o  the
Ce-topology  having the following property :  1 f  f „  f , E U  a n d  i f  they
induce the same Riemannian metric, i. e., ( f 1 )  = 0 ( f 2 ), then  there  is  a
unique Euclidean transformations a of R -  such that a t 1 = f 2 .

W e shall now  in troduce the notion  o f an  immersion of completely
fin ite  ty p e  and prove a (loca l) rig id ity  th eo rem  for im m ersions of c.
fin ite type.

D efin ition . An immersion f  (M, m ) is  sa id  to  b e  of fin ite  type
(resp. of c. fin ite  type) i f  it is non-degenerate a n d  if th e  symbol b of
the equation R  i s  o f  f in ite  type (resp. o f  c. f in ite  type), i. e . ,  each
fibre bp o f  b is  o f fin ite type (resp. of c. fin ite type).

Proposition 2 .5 . L e t  f  E J  (M , m ) .  I f  f  is of c. f in ite  type and if
M  is connected, then the two spaces „d(M, f )  and ,e/ E (M ,  f )  coincide.

P ro o f. W e  have 15( 2 ) =A2 and  b(3)= V ,_ 0 .  Therefore it fo llow s from
Proposition 1 .5  t h a t  R , R °  an d  R ( ') =R 1 f o r  a ll  / > 1 . W e  have thus
seen that th e  equation R  is fo rm ally in tegrab le and the equation  R ( ')
i s  involutive (w ith  van ish in g  symbol). H ence d im  d  ( M ,  f )  d im  k  =
d im  e (m ). T h us w e get d  (M , f ) .  Q  E. D.

Proposition 2. 6. I f  an immersion f o E j  (M , 7n) is of c. f in ite  type,
then there is a  neighborhood U  o f  f o ( i n  Jr (M ,  m ) )  w ith  respect to  the
C2 -topology  such that every f E U  is of c. fin ite  type.

P ro o f. L e t  .P(M , m) b e  th e  vector bundle o f  a ll 2-jets of (local)
differentiable maps o f M  to  R -  and p  the projection of .P ( M , m )  onto
M .  Let /13 b e  the im age of M  b y  th e  m a p  M 3 P j f 0 E  ( M , n 2 )

Since the immersion f o is  non-degenerate , there is a neighborhood 0  of
M  such that every zE 0 m ay be expressed as z.,4 f ,  where p= p (z )  and
f  is  a non-degenerate immersion of a neighborhood of p  in to  R - . Let
z -=j;f  E O . W e denote by n(z) the space of second fundamental forms
o f  f  defined at p, being  a  subspace o f S 'T  (Note th a t n(z) depends
on ly o n  z.) Furthermore we define a  subspace b(z) o f (D'T: b y  b(z)
,n (z )±  A 2 T,*. S in c e  b(Pp f o ) i s  o f  c .  f in ite  typ e  fo r  a l l  p E M , we
see from  Lem m a 1. 6 b e lo w  th a t  th e re  is  a  neighborhood 0 '  ( c 0 )
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of M  su ch  th a t I ) (z )  is  o f c . f in ite  type for a l l  zE 0 '.  Now le t  U  be
the subset o f .1 (M , m ) consisting o f all f  (M , m ) such that ,j2,, fE 0 '
for a l l  PE M , w h ic h  is  a  neighborhood o f f o w i t h  respect to  the C2 -
topo logy. T hen  it is c lear that every  fE E  U  is  o f c. fin ite type.

Q. E. D.

Lemma 2. 7. L e t V  be an n-dimensional v ector space ov er R  and Gr
the Grassmann m a n ifo ld  o f a l l  r-dimensional subspaces i t  o f  S2 V* . Let
00

- b e  th e  subse t o f  G r consisting o f  a l l  nEGr s u c h  t h a t  the subspaces
1) = 1 1 -  A W *  o f  102 V * are o f  c. f in ite  ty p e . I f  Go

- * 0 ,  th en  G o" is an open
(dense) subset o f  Gr .

B y  u s in g  Propositions 2. 5 and  2. 6 w e  c a n  p ro v e  th e  following
theorem  just in the sam e w ay as in the proof o f Theorem 2. 4.

Theorem 2. 8. Let f oE J  (M ,  m ) .  Assume t h a t  f o i s  o f  c .  f inite
type and th at  M  is  co n n ec ted . T h en  th e re  is  a  neighborhood U of  f o ( i n

(M , m )) w ith  respect to  the C2-topology h av in g  the follow ing property  :
I f  f „  f 2 E U  and  if they  induce  the sam e R iem annian m etric , then there
is a unique E uclidean  transform ation a of R"' su c h  th at f,= -.  a f„

2 . 3 . Direct sums o f spaces of sy m m e tric  fo rm s . L e t  V1,
k, b e k vector spaces over a field  K  and, for each i ,  l e t  tt, b e  a  sub-
space of S2 V  .  I f  w e put V= E V,, we have V 1 =z  E T hus the direct

sum n= n, is  a  subspace o f S2 V *. n ; b e in g  a  subspace o f  V7C)V7,

w e m ay speak of the first prolongation II» ) o f  it , :

niw = Vi*Oni n  T7  V 7 .

W e shall prove the following

Proposition 2 .9 . A s s u m e  th at  n;' ) =0 fo r  each  i .  T h e n  the subspace
b= n +  A 2 V *  o f  (92—*v is  of c. f in ite  type if and on ly  if th e  subspace b,=
ni - i *  o f  ® 2 V7  is  of c. f in ite  ty pe  fo r  each  i.

Proof. Let n'= E' n; b e  a  sum o f ni 's .  Then the first prolongation
it' ( 1 ) o f n ' being E' TIP ) , van ishes. A ccord ingly to  prove the proposition,
it suffices to  deal w ith  the case w here k = 2.

T h e  p ro o f  is  b a se d  on Proposition 2. 1. T h u s  w e  c o n s id e r  the
spaces .P2 (n) ( b ' ' ' )  and P2 ( n i )  ( = t " )  a s so c ia te d  w ith  n  a n d  ni

respectively. N ote  that p 2 (n1)  are  subspaces o f  p (n ) .  W e  put n1=
dim  V ;  (i= 1, 2). W e  f ix  a  b a s is  te„ , e„,,,} o f  V  su ch  th a t e„ • ,
e„i (resp. , e„1 )  fo rm  a b asis  o f  V,(resp. o f  V2 ), and express
covariant ten so rs  (on  V o r  V ,)  in  te rm s o f  th is basis. W e  f u r th e r
promise that the indices 2, p, 1.), a  run  over the range 1, , n„
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the indices ai , rj , 31 over the range 1 ,  . .  , n , and  indces a2, 13 2 ,  r2,
6

2  over the range n i + 1, • • 7224- n2.
F irst assume that 15 is of C .  fin ite  type. Th en  have X„„,=-- —

for all xEp2(n) (Proposition 2. 1). Since p z  (n1) cp2 () it follows that
for a ll XEp 2 (n ,)  ( i=  1 , 2 ). Th is  means that both b,

and bz a re  o f c. finite type (Proposition 2. 1)
Conversely assume that both bi a n d  b2 are of  C .  fin ite  type. By

Lemma 2 . 1 0  be low  w e have X „ ,  — f o r  a ll xEp2(n) meaning
that is of C . fin ite type.

Lemma 2. 10. Let XEp 2 (n ).

(1) — (i=  1, 2).

(2) X2„r1 5 2 = 0.

(3) Xa11317222= )(12'2‘`1131.

(4) X„1 2 ,0 z = X„ i p v „,= 0.

P ro o f. ( 1 )  F ix in g  i, w e d e fin e  a n  e lem en t X i o f  S 2 7 7 0 n 1 b y
(X i ) c ‘ i pi r  i a which clearly belongs to P2 (110 . Since b, is of c. finite
type, w e have ( X') „,,,= — (X-')„, ; „0 ,. Hence X . i , i = — proving
(1).

(2) is clear.
(3) Since

X 
.1 , 1ra-2

X
'1

5
272Pi

X
r2P11

8
2 X r2

4
2aiPi

,

it  follows from ( 2 )  that X„1p1 r e 2 = — Xr2 ,2„i , i ,  proving (3).
(4) Since

X .
1.1

3
2r2

6
2 -X -'152r2P2 =  

X
r2P21

6
2 X r 2 '2 '0 2 ,

it fo llow s from  ( 2 )  that X ,1 ,2 2 =  X 2 r0 2 . F ix in g  a „  w e d e fin e  an
e lem en t P i o f V :(D it, b y  ( ) R r2r2 2 = X '1 P 2 r2 '2 . Th en  th e  equality just
above m eans that PI belongs to TIP. S ince 114') = 0, w e  have P I=  0,
i .  e., 0. Similarly we get X„1,27.0 i  =- 0, proving (4).

Q. E. D.

F o r  each i ,  1 let f ,  b e  a  non-degenerate immersion of a
manifold M , in to the m ,-d im ensional Euclidean space R "“ , and let n,
be the bundle of second fundamental forms o f  f,. Let fl(1) be the first
prolongation of n, :

n (I) = (1)n1 n S2 Tr C)T ,* ,
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T , being the tangent bundle of M,.

C oro lla ry . Assume t h a t  e a c h  f l y )  v a n ish e s .  T h e n  the p r o d u c t  im -
m ersion

f ,x x  :  M i x x (m = Emi )

is  of c. f i n i t e  type if and o n l y  i f  ea ch  f ,  i s  of c. f i n i t e  type.

2 . 4 . The type n u m ber. L et V  b e  a n  n-dim ensional vector space
over a field K, and n  an r-dimensional subspace of S2 V *. Let {11', ,
b e  a  b a s is  o f  n .  B y d efin itio n  th e  type n u m b e r  of n  i s  th e  largest
in teger k  fo r  w h ic h  th e re  are k  vectors u„ ,  u „  in  V  su ch  th a t rk
covectors u , JIP , 1 . r, 1 i k,  a r e  linearly independent.

Proposition 2. 11. ( 1 )  If the  type  n u m b e r  i s  l a r g e r  t h a n  o r  eq ua l
t o  2 , th e n  the f i r s t  prolongation n (1 ) o f  n  van ishes.

(2) (c f . [2 ]  an d  [4 ] )  I f  th e  t y p e  n u m b e r  i s  la r g e r  th a n  o r  eq u a l to
3 , th e n  the subspace n +  A w l< of Cyr 7-*V i s  of c. f i n i t e  type.

P ro o f .  ( 1 )  B y the assum ption there are  two vectors u , and u2 i n  V
such that 2r covectors u,, JH ,  1 2, p r ,  are linearly independent.
Let XE n (1 ) . T hen  w e have u, _I X , u2 X E  It and u, u 2 X =  u2 u ,  X.
Hence  u , J  X  m ay b e  exp ressed  as X= E c t H ', a n d  E a : u, _j.H1 =

2

E It follows that ai, = 0, i .  e ., u, __I X =  0 . Now for any u J X  we
have u, J  (u I X) = u J  X) = 0. Then it follows a s  above that u
0 . H ence X= 0 , prov ing (1).

(2) T he space p 2 (u ) m ay be identified w ith  th e  subspace of (S2-17*)-
consisting of a ll (A ', ,  A r ) E  (SzV*) - such  that

( u  Al) A (v __I Ha) =  ( v  A') A ( u  H 2 )

(S ee  2. 1 .)  N o w  b y  the assumption there are  th ree  vec to rs u „ u2 an d
u ,  in  V  su c h  th a t  3r covectors r,  a r e  linearly
independen t. L e t (Al, ,  A r ) p 2 ( n ) .  T hen  w e have

(u, I A2
)  A (u  H 2 ) = A') A (u, j111).

A pp lying C artan 's lem m a  (cf. [1 1 ])  to  th e se  e q u a lit ie s , w e  s e e  th a t
__I A ' m ay be expressed  as follows :

u,J A 1 = Eicq,(u, J H P) ,
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where 1a2
p = — ' a  ifi f  i * j .  I f  w e put (1 =- 1aap, w e  have 1 a=ce, and a =

—ata‘. W e now  assert that A 2 = E a p
2 HP. Indeed let u  be any vector in V.

T hen w e have

E (u 121') A (ui ] H ) = E (u, _ 0 2 ) A (u  i l -P ) ,
A A

whence

E  (  u  HP ) ) A ( u )  = 0 .
a

It follows that u JAa— E a;, ( u  HP) = 0, p ro v in g  o u r a sse rtio n . W e  have
1 

thus seen  that d im  1,2 (n) 2 r(r—  1). S in ce  d im  p  (n)
1
-

2
r ( r - 1 ) ,  this

proves (2).

2. 5. Spaces o f h erm itian  fo rm s . L e t  V  b e  a  2n - dimensional
vector space over R  and I  a  com plex structure on  V . Let "V b e  the
complexification o f  V .  ( In  general, W` denotes th e  complexification of
a vector space W over R.) A s  usual we define subspaces V+ and V-

of V ' respectively as follows:

V+ = {X E IX =  V- 1  X}

V- = { X V "  I X =  —  1 X}.

T hen  w e have V  V+ and V"= V++ V-  (direct sum).
By definition a  symmetric form H  on  V  i s  h e r m i t i a n  i f  H (Iu ,

H ( u ,  v )  for a ll u ,  v  V .  This condition is equivalent to  the condition
that H ( u ,  v ) = 0  (o r  H A  z-) )  = 0 )  for a ll u, vE V+, where H  should be
considered as an element o f  (S2 V*)`=S 2 ( V')*.

Now let n b e a  space o f hermitian forms o n  V . F o r  an y  H E r t `  we
define an element f l  o f ( V+)*(D(V - )*  b y  -1-1(u, 73) = H ( u ,  f l )  for a ll u,
E V + . W e denote by ft the subspace o f  ( V + )*O (V - ) *  consisting o f all
H , and denote by V ) the second prolongation ft :

ft( 2 ) ,  S2 ( V+) *Oft ns3(v+)*0 ( 7-)*.

W ith these preparations w e have the following

Proposition 2. 12. (1) The first prolongation f l(1 )  o f  n vanishes.
(2) T h e  subspace f)= n + A 2 V* of ® ' V *  is o f  c .  fin ite  type if and

only if the second prolongation 11») o f  ft vanishes.

P ro o f. L e t  (el , e„} b e  a basis of V .  I f  w e put e1=J 1, then  the
2n vectors e„ e„, e , . . . , e„ form  a  basis o f  V`. W e  express covari-
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ant tensors on V` in term s o f th is  b a s is . W e  fu r th e r  promise th a t  the
indices 2, p, v, a run  over the range 1, n, , 71 and the indices
a, 48, r, 3 over the range 1, n and th at re=a.

(1) L e t XE n c  0 3 (V ')*. Then X  satisfies the following :
Xa = 0 an d  X ,= X,,=- It fo llo w s im m ed iate ly  th at X = 0, e . ,
X = 0 . H ence n( ') = 0, proving (1).

(2) Let x Ep(n) c (1 7 )* . T hen  X  satisfies the following :
X4 ,„ X, f,„p = 0, Xip „.= X and

X2,„„— X,„„p = X„,,„

W e consider th is last equality in the following two cases : 1 ° .  2=a, p=
v=r , and a=3  ; 2 °. 2= 4(3, p=a, 1)=7 and 6 = 5 . T hen  w e ob tain  X ,,pra

= X  a n d  X,,,„= X r . L e t  u s  n o w  d e f in e  a n  e lem en t .5Z of
0 3( V+)*(i)(V - ) *  b y  (g)„p r ,= Xo r ,. T hen w e can  easily verify the follow-
in g : 1 ° . X f t 2 ;  2 ° .  T h e  l in e a r  m a p  (o v e r  R )  p(n) D X-) gE 11 ( 2 )

is  suvjective ; 3°. T h e  kernel of this m ap consists o f a l l  XEp2 (n ) with
X =  —  X .  T h e re fo re  w e  s e e  f ro m  Proposition 2. 1 th a t  b is  of c.
fin ite type if and on ly if f1 (2) vanishes. Q. E. D.

§ 3. The canonical isometric imbeddings of symmetric R spaces.

3. 1. Symmetric R  sp aces . L e t  g= E gp b e a  graded  L ie  algebra

over R w h ich  sa tisf ie s  the following con d itions: 1°. g  is sim ple ; 2 ° .
pp= 0 for i>  1 ; 3 ° .  g _ i* O .  (S u c h  a  grad ed  L ie  a lgeb ra  w ill b e
called a simple graded L ie  algebra of the f irs t k in d .) A s  is well known,
t h e r e  i s  a  u n iq u e  e lem en t Zo in  th e  c e n t r e  o f  00 s u c h  th a t  gP =
IX E g  [Zo, x ]=px }  fo r all p  (c f. [8]).

R e m a rk  (c f. [ 8 ] ) .  Accordingly a simple graded Lie algebra of the
first kind m ay be represented by the pair (g, Zo)  of a simple Lie algebra
g and an element Zo of g  su ch  th a t ad Zo i s  a semi-simple endomorphism
o f g  w ith  eigenvalues —1, 0 and 1.

L e t  B  b e  the K illing form  o f  a. T h e n  the following two lemmas
are also well known.

Lemma 3. 1 (c f .  [8 ]). B (g,, g q ) =0 i f  p+ q40, and, for each p, the
b ilinear m ap  gp x g_pB ( X ,  Y)—>B(X, Y) R  is non-degenerate.

Lemma 3. 2 (c f .  [ 8 ] ) .  T here  is  an involutive automorphism a  o f  g
su c h  th at aZo = —Zo or a ( )  = g _ p fo r a l l  p  and s u c h  th a t  th e  quadratic
f o rm  B (X , a X ), X E g , is negativ e def inite.

B y using  the K illing form  B and the involutive automorphism a ,  we
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define an inner product <  , >  in g  by

<X , Y> ,  — B (X , 6-17 ) for all X , YEg.

T h e n  it  is  c le a r  th a t  th e  decomposition O=E 0, i s  orthogonal with

respect to the inner product < , >.

We now define subspaces F and ni o f g  respectively as follows :

f= tX eg  I aX = )0,

In= tX-Eg 10-X=-- —

T h en  w e h a ve  g=f--1-at (orthogonal), and [F, t]cf, [F, ni] c m  and
[m, f .  Furthermore we define subspaces fo, 1110 and m, of g respec-
tively as follows

mo=nino., 1111=  ni n (g_i+gi).

Then we have (orthogonal) and mm,-Fm, (orthogonal), and
[ea,  fo] c [f„ rdc fo, etc.

