J. Math. Kyoto Univ. JMKYAZ)
20-2 (1980) 315-325

The comodule structure of K, (2Sp(n))
By
Kazumoto Kozima

(Received Feb. 5, 1979)

§0. Introduction

Let Sp(n) be the n-th symplectic group, QSp(n) its loop space. F. Clarke
determined the Hopf algebra K,(QSp(n)) for n<3 where K,() is the Z,-graded
K-homology theory, following to the corresponding result of the ordinary homology
by R. Bott ([6], [9]). Recently, the Hopf algebra H*(QSp(n)) was determined by
Kono-Kozima [11]. Though our method used in [11] is not applicable for K-
theory directly, we can determine the Hopf algebra K,(Q2Sp(n)) by some algebraic
devices ([12]).

Using these results, we can fix the generators of K,(Q2Sp(n)). The purpose of
this paper is to determine the K,(K)-comodule structures of K,(Q2Sp(n)), and to
write down the formulas for the above generators.

Under some algebraic notations, the main result of this paper is

Theorem 3.10.

(do)-z(@(»)
T®1+5(x) Z(0(%)

YeZ(x)=

For details, see § 3.

This paper is organized as follows:

In § 1, we recall some notations in [11], [12].

The results of [12] are written by the words of Z,-graded K-theory, but we can
easily obtain the corresponding ones in Z-graded K-theory. So in this paper, we
use only Z-graded theory.

In §2, we quote the results of [2], [3] and [15] for the structures of K(K),
KO0,(KO) and the comodule structure of K,(BU) where BU is the classifying space
of the infinite unitary group U.

We also summarize the result of [12] for the structure of K,(Q2Sp(n)) where
K, ( ) is Z-graded K-homology theory.

In §3, we introduce some algebraic notations which are needed to state the
main result, and prove it.

Notice that the Euler class in K-theory which is used in this paper is different
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from the ordinary one in [2], [15]. So, B; used in §2, §3 is !, in [2], or [15]
where t € m,(K) is the usual generator.

Throughout the paper, the ring of integers is denoted by Z, the ring of integers
modulo n by Z,, and the rational numbers by Q.

If R is a ring with unit, then the formal power series ring over R is denoted by
R[[x]]. If f(x)=2%; fixt e R[[x]] then the coefficient of x" in f(x) is denoted by
L ()]s

Then the binomial coefficient ( ,'111 > is equal to [(1 +x)"],,.

§1. Notations

First, recall some notations (see [11], [12]).

Let U(n), Sp(n) be the n-th unitary and symplectic group, and U, Sp the infinite
unitary and symplectic group, respectively.

Let C (resp. H) be the field of complex (resp. quaternion) numbers.

Let a;;eH and a;;=b;;+jc;; for b, c;€C and define a map
¢: Sp(n)—»U(2n) by

Nn"'Nlu
c((aij))= S : s

b‘-j —Cij
N,'j= ~ _ .
cij b”

Let BG be the classifying space of a topological group G and Bf: BG—BH the
map induced by a continuous homomorphism f: G—H.

Let QX be the space of loops on a space X and Qf: QX —QY the map induced
by a map f: X—-Y.

Let SU(n), SU be the n-th and the infinite special unitary group.

Let g: BU—QSU be the Bott map. Since QSU=Q3BU, we may regard g as
a map to Q3BU.

Let i,: Sp(n)—Sp be the natural inclusion (see [11]).

Let y—»BU(1) be the Hopf line bundle. Though we usuary use [y—1]€
KO°(BU(1)) as the Euler class in K-theory ([2], [15]), we use t~![y—1]e K*(BU(1))
as the Euler class in K-theory where t € n,(K) = K~2(pt) throughout this paper.

nt" "V

where

§2. K,(K)-comodules

In this section, we quote some theorems in [2], [15], and state the main results.
Let K be BU-spectrum and KO BO-spectrum. In general, we have next
theorem [15].
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Theorem 2.1. Suppose E is a commutative ring spectrum such that E(E)=C
is flat as a right module over E.(pt)=R. Then there are homomorphisms

¢: CRrC—C e: C—R
n.: R—C ng: R—C
c: C—C VYe: C— CRiC

and ¥y: E((X)>C®pg E«(X) for all spectra X, with the following properties:
i) C is a commutative Hopf algebra with product ¢ having left and right
units ny, ng and associative coproduct ¥ having augmentation e;
i) ifAeR and xeC, then
Ax=¢(n (D®x), xi=d(x@ng(4)):
iil) en,=1=eng, cnL=ng, cNr=HL, ec=¢, c*=1;
iv) Pe1)=1®1 and hence ¥Yen (A)=n, (A)®1 and ¥ gnr(l)=1®@ng(1) for
all AeR;
v) Wy is natural with respect to maps of X;
vi) Wy is a coaction map;
Vi) if Yy(0=Sei®@x; and ¥y()=3,;¢®y; for x, xieEy(X). y, y;€
E.(Y), e;, €€ C then
Pxay(XAY)=2;; (= DIxl1eleief@(x; A yj):
viii) WYg: R>C®x R=C is just n,.

For details, see [15]. Notice that K,(K) and KO,(KO) are right flat over
K*(pt) and KO,(pt), respectively. Then (2.1) is applicable to the cases E=K, KO.

We prefer to write ¥ in place of ¥y in (2.1) because we want to clarify that
we work in K-theory.

Let te K,(pt) be a generator and h;e K,,(BU(1)) be the dual element of i-th
power of the Euler class in K-theory. Let ;€ K,,(BU) be the image of h; by the
homomorphism induced by the natural map Bi: BU(1)—»BU (see [2], [11]).