Now consider the adjoint group Ad (g ) of the sim ple Lie algebra O.
A s  usual th e  L ie  a lgeb ra  o f  A d(g ) m ay b e  id en tif ied  w ith  0. We
denote by K  the L ie subgroup of Ad (0 )  generated by the subalgebra
o f g, w hich is a maximal compact subgroup of Ad (g) . We also denote
b y  K o t h e  subgroup o f  K  consisting o f  a l l  a E K  w hich  satisfy the
eq u a lity  Ad (a) Zo = Z o o r  A d ( a ) O _ —  for all p. H ere  w e  note that
the Lie algebra o f K  (resp. o f Ko )  is  f  (resp. fo).

W e have thus obtained the homogeneous space

M= K,/ K o .

(N o te  th a t  the action  o f K  o n  M  i s  effective.) S in ce  f/fo =4,, the
tangent space T o = T  (M ), to M  a t the origin o  m ay be identified w ith
F,. T h is  being said , there is a unique K-invariant Riemannian metric
g  on M  such  that g (X , Y ) = <X , Y >  f o r  a ll  X ,  Y  T o =f i . W e are
now in a position to assert that M =K /K , is  a homogeneous symmetric
space with respect to the Riemannian metric g  (c f . [1 2 ]). Following
[12], the symmetric space M thus obtained w ill be called a  symmetric
R  space.

3. 2. T h e canonical isometric imbeddings. W e  h a ve  Zo E
Ad (K )m c m an d  K 0 =- --  fa K  I Ad (a) Zo-=Zol • H ence th e  m ap K a -
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Ad(a)Z0 Em  induces an im bedding o f M  into m , which we denote by f.
C lear ly  f  is K -equ ivarian t, e . ,  Ad (a) f  (p) = f  (aP) for all a E  K  and
p E M . Let 17  b e  the covariant differentiation  associated  w ith  the Rie-
m annian m etric g.

Lemma 3.3  ( c f .  [1 5 ], Lem m a 3.2).  L e t  X ,  Y E T 0
-

1 .

(1) 17  = - -  [X, Zo] (Enli)•

(2) 17  xr7 y f = [X , Z o ] ]  ( E m0 ).

N o w  i f  w e p u t m= d im  m , m  m ay  b e  reg a rd ed  as th e  Euclidean
space R -  w i t h  respect to  a  fixed orthonormal basis X„ X , ”  of m .
U sin g  (1) o f Lem m a 3. 3, we have

g (X , Y ),  < X ,  Y > ,< [X ,  Z o ], Y ,  Z o ] >
=-- <17x f ,  Fr t. >.

Since f  is K -equ ivarian t, th is m eans that f  i s  an  isometric imbedding
of the R  space M  to  the Euclidean space R"'=- m  (c f. [12 ]).

Let N  be the normal bundle of the im b ed d in g  f .  W e  h a v e  f * T o =
Efi , Z0 ]=  m , and hence the fibre N o o f  N  a t  the orig in  co incides w ith
the orthogonal complement nt, o f mi  in  at.

Proposition 3. 4. The canonical imbedding f  is non-degenerate.

P ro o f .  W e  have f=  (X +  a  X  X E  (IA  an d  m0 = — (TX I XE g o)
A n d  fo r  a n y  X ,  Y E g_ „  w e  have [X-FaX, Y , Zo E = [GrX, Y]
—  o[aX, Y]. S in c e  go= cs i, g_ j(* ), it fo llow s that m o= Zon
T herefo re  w e see  from  (2 ) o f  Lem m a 3. 3 that N o is  s p a n n e d  b y  the
vectors o f th e  form 17„17, f ,  X, Y E  T o . S in c e  f  is K -equivariant, th is
m eans that f  is non-degenerate.  Q .  E .  D .

A s  is easily observed , the bundle n = 0 (N )  of second fundamental
fo rm s  is  K - in v a r ia n t . I t  fo llo w s  th a t  the operator L  and hence the
equation R , associated w ith  f ,  are K-invariant.

Let us consider the symbol b=-11 -1- A 2 T *  of the equation R , being
K -in v a r ia n t . I f  w e iden tify  T o and f , as b efo re , th en  th e fib re  no o f
n  a t  the orig in  m ay be iden tified  w ith  a  subspace o f  s2r1 . , the fibre
bo o f  l i  a t  the orig in  w ith  a  subspace o f  0 2 f ,*  , and

bo= no+ Aqi*.

H ereafter the fibres no a n d  bo w ill b e  s im p ly  w r it te n  a s  n  a n d  tj

(*) This follows from the fact that a= g-1+ [4h, _J +1h is  an ideal o f g.



22 Eiji Kaneda and Noboru Tanaka

respectively.
W e shall now  describe the sp a c e s  n  and I  in term s of the space

n10. F or th is purpose w e first define a  lin ear iso m o rp h ism  )7 o f  g-i
o n to  fi b y

7 )(X ) , v  2
1  (X +o - X )  for a ll  XEg,.

It is  easy  to  see  th at )2 is isom etric, i. e.,

.<)7(X), )2(Y) > ,  <X, Y >  for a ll X ,  YEg_ i .

Lem m a 3.5. L e t  A E N o =-1110. Then  the second fundamental form
0 (A ) corresponding to the normal vector A  may be expressed as follows :

&(A) ( (X ), 7)(r )  =  ‹[A , 17>= < A ,  [X ,  a n >
fo r  a ll  X ,  Y E g-i•

P ro o f .  B y  (2) o f Lemma 3. 3 w e have

e (A) 07(x), )2( Y ) ) = < A ,  t(x) v (y )f>

= < A ,  [ 71(X ), [ 11( 17), Z W > ,

w hich  can  be show n to  be equal to  < A ,  [X ,  a l l > = < [A ,  X ] ,  Y>.
Q. E. D.

W e define a  representation p of the L ie algebra g, on 0 ,  by

p(A) X =  [ A ,  X ]  for a ll A Eg o and  XEg_„

w hich  is fa ith fu l (c f. D A P . W e  have p( 1110) = p (S0 ) N (g_i) a n d  P(fo)
= P (go ) n O (g -i), where ( c l _ )  (resp. 0 (g-1 )) denotes the sp ace  o f  all
symmetric (resp. skew-sym m etric) endomorphisms o f  g_ i w i t h  respect
to th e  inner product <  ,  > .  Let us now  define an  (in jective ) linear
m ap fi o f g, to  10 2 g!1 by

(A) (X, Y )=  < p (A )X , Y>
fo r a ll A Eg o and  X ,  YEg_ i .

T h e n  i t  f o l lo w s  th a t  fi(n10)= 6 (go) n  S 'e i  and fi (10) =fi(go) nA2g!,.
N ow  th e  isomorphism )2 of cl o n t o  f, in d uces th e  isomorphism )2* of
(D2I onto ® 20.ti ( )2 * a )  ( X ,  Y )= a (v (X ),  )2(Y)) f o r  a l l  a E  Ø2I
X , Y E g ,.

Proposition 3 .6 . ( 1 )  ri* 0 (A ) = ó (A ),  A m ,.

(2) en=fi(m 0)•
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(3) 7 2 * b=i6 (nto) + A 201'1.

Proof. (1 )  is  c le a r  fro m  L em m a 3 .5 . W e  have n =  ( n î 0) and b=
n+A 2 f .  T herefo re (2 ) and ( 3 )  immediately follow from (1).

Q . E . D.

C o ro lla ry . The canonical im bedding f  o f  M = K /  K , i n t o  m  is
involutive (resp. elliptic ; resp. o f  fin ite  type ; resp. o f  c .  f in ite  type) i f
and only  if the  sam e holds for the subspace i6  ( no) +A 2 1 o f  0 2e i.

The rest of the section will be devoted to the study of the canonical
im beddings of the following R  spaces :

(I) Irreducible herm itian sym m etric spaces of compact type.
(II) The real Grassmann manifolds G " (R ) .

3. 3. Irreducible herm itian  symmetric spaces of compact type.
Let M= K/Ko b e  a n  irreducible herm itian sym m etric space o f com-

pact type, w here K  is the largest group o f automorphisms (holomorphic
isom etries) o f M , and K 0 i s  th e  isotropy group o f  K  a t  a  fixed  point
o of M .  I t  is  w e ll k n o w n  th a t  M= K/ K, m a y  b e  re p re se n te d  b y  a
symmetric R  space (c f. [1 4 ]) , which we first explain.

L e t  f (re sp . fo )  b e  the Lie a lg eb ra  o f  K  (resp . of K O . Let B, be
th e  K illin g  fo rm  o f  f, an d  f ,  the orthogonal com plem ent o f fo i n  f
w ith  respect t o  B ,: f= fo +  f, (direct sum). Furtherm ore le t I  b e  the
tensor field of type (1) on M  representing the com plex structure of M.
T hen  there  is  a unique elem ent I ,  in  the centre of fo su ch  th a t IX =
[1 „  X ]  fo r  a ll X T ,= f , ,  w h e r e  T 0 = T (M) 0 i s  id e n t if ie d  w ith  f ,  as
before. L e t  u s  n o w  co n sider th e  complexification o f th e  L ie
a lg eb ra  f  a s  w e ll a s  its subspaces go= fg and where

{X E t  [I,, X ] =  —  1  X } . T h e n  w e  s e e  th a t  th e  subspaces G-1,
go and g, together g ive the structure of a simple graded L ie  algebra of
the first k ind , in  the Lie algebra g.

Let a  b e th e  conjugation o f g=V , w h ic h  is  an involutive automor-
phism  of the Lie algebra g  and w hich  has the properties in Lemma 3. 2.
C learly w e have f= {XEg I a X = X } and fo = go n f. M o re o v e r  w e  k n o w
th a t  th e  cen tre  o f th e  group K  is  r e d u c e d  to  th e  identity element.
W e have thus seen  that the given herm itian sym m etric space M=-K/K,
is represented by the symmetric R  sp ace  w h ich  is  asso c ia ted  w ith  the
simple graded L ie  algebra o f  th e  f irs t k in d , g.=--Eqp, (together w ith

the involutive automorphism a). T h e n  notations b e in g  as in 3. 1, we
furh ter see that m= V —  1 f, mo = V—  1 fo, rn,= 1 f, and

< X ,  Y > , — 2 R e Br ( X , Y )  f o r  a l l  X,
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Theorem 3.7. The canonical imbedding f  o f th e  irreducible h erm i-
t ia n  symmetric space M =  K/K , into the Euclidean space m  is of c. fin ite
type if and only i f  M  is not a  complex projective space.

P ro o f. C onsider th e  su b sp ace  b= n +  A T '  o f  C )T. W e  f ir s t
rem ark that  n =  9 ( m ,)  i s  a  sp ace  o f  r e a l  herm itian  fo rm s o f  fi =  T O
( [ 1 5] ) (  In d e e d  w e  have 0(A ) (X , Y) ,  <A, [ X ,  [Y , Iu iu 1  .4 ,]]>
fo r  a l l  A E mo a n d  X , YE W e  have W s, X ], Y ], V - 1  1-07]-=[x, [17, 11-1 1-0 ]].  H e n c e  (A) ([4, X ],  [4, Y ])=  e(A ) (X, Y ).) Thus
w e m ay app ly the arguments in 2. 5 to the space n .  L et us consider the
subspace it of  ( l )  ® ( l ) * .  T hen  w e see  from  Proposition 2. 12 th at b
i s  o f c . f in ite  type if and  only if the second prolongation ft (2) o f  ft
vanishes. S i n c e  111O. --= go,  the lin ea r  m ap  0 o f mo t o  S T  is extended
to a  co m p lex  lin ea r  m ap  O  o f  go t o  ( )*(D(fi- ) *  by (A ) (X ,  Y )
=0 (A ) (X ,  Y )  f o r  all A g o a n d  X ,  YE T h e n  ft = 0(8 o) ,  and we
can  easily  verify the equality

Ô (A ) ( X , Y) = — 2B, ([A , X ] ,  7),
A E g „  X , YEr,f.

Let us now  identify (t7)*  w ith  fiE b y  the non-degenerate bilinear m ap
x j D  (X , Y)—> — B, (X, Y) E C .  T hen it fo llow s that the two complex

sub sp aces ft and p(g o) o f  Homo (9_1, g-,) (= (fiF) * ® (fT) * ) coincide.
H ow ever w e know  from  [ 8 ]  th a t  the second prolongation p( 9

o) (2) o f

P(90) v an ish es  i f  a n d  o n ly  i f  M  is  n o t a  com plex projective space.
T herefore w e have s e e n  th a t  f  is  o f c . f in ite  type if and  only i f  M
is no t a  complex projective space. Q. E. D.

W e shall now m ake som e rem arks in  connection with Theorem 3. 7.
Let M 1 =K 1/(1C1) 0 , 1 i k, b e  k  irreducib le herm itian  symmetric spaces
of compact type, and, for each i ,  l e t  f ,  b e the canonical im bedding of
M , in to  m,.= V— 1 1,. We consider the product imbedding f= f i x . . .  x f,
o f th e  (red uc ib le ) h e rm ita in  sym m etric  space M =M i  x x  M ,  into
th e  E u clid ean  sp ace  m= m 1-1- ... m „ .  T h e n  w e  r e m a rk  th a t  f  is
e llip tic  ( [1 5 ])  and th a t f  is  o f c .  fin ite  ty p e  if a n d  o n ly  if n on e o f
M , is  a  complex projective space. This last fact fo llow s im m ediately
from  Corollary to Proposition 2. 9, Proposition 2. 12 an d  Theorem  3. 7.
Now assume that none of M , is  a  complex projective space. T h e n  i t
fo llow s from  Proposition 2. 5 th a t s  (U, f i  U)=.91 E (U ,  f  U )  fo r  any
connected open  subset U ( * 0 )  o f M , w here f  I U  denotes the restric-
tion o f f  to  U .  In  [1 5 ] , one of the au tho rs has show n  that the two
spaces .sze' (M , f )  and sil E (M , f )  necessarily  co incide (w ithout assump-
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tions on the spaces M , ) .  See also § 5.

3 . 4 . T h e  real Grossmann manifolds GP'q(R). L et p  an d  q  be
any positive integers with p _ q . Let G ( R )  be the Grassmann manifold
of all P-d im ensional subspaces in  th e  (PH-0-dimensional vector space
RP+q. A s  usual G P ( R )  m ay be expressed a s  th e  symmetric homoge-
neous space K /K o ,  where

K = SO (p + q) /Co ,

K a = (SO (p+ q) n 0(p) x 0 (q))/C„

C, being the centre of S O ( P +q ) .  Moreover a s  is well known, G ( R )
= K / K 0 m ay be represented by a  symmetric R  space. T h is is associ-
ated w ith the sim p le graded L ie  algebra of the first k ind, g= E g ,  or
(g, Z 0 ) , (together w ith  th e  involutive automorphism o- o f  g )  which is
defined as follows:

g = g ( p + q ; R),

( a l p  0 )
Zo = (a= — an d  b—  — P  )

0  big q -

). ( X) ,  X ,  X Eg,

where I, denotes the unit matrix of degree r.
W e shall now  give th e  explicit expressions for the various objects

associated w ith the R  sp a c e . In  the following we shall u se  the follow-
ing notations :  111,,,( K )  denotes the space of r x s  m atrices over a field
K ,  a n d  S r (K )  th e  space o f  all sym m etric m atrices of degree r  over
K.

Then spaces go and g , are  expressed respectively as follows:

XE M q .  p  (R),

A E g f(p ; R ), B E g t(q ; R ) and T r A d -T r B=0,

Y E M p . ,(R ).

And the representation p  of 0 o o n  0_, is expressed as follows:



26 E iji K aneda and N oboru Tanaka

(A  0
p( ))X =BX —  X A ,

0  B
CIO)

( A  0 )0  B

w here w e have identified g_, and  M ,,,( R )  in  a  natural manner.
Analogously we have the expressions for f, fo a n d  f,:

f= “p + q ),

fo= 1
(A

AEo(p), B Eo (q)},
BC)

11

0

o i  X / 1/o.p(R )} ,

and the expressions for nt, nt, and  In,

In= (XE S p+q (R ) I TrX =01,

m  = K A  0 )1 A ES p (R ), B S ,(R) an d  T r A + T r B= 0},0
0 B

{ ( 0  iX)
= X E M , p (R )

i •

Finally th e  inner product < ,  >  in  g  is expressed a s  follows:

<X, Y > = 2 ( P + q ) T r ( X t Y ) ,  X, YEg.

These being prepared, we shall prove the following

Theorem 3. 8. Consider the canonical isom etric im bedding f  of the
Grassmann manifold GP'q (R)= K/ KO in to  the Euclidean space m.

(1) The case where p = 1 .  T h e  im bedding f  i s  involutive and  not
elliptic.

(2) The case w here p = q =2 . The im bedding f  is not elliptic.
(3) The case where p=2 and q - 3. The im bedding f  is  o f  inf inite

type and elliptic.
(4) The case w h e re  p  3 .  The im bedding f  is of  f inite  type.
W e shall show  in  § 4 th at f  is  o f  c . fin ite t y p e  in  c a s e  (4), and  in

§7  th a t d (M , f ) = - - d , ( M ,  f )  in  c a se  (3).
L et u s  consider th e  (in jec tiv e ) linear m ap ,6 of mo to  S2g_1* which is

expressed as follows:
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A 0 \
 (X , Y ) = 2(p+ q) T r((B X —  X A )tY ),

0  B

/ A  0\
where mo and  X ,  YE S-1=M ,,,(R ). T he m ap fi is extended to

\O
a  com plex linear m ap of m  to  S 2 (0=1)*• N ote th a t  q`_,= M g ,„(C )  and

consists o f  a l l  ( A ,  B )E S ,(C ) x S ,(C ) w i t h  T rA ± T rB =0 .  Also
note that the extended m ap fi is defined  by th e  same formula above.

W e first prove the following

Lem m a 3. 9 . Assume that and q 3. T h e n  the subspace 46 ( m l )  o f
S2 (0c_1 )*  contains non-zero decom posable elem ents (w . r. t. th e  symmetric
product) if and only  if p= 2.

Proof. Assume that o(m l) contains a non-zero decomposable element,
A  0\

say fi(( ) .  T hen  there  are non-zero  m atrices (X 1 ,) a n d  (Y ., )  in
0  BI

M ,,,(C )  such that

X ,Y pid-Y „X pi p_5q),

where A= (A 1 3 ) and B = (B 4 ) .  For simplicity we put 4 ,  X „Y e i -1-
Now we have —A.„6„=- 4 . 1, ( i # j ) .  Since q 3  and  s in ce  th e  rank of the
matrix is at m ost 2, it follows that

A 1, = 0 ( i j )  and 0 0 ( i # j ) .

For i, let X ( ') (resp. Y" ) )  denote th e  vector (X„), ,(resp. ( 17-2i)1 1).
W e  a sse r t  th a t  X ( ') # 0  an d  IT( ') 0 fo r  ev ery  i. F or exam p le  suppose
th a t X ( ') = 0  o r Y( 1 ) = 0. T h en  w e  have B 2 —A 11 3 = 4 - 0 .  H en ce (A11
—A 11 )  A 1162, =  Z .  T h e re fo re  it  fo llo w s  a s  a b o v e  th a t A 1 1 —A11

= 0 .  Since B 2,= A „(3, A 13 A1 1 ô 1 3 a n d  T rA + T rB  0 ,  w e  o b ta in  A B
= 0 .  T his is  a contradiction, prov ing our assertio n . S in ce  4 = 0  ( i 4
J), w e  th e re fo re  s e e  th a t  th e  tw o  vec to rs  X ( `) a n d  r o  a r e  linearly
dependent for every i.

Accordingly we have

= a X " )  with some a#0.

Since 4 0  ( i 2 ) ,  it follows that

Po=  —aX" ) ( i >  2).

F urth erm o re  w e h a v e  B1,— A1132,„= 2aX 1X,,1 a n d  B„— A 22a2p =  —  2a Xn
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(A 2 ,— A„)32,= 2a (X„.X„d- X 2 2 X 2 )

A 2 2 A n  a n d  X„X i d -F- X„X„= O.

This second equality m eans that

X (2 )= V— 1 X ( )̀ o r  — 1

Th e case  w h e r e  p 3 .  W e  have 0=4 3,
contradiction, because a # 0 , X (2 )a n d  .X(3)#

The case where P=2. W e  have A„ ,  A„,
2aTrA+ TrB = O. Hence An= — 2 E (X.) 2 .q+   z

X °.

— 2a X2 2 X 0 . T h is  i s  a
O.

AiAp-F 2 a  X„X„ and

T h ere fo re  p u ttin g  X 1 =

2aX21,  we obtain

II„  =  0  a n d  A l l = A22 = 2 E

—  —
1 ( E
± 2

J„ ± X, Xp .

Conversely take any non-zero vector (X2) ECU, and define matrices AG
A  0

S2 (C ) and B E S ,(C ) b y  the formula ab o v e . T h en I n ,  and
0  B

, 6 ( ( A  0 ) )

0  B
W e have thereby proved Lemma 3. 9.

W e are now in a position to prove Theorem 3. 8 . First recall Corol-
la ry  to  Proposition 3. 6.

The case w h e r e  P 2  and q 3. W e  k n o w  th a t  the subspace ,6(m2)
d- A 2S--* 1 o f 0 2e i  is  o f  infin ite type if and only i f  th e  subspace (3 (rrt0
+ A 2 (43=0 *  o f  0 2 0 = 0 *  contains non-zero decom posab le e lem ent (w.
r . t . th e  tensor product) ([7]). T h is  la s t  condition is  eq u iva len t to
the condition th a t  th e  subspace (5(ml) o f  S2 (9 1 ) *  contains non-zero
decom posable elem ents ( w . r .  t .  th e  sym m etric product). Therefore
w e see from  Lem m a 3.9 that f  is  o f infinite type  if an d  o n ly  i f  P=2.
M oreover we deduce from  th e  proof o f  Lemma 3. 9 th a t the subspace

(mo )  o f S2g! 1 c o n ta in s  no non-zero decom posable elem ents (w . r . t.
the symmetric product), m eaning that f  is elliptic.

is  a non-zero decomposable element.

1The case where p = 1 .  W e have d im  _1 =q an d  d im  mo= 
 2  

q(q+ 1),
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whence ( m 0 ) =S' 1. This clearly implies that f  is  involutive and not
elliptic.

The case where p=q= 2. For example, define matrices A and B  in
( 1 0) ( A  0) ( A  0)

S2 (R) by A=B=( J.
 T h e n Emo, and fi( )  is a non-

0  — 1 0  B 0  B
zero decomposable element. Hence f  is not elliptic.

W e have thus completed the proof of Theorem 3. 8.

3. 5. Remark (the real quadrics Cn(R)). Let (n, r )  be any pair

o f in tegres n and r  w ith n . .1  and rn Le t  x „ x ,  be the
2

homogeneous coordinates o f  th e  (n+ 1)-d im ensional real projective
space Pn+1 (R ), and let Q (R )  be the quadric of P ' ( R )  defined by the
equation

— 2x0x.+1+ s,x, 2 = 0,

w here e,# —1 if 1 i r  and e, -= 1 otherw ise. Let G be the group of all
projective transformations which leave Q ( R )  invariant. T h e  group G
acts effectively and transitively on (2 (R ), and hence the quadric Q (R )
m a y  b e  r e p re s e n te d  b y  th e  hom ogeneous space G/G', w h e re  G'
denotes the isotropy group o f G  at the point o# (1, 0, ,  0 )  e (R).
This homogeneous space is usually known as the n-dimensional M öbius
space of index r  (cf. [13 ]).

Let g  be the Lie algebra of G, which is isomorphic with the subal-
gebra o f  f(n--k 2; R ) consisting of all matrices S EM(n+2; R ) with 'X i

iX =  0 , where

0 0 —1E i

.7=-( o J 0), J--=(

—1 0 0

Let Zo b e  the element of g  defined by

1 00

( )

Z0 = 0  0 0 .

0  0  — 1

Hereafter we assume that (n, r)# (2 , 1). Then the pair (g, Zo )  defines
a simple graded  L ie  algebra of the first k ind , say g g „  and the
homogeneous space G/G' is naturally  obtained  from  th is graded  Lie

3.
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a lg eb ra  (c f. 5. 6 a n d  [14]). N ow  th e  assignment ' X  g ives an
involutive automorphism o f g, say a, and it  h a s  the properties stated in
Lemma 3. 2. H ence the quadric  Q ( R )  m ay be further represented by
th e  symmetric R  space K /K o w h ich  is associated  w ith  th e  graded  Lie
algebra g= E 0, together w ith the involutive automorphism a .  Here we

note that the q u a d r ic  C 2 (R ) is isomorphic with the Grassmann manifold
G"  ( R )( R )

T h ese  b e in g  p rep a red , w e  s ta te  the follow ing proposition without
proof.

Proposition 3. 10. Assume t h a t  (n , r)*  (2, 1 ).  Consider the canoni-
cal isom etric im bedding f  o f  the sym m etric R  space Q7 (R)=  K /K o in to  the
Euclidean space m.

(1) f  is  involutive if a n d  o n ly  i f  (n , r)= (1 , 0 )  or ( 2 ,0 )  o r  (3, 1).
(2) f  is  e llip tic  if and on ly  i f  n 2 and r= O.
(3) f  is  of c. f in ite  type if and on ly  i f  n 3 and r=0 .
(4) The f i rs t  prolongation n ( 1 ) o f  th e  bundle  of second f undam ental

form s o f f  v anishes if and on ly  i f  either and r = 0 o r

Note that d im  m  (r +1) (n—  r + 1).

§ 4. R igidity for th e canonical isometric imbeddings of the real
Grassmann manifolds GP'q(R),

Let f  b e the canonical isom etric im bedding o f th e  re a l Grassmann
m an ifo ld  M= GP.q(R), in to  th e  E u c lid e a n  sp a c e  m (s e e  3 .4 ) .
The main a im  o f th is  section is to  prove the following

Theorem 4.1.  ( 1 )  I f  p 2, t h e n  the f i rs t  prolongation

n(i) = T (M )*O n n S'T (M )*C)T (M )*

of the bund le  n of second f undam ental f orm s v anishes.
( 2 )  I f  .P 3, th e n  the im bedding f  is  o f  c. f in i t e  type.

4. 1. P re lim in aries . Let us consider the graded Lie algebra g= E g,
to geth er w ith  the involutive automorphism a w hich  is associated  w ith
G P ( R )  ( s e e  3. 4). W e d en o te  b y  a  the Cartan  suba lgebra  o f  g=
f (p +q ; R )  which consists o f a ll diagonal matrices.

W e first reca ll the root system  with respect to  a. 4  denotes the set
o f a ll non-zero roots, and for every ozE 4 , 0- denotes the root subspace
o f g  corresponding to a E J . T h e n  w e  have 0 = a +  E g" (direct sum).

a E d

Let u s now  give the exact expressions of  4  and Q'. F o r  1

as symmetric R  spaces.
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let 2, denote th e  linear function aBH--)2,(H) ER, where 21 (H )  is  the
i-th diagonal component o f H .  Then 4 consists o f all the linear func-
tions 2,— 2,(i#j). F o r  e v e ry  a =- 2,— 2 „  l e t  Ea d e n o t e  th e  matrix
(13a,abi)1a,19P+4 in g .  Then g- is the 1--dimensional subspace o f g  spanned
by Ea .

A s is well known, we have the following :

(4. 1) o-E“ = — E _, a E

(4. 2) L e t  a E J .  I f  w e  p u t  H„= [Ea , E _ J ,  th en  H“ G a  and
<H a , H>=2(p+ q)a(H), H E a .

Let a, 48E 4.

(4. 3) I f  a+  /3  is  not a root, i. e., /84 0  a n d  a+PE Z1, then
[E„, E ]=  O.

(4.4) I f  a - f - ISE 4, then [E„, = N E a + p , and Ar„,„-= 1 or —1. M ore
precisely N =  1 i f  a= 2, — 2, and P = - 2k ( i * k ) ,  and N.,„= —1 i f  a=
2 -2  and 48= 2,—  2, (j k).

Let us now describe the graded structure of g  in terms o f th e  root
l a l  0)

system. Consider the element Zo = (a—  q  b —  P   ) in  g
\O P+q P+q

which gives th e  grading o f g. Then  w e have a (Z0) = —1, 0  or 1 for
every a E t!, and  hence 4= 4_1U zio U di (disjoint), where we s e t  4,=-
{a E 4 J a (Z0) = i) . T h e  subsets 4 , are explicitly given as follows :

= {A - 2 , I l i p  and ,

Jo= {± ( 2i— 2 .;) I 1 i<i ..15P+ q or P+ 1 -5_i<j5p+0,

4i= R —  2, I 1 i p and p+ i_.<r p+ q ) .

And the subspaces g; ( i=  —1, 0, 1) of G are discribed as follows :

0 -1=  EO, go=a+ Er and gi= Eg'.
aEd — 1 .Edo a E d i

Finally we prove a  useful lemma on  th e subspace (3 ( m 0 ) o f  S 'e i.
First note that E ( a  4 _ , )  forms a  basis o f g „ .  W e  express covariant
tensors on g ,  in terms o f this basis, and promise that the indices 1, j,
k , • . run over the range 1 ,  2 ,  . . . ,  p  and the indices r, s , t, .  .  .  over
the range p+1, p+2, p+ q. W e a lso  promise that th e  Greek
letters a, 13,  7, • mean roots in 4-1.
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Lemma 4.2. L e t  X E ( 110)•

(1) Xa p = 0 i f  a-13 is not a root.

(2) X 4 =X 1 1 i f  a= 2,-2, [3= 2,—  2, a 1 = - 2 .0  131 =2 ,-2 5 ( r# s )  o r  i f

a=2,— 2 1, i3=2„-2,, ai= 2, — 2,, A = 2,—# i )  •

(3) X =  E E X r f
a

b b E Pa ri.
a

P ro o f . B y  the very definition of the m ap  fi, th e re  is  a unique
nto such that

X„p = <A, [E„, cEp] >=-- — <A, [E,,, E_ p]> .

N ow  (1) is c lear. (2 ) follows from the equality: [E d , E_ fi] ,  LE„,, E_ pj ,
and (3 ) from the equality: E E f i r , . Q. E. D.

4. 2. P ro o f o f Theorem 4. 1, (1). B y  Proposition 3 .6  it suffices
to  show  if p->-2, th en  th e  first prolongation fi(m o )

°
)  o f  6 (n t 0) (as a

subspace o f 0 2 c.ti )  vanishes.
T ake any elem ent X  o f fi(m0 ) ( ') . Then X  m ay be expressed  as

follows: X d p ,=<A d ,  [E,„ uE r ]> ,  where A,E  m0 . F u rth erm o re  w e h ave
.2C , Xp r „, X .  B y  L e m m a  4 .2  w e  se e  th a t  X # 0  i f  o n e  o f  a— p,
p—r and r— a  is not a root.

Lemma 4.3. I f  a— PE.d, p- 1E4 and  1 —aE4, then X„p1 =0.

P ro o f . The following two cases are possible:

(i) 2,-2,, 18=2,-2 0 and  r=2, — 2,, where r # s ,  r # t  and t #s,

(ii) a=2r 2, — Ai and r= 2r  —  2k, w h ere  1 J , i # k  and j# k .

W e shall p rove our assertion only fo r  c a s e  (i). (C ase  (ii) can  b e
sim ilarly  dealt w ith .) S ince P -2 , w e can  find  j  such that j # i .  Putt-
in g  91 -= 2, —2, and ri= 2,— 2„ we see that a —ri  is  n o t a  r o o t .  Therefore
using Lem m a 4.2 we have X„,,,=Xra p =0. Q. E. D.

In  the same way we can prove the following

Lemma 4. 4. I f  a— r 4, then

Lemma 4. 5. X =  O.

P ro o f .  Let a= 2 ,.--2 ,. Choose j  and s  such that j # i  and s r ,  and
set Pi= 2s — 2, ri= — A1 a n d  d i #2,—.23 . Then a/31+11 —ö, both a —
and a are in 4 , and a -3 , is  n o t a  roo t. Therefore it follows from

A
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Lemmas 4.2 an d  4 .4  th a t  X ,„„ , X 4 1/31X ; 8 1 =  O.
Q . E. D.

By Lemmas 4. 5, we have shown that every XEp(m o) ' ) sa tisfies
X“flr = 0 fo r a ll a, p ,  r ,  thus completing th e  proof o f  Theorem 4. 1, (1).

4 . 3 . P ro o f o f Theorem 4. 1, (2). B y  Proposition  3 . 6 , it su ffices
to  show  th a t  if ./) _3, then  t h e  subspace 0(1110)+ /V el of 0 2 g ! ,  i s  of
c. fin ite type o r equ ivalen tly  every Y E P ( 0 ( 1 1 0 ) )  s a t is f ie s  th e  relation:
K o o = —Y1 4  f o r  a ll a, p ,  7 , 5  (cf. Proposition 2. 1).

Take any elem ent Y  of  P V ( 1 1 1 0 ) ) •  T h e n  Kp r ,  can  b e  exp ressed  as
follows: Y = < A ,,  [E „ c rE ,]>, w here A „ p  M o. Furtherm ore w e have

Y (or A q =A pO , a n d  17.ftr a — Ka r p—  )Çp.,+Yo .p= 0. B y Lem m a 4. 2
w e see  th at Y o." = 0  if  1 - 5  is not a root.

Lemma 4. 6. I f  a— IS is not a  root and 1- 5 E 4 ,  th e n  17. =0.

P ro o f .  The following two cases are possible :

( j )  a 2  — 1 3 = 2 , - 4  r =2, —2, and  5 = 2 . - 2 h,

where 1 # j ,  r# s  an d  t# t i ,

(ii) a= 2,. — 2„ p= 2,—  2„ r = 2,— A, a n d  c3= 2,— 2„

w here i # j,  k # /  an d  r#.5.
W e sh a ll p ro v e  o u r assertion  o n ly  fo r  c a s e  ( i) . (C a s e  ( i i )  c a n  b e
s im ila r ly  d ea lt w ith .) S in ce  17

4 1 ,  is sym m etric w ith  respect to  the pairs
(a , 13) a n d  (r ,  3 ), w e m ay assume that r u  and Since /) . 3, we
can  f in d  1 such that /#  i, j .  P u ttin g  r i =2, —2, and 3 i =2„—  2,, w e see
that neither r , - p  nor a - 61 a r e  roots. It fo llow s from  L em m a 4 . 2  that
K pra=  Y .Pria i

= Y aai rifi +  Y r1 P“81
— Y ria l.P = O . Q . E. D.

Lemma 4. 7. I f  p# r and a- 5  is  n o t  a root, then -
P ro o f .  U sing Lem m a 4. 6 w e have Y„,,p= Y1 , = O. S in c e  Kpr , —

= Y1 — Y„„ p, it fo llow s that Y o „= — Y7 4 . Q. E. D.

Lemma 4. 8. I f  a  —/9 4 and r - a G 4 ,  th e n  Kp„, - 17
1 4 .

P ro o f .  The following four cases are  possible :

( i ) a = 2 , - 2 , , r= 2, —A, and 3= 2,, -2 „

w here r # s  an d  t #7.z.

( i i )  a=2, — 2,, 13 =2 ,- 2 , ,  7 =2 ,- 2 ,  and 5=-2,-20



34 E iji K an e d a and N oboru T anak a

where j k k  an d  r#s,

(iii) a= 2r  -  2,, IS= 2 r  -  2„ r = 2, —  2, and  5=2,— 2„

w here i # j  an  k#/,

(iv) a=2,. - 21, r=2, —  2, and  3=- 2, —
2

k,

w here i # j  and s t.
W e shall prove our assertion only fo r  c a se s  ( i )  a n d  (ii). (C ases  (iii)
a n d  ( iv )  can be sim ilarly dealt w ith .)

C ase  (i). W e first consider the case w here i 4 j .  T hen a#r, 3 and
fi# r,  3 an d  e ither a — r  o r a - 5  i s  n o t  a  r o o t .  It follows from Lemma
4. 7 th a t K p„ =  —  Y , .  W e next consider th e  case  w h ere  i = j .  Chosse
k  an d  / such that k # i, / # i and  k * / , an d  se t al=ilr — Âk, ri=
2, -

21 and  a, = 2„- 2,. Then both an d  r ,—ô, a r e  in  4. Therefore
using Lem m a 4. 2 a n d  th e  resu lt obtained above, w e h ave  Kpo =

Y rialar3= Y riarol= Yra'qPi 17784.

C ase  (ii). L e t  u s  consider th e  c a se  w here i# j ,  h. T hen cr#r,
and p* r,  3  a n d  e ith e r  a - 7 or i 3 — r  i s  n o t  a root. It follows from
Lemma 4. 7 th a t 17 4 „

=  Y .  A nalogously w e h ave  17 „= - Y„„.p in  th e
case w h e re  r 4 t ,  S. T h u s  to  f in ish  th e  proof in  c a s e  ( i i ) ,  w e  have
only to discuss th e  follow ing case : r = 2 , - 2 ,  and  c3=
2, - 2i ,  w here i # j  and rvs. C h o o se  1 and u su ch  th a t /* / ,  j  and  u4r,
s, and set a i = 2r—  

2
0  131= 2. -

2, r,=2„ - 2, a n d  6,=2„—  2,. T h e n  in the
same manner a s  in  c a se  ( i )  w e ob tain  17-

4 „= = - Y .
Q. E. D.

Lemma 4. 9. I f  a - 13 is not a root, th e n  r,„,=.0.

P ro o f .  W e first consider th e  ca se  w h ere  r* a ,  p. I f  e ith e r  r —a
or r—is is not a  ro o t, then w e see from  Lem m a 4. 7 that
and  hence that Y = -- Y —  Y -= 0 .  I f  both r — a  a n d  r —i3E 4,
then  w e see from  Lem m a 4. 8 th a t Y„p r = — 1;3 ,  a n d  h en ce , a s  above,
th a t Y „ --=0. W e next consider th e  case  w h e re  r = a  o r  r =i9 . Since

w e  m a y  assum e th a t  r= 48 # a .  L e t a=2, - 2 , a n d  is= r =_
2, - 2„ w here i # j  an d  r # s .  W e choose k  a n d  t  such that k i ,  j  and

s, a n d  s e t  ri =2 ,-2 ,,  31=2, - 2, a n d  s i = 2 , - 2 , .  Then w e have : a
#ri, 31, /3 4ri, 31, 6i; i3=1id-ai— 6,. T herefo re using  L em m a 4. 2 and
the result obtained above, we h av e  KP1313 — Y 1 O.=

Q . E. D.

Lemma 4.10. I f  a - 13 E 4 , th e n  1 7, 0 „= -  Y„„„.
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P ro o f .  W e first consider th e  c a se  w h ere  r # a ,  P. T h is  c a s e  can
be sim ilarly  treated  to  th e  f ir s t  h a lf  o f  th e  p ro o f o f  Lem m a 4. 9. If
e ither r— a  or is  n o t  a  ro o t, th en  w e  see  fro m  L em m a 4 . 7  that
Kprr ,  Y „ , p. I f  both r — a  a n d  r —p a r e  i n  4 ,  w e see from  Lem m a
4. 8 th a t Y =  Y .  W e  n e x t c o n s id e r  th e  case  w here r=a o r  r=-P.
A s before w e m ay assum e that a P =r.  T h e  fo llow ing tw o cases are
possible :

(i) a=2, — 2, and  P -= r= 2 , - 2 , ,  w here r# s ,

(ii) a = 2 , - 2 ,  and  P = r= 2, - 2„ w here i#j.

W e sh a ll p ro ve  o u r assertion  only fo r  c a s e  ( i) .  (C ase  ( i i )  can be
sim ilarly dealt w ith .) C hoose j ,  h  an d  t  s u c h  th a t  J 1 ,  k i ,  i # k  and
t # r ,  a n d  s e t  a, =2, — 2k, 131= 2 , - 20 a i---2 ,-2 ; and e,=2,—  A ,.
T h en  w e h ave  : a# ri, 61 , ;  P # a i ,  Pi, r ,  51, E ;  s i ;  3 1 ,

si ; —  e  ;  P=7'1+6,— El• Therefore using Lem m a 4. 2  an d  th e  result
obtained above, we have
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Lem m a 4. 11. PP PP““•

 

P ro o f .  W e first consider th e  case  where a j 3 .  I f  a —P,z1, it follows
from Lemma 4. 7  th a t  Ira ,p p = — Y . I f  a —PE 4 ,  it follows from Lemma
4. 8 th a t  Y —  e . ,  4,0 = O. H e n c e  rop,+

Y .  W e next consider th e  ca se  where a = 48 .  L e t a = i8 = 2 . - 2 , .  We
choose j ,  k ,  s  an d  t  such that s # 7 - ,  t# r  and  s t, a n d
set r = 2,— 2„ 3=-2, — 2,, ei =2, — a 1 =2 1 - 21, E IL —  ,  an d  6 2 =2,—  2,. Then
we have : 1 +E 2, 6 2,  a ,  6; 6#E ,, 6 ,,  a ;  6 2 # s i , a , ,  a ;  a s 1, a ,  r = s , ± 6 , —a ;
6 = e 2 -1-6,

2 —a .  Therefore using Lem m a 4. 1  and  the result obtained above,
we have

1711",a Y 72, .2 .2 ±  Y n ' e 2 —
 T r . "

- Y g 2 . 2r7 —  Y .2.2rr+ r m r r
Y

°2 `2 '01 —

( Y + Yov2..)
± ( Y -1.1+ Y —.2-1



36 E iji K a n ed a  and N oboru Tanaka

In  the sam e m anner we have

17 ,, 77 (17.01.2°2 Y.1`12°2

(  K 1 . 1'282 +  17° 1° 1° 2°2 17°11 0

Consequently it follows that 0=: Y= —2 Ya—. Q. E. D.

By Lemmas 4. 6 and 4. 8 , 4. 11 w e  have shown that Y„ A„= — Y„4  for
a ll a, 19, 7, 3, thus com pleting the proof o f Theorem 4. 1, (2).

R em ark . L e t p and q b e  a n y  positive in tege rs  w ith  p.(4'. Let
QP+a denote the space o f  quaternionic (P+q)-vectors, and G " ( Q )  the
Grassmann manifold of P-dim ensional quatern ionic subspaces of Q .
A s is well known, G '''q  (Q ) m ay be represented by a  symmetric R  space
(c f. [12 ]). T h is  is associated w ith  the simple g rad ed  L ie  a lg eb ra  of
th e  f ir s t  k in d , (g , Z 0 ) ,  (together w ith  the involutive automorphism a)
w hich is defined as follows :

g = * ( 2 ( p f q ) )
U  V\

U , V E gt(P -1 -q ; C ), T r(U +U )=- 0},
1\—V

a l p 0 )
Zo = ( (a— q and b— — P )

alp p+q p+q
0

crX =  - - tX , XEg.

N ow consider the canonical isom etric im bedding f  o f th e  quaterni-
onic Grassmann manifold G " ( Q )  into the E uclidean  space n t. T hen  it
can be show n that the im bedding f  is  o f fin ite  type for an y  (p , q ) (cf.
T h eo rem  3 . 8 ). M o reo ver w e  can  p ro ve  the fo llow ing theorem  by a
sim ilar method to the proof o f Theorem 4. 1.

Theorem 4.12. (1) For a n y  (p, q) th e  fir s t prolongation n ( ' )  o f th e
b u n d le  n  of second fu n d a m en ta l fo rm s  v a n ish e s .

(2) I f  p 3  or p--= q=1, th e n  the im b ed d in g  f  i s  o f  c. f i n i t e  type.

§5. G lobal solutions of the equation 4 0 = 0 .

In  th is  section, M =K /K , is  the symmetric R  space associated w ith
a simple graded L ie  algebra of the first kind, 8=- E g„ (together w ith
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an involutive automorphism a of g having th e  properties in  Lemma 3. 2).
W e  use the notations as explained in  3. 1 an d  3 . 2 . A b o ve a ll f  means
th e  canonical isom etric im bedding o f M  into th e  Euclidean space / r =
m .  W e p u t d im  M=n.

5.1. The curvature R  and the tensor field S. A s is well known,

th e  curvature R  o f  t h e  sym m etric  space M =K /K „ ev a lu a ted  a t the
orig in  0, m ay be expressed as follows:

R (X , Y )Z , -- [ [X ,  Y ], Z ] fo r a l l  X , Y , ZEf,=T,.

T h e  assignm en t X—>[ X , Z o ]  g iv e s  a n  isomorphism o f  f ,  onto  m„
an d  [f„  [f i , [ f„  Z o ] ] ] c u t i . T h ese  b e in g  sa id , w e  d e f in e  a  ten so r S
of typ e  ( )  on f , by

[S (X , Y)Z, Zo ] = [Z ,  [X , [Y , Zo ] ] ] fo r a l l  X , Y, ZEf,.
F o r  a n y  X , Y E g „  w e d en o te  b y  — R' (X , Y )  ( r e s p . b y  S '(X , Y))

th e  fo -com ponen t (resp . the m ,-component)  o f  E X ,  a n  ( E go) w ith
respect to  th e  decomposition: go = f 0 + m o . C learly w e have

R '(X , Y ),  —

I  
(E X , a ll+  EaX,

2

S' ( X, Y )=  ([X, o-Y] — [aX , Y]).

F o r  sim plicity l e t  u s  id e n ify  go w i t h  a  subalgebra o f  gl(g_1) b y  the
natural representation p o f go on g , :  g 0 = P (0 0 )•  W e a lso  co n sid er the
isom etric isom orphism  ri o f  g_ i o n to  fi . T h en  a  s im p le  calculation
proves the following

Lemma 5.1. L et X , Y, Z E g ,

(1) R02(X), 7)(Y))77(Z)=7)(R'(X, Y)Z).

(2) S(72(X), 12( 17)))7 (Z )=7)(S '(X , Y)Z).

Lemma 5. 2. L et X , Y , Z, WE f 1.

(1) S (X , Y )= S (Y , X ) a n d  < S (X , Y )Z , W > , <Z , S (X , Y )W > .

(2) <S (X , Y )Z , W > <S  (Z , W ) X , Y >

(3)
 

S (X , Y )Z = S (Z , Y )X + R (X , Z )Y .

These equalities follow immediately from th e  corresponding equalities
for S ' (w h ich  can  be easily  derived ) and  Lemma 5. 1.
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I t is  e a sy  to  see  th a t S  i s  invariant b y  the linear iso tropy group  of
the hom ogeneous space K/K, a t  th e  o r ig in . H ence S  g ives r ise  to
a  K -invarian t tensor field of type ( ) o n  M , w h ich  w e  d en o te  b y  the
sam e letter S .  Note th at the tensor field S  is  p a ra lle l w ith  respect to
the Riemannian connection on M.

5 . 2 . The bundle n  of second fu n d a m e n ta l fo rm s. By Lem m a
3. 1 the bilinear m ap 8_, xg 1 D ( X ,  Z)—>B(X, Z) E R  is non-degenerate.
T h u s  th e re  corresponds to  ev e ry  A E  g i(g „ ) i t s  transpose 'AE8r(8

1 )  as
follows : B(AX, Z )= B (X , tA Z ) fo r  a l l  X E g ,  and ZE 81 . T h is  being
said , w e denote by Ç i  t h e  subspace of 8 t (8 - )  c o n s is t in g  o f  a l l  A E
8f(S-1) w hich satisfy the equation

A[X, Z]— [X ,  Z]A— [AX, Z]+[X, `AZ] -= 0
for a l l  X E g ,  and ZEg,.

Lemma 5. 3. do —go .

P ro o f .  Let A E g „  X E g , and ZEg i . T hen  w e have

[A , [X , Z ]] ,  [[A , X ],  Z ]+ [X ,  [A , Z ] ]  a n d  [A , Z], —tAZ.

These facts show that 80c 0 . Furthermore is a  subalgebra of gr(g-i),
and the direct sum ao+ g ,  is  en d o w ed  w ith  the structure of
a  g rad ed  L ie  a lg e b ra , so  th a t  th e  g iv en  g = g -i+ g o + g i is  a  graded
subalgebra o f a .--- g_i+do - Pgi. S ince the natural representation of g , on
g-, is  ir r e d u c ib le  (c f.  [ 8 ]  and [1 4 ] ) ,  s o  is  th e  natural representation
o f do on It fo llow s that d is  simple (cf. ibid. ). H ence w e obtain

[g-1, gi]= g, (c f. ib id .). Q. E. D.

Let u s consider the s p a c e  (8 _ ,)  o f  all symmetric endomorphisms
o f 8 .  B y Lem m a 5 .3  w e have Illo= go n (o_1) = a. n

Lemma 5. 4. T h e  subspace M o  of ( g — i )  consists o f  a l l  A E (g _ 1 )
w hich  satisf y  the equation

A S ' (X , Y ) —S' ( X ,  Y)A+ R '(AX , Y) — R' ( X , AY)= 0
fo r  a l l  X , YE8_

1
.

P ro o f .  S in c e  Ino =  n m o consists o f  a l l  A E ( 8 i ) w h ic h
satisfy the equation

A [X , aY] —[X, 0-17 1A— [A X , a il+  [X , `A u l l  =0
for a ll X , YEG - i•
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W e  have [X , aY]= —R' ( X ,  Y)+S' ( X ,  Y )  and `Ao-Y=o-AY. W e also
note th a t  R' ( X , Y) E t c  0 (g_ i ) a n d  S' ( X , Y) m 0 C ( _1 ). H ence we
see that the equation above is equivalent to the following two equations :

AR' ( X, Y )  R '  (X , Y)A+S' (AX, Y)—S' ( X , AY)=  0,

AS' ( X ,  Y)—S' ( X , Y)A+R ' (AX , Y) —R' ( X , A Y ) = 0.

H ow ever these tw o equations (for A )  a r e  m utually equivalent, w hich
can  be easily  verified  by the use of the equalities :

<R' ( X , Y)Z, W >=<R ' (Z , W ) X , Y>,
<S' ( X , Y )Z , W > , <S ' (Z , W )X , Y>  ( c f .  L em m a 5 .2 ).

Q. E. D.

W e now  define a  b u n d le  homomorphism o f 52 T *  to 5 2T*C)A 2T*
by

(If a ) ( X , Y , Z, W )=a(S(X , Y )Z, W )—  a(Z, S (X , Y )W )
—a(X, R(Z, W)Y)—  a (R (Z, W )X , Y ),

where aES 2T,,* and  X , Y, Z , WE T r

Proposition 5. 5. Th e  bundle n  of second fundamental forms of
the canonical imbedding f  is the kernel of the bundle homomorphism W.

P r o o f .  From Lemma 5. 4 w e see  th a t In , co n s is ts  o f  a l l  A ( )
w hich  satisfy the equation

<A S ' (X , Y)Z, W>— < A Z , S' ( X , Y )W >— <A X , R ' (Z ,W )Y >
— < A R ' (Z , W )X , Y > = 0 for a ll  X , Y , Z , WEg_,.

(Note th a t < R '(A X , Y )Z ,  W > , — <AX, R' (Z, W) Y > ,  etc .) F urther-
m o re  w e  have 72* 1 1 0=i4 ( 1110) b y  Proposition 3. 6. Therefore it fo llow s
from  Lem m a 5. 1 th a t  no = a E S T  Yra =  .  S ince bo th  n and a r e
K-invariant, the proposition follows. Q .  E .  D .

5 . 3 . The covariant derivatives of the canonical imbedding f .
A s  befo re  le t 17  b e  the covariant d ifferen tia tion  associated  w ith  the
canonical R iem annian m etric g (= P ( f ) )  .

Proposition 5 .6  ( c f .  [1 5 ], Proposition 3. 1). L e t  X ,  Y , Z E T p .

(1) 17 ,Yryf , = [[F A  f l ,  r y f ] .

(2) 17 , P r y f = (S (X ,  Y)Z)f.

P ro o f .  ( 1 )  L et X, YE ri = T o . By Lem m a 3. 3 we have 17„f = [X , Zo]
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and 17 x17 ,f = [X ,  [Y , 4 ]]. F u rth erm o re  w e  have f ( o )  = Z o and [[X ,
= X .  H ence it follows that 17 1cFrf =[[1 7 x f , 1 7 , f ].  S ince f  is K -equi-
variant, (1) follows.

(2) L e t X , Y, ZE T p . B y u s in g  (1 ), w e  have

rz rx ry f  =  [[V z I 7 x f ,  f ] ,  171 1 ]± [[ 17x f ,  F z f ],  17Y f]
-1 -[[17 f , f ], 17 z 17 ,1 ].

L et u s consider th is equality at th e  o rig in , i. e ., P = o. T h en  w e  have

(7,17 x l7y f  =  [ [ [ Z ,  [X , 4 ] ], [ Y, Z o]]

[[[X , Z o ] ,  [ Z ,  Zo]],  [Y , Zo]i ±  [X , [Z, [Y,

A n easy calculation shows that

[ [ [ Z ,  [X , Zo]],  Z o ] ,  [Y , Z,]]= [[[Z, 4 ] ,
 [ X ,  zo]], [Y, zo]]

+[[z , x], [Y , Zo]

H ence it fo llow s that Frzi7 x 17 yf = [Z , [X , [ Y, Z,]]=  (S  (X, Y)Z) f . Since f
is K -equivariant, (2) follows. Q  E . D.

W e d en o te  b y  w  (M ) th e  space o f a ll (an ti-sym m etric) k-form s on
M v 4 -) r (Ak T.) .  I n  term s o f 17, th e  exterior differentiationf  erentiation d  :

k (M )-* " '  (M )(m ) m ay b e  d escrib ed  as follows :

(4 )  ( X 1 ,  • X r.+1)= E( — 1)` + ' (F2c1SD)

w h ere  yoE  (M )  an d  X I , ,  X k + I E T p .  B y  d e n it io n  th e  co-differ-
entiation i s  t h e  differential operator : (M)—> (M )  defined  as
follows : L e t  (el , ,  e „) be any orthonorm al basis o f  Tr  T h e n

(ôçD) = E ( 17 .SD) ( e 1 ,  - 7 (1,

w here yoE  k (M ) an d  X „ , X ,_ , E T p . T h e  differential operator 4 =
acl+ ' ' ( M ) — ' ' (M) is  u su a lly  c a lle d  th e  Lap lacian . N ote that
commutes with d  and  6. In pacrticular w e  have

4.1. = — El7q17i f fo r any function f .

Proposition 5. 7. 4 f =  
 1  

 f .
2

A lthough  th is fact is know n ([12 ]), w e shall g ive a sim p le proof of
it w h ich  uses (1) of Proposition 5. 6 and some elementary facts on the
graded L ie  a lgebra g= E g,.
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Proof of Proposition 5. 7. L e t  tu „ , n,,} be an orthonormal basis
of (3_,. Putting e, )2(n.), we have (4 f )  (0 )=  — E17 e,17 , f = — E [ e  [e,, Zo]]
=  [u,, ( J u l .  Furthermore putting Z' 0[ u 1 ,  o w l ,  w e see that Z' o i s•
in the centre of go a n d  aZ' o = —Z' o . It follows that Z' o =aZ o w ith som e
a  (c f . [1 4 ]) . W e have B(ZO, Z ' o ) = E B (Zo , ru,, =  —  E B (u„ au,) =n.

And w e can  easily  verify that B(Z o , Zo) = 2 n . T h e re fo re  w e  have a=
1 

a n d  h en ce  (4 f) (0 )=
1  

Zo= 
1 

f ( o ) .  Since f  is K-equivariant, the
2 2 2
proposition follows. Q. E. D.

5. 4. Relevant calculations on  the so lutions of the equations
d0f (u) 0  and  4 = 0 .  I n  th is  a n d  th e  subsequent paragraphs we
assume that M= K/Ko i s  an E instein space, that is , th ere  is  a constant

such that

E R ( X , ei )e i =KX fo r a ll XET„.

Under this assumption we have

4so= — E 17„f7,o+ ICÇD for any 1-form çû.

N ow  recall the differential operators dOr  o f T  (M , m ) t o  r(s2T.),
D  o f r (T .)  t o  F (S 2T * )  a n d  L=.11.D o f T '(T * )  t o  T (S 2T*/tt), which
are all defined in 1. 1.

Proposition 5. 8 (c f. [15 ], L em m a 3 . 1 1 ). Let u  be a solution of
the equation d0 f (u) =0, and ço the corresponding solution of the equation
4 0 = 0 .  ( The correspondence is given by Thorem 1. 1.)

(1) <du—  
1
-u , F r >  — claço.2

1 1(2) < 4 u -
2

- u 1717f>= 
2 

D(4— ço).

P ro o f .  W e have <u, 17 , f> = ç o (Y ) and hence

<17x u, 17 ,f> -1 --< u , x ry f> =  (VW) ( 17)•

Since 17x 17 f=17 y 17x f  and <1 7 f ,  r y u>±<17f,17 xu > = 0 ,  it follows
that

(5. 1) <u , F x r y f > =  -2
1 (D ) (X ,  Y).

( 5 . 2 )  < V u ,  F y f> -=  2
1 ( d )  ( X ,  Y).
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From these two equalities we obtain

F ,trx f> +  E <u, F , 1F„Fxf>=-2
1 ( F 13S0) (6 1,  X ),

E<17%;17„u, Fx f  > + 17.117 f > =  1
2-E (F, ;(19)(e„ X).

He

rxf>+E<u, F J 1 7 x f>

1 1— E (F„Dço)(e,, X) —  E (F„dço) (e,, X)
2 2

Now by using the fact that J r =  1
2 f  (Proposition 5. 7), w e have

EF 117 17x f = E r x f7e,r,f E  (R (X , e.)e,)f

1
= (K —

 2 ) 17xf

whence

17,iF F x r> = (K - -
2
1- ) <u , Fx f>=  (K - -

2
1 )9 (X ).

Furtherm ore we h ave  E F,F,u= —Ju, E  (F,dço) (e t , X) =  —  (5 4 )(X ),

and

E (F ,D 9 )(e , X )=  (-2d 39 -F2x9 -5d 9 )(X ).

Therefore (1) follows.
Let us now prove (2 ) .  From (5. 1) we obtain

E<P%117 ,1u, 17 2‘17 ,1>±2E<F„u, F ,,F„F,,f>

+ E <u, 17,,17,,I7 2,17,f>= 1
2  E (F„F„Do (x ,  Y)

F irst b y  (2) of Proposition 5. 6 combined with (5. 2), w e have

< u , F,,F„F y f > =  2
1 E (4 ) ( e 1, S (X , Y )e ,).

Since S (X , Y ) is sym m etric w ith  respect to g  ( c f .  Lem m a 5. 2), we
obtain E (4 )(e ,, S (X , Y )e ,) = 0  Hence

E<F, au, F ,,F F ,f> =  0.

Next by using the f a c t  th a t  Jf = 1
2  f , w e  have
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E17,,17.,17,17,f =- (2K— 1
2 )17  ,F if  f 2

From  th is equality together w ith  (5. 1) follows that

E <u, 17, 117117,17, f> = (2 K —   2
1  ) (D r) (X , Y )

+ E (DO (e , R  (X , e,) Y ).

Furtherm ore we have
E (F17 e ,D 0  (X , Y) ,  — (D4y0) (X , Y)±2K (DO (X , Y)

-I-2E (D ) (R  (X , e,) Y, e,).

Therefore (2 ) follows. Q  E. D.

R em ark . Incidentally we rem ark that the constant K  of the Einstein

1space M  is  sm a lle r  th an  2  . Indeed w e have E  V  1 7  xf ( K — 1 )V x f.2

H ence it fo llow s that

117171i2 n (K — 2
1 ) =act,

w h e r e  P ' F f i 2 =  E<I7„17J, 17,417,1 >  a n d  a  i s  th e  1-form  defined by

a (X ) = — xF, f >  fo r  all S in ce  177 fk O , w e see  fro m

1G reen's theorem  that K<--- '  proving our remark.2 
5. 5. The space d ( M )  and d ( m ) .  I n  th is paragraph  w e study

the space d (m , f )  o f a l l  global solutions c  o f th e  equation 4 = 0  as
w ell as the subspace d E (m, f )  of si(M , f )  consisting o f  a ll the special
solutions ÇOA  (A E e (m) ) . F o r  sim p lic ity  w e put d  d  ( m -, f )  and
si E (M) = d E (m, f ) .  F o r  an y rea l n um b er A  and  a n y  in te g e r  p, we
define a  subspace WP(M) (a) o f  g  P(M )  by

"(M)(a)= {Pe V P (M )  I 4 = 20 •

B y  an in f in ite sim al K-transformation w e m ean  th e  vecto r fie ld  V
on M = K / K 0 w h ich  is induced  from  a one-param eter group {a,} o f  K.
W e d en o te  b y  a l K (M )  th e  subspace of l(M )  consisting o f  a l l  the
1-forms ço w hich  a re  d u a l to  in fin ites im a l K-transformations V (w. r.
t. g). H e re  w e  notice th a t  a n  in fin itesim al K-transformation means
an infinitesim al isom etry (cf. Proposition 5. 12 in  the n ex t paragraph).
Consequently th e  sp ace  .91K (M )  co inc ides w ith  th e  space o f  a l l  the
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Killing forms on M, j .  e., d ic (M) -= {ço (M ) I AD= .  M oreover it is
k n o w n  th a t th is  sp ace  is  eq u a l to  t h e  sp a c e  IçoE  V (M ) 0 0  aço=-01 =

(m) ( 2.)  n (o ) ( [1 6 ]) .  (W e  a r e  a ssu m in g  th a t M  i s  an  E instein
sp ace .) T h erefo re  w e have

s i K ( M ) =  l (M )  f l  1(0).

W e denote by .9 (M ) th e  subspace o f  re °(M )  consisting o f  a l l  the
functions o f the form  < c ,  f> (c E m ).  B y Proposition 5. 7 w e have

.gIJ (M )c° (M ) (+ ).

W e also denote by .5z(G (M ) th e  subspace o f  V ( M )  defined by

•sze" G (M )  =  K (M )  +  d  (M )

In  th e  next paragraph  w e shall justify th is notation.
From Proposition 5. 9 just below we shall see that  4  E (M )  c  E  (M )

W e here assert that

4,91(M) c  (M).

Indeed  l e t  ço E ( M )  .  T h en  it  fo llo w s fro m  (2 )  of Proposition 5. 8
that D(4y5, --ço ) is  a  c ro ss  se c t io n  o f  n .  H ence 1,4 , 17oD (4 -0  =0 ,
j .  e., 149 e Jai (M ) .  T h is proves our assertion. F o r  an y  rea l n u m b er 2
w e put d E (M )(2 )=-  d E  (m ) n  ( i )  0) and d (m) ( ,) ---d (m) n (M )  (a).

Proposition 5. 9. (1) 4  E (M )  c  E (M ) and  the  e igenva lues  o f

the operator 4 I a' E (M )  the restriction of 4  to a ' E (M )  are 2 ,  1 -  and I.

(2) si G (M ) =  d E  (M ) (20 +  •sze" E (M) (+) and 3,5VE  (M )  =

Note that 0 2 < l  (R e m a rk  a t  th e end  o f the  previous paragraph).
A lso  note that the second assertion of (2 )  of the p roposition  m ay be

1restated as follows : 1°. If 2tct then a E ( M
) (20

=
 , S?+?' K (M ) and si" E(M )2

=  d  ( M )  ;  2 ° .  I f  2K=  2
1  , then SI E (M ) (+) = G(M) •

Proof of Proposition 5. 9. W e  d e n o te  b y  silo (M ) th e  subspace of
s iE (M ) consiting o f all 1-form s of the fo rm  çoA (AE0(m )). T hen w e
have (M ) ( M )  d  ( M )  .  Furthermore we have d i, (M ) C  (M) ,
because t h e  canon ica l im bedd ing  f  i s  K-equivariant. Therefore to
p ro v e  th e  p ro p o s it io n , it s u f f i c e s  t o  show  t h a t  5,2/0 (M ) = 0  and
•il 0 (M ) c (M )  +  (M )  0 ,  •  L et ço= ÇD

A a ' 0 (M ) . T hen  u = A f  is  the
so lution of the equation  d0 f (u )= 0  w h ich  corresponds to  the solution
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ço of the equation Lço--= 0 .  (T h e  correspondence is given by Theorem

1. 1.) B y  Proposition 5. 7 w e have 4u=  21  u. T herefo re  w e see  from

Proposition 5 .8  t h a t  A o = 0  and D (tlç - it)) =O.
This la st eq u a lity  m ean s th a t 6(4y0 - 0  = 0  and 4 (4 - 0  =2Ka(4 So- : =)•
It fo llow s that aya=a ZlzIço-= aço= O. P u t t i n g  ça1- 2/c 1 1  ( Z 4 ° - °  

a n d

° -1 (2Kyo- 40, w e further find that çaiK  ( M ) 1 ( M )  ( 1 )  and yo=

(c4) (m) d  (M) (20+ d (m) (4-) and ad (m) ( 1 ) = 0.

Proposition 5. 10. A ssum e conditions (CO — (C4). T h e n  t h e  two
spaces d (M) an d  ,gf E (M )  coincide.

P ro o f .  (C,) m eans that the equation 4 = 0  is elliptic, whence  d (M )
is  o f  fin ite dimension. F rom  th is fact com b ined  w ith  (C O  and (C4)
w e k n o w  th a t  (m) = ( m )  f  d (m) (,). T h e re fo re  to  p ro v e  the
proposition, it suffices to show th a t d (m) ,,,c d R (m) .
L e t yo E s i ( M ) ( 4 ) ,  a n d  u  th e  corresponding solution of the equation
d0f (u) = O . S in ce  4-- ço= 0 and aço=0 (by (C O ), it fo llow s from  P ro -
position 5. 8 that

F f  > =  0,

< ilu -   2
1  u, 1717f> =O.

1Since f  is non-degenerate, these equalities m ean that 4u= 
 2  

u.

C onsequently w e see from  (C1)  that u  c a n  b e  w r it te n  in  th e  form : u
= A f, where A  is  a m atrix o f degree m. W e can  fu rth e r  v e r ify  th a t
A 0 ( m )  (cf. [15], Lemma 3. 14). H ence yo--=< A f, d f> = çD 'E s l E (M ).
W e have thus shown that S i ( M ) ( i ) C  (M ).

2K-1
404* S02. W e have thereby proved that 54.5a20 (M ) = 0  and s i (m ) ‘91 ( M )

f ( M) (1) •Q .  E .  D .

Let us now consider the following four conditions for the symmetric
R  space M :

(CI) °(M)(+)= .9  (M )

(C,) The canonical im bedding f  is elliptic.

(C,) The eigenvalues of the operator 4 I d (M )  are 2 ,  1  and 1.
2

I t  is  k n o w n  th a t  (C O  is  sa tisfied  fo r  various sym m etric  R  spaces
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including irreducible hermitian symmetric spaces of compact type, the
real projective spaces, th e  real quadrics (o r  th e  Möbius spaces) of
index 0, e tc .  In  § 6 we shall directly verify (C1)  fo r  th e  real Grass-
mann manifolds G2 '' (R )  w ith  n 2 .

Now consider the case where M is an irreducible hermitian symmet-
ric space of compact type, being an Einstein space. In  [15 ] one of
the authors has shown that M  satisfies (CO-- (C4), and hence d (M)

=.91 E (M ) .  Note that the constant 2K is just equal to 2
1 .

Also note that the canonical imbedding is o f infinite type in the special
case where M  is a  complex projective space. Next consider the case
where M  is the real Grassmann manifold G2 ."(R ) with b e i n g  an
Einstein space. In  3. 5 w e  have seen that th e  canonical imbedding
is elliptic and of infinite type (see Theorem 3. 8). In  §§ 6 and  7 we
shall see that M  satisfies (C1), (CD and (CO, and hence .371 (M) =.91E(M)•
Note that the constant 2x is smaller than -

1  
.

2
I n  connection with th e  results above, recall th e  rigidity theorem

(Theorem 2. 4) for elliptic imbeddings.

5. 6. T h e  sp ace  .9.16 ( M ) .  Let G  denote the ad jo in t group Ad (g)
o f g. We define a  subalgebra g' o f g b y  g '=g0+S i, and  a  closed sub-
group G ' o f G  by

G '  {a E G  I Ad (a)g '= (11 .

We also define a  closed subgroup Go o f  G ' by

Go ,  Cc:1EG  A d  (a) -  g, for all p}.

Then we know the following ([14 ]) : 1 0 . The L ie  algebra o f G' (resp.
of Go) is g' (resp. So) ; 2 ° .  G ' Go •exp g, ; 3°. The homogeneous space
G /G ' is effective ; 4 .  K  n G '=  K o and

G/G' = K/ KO.

For example consider the case the symmetric R  space M = K /K 0 i s  the
real projective space P"(R ) (=G 1 . " ( R ) ) .  Then G  may be characterized
as the largest connected group of projective transformations.

By a n  infinitesimal G-transformation we m ean th e  vector fie ld  V
on M .= G /G ' which is induced from a  one-parameter group {a 1} o f  G.
By using th e  curvature R  and the tensor fie ld  S , w e define a  tensor
field F  of type (D on M  by

F = -  RH-S.
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N ote th a t F0 (12 (X ), )7 (Y ))71 (Z )=7 )([X , a l]Z ) fo r  a l l  X ,  Y , ZEg_ i .
The next lem m a whose proof is om itted, can be verified by the use

of the results o f [14].

L em m a 5 . 11. Assume th at M  is neither the 1-dimensional real pro-
jective space P l(R )  nor the 1-dimensional complex projective space P '(C ).
Let V  be a  vector f ie ld  def ined on an open set U o f  M .  T hen  V  is an
in f in itesim al G-transform ation if and on ly  i f  th e re  is  a  vector fie ld
V  def ined on the open set U such that

(L„17 )(X , Y )=F (X , V)Y fo r  a l l  X ,  YE Tp.

Here L„17 denotes th e  L ie  deriv ativ e o f  th e  cov ariant dif f erentiation
17 w. r. t. V , w hich m ay  be expressed as follow s:

(L,17)(X , Y )= Fxryl7 + R (V , X )Y .

L e t u s  new ly denote by d G (M ) th e  subspace o f  w 1 (M )  consisting
of a ll th e  1-form s which a re  dual to  in fin itesim al G-transformations.

Proposition 5. 12. The space .91 „(M )  coincides w ith the space o f all
K illing form s, and the space  d c (M )  m ay be described as follows:

G (M ) = d K (M )  d .9  (M ) (direct sum).

P ro o f .  W e firs t co n s id e r th e  case  w hen M  is  n e ith e r  P  (R )  nor
P  ( c ) .  Let 1 (M )°  d e n o te  the la rgest co n n ected  g ro up  o f  isometries
of M , w h ich  is  com pact. S ince an  isometry leaves 17 invariant, we see
from Lemma 5. 11 that /(M)°OE G .  Furtherm ore K c /(M )°, and K  i s  a
maximal compact subgroup o f  G. F ro m  th e s e  fa c ts  it  fo llo w s  th a t
I (M )°=  K .  Now le t  f G  (M ),  a n d  le t  V  b e  th e  vecto r f ie ld  o n  M
which is dual to df w. r. t.g. Then we can easily verify that (L, 17) ( X, Y) =
F (X ,  V )Y .  I t fo llo w s  fro m  L em m a 5 . 1 1  th a t V  is  a n  infinitesimal
G-transformation, w hence d f  E a , (M ) .  W e  have dim al, (M ) = dim f,
dim d.9 (M )= dim  m , dim  si',(M ) = dim g = d im  + dim in, 'and a„ (m) n
d  (M )  = 0. T h e r e f o r e  w e  o b t a in  a ' ,  ( M )  a , ( M )  d  ( M ) .  Finally
the proposition can  b e  d ire c tly  v e r if ied  in  th e  c a se  w h e n  M = P (R )
or Pi (C ). Q . E . D.

§6. T h e  real G rassm ann m anifolds G2." (R).

In th is  and the subsequent sections w e observe the real Grassmann
manifold M= G 2 ." (R ) (n  w h ich  is a sym m etric  R  space (see 3 .4).
As for th is  sp ace  w e p reserve  the notations as explained so far.
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6 . 1 . T h e  curvature R  a n d  th e  ten sor fie ld  S. W e  define an
element I o in the centre of I o by

/0 - 1
.ro =  1 0

0

T h en  w e  have [To, X ]]=  -  X  for all XE 11.

R e m a rk . L e t  Iq  be the connected component o f  th e  identity of
K o . Then 11-1-- =K /K g is  the universal covering space of M =K /K 0,  and
10 naturally induces a  complex structure on f a so  that f a becomes a
hermitian symmetric space.

N o w  co n sid er the complexification  1 =  4  +  4  o f  f ,  a n d  define
sub sp aces l and fr- o f  4  in  th e  same manner a s  in  3 .  3 .  W e have
= -F (d ir e c t  s u m ) , f - -=fif , fif> =  0 , and =O. In
particular it follows that th e  curvature R  is completely determined by
the values R (X , F)Z = - [ [X ,  f 7 ] ,  Z ]  for X , Y, zEfp.

Lem m a 6. 1. There is a  basis (ei , , en )  o f l h a v in g  the following
properties:

1) <e„ J.1>=3„.

1 2) R(e„ 4(n -F2)

3 )  S (e„ j 1 
i)ek -  -  

4 ( n  + . 2 )  
(a10e0+3

S(e„ -  
2  (n

1

1 _  2 ) 
aijek,

S (e„ e i )e k = O.

P ro o f .  F o r e a c h  1 in ,  w e  d e f in e  a n  elem ent of 8=1=M„,2(C)
by

0 0

)

u i =c  (    i - t h  line (c _ 1 -1 -V -1   )
V8(n -F2)

0 0

Then an  easy calculation proves the following :

1')



Isometric imbeddings 49

12') R' (u 1, 271 )u k — (6 „u ,-6 „tt; 6 .0 0 .
4(n -H2)

13') S'(u„ f.t i )u k — —
4(n -H2) (a i k ui -1-.3„u ;

1 — 6,;11„
2(n -1-2)

S '(u, u,)u k =0.

I f  w e put e1 =7)(u 1 ) ,  w e  e a s ily  s e e  th a t  u„ u„ fo rm  a  b a s is  of
F urtherm ore w e see from  1 '), 2 ') and 3 '),  and  L em m a 5. 1 th a t  the
b a s is  {el , e„} satisfies 1 ), 2 ) and 3 ) in Lemma 6. 1.

Q. E. D.

L e t  fe„ , e„} b e  as in Lemma 6. 1. T hen  w e have

E R (e„ E R (e„ j i )e — n  e ,
4(n+2)

showing that M  is  an Einstein sp ace  w ith  constant
4(n+2) •

6. 2. Various spaces of forms and of functions. A s is well known,
the differential form s on M-  K/Kg m ay b e  rep resen ted  b y  the suitable
functions on  K .  T h e  sam e holds fo r  th e  differential form s o n  M =
K/K o . In  th is paragraph w e form ulate these facts together w ith  som e
related facts. 7r(resp. 7r) denotes the projection of K onto R  (resp. onto
M ), and 'a  the projection of R  onto M.

The spaces .7"P (M ')  and .9P (M ') (M' -=M  or M ) .  g - P(.111') denotes
the space o f a ll com p lex  va lued  covariant tensor fields of degree p  on
M ' .  Since R  is  a  covering space o f M, w e m ay  id en tify  , T ( M )  with
a  subspace o f ..TP(.717/) in  a natural m anner : Z*w=w fo r a ll wE,TP(M).
C learly w e have rw=17 w for a ll wE5 - P(M ), w here r denotes the covari-
ant d ifferentiation in  th e Riem annian manifold R .  2 P (M ')  denotes
the space o f all form s in  3 7 P(M )  w h ich  are an ti-sym m etric . M  (resp.
M )  being  a  R iem ann ian  manifold, w e  have the operators d, .6 and 4-

(resp. d, 5 and 4 )  acting on the spaces (M) (resp . on P (M ) )  (cf.
the operators d, o and 4  d e fin ed  in  5. 3). W e  have 2P (M)C 2P (11-1),
and dw=dw, aw = aço and 4=-4w fo r a ll w E  (M ) . H ereafter r , ci, S. and
21 w ill b e  s im p ly  w ritten  as 17, d , 6 and 4  respectively .

The spaces .9- P (K, K g ).  W e  denote by 9 - " (K , 1 (:) the space o f all
functions w: K—*OP(11)* w hich  satisfy the equality



50 Eiji Kaneda and Noboru Tanaka

X p )  =  (z )  (Ad (a) X„ ,  Ad (a) X p )

fo r a ll zE K, a E K g  a n d  X„ . . . , X p Erl.

Let go b e  a  function K—>CY(f1)*. Then go is in  ,TP  (K , Kg) if  a n d  only
i f  it satisfies the equality

Xyo(X„ Xp) = (x„ ,  [ X, X i ] ,  . . . , X p )

fo r a ll X E 4  an d  X„ . . . , X,, 4.
(ço (X„ . . . , X p )  stands for the function on K  defined by go(X„ X,,) (z)
-_, Ço (z )  ( X„ . . . , Xp) fo r a ll zE K .) F o r çoE 5 - '(/1-4 )  w e define a  func-
tion K --> O P ()*  by

( z )  (X 1 ,  •  •  •  , X,,) = ( X 1 ) . ,  •  •  •  ,  71-*  ( X p ) . )

fo r a ll zE K  an d  X 1,  . . . ,  X p 4.

T h e n  w e  have ei c ç P (K , Kg), a n d  th e  ass ign m en t ço- - *fic40
 g ives an

isomorphism e i c  o f . Y ( M )  onto g - P(K , Kg) .

Lemma 6. 2. Let goE.TP (M) and X„ . . . , X

(CKr So) . X,,+1) = ( W )  (X 2 ,  •  •  •  ,  X  p + i )  •

The spacesP ( K ,  K g ).  W e denote by 3P (K , Kg) th e  space o f all
functions go in  5 -P (K , Kg) w h ic h  ta k e  v a lu e s  in  A P ( t )* .  C learly w e
h av e  eK  g P (la) = .9 P (K ,  Kg). T h ere fo re  th ere  a r e  un ique d ifferen tia l
operators dic : P(K, Kg)—. ( K, Kg), 3K: .2P  (K , Kg) > 3 ( K ,  Kg)
and :  9P(K, Kg)—+ (K, Kg) such that dK eK =r i c d, cK CK an d  Aceic

The differential operators P, P, Q and Q . L et g - ( K )  denote the
space o f all differentiable functions K— >C. L e t  {e„ e „ }  b e  a  basis
o f f ;  h av in g  th e  p roperties in  Lem m a 6. 1. T h en  th e  formal sums
P = E e 1ê ,  P =  E e,e,, Q= E e,e, and Q  E J,e, m ay be regarded as differ-

ential operators of ,9.7  (K )  to itself.
W e shall now  give th e  explicit expressions of dx f ,  3K go, 4 „ f  and  o f

.4 Kga, where f ( K , Kg) a n d  ça .g i ( K ,  K g ). C learly w e have

(dK f )  (X) = X f fo r a ll X E t.

U sing the function go, le t  u s  define functions i9Kgo a n d  i9Kgo respectively
as follows

i9KÇ Ee i ço(e; )  and  1- 9 KW = e i S o ( e i ) •
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T hen w e have 19Ao, ,92,99 g ° (K , K g ). (T he operators 19, an d  i9K respec-
t iv e ly  correspond to  t h e  operators ,9 an d  i9 ( c f .  [ 9 ] )  in  th e  Kdhlerian
manifold M.)

Lemma 6.3. ( 1 )  440

(2) dicf = — 2P f = — 2P f.

(3) (4 K ço) (e,) = —2Pço(e p ) = —21AD (e,) 4- 2  ( n
n

4_ 2 )  So (e ,) •

W e also  note th at 4K-S4K ---=-49 /c4KS0•

The sp aces  ..rP (K , K ,) and .gP (K, K J . W e denote by YP(K,
(resp. K ,)) t h e  space o f  a ll fu n c t io n s  i n  3 -- ( K, Kg) ( r e s p .  in
g P (K , K g ) )  w hich  satisfy the equality

(za) (X„ . . . , X p ) = ço(z i ) (Ad (a) X„ , Ad (a) X p )

for a ll zE K, a E IC, an d  X„ . . . , X p E t.

C learly  w e have eicg - P (M ) -= g- P (K , IC ,) and  tK .9P (M )=  g fr (K , K ,). And
th e  space E P (K ,  K , )  is closed under the actions o f dK, (3K a n d  o f  JR•

The sp a c e s  w P (AT) and w P (K , K ')  (M '= M  or M , K '.  Kg o r  KO.
In  §  5  w P(M ) denoted th e  space o f a ll real valued  (an ti-sym m etric) p-
form s on M , an d , fo r  an y  rea l n um b er 2, w P(M) ( ,) d e n o te d  th e  space

40 E  P (M ) 4 =  4 ) 1 .  A nalogously w e use the notations V P (1a) and
v (K ,  K ' )  to denote th e  real form s in  .9 P (M ) a n d  th e  real functions
i n  -9 P ( K ,  K -' ) respectively. A n d  w e  u se  th e  n o ta t io n s  V P ( f a)  (A )

a n d  V P ( K ,  K )  (1 )  to  d e n o te  t h e  spaces ç9E  P (A71 ) I 4y0=- Âço )  and
tço E P ( K , K ')1 jKW= 401 respectively. C l e a r l y  w e  h ave  cK Sa ( R ) (2) =

çg'(K, Kg) ( ,)  a n d  cK W P (M ) ( , ) =  P (K, K0 ( ,) .

6.3. T h e  sp a c e s  w °(M) (+) an d  r ° (M) (4) .  I n  th is  p aragrap h  w e
show th a t w°(M ) (+ ) =  ° ( M ) (+ ) =  .9 (M ) .  For this purpose we first prove
the following

Lemma 6.4. E v e r y  f E  ( K ,  KR) ( 4 )  satisfies the equation

XYZf = S (Y, Z) Xf fo r  a ll  X ,  Y, ZEr i .

L e t  fE  w °(K , Kg) (+ ) . F o r  a n y  X, Y, Z E t ,  w e p u t 0 (X ,  Y , Z )=
X Y Z f— S (Y ,Z )X f. T hen  w e have 0 (X , Y, Z )= Ø (X , Z , Y) = Ø (Y , X, Z).
(T h e  eq u a lity  0 ( X ,  Y, Z ) = 0  ( Y , X, Z )  fo llow s from  ( 3 )  o f  Lemma
5. 2 an d  th e  equality  X Y Z f= Y X Z f — R (X , Y )Z f . )  Therefore to prove
L em m a 6 .4  it suffiecs to prove that A ,,,=  0 ,  where (e„ e 1, e
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and A,,k=0(j i , ei , e h ). B y  L e m m a  6. 1 Au k and A i n ,  m ay be expressed
respectively as follows

A i i k =e i ej e,f,

j k

=

—  e ieek f 2 ( n + 2 )  J

kn o w n  th at X f,-•-0  fo r  any.

J

L e t d K  b e  an invariant volume element on K. W e  d e f in e  a n  equi-
valence relation in  . .F (K )  as fo llow s: Let f 1, f 2 E ,F ( K ) .  Then

if and only if ,f'i c/K f 2 d K .  I t  i s  w w 
f i E .F (K ) and XEV.

n 1.2 +  1  Q  F . Q  f .Lemma 6.5. E AokAok--- — 32(n+2) 2 j 4 ( n + 2 )  j

Proof. W e have

a= E = E j i ( e i e i ek f 'ê i ék f) —  E j i e w i ek f  JAI;
j . f.k j.f.k j.f.k

whence

a ,—  E j i e i e j e k f . •  je  k f.

W e have

E j i e i e f e k f=  E e i e f e ke i f

E e" ,ek eif+  E R1 e j e k e i f

Ee,e h e,e,f+ E e , [ [ ë ,  e t ],  e lf

+ Eek[[ë, e i ] ,  e l f +  E CR,

Therefore using Lemma 6. 1 and the fac t th at P f= — , i f  ( (2) of Lemma

6. 3), we obtain

Hence

i e 1e .e kf = 1 e e k f
4 (n + 2 ) 4(n+ 2) 

3,k
g f :

j,k

Sim ilarly we obtain

E e j e k f • j r, i , f ,  1  E e k f•  &h p.- 1  f 2 .
j . k 2 (n + 2) k 8(n+2)
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Therefore Lemma 6. 5 follows. Q. E. D.

In the same manner we can prove the following

Lemma 6. 6. E - 3 ( n P  1 Q f Q f)...j,k 32(n+ 2) 24 ( n +  2 )

From Lemmas 6. 5 and 6. 6 it follows that

3 E Aiik A + E
i. j , k i , j , k

meaning that A,, k ,A ,„ ,  O. W e  have thereby completed th e  proof of
Lemma 6.4.

Proposition 6. 7. W ' °(M) (.0  =  °(M) (+ ) =  (M ).

Proof. W e  show that r ° (M) (+) =  (M ) .  (S im ilarly we can show
that °(/q) (+ ) =  (M )  . )  From Lemmas 6. 2 and 6. 4 we see that every
f  2( M )  (4 . )  satisfies the equation

x r  z f  ,S (Y ,  Z )X f for all X, Y,

Let .9 '(M ) denote the space of all solutions of this equation. Then we
have .9 (M) + R C  .9' (M )  by (2) of Proposition 5. 6. Hence dim .9' (M )

dim m+ 1. Converesely we assert that dim .9' (M )  dim m + 1 . For
th is purpose we first show that a =171 f is  a  cross section  of n for
any f  . 9 ' ( M ) .  For all X, Y, Z E T „  w e have

F,F7,17 ,17
y f - 17 ,,,f7 ,1  7

y f=  a (Z, S ( X ,  Y )W ) - a ( W, S ( X ,  Y) Z).

On the other hand it follows from the Ricci formula that this is equal to

-a  ( R (Z, W ) X, Y) -  a (X, R(Z, Y).

Therefore we know from Proposition 5. 5 that a  is a cross section o f n.
Now fix a point p  o f M . Then the assignment f - > (f (p ),  (I 7 f)„ (1 7 17A , )
gives an injective linear m ap o f  .9' (M )  t o  R x T* p X  11„„ whence dim

dim m + 1 . This proves our assertion. Therefore we obtain
9A' (M)=---  ( M ) ±  R , and  hence .9 (M) °(M ) ( + ) c  (M ) + R .  It is
now clear that .9 (M) = (M) (4 ) . (Another proof of Proposition 6 .7
which uses Lemma 5.11 and Proposition 5. 12 is  g iven  as follows : Let
f  .9' (M )  and V the vector field  on M  dual to df. T h en  w e  have
(LE V) (X, Y) ,F  ( X , V ) Y  fo r all X , YE T  (c f. th e  proof of Proposition
5. 12). Thus we get d f e d , ( m )  and hence f E  (M ). )

Q. E. D.
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§ 7. R igidity fo r  th e  canonical isometric imbeddings of the
Grassmann m anifolds G2, "(R ), n 3.

T he m ain  a im  o f th is  section is  to  show that th e  two spaces .91(M)
and  ..d , ( M )  coincide for the G rassm ann m anifo ld  M =G 2 . " ( R )  w ith  n
>3.

7. 1. Some lemmas on the space d  (K , K o ) .  L et d  ( K , K O  denote
th e  im a g e  o f  d (M ) b y  th e  isomorphism cK (M) 1 ( K , K o ). For
an y  ço E  1 ( K , K o) w e define functions A ,, and  B ,  on K  respectively as
follows :

A 03=e0g0(e,)±e,s0(e1)-2n6,, E e049 (ek),

1 3 01=j1s0 (e,) ± e ,S p (j) — j,S0 (e0) — e140 ( j ) •

Lemma 7.1. ça is in  s i ( K ,  K O  if an d  only i f  A „=B 0 1 =-0.

P ro o f .  I f  ÇoE  g  '( M ) , w e  s e e  f r o m  Proposition 5. 5 t h a t  y )  i s  in
.91(M )  if  an d  only if W D ça= 0. N ow take any function o in  r i (K , KO.
W e define a  function a :  K—>S2 ( f ) *  b y  a(X , Y )=X ç o (Y )+Y ç o (X )  for
a ll  X, Y E ,  a n d  a  function A : K — >S2 ( t ) * ( ) A 2 (7 )*  by

A (X , Y , Z , W ) =a ( S ( X ,  Y )Z , W )— a(Z , S (X , Y )W )
—  a(X , R (Z , W )Y )— a(R (Z , W )X , Y)

for a l l  X , Y , Z , W E f l.

T hen  it fo llow s from  t h e  remark above a n d  Lem m a 6. 2 that yo is in
.saf (K , K o ) i f  a n d  o n ly  4 = 0 .  A n  easy ca lcu lation  using  L em m a 6 . 1
proves that A=0 if  an d  on ly if

a (e , E a (e „ e 0 ) 0,

a (e i , e; ) — a (ei ,  J 3 ) =0,
i. e., Q . E . D.

For a n y  re a l n u m b e r  A w e  put .p,e' (K , K o ) ( „ =  ( K , K o )  n ( K , K o ) ( „.
In  what follows we consider a  fixed function so in  .szf( K, K Ø) ( 2 ) . L e t  u s
define function f  an d  u  o n  K  respectively by

f = j 0 9 9 (e,) = — ,9KS0,
u = E ei ço(e i ).

Note that f E .9 ° ( K ,  Kg).
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Lemma 7. 2. (1) P99(e,)= —  2  ç9(e,),
2

n Pço(e  —  (
4 ( n + 2 ) 2

e
l
))W(

(2) P f  = P f  =

T hese facts fo llow  im m ediately from  Lem m a 6.3  an d  th e  fact that
4 /0-9KW=i9K4 Ks

0
.

Lemma 7. 3. ( 1 )  (  n
2 (n ± 2  

—
2

) +e f—   2  - u= 0
) 2 .

n 
2 ( n + 2 )  

2 ) f  2  Q u _ o .

 2 ( 3 )  (

2 ( n + 2 ) 2  
)ud - Q f -

2

n

Pu=0.

Lemma 7. 4. (1) ( 2 + n - 24 (n ± 2 ) 
)ço(e i ) — e,f  +e,u+Q99(J ; ) =0.

2 

2( 2 )  ( n - 2 )(./. + f)+ Q n + Q a= 0 .2 4 ( n + 2 )

n - 2  (3) (
2  

±  
4 ( n + 2 )  

)u± P u= 0.

T h e  s ix  equalities above can be obtained by succesively calculating
the functions E j i A i i ,  Ee JeIA J , E E E Jf ei B i ;  a n d  E
For the calculations we rem ark the following points:

E jie ;40 (e i) = E e Jj,49 (e,) E eilso (ei)
=e 1f+  Eso(LLei, es])

= e  i f  ±  4(nn±2)
E e i êi ço(ei ) =J„u +D p (H e i ,  ref ] ,  ei ])

= é ..u _t_  n - 2  
4 ( n + 2 )

E e3Q90(e1)= E eieieis, (ei)+ E eie,W (j,.)
j 1 , 1

= Ee ie i ê .69 (e „) +2E e i p „ e jço(J,) + E [ [ e ,  e i ], e lgo(e ,)
id id id

=(2 12 ± 2 e iç o ( [[J„ e j ,  'di ]) + E [ r e f ,  e j ,  e i ]ço(é .,)

n - 2  =Cla+ 
4 ( n + 2 )  

f.

(2)
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Furthermore calculating the functions E ei A u  an d  E eeA 1, we get

the following

L em m a 7 . 5 . (1 ) Qça(e .,) ,  n —
n

2  eu.

(2) Q u = 0 .
( n - 4  Lemma 7.6.  (

A u _  +
8(n±2)

P r o o f .  Since Qu=0, we have

QC2u*QQu—C2Qu

= E e; (e .,Qu— C2e,u)+ E (e; Qe; u— C2e1ei u).

W e have

ei Qu— Qe.,u ,  2 Jk [e„ e h ] u ± [ [ e „  eh ] ,  edu,

and

jk]u= EeiS°([[e.i, et])E  [Ce5, ei]49(e1).

Hence

ei Qu—Qe i u * - -1 j.0
4  '

In the same manner we obtain

E (e; Qei u — Qei e u) =  n - 6   Pu
4 (u + 2 )

W e have thus proved the equality

Q Q u _  1  p u +  n - 6   pu

4 4(71+2)

2 n - 2  B y (3 ) o f Lemma 7. 4 we have P u =  ( 4( +2) 
)u , and as is easily2 n

verified, Pu = P u  2 (n + 2 ) u . Therefore Lemma 7 .6  follows.

Q. E. D.

7. 2. The eigenvalues of the operator dic I a' ( K ,

Proposition 7. 7. 6,9/(K , K o)(2 )=0  i f  2*

P r o o f .  L e t  çoE .si (K , K O) (,) . B y  ( 2 )  o f  Lemma 7. 3  a n d  ( 2 )  of
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1Lemma 7. 4 we h ave  ( 2 - -
2

) ( f  f )  -= 0. Since ôKço= — (f+ .f) b y  (1 ) of
1

Lemma 6. 3, we see that 3,ça-=0 if A 2 .

Q . E. D.
1Proposition 7.8. I f ( K, Ko)(1) 0 ,  t h e n  A - - - o r  1 o r  2K o r  4x
2n 

4(n+2)

P ro o f .  L et ça be any non-zero function in  sl(K, K ,)  w .  B y  (3 )  of
Lemma 7. 3 a n d  (3 ) of Lemma 7. 4 we have

c2 f _ (
n 2 2 n  
2n 2n ) •

B y (2 ) of Lemma 7. 3 w e have

Q u  n24(-I-2) --1-12)f.n 2

Hence we obtain

n 2 \  (  n -2  2 _  n -1  Q Qu= (  n 2

4(n+2) 2  ) 2n 2n
•

T h is  together with Lemma 7.6 gives th e  equality (2—  2
1  ) (A -1 )u  =0.

1
Therefore we have 2= -

2- o r  1 if u 0 .  N o w  assum e that u 0. T h e n

w e  h a v e  (2— 2 ( n ± 2 )  )f  — 0 b y  (2) o f  Lem m a 7. 3. Hence 2=

2(n+2) —2K i f  f 4 0 .  A ssum e further that f= 0 .  T h e n  w e  have
n(A— 

 n ± 2
 )ço(e,)= 0 b y  (1 ) of Lemma 7. 3, showing that A— n±2

Q. E. D.

Lemma 7.9. Q W ( e , ) , -  11
6  ( e , )  f o r a l l  E0:4/ (K, Ko ) ( 4 ) .

L et ÇoE d ( K ,  K o ) („ ) . Then  w e see from  th e  proof of Proposition
7. 8 just above that u  = f=  O. T h e re fo re  w e  h ave Qço(e,) = 0  b y  (1 ) of
Lemma 7. 5. N o w  t h e  proo f o f  Lemma 7. 9 can  be carried  o u t  by
calculating th e  d ifference QQS0(e,)—C2C2y9(e,), which is quite similar
to th e proof of Lemma 7. 6.

Proposition 7. 10. .3 z (  (K , K o) (4 .) =--  O.

P ro o f .  L et yr saf (K , K ,) ( „) . Since u = f=  0, w e  see  fro m  (1 ) of
Lemma 7. 4 that
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3 n - 2  
4  ( n  + 2 )

 So ( e )
 +Qs0

Hence we also obtain

3n-2 - -
4 ( 2 )-I- 2 )  

40 (e) + Qs°(e,) =0.

From these two equalities follows that

QC240 (e i)= 1 ( 3 n  2  ) 240 (ei).16 n + 2

O n the other hand w e h ave  QQ40(e,) —
1
1
6 40(ei ) b y  L em m a 7. 9.

Therefore w e get w= O. Q . E . D.

Proposition 7.11. .91  (K , K o ) ( 4 .) c d„e„,9 (M).

P ro o f.  L e t  go s?‘ ( K , K o ) ( 4 ) . S in c e  i K f  _  1  f ,  w e
2

h av e  Ji ej ekf

1 
2 (n + 2 ) 

Al' =0 by Lem m a 6. 4. Hence

J162f± n f=  O.
2(n+2)

F urtherm ore w e have u= — 4Qf ( s e e  th e  p roof of P roposition  7. 8).
Therefore we obtain

2n  e  f .re. u=
n+2

Consequently we know from (1 )  o f Lemma 7. 3 that

(e,) =

N ow  le t  f '  (resp. f '') denote th e  r e a l  (resp. im ag inary) p a r t  o f  f .
B y  Proposition 6. 7 w e  h a v e  w° ( K , Kg) (+) ,  °  (K ,  K o ) ( 4 .) , c„ ( M ) .
H ence we see that both f '  and  f  belong to (K .9 (M ) .  L e t di c ir•-1.

0 denote
the fu n c tio n  wi(K, K ) d e f in e d  b y  (4f" • Io ) (X ) ,  (c 4 f ) (I o X )  fo r  all
X E f„  w h ere  th e  element I o in  th e  cen tre  o f fo sh o u ld  b e  reg a rd ed  as
an  endomorphism o f fi i n  a  n a tu ra l m a n n e r . (Similary th e  group  K.
w ill be regarded  a s  a  subgroup o f  GL(f i ). ) T h en  th e  equality p (e )
= —4 e J ,  obtained above, means that

go= — 4(4f ±dicf". 1-0).

Let us show  that di c f" 4 -
0=0, w hich w ill prove the proposition. W e first

remark that both a n d  4 1 '4 0 b e lo n g  to  w 1 (K ,  K 0 ) .  Therefore
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w e have (4X) = (a1 0X)..r = (1 -0aX)S fo r  a ll z E K ,  a G Ko a n d  X E  ri.
H ence (a/o ct'X - 4 X ) r =  0 fo r  all a e K o a n d  XE f i . However we know
th a t  K0/ Z 2  an d  th a t  aI0 a-1 X= —I0 X  f o r  a ll  a E  Ko —Kg and XEf1.
T h erefo re  w e  o b ta in  (40 X )f  = 0 fo r  all X J o r  4 1 '4 -

0 =0. (More
precisely w e have f  =O. ) Q. E. D .

7 . 3 . The spaces a' (M , f) and d  (M, f ) .

Theorem 7. 12. Consider the canonical isom etric  im bedding f o f  the
re al Grassmann manifold M = G "(R ),  n 3 ,  in to  the E uclidean  space  m.
T hen  the tw o spaces .91 (M , f) and .94 (M , f)  coincide.

P ro o f .  By Theorem  3. 8 the canonical im bedding f  is  e ll ip t ic , and
b y  Proposition 6 .7  t h e  two spaces c f  ° (M ) ( + )  a n d  .9 (M )  coincide.
Furtherm ore from  Propositions 7. 7 7 .  8 , 7. 10 and 7. 11 we know that

th e  eigenvalues o f th e  operator 41 ( M )  are 2 ,  —

1 
a n d  1, and that

2
.5=e" (M) (2r) = ( M) (2.) fl (0) =s4(m ), (M ) (+ )=  d  (M ) and 6,si (M ) ( 1 )

= 0 . -W e have thus seen  that the R  sp ace  M  satisfies conditions (C1)
(C O  s ta ted  in 5 .5 .  T h e r e f o r e  th e  two spaces d (M ) and  dE(1u)

co incide by Proposition 5. 10. Q . E . D.

Let us now consider the isom etric immersion f  =f 07t) o f th e  hermi-
tian sym m etric space M  into the Euclidean space m .  (O f course this
immersion is essentially different from  the canoical isometric imbedding
o f M  in to  11— 1 l  g i v e n  in  3. 3. ) C learly  f  is  e ll ip t ic  a n d  o f  infinite
type . Let I  b e the com plex structure on M  induced  from  the element
4  in the centre of fo. F o r  any f  9 ( M )  le t  df •I denote the 1-form
on l a  d e f in e d  b y  (df •I) ( X ) ,  (d f) ( I X )  f o r  a l l  XE T (M ) ,  and let

(R )  denote th e  subspace of cf ' (M ) ( + )  co n sistin g  o f a l l  th e  1-forms
df •I (A I)).

The notations being  as above, we shall prove the following

Theorem 7. 13. The space d (t -4 , f ) is calculated  as follow s :

d ( a ,  f ) , d , (R ,  f )+  a ( 1).

L e t  u s  p u t  d (M , f )  =  ( M ,  1‘) fl 1 ( -111) ( i )  a n d  d
 E (M. f  )  ( 2 )  =

.21
E Va., n w 1 (R ) (A). C le a r ly  w e  have a' E (R , f)  =  d E (M ) .  Hence
E (113 f  ) aK (M ) and d . ( 1 a ,  f )  ( - 0 =  d  ( M ) .  S in c e  f  is ellip tic,

f )  i s  o f  fin ite  dimension. F u rth erm o re  w e  d ed u ce  fro m  the
arguments in § 5 th at 4.2/ (/a, f ) .  It follows that d  (M , t)
= (111  f ( ).

L e t  .91 (K, K°0 )  denote the image of a ' i )  b y  th e  isomorphism
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e„: (fa), w1(K, K:). F o r  a n y  c e  ' ' ( K ,  K :)  w e define functions
A ,,,A „ (go) a n d  B, J =B ,,(Ç o) o n  K  b y  t h e  sam e fo rm u la s  a s  before.
Then we see that çD  is in  a' (K , K g) if  a n d  o n ly  if /1 15 (0 =./315 (99) =0.
Now th e  space ti c a (M ) consists of all the functions dicf (f  EeK.9(M))•
W e assert that 'K a (M ) c d  ( K ,  Kg), i. e., ( 1 1 -1- ) c  d f ) .  Indeed take
any function f  in  (K g  (M )  and  pu t ço=c1K f • l o . T hen w e have A ii(dicf)
= 0, because dKf E diccicg (M ) C  (K , K :) .  Hence A.; =   A ,;(dicf)
= 0 .  F urtherm ore w e h ave  e,ço(e,) - FeAo(j,), 11- 1 j,e i f — 1/ -1  e ,j ,f  = O.
Hence B ( w )  = 0 . T h e r e fo r e  w e  s e e  th a t  49 ,f1 ( K , K :) ,  proving our
assertion.

P ut d (K , K g)(2 )= .a (K ,  Kg) n  r'(K , Kg) ( ) . T h e n  f r o m  th e  argu-
m ents in 7. 1 and 7 .2  w e deduce the following facts : 1°. I f  d (K , Kg) (2)

1 0, then 2=2K o r  o r 1 ; 2°. 6,,d(K , Kg) (2,) =0 and 6„,d(K , K g ) ( i )  =0 ;
2

3 ° . d ( K ,  Kg) (+) OE d K  (M ) a  (11 ). C onsequently w e know  that

the eigenvalues of the operator 4 1 ,9 /(M , f )  are 2/c, an d  1, a n d  that

f) (2 )=  ( 1a )  fl ' (0) =. s i r K(M ), d  (M ,  f) H o = d.9 (M) - F (M ),
and 3d  (M , ) (,)=  0. M o reo ver s in ce  ° (M )(+ )-=  (M ) and  a d  (la  f)(i)
=0 , we deduce from  the p roof of Proposition 5. 10 that a ( em, f)(i)---- -
si E(M , f) (l ) . W e  have thus seen  that d (R ,  f )= d E (M ,  f)+a (fa),
and  have completed the proof o f Theorem 7. 13.

Appendix

The non-linear equations o f  isometric

imbeddings and the theorem of Janet-Cartan

1 . A lgebraic prelim inaries. L e t  V  b e  an  n -d im ensional vector
space over a  f ie ld  K  o f characteristic zero.

B y  a  curvature like tensor o n  V  w e m ean  a covarian t tensor
A 2 V*OA 2 V * w hich satisfies the 1st B ianchi's identity, i. e.,

C (x „ x „ x „ x ,)  =0 for a ll x„ x ,E  V,
( x i .  x2, '3)

w h e re  S  stands for the cyclic sum  with respect to  the vectors x „  x ,
T r *and  x,. W e d en o te  b y  K (V )  th e  subspace o f  A2 V*0A2 v consisting

of all curvature like tensors.  W e  a ls o  d e n o te  b y  K' ( V )  t h e  subspace
of V*O K ( V ) consisting o f a l l  covariant ten so rs  C E  V* (DK ( V ) which
satisfy th e  2 n d  B ianch i's identity, i. e .,

C (x „ x2, x „ x „ .x 5) =0 fo r a ll x„ ,  x 5 E  V.
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For any l 2  w e define a  subspace K ( V )  of ® 'V *  by

K ( ')  ( V) =  V *C )K ( V) nsi-iv*ox'(v).
C learly w e have

Ku) ( V ) ,  S2 V*O K (! - 2 ) ( V ) n  v * 0 1 ( ( i - i)(17)

w here w e p u t K ( ' ) ( V )=  K ( V )  an d  K (1 ) (V )=  K' ( V ).

For an y  / .() w e define a  linear map

j (l) : ®1+4v*(91+4v*

inductively as  follows:

(4 ("X ) (x „ x „  x3, .x4)= X (x „  x3, x3, x4)— X(xi,
— X (x„ x 3 , x i, x4)+X(x24

X 4 ,

X 4 ,

w here XEC) 4 V* and  x„ x 4 E V . And

x  Z I ( ') X= S' - 1 ) (x __I X ) (/-. 1),

w here Xe(DH -4 V * and  xE V. W e  e a s i l y  s e e  t h a t  t h e  m ap  4 0 )  m aps
S' -' 2 V*C)S2 V * in to  Ku) ( V ).

L et n  b e  a  subspace of S2 V * . T hen  it is  easy  to  see  th at th e  kernel
o f  t h e  m ap  d ( i) :  Si+2 V*C)n—>K ( ') ( V )  co in c id e s  w ith  t h e  subspace
P+ 2 (n ) of S' -"V *O n, o r  in  other words, th e  sequences

co
0—>pi+2 (n) V*Clu ->K0) (V)

are exact fo r all
The notations be ing  a s  above, we shall prove the following

Proposition 1. Assume th at  the subspace n + A 2 V* o f  0 2 V *  is
involutive. T h e n  th e  m ap  40 )  : S'+ 2 V*On—> K ( l)  ( V )  i s  surjective f o r  all

H ence the sequence

( n )  , s i+2 V* ® n * K u) 
(
v) , 0

is  exact for all /.__()

L et p and  k  b e  a n y  in te g e r s  w ith  O p k .  W e  d e f in e  a  linear
m ap a p : CY17 *—>C)*V* by

( a p X )  (X 1 , •  •  •  X k )  =  E (— 1) iX (x i , , .t,, , xp + i, x ., . • . , xk),
i

w here XEC)kV and  x i , . . . ,  x k EV. W e  note th at the m ap 4(0 ) m a y  b e
expressed a s  th e  c o m p o s it io n  o f  th e  m ap s  6, : 0 4 17*—> A2V*(DC)2V*
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and  ay : CD4V * - ÷0 217 * OEV V *
.

For any k 0  and l  —1 w e put AW*Ob(", where we promise
that b(0) -b and  W- 1 ) -=  V .  I t  i s  e a s y  t o  s e e  t h a t  5,(s1") and
ak+,akc=o fo r a ll cEsek, '. T hus th e  system  {d " ,  ak} g iv e s  a complex,
which is nothing but the Spencer complex associated with th e  subspace

o f ® 2 17 *. Since Ij i s  involutive, w e know  that th e  sequence

- dk+1,1-1

is  exac t fo r any k an d  a n y  l 0  ( s e e  [10]).
W e p u t Wk.' = A' V*(Dp' ( n ) .  By Theorem  1.6 we see that the assign-

m en t x—,x+-a,,,x g iv e s  a n  isomorphism o f  ,RT". ' o n to  d e . ' (/ - 1).
Clearly we have akak+i—ak+1ô(1 2). It follows that a k (d ) c
an d  th e  sequence

j 7l - -1 ,1 4 .1 ! T 1 k 1

is  exact for any k and  a n y  /- 2.
L et u s now prove Proposition 1.
T he case where 1=0. L et C E K (V ). W e have C E A 2 V*CA, because

A 2 V* cb. W e have (32 C = 0 .  Since th e  sequence

V*Ob ( 1 )A 2 V* C) --> A 3 V*OV*

i s  exact, th e re  is  a  CI EV*Ob ( 1 ) s u c h  th a t  3,Ci z---C. B y T heorem  1 .6
th ere  is  a  u n iq u e  X E V*Opi (n) su ch  th a t c i = x + a ,x . H ence ai X +
oia2x= C .  T his m eans that 61 X = 0  and a1a2 x=c, because 61 XE A 2 V*C)n
and  a1a2 x, C E A 2 V*C)A 2 V * .  Since a1 X=0, w e h av e  XES 2 V* >On. And
we have 4 r ) x = m 2 x = c .

T he case w here 1= 1. L et C E K '(V ) .  Since x K (V ) for all xE
V an d  s in ce  th e  m ap  J ( ' ) SW *C )n-->K (V ) i s  surjective, w e  see  th a t
th ere  is  a n  X E  V*(DS2 17*On such that x 4 ( ° ) ( x  _I X ), i. e., 4 (1 )X .
S in c e  a1X E A 2 V*OP 1 (n ), it follows that ci=a,x+a,aixE A' V*CA" ) . A
d irect calculation proves that M i X=52a361X=0 and hence 6,C1

- --=0. Since
th e  sequence

V*(Db(2)—'-'--> A' V*Ob ( ')-- A' v*CA

i s  exact, t h e r e  i s  a  C,EV*Ob ( 2 ) s u c h  th a t  a1G2= CI. N o w  C y  can  be
expressed a s  Cy

=  Yd-a3 Y w ith  a  u n iq u e  YE  V*OP 2 (n)• T h en  w e  have
y +  y  a i x  +m i x=  6 X  + 3 3 ,X . T h ere fo re  p u ttin g  Z= X— Y, we

see that ZE V*C)S2 V*C)n and a,z+a1a,z=0. This last equality means that
a1z=a133z= 0, because a1 zEA2V*OV*On and  ala,zE A2 v* v*®A2 v*.
Since 3,Z=0, w e have Z E S W *O n . A n d  w e  have Aci)Z=4( 1 ) (X —  -=
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4'X= C. ( N o t e  that 4 ( " IT= 0, s in ce  Y e V*OP (n) )•
T h e  ca se  w h e re  l2 . W e  p ro v e  o u r  assertion  b y  induction on the

in teger 1. Assume that th e  m ap LI( `- l' S '+ 1 17 *(j)n-+K ( ' 1) i s  surjective.
L e t  C E K u )(V ). S in ce  x_ JCEK ( `- 1 )  f o r  a l l  xE V , th e r e  i s  a n  X E
V*C)SI -"V*(Dn such that x_IC=4 ( ' - ')(x e., C=4 ( `) .X. W e assert
th at 31 XE A 2 V*OP' (n ) .  Indeed  fo r any x, y V w e  h ave  x_IYi51XE
SiV*On and  4 2 )  (x _iy __I 5,X) = x jy  J  /PA  X . F urth erm o re  4( ')51 X
=3,t1u) X= 31 C= 0. I t fo llo w s  th a t 4( 1 - 2 ) (x Jy i3, X ) = 0  o r  x Jy ja 1 xE

(n ).  H ence 5,XE A2 v*Opi (n), proving our a sse r t io n . Now we have
626,X--= 0 . A s w e have already rem arked, th e  sequence

V*OP 1+' (n) v* OP' (n) v* (n)

is  e x a c t . H ence there  is  a  YE V*C)P+ 1 (n ) such  that 61 X=3 1 Y .  I f  we
put Z= X— Y, w e have ZE v* (Dsi v*On and 31Z= 0. These facts imply
that ZES`+ 2 V *O n . S ince 4 ( `) Y-= 0, w e obtain  4( ') Z=4 ( ') (X —  = zI(')X=
C.

W e have thereby proved Proposition 1. Q . E . D.
/d- 1 n n —C oro lla ry . d im  Ku)(V )= ( 1)
1 + 3   • 2  

P ro o f .  Let It=S 2 V*. T hen w e have 0 = 0 2 V*, which is clearly involu-
tive. T herefore by Proposition 1 w e obtain  th e  ex ac t sequence :

0___>p1 +2 (S2 V*) +2 V*C)S2 V* _> ( V) _3.0 .

Furthermore we have p i +2 (S2 V*) ' 0 ( 1 + 0  SI -F3V * 0 v * .  From these follows
)th e  corollary. (Note that d im  S h V* = „11,— (n + k -1 )!

k! (n -1 )!  •
Q. E. D.

W e shall now  prove Proposition 2. 3, a s  w e  p ro m ised . L e t n  b e  an
r-dimensional subspace o f S2 V * .  L e t u s  consider th e  ex ac t sequence :

(n) --->S1 V* On —> K(1- 2) ( V) ( l . - 2).

W e have 0( 1 ) -=1)1 (n ) .  A nd by Corollary to Proposition 1 w e have

m( ') = dim  SiV*On— d im  K ( 1 - 2 )(V )

= (r —.Al+  2 N   ) • H1+1

1First consider the case when r - 1\ = n (n —  1 ). Then mw>0 and  hence2
0u ) #0 fo r a l l  / ._2 except fo r r= n= 0 o r r= 0, n= L  Next consider the
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c a s e  w hen  r < N  T h e n  m (" > 0  a n d  h e n c e  (̀)* ( /  i f  2 N  r< l< N— r •
Therefore Proposition 2. 3 follows.

2 .  The equation 0 ( f )  =g  and its prolongations. L e t  (M, g )  be
an  n- dime sional Riem annian manifold, and let /V  be the m-dimensional
Euclidean space ( m n )  .  L e t  u s  consider th e  equation  o f  isometric
immersions of (M , g )  into I r

0(f ) = g,

w here 0 ( f ) = < d f ,  d f >  a n d  th e  unknown f  is  a  lo c a l  differentiable
m a p  o f M  to  I r .  L e t  17 b e  th e  co v arian t differentiation associated
with the Riemannian metric g, and let R  be its curvature. T h e  R iem ann-
Christoff el curvature C  is  the covariant tensor fie ld  on  M  defined by

C (x „ x „ x „ x 4 ) = — g(R (x „ x 2 )x „

(H ereafter x ,  x „ x „ . . . ,  w ill m ean any vectors to M  a t an y  point p  or
a t  a  given point p .)

Proposition 2. Every s o lu t io n  o f  the  equation 0 ( f )  =g  satisfies the
following equations :

(1) < I V ,  17, 2 f >=g (x i, z 2 ) .

(2) <17„17j, 17 , 3 f > =  O.

(3) <17 4*, 17 V >+<1 7 , i 17,2 f , J > =  O.

(4) <17 x 1 17,3 f ,  17,2 17,1>— <1 7 , i 17,1, V," 4 > = C ( x „ x 2 , ..x2 , x 4 ).

(5) <17,17V F , I J > + < P " , 1 17.,3 f ,  G,17„17 1 >

< 17.17-117 4f  1 7 '217.3f <17''117 r■if  FY -2 17>
=(17.,C)(x„ z , ,  z3, z4).

T he equation (4 ) is  th e  so-called Gaussian equation fo r th e  isometric
im b e d d in g , w h ic h  c a n  b e  d e r iv e d  fro m  t h e  equatio n  ( 3 )  and the
Ricci formula :  17,,I7j , 3 f -=-F, z 17,17,3 f — (R (x „ x 2 ) x , ) f .  L et P  denote the
equation (1 ) , and P ( 1 ) ( r e s p . P ( 2 ) )  the system o f  equation, ( 1 )  a n d  (2)
( r e s p .  ( 1 ) ,  ( 2 )  a n d  (3)). Analogously le t Q  ( r e s p .  Q ( ' ) ) denote the
system o f equations (1 ) , (2 )  an d  (4) (resp . ( 5 ) ) .  N ote that P (1)

(resp. P (2 ) )  is  th e  f i r s t  ( re s p . second) pro longation  of P ,  a n d  Q(1) i s
the first prolongation of Q . In  the following we shall be mainly concern-
ed  w ith  th e  system Q.

L e t  .P(M , m ) b e th e  vecto r b un d le  o f  a l l  k - je ts  o f loca l differen-



Isometric im beddings 65

tiable m aps o f M  into A s  u su a l the systems P, P ( 1 ) , e tc . m a y  b e
represented by subvarieties o f J 1 (M , m ), (M , m ) , etc. W e  w is h  t o
have the exact expressions of the subvarieties. For th is purpose w e
first g ive the expressions of the jet bundles .P(M , m ) in  te rm s of the
covariant differentiation.

Let us consider the vector bundles

T 0 (M , m ) ,  E Cy T (M )*

Every element w of T 1 (M , m ) m ay be expressed as w-= ; (Do, • • • , (DO ,
where p  is  th e  o rig in  o f w  and w, is  the /-th component of w ith  respect
to  the decom position above. N ow let u  b e  a  local d ifferentiab le m ap
o f M  to  I r  defined on  a  neighborhood at a point p E M .  Then ( ru )
E g T ( M ) p

* OR', and the assignment

j u —› ( p  ;  u ( p ) ,  (Fu)„ (Fku) p )

gives an injective homomorphism of .1k (M ,  m ) into T 1 (M ,  m ) .  Thus
w e m ay iden tify  J 1 (M , m ) w ith  a subbundle of T k (M , m ) .  Clearly
w e have J°(M , m )=T °(M , m) and .1'(M , m ) =T i( M , m ) .  u  b e in g  as
ab o v e , w e  have I 7  ,i F,u=1 7  ( R  x 2 )  x 3 ) u ,
and 17,17,17 3 u=17 , i 17. 3 17.2 u .  H ence .P(M , m ) consists o f a l l  (p ; (0 0, w ,, w2)
E  (M , m ) such that

(0 2  (
1

1 ,  
x

2 ) W 2 ( X 3, 1)

and J 3 (M , m ) consists o f a ll (P ;0 1 ,  0 2, w,) E T 3 (M ,  m )  such that

(0,(x,, x2) =(02(x2, x i),

w, (z,, 2 ,  3 )  W 3  (
z

3 )  w, (
R

 (
z

1 ,  
X

2 )  
X

3 )

W 3 (
X

 1, 2) z , ) ( ° 3  (
X

 1, x
3 )  

x
3 ) •

W e  a re  n o w  in  a  position  to  g iv e  the exact expressions of the
subvarieties P ,  P ( 1 ) ,  etc. F i r s t  the subvariety P  o f J 1 (M ,  m ) consists
o f a l l  (1;' ; (00, (0) EJ1 (M , m ) such that

< w i (x i) , wi(x2)>= --g(xi, x2).

It is  c lea r th a t p 1 ( P ) =M  and P  i s  a fibred submanifold of the vector
bundle J 1 (M , m ) over M .  ( I n  genera l p k ,(0 _ /<k ) denotes the projec-
tion o f  .P(M , m ) onto  .P (M , m ), an d  pLi the pro jection  o f .P(M , m)
onto M . )  Next the subvariety P (1 ) o f  .P (M , m ) consists o f  a l l  ( p ;  w o ,

(02) E.12 (M ,  m ) such  th at (/); (00, col) E P  and
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<0)2(1 1, 1 3), 0 )1(x3) > = 0 ,

and the subvariety P ( 2 ) o f J 3 (M , m ) consists o f  a l l  (P;  w ,  w , 0)2, 0)3)
EJ 3 (M , m ) such  that (P ; (00 ,

 w ,
 ( 0 2 )

U) and

< 0)3 x „ 1 2 ), a) 1 (x 2 ) >  <oh  (x „  1 3 ), 0) 2 (1 , x 2 ) > = 0 .

I t  i s  e a s y  t o  s e e  t h a t  g ( F ( ') ) = F  and P ( "  i s  a subbundle of the
vector bundle (A ) - 1 (P)  over P .  Let a =(p ; a h,, c o l ) P. T h e n  oh(T (M ) p )
is  an n-dimensional subspace of R'", and  let Na d e n o te  the orthogonal
complement o f o h (T (M ),) in . The union N = U N ,  forms a  vector

bundle over P .  W e note that the vector bundle P I )  over P  is naturally
isomorphic with the tensor product S 2 T  (M )*(D N . (S 2 T  (M )*(D N  stands
for th e  ten so r p roduct F O N , w h ere  F  i s  the vecto r b u n d le  o ver P
induced from )52 T  (M )*  b y  the m ap p : P ->1 1 1 .)

F in a lly  the subvariety Q of .12 (M , m )  consists o f a l l  (p ; w , 0 )), (02)
E P ( 1 ) such  that

< 0 ) 2 (1 13 1 3) 
(
°2 (1 25 1 4 )  >  -  < W 2 (1 1, 1 4 ) , 

(
°2 (1 2 ,  1 3 )  >  C(1.1, 1 2, 13 3  1 4 ) ,

and the subvariety Q ( ')  o f  J 3 (M , m ) consists o f  a l l  ( p ;  
w ,

 w „  ( 0 2 3E
P( 2 )  such  that (1 '; 0 )0 , WI, (

0 2) EQ and

<0 )3 (x , x i ,  1 3 ), (02 (1 2 ,  1 4 )> + < (02 (x ,, x3 ), W 3 (
x

) I 2) 1 4) >

< 0 ) 3 (1 3 1 1, 1 4) , (12) 1 3) >  < W 2  ( X l,  1 4 ) ,  0 ) 3 ( 1 ,  1 2, 1 3) >

=  (V C )  (x , ,  1 2 , 1 3, 1 4)•

3 .  T h e equation Q  and the theorem of Janet - Cartan. Let 18-=
( P ; wo, w ,  0 ) 2) E P ( ') . W e p u t a = g (P )=  ( P ;  (00, 00, and define a  linear
m ap e„ : N ,-)S 2 T  ( M ) *  by

ep(w) (x i, 1 2) =Kw, w2 ( x i ,  1 3) > ,

w here w E N ,. W e say that 13 is non-degenerate if the map e, i s  injective.
Let 19EP ( 1 ) be non-degenerate . T hen  w e deno te by rtp the im age of

N , b y  the m ap O p  and define a  subspace bp o f O 2 T ( M ) :  by r i p +
A 2 T (M ): .

Proposition 3. Let P E P ' )  b e  n o n -d eg en erate . T h en  b, is  involutive

if  a n d  o n ly  i f  t h e re  i s  a  b as is  { e „ .. . ,  e n } o f  T  ( M )  s u c h  th a t  the
1 n ( n  - 1 )  vectors a),(e,, e,) (1. i.- j - n - 1 )  are linearly  independent.
2

This fact follows easily from Corollary 1 to  Proposition 1. 7.
In  what follows we assume that
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1 1 n (n +3 ).
2 — 2

W e den o te  b y  11' ) th e  subset of P ( ') com posed  of a ll 'S E P ' ) su ch  th a t
,8 is non-degenerate an d  such that b p i s  involutive. Then we see from
Proposition 1. 7 or Proposition 3  th a t /1 ) i s  an  o p en  d en se  sub set of
P ( ') a n d  p2 (P i($1 ) ) = P . Putting (,-2,=4) n(2, w e  s h a ll  show th a t  Q# i s  an
involutive equation.

For each P E M  w e put K p =K (T  (M ),) , th e  sp ace  o f  curvature like
tensors on T  (M ) ,.  T hen the union K = U K , form a  vector bundle over
M .  Let :k denote the vector bundle over P  in d uced  fro m  K  b y  the
m ap p :  P - - > M .  F o r a n y  43E N ) w e  d e f in e  a covarian t ten so r Q( 9)
on T (M ) p b y

Q(P) (xi, 1 2, 1 3, 1 4) = <0)2(1 1, 1 3), oh (1 2, 1 4) > — <oh (-xl, 1 4), 0)2(1 2, 1 3) >,

T h en  f2(13) K  and the assignm ent P— (a , Q (P ) )  gives a  m a p  of Pk)
to  K , w h ic h  w e  d e n o te  b y  D. L e t C  denote the cross section  of
IZ corresponding to th e  R iem ann-C hristo ffe l curvature C  w h ic h  is  a
cross section of K .  T h en  w e  k n o w  th a t ( 4  i s  the inverse im age o f
C  b y  the map

For any 1 3 E 4 ) w e  d e fin e  a  lin e a r  m ap  4 :  S 2 T(M )*pO n„---)K , by

Glp (e) (x „  x „  x , 1 4 )

= <e (x i, 1 3), (03 (1 2, 1 4 )  >  <oh (xi, 1 3), e ( 1 2, 1 4) >
— <C (xi, 1 4), oh (1 2, 1 3) > — < a), (xi, 1 4), e (x3, 1 3) >.

w here EES 2 T ( M ) :0 N a .  Note th at Zip m ay  b e  reg a rd ed  as th e  differ-
en tia l a t 48  of the m a p  D : 1 1 ) n ( p ) ' ( a ) — K .  T h e  isomorphism ep :
N„—>np n a tu r a l ly  in d u c e s  a n  isom orph ism  o f  S 2 T (M ) ® A r„ onto
S2 T (M ):® n p,  w h ich  w e d en o te  b y  X :

xp (e) ( x i ,  x2, 1 3, 1 4) = (x i, 1 2), oh (x3, 1 4 )2 ,

w here e E S 2 T  (M ):01 \ T hen  w e have

Z p =  4(°)0 X 0.

Lem m a 4. PP)  i s  a  f ib re d  manifold ov er R- w i th  Ô  as projection.

P ro o f .  The fac t th at D (111)) =R - w a s  a lre a d y  sh o w n  in  E . Cartan
[ 3 ] .  T herefo re it su ffices to  show that 4„(S z T  (M ):O N  „) = K  fo r  all
19 4 ) . H ow ever th is fo llow s from  Proposition 1 (for 1 = 0), because
b, i s  involutive and 4 == Zr°) 0 X p Q . E . D .



68 Eiji K aneda and N oboru Tanaka

By Lemma 4  w e have

Proposition 5. g(62 #) =P , and (2# i s  a  f ibred  subm anijo ld  of the
f ib red  manifold PP)  o v er P.

Let 13E (2#. W e denote by gp the symbol o f 62# a t  13, which is noth-
in g  but the kernel of the m ap Zlp .

Proposition 6. The symbol g p is inv olutiv e.

P ro o f .  Since bp is  involutive, so is b(;) (as a subspace of T  (M ): O W ).
T herefore it fo llow s from  T heorem  1 . 6  th a t p  (n )  i s  involutive (as a
subspace of T ( M ) ® p '  (il k) ) .  W e  have p i  = T (M) (pn p,  and the
isomorphism X 13 S2T (M )7, ON, - - >S2 (M )  O n p  m a p s  g ,  onto P2 (np).
T hus w e see that g, i s  involutive. Q  E. D.

L et us consider the first prolongation g (p1 ) o f  g p

gp ) =S 3 T (M ):0 N „ n  (m ); O g p .

Proposition  7 . The dimension o f  gp) is  constant.

P ro o f .  F rom  th e  proo f of Proposition 6  w e  se e  th a t  8 (
p 1 ) - -1,3 (n 9).

From  th e  exact sequence (for /= 1 )  in  Proposition 1 ,  it fo llow s that
dim  p3 (t t) i s  constant. Q. E. D.

W e put

C41)= (2") n (p4) ( R ) .

Proposition 8. ,032(c2fti)) Q .

P ro o f .  Let PE Q#. W e d e f in e  a  l in e a r  m a p  S p : .5 3 T (M )C)1V — ,
K( 1 ) (T  (M ),)  by

(e )  (x , x i, x2 , 1 3, x4)

< e  (x , x „ 1 3), (02 (12, 14) >

<C (X ) X l ,
 1 4 ) ,

 W 2  ( 3 7 2 3  1 3)

<(02 (1 1,

< W 2  (x 1 5

13), e 12, 14)

14), e ( x, 12, 1 3)

>
> 3

w here e E S 3 T (/1 4 ):O N ,. T he isomorphism O p  N--->n p naturally induces
an  isomorphism of S 3 T (M ):O N „ onto S T ( M ) Ø n ,  w h ich  w e deno te
b y  Xrp :

(e) (x, x i ,  x 3 ,  1 3, 1 4) = <e ( 1 ,  1 1, 1 2), (02 ( 1 3, 1 4) >,

w h e r e  E S 3 T (M ) ,,* ® / V ,. T hen w e have S p = 21(')ciX p'. B y  Proposition 1
(for l = 1), w e see that 4;  is  surjective. H ence there is a 22ES3T(M)7,C)N„
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s u c h  t h a t  2, ( 2) = (17 C),„ L e t  u s  define a n  e le m e n t  (D, of
0 3 T (M ) :0 a ) , ( T  ( M ) )  by

( (D3 (x, x 1 ,  .x2), 0)1 (x3) >+ <0)2 (x1, x2), (02(x, x,) > =  O.

T h en  w e easily  see  th at (p ;  w o , w i, N 2 )  0)3+ )  belongs to  Q .
Q. E. D.

B y  Proposition w e  have proved the following

1Theorem 9. A ssum e that —
1

n (n +1 ) - n ( n +3 ) .  T h e n  the equa-

tion Q # is inv olutiv e.

For the definition of an involutive equation , see [6 ].
B y v irtu e  o f Theorem 9  w e know  that every R iem ann ian  manifold

M  of dimension n  can be locally isometrically imbedded in the Euclidean
1space of dimension n ( n +1 ) ,  w here everything should be considered
2

in the rea l an a ly tic  ca tego ry . This is  the theorem of Janet-Cartan. A
re c e n t p a p e r  of J. Gasqui proves Theorem  9  i n  som ew hat d ifferent
fash ion  (see  [5 ]).
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