Let u=n,(t), v=ng(1). |
If we consider BU as the 2n-th term of K-spectrum, then we have a homomor-
phism

pt K2q(BU) I K2q—2n(K)'
Let ¢: KO—K be the complexification map. Then we have
(cAe)*: KO4(KO)— K, (K).

Proposition 2.2.
1) K(K)-> K (K)Y®Q=0[u, u~', v, v='] is monic.
ii) the composition

©,K0,,(K0) {2222, Ky(K) — K4(K)®Q=0Q[u, u™?, v, v™']

is monic.
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Theorem 2.3. In K (K)®Q

{l(/}n)=pn(ua D)2;1[?(0—11)(0_2“)”'(0——(”_ 1 )u) 5 fOr n> 1.

Theorem 2.4,
1) Ky(K) is spanned by p,(u, v) over Z[u, u™', v'] in K (K)®Q.
ii) The image of @, KO4,(KO) in K, (K)®Q is spanned by
gn(u, v)= (ﬁ%z—)j(vz—uz)(l’z—22142)“'(02—”2”2),
Sfor n>0 over Z[u*, 2u?, u=*, v=*].

In [15], Switzer also determined ¥ g(p,(u, v)) and ¥ (q,(u, v)).
We abbreviate p,(u, v), q,(u, v) to p,, q,-
Put py=4g,=1.

Put

P(x)=2iz0 pix™!,
Q(x)=2i204:x"" € Ku(K) [x]].
Theorem 2.5.
) Yxw)=u®l, Yx(v)=1®v and
Yi(pn)=2jz0 [(P(X)) "], ®pj. n20,
i) ¥Y(@n)=2,20[(Qx)*']11®9q; n20.

For the proofs of (2.2)-(2.5), see [2], [3] and [15]. The formulas of (2.5) are
slightly different from the original ones in [15], but one can easily show that they
are essentially equivalent.

Let B: S2BU—~BU be an adjoint map of the Bott map g: BU—Q2BU. Define
B: K, (BU)— K,,.,(BU) by the composition

K,(BU)=K,.+,(S2BU) -2+, K, 5(BU) .
Then the diagram

Km(BU) L’ Km-2n(K)

lg lv.

K, (BU) =25 K,,_5,+,(K) commutes (see [15]).

Since v- is an isomorphism and B kills the decomposable elements in K,(BU),
¢, also vanishes on the decomposable elements. As a corollary of (2.2) and (2.3),
we have

Proposition 2.6. ¢,: Q(K,(BU))—»K, _,,(K) is a monomorphism where Q is
indecomposable functor.
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Proof. One can easily show that {v="*!p,(=¢,(B))}i>o are linearly independent
over Z[u, u']. Since Q(K4(BU)) is a free K,(pt)-module generated by {B}:>0,
(2.6) is clear.

Let I be the composition
R, (BU(1)) — K, (BU) =% K,,_5(K).
Then (2.6) says
Proposition 2.7. [ is a monomorphism.

Next we rewrite the results of [12] in the words of Z-graded K-theory. We
will use the same notation both in Z,- and Z-graded theories.

So, put b2n—1=2i§0(n;—1>tiﬂ2n—l—iEK4n—2(BU) and

b2n=2‘.go(":1>t"ﬁ‘2"-1 €K, (BU) for n>0.

We define also b,(x) and b, (x)e Ko (BU)[[x]] to be X ;50 by;—1x2"! and 1+
Sisobax?. Put r(x)=3;5072i-1X2 ' =b,y(x)/b.(x). Let g, ¢ and i, be the
maps as in § 1.

Theorem 2.8. There are z,,_, € K, _,(2Sp) such that
1) Kyu(QSp)=K,(pt)[z,, 23,---, Zok—15.-.] as an algebra
i) gx'o(Qc)s: Ke(QSp)—» K, (BU) is monic. Moreover g3'o(Q¢)sza_1=
Fak—1, for k>0,
i) (Qi)x: K(2Sp(n))— K (2Sp) is monic, and Im (Qi,) is generated by
Zyy Z3yees Zop—y S a subalgebra of K (QSp).

For the proofs of i)-iii), one has only to modify those of the corresponding
theorems of [12].

Since the coactions are natural, and since ¥(8,) is known, we can know the
comodule structure of K,(Q2Sp(n)) or K,(QSp) by virtue of the above theorem.

In the next section, we will obtain ‘internal’ formulas, that is, we will write down
¥x(z,) by z;, q; and the new element s, € K, (K).

§3. Comodule structure of K, (£2Sp(n))
First, we determine ¥g(b,,- ) and ¥g(b,,).
Let Hy-1=2%is0 n;l>tih2n-1—: and
Ha=Tizo( "7 1) tthan i€ KuBU).

By the naturarity of ¥x, we have only to determine ¥y (H,,-,) and ¥Yx(H,,. We
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need the following lemma.
Lemma 3.1.

i) I(HZn—l)'—"l(bZn—l):nqn—l and»

i) I(Hy) =c1(ban) = guei( 252 )

Proof. For i), we need to show that
h iz0 ( nl_- . )uiPZn—l—i =Nngu-i.
Put Fu(x) =(k—_*l_l-5—!(x—1)(x—2)-~-(x—k) and
00 =gy (2= D32 = 22)(x2 = %)

Then py 4y =I3k<'uv‘>“k and ¢1k=qk<%)“2k'
So we have only to prove the equation

(3.2) Zigo(n; 1)172,--2-;'(3‘):”‘7"-1(-’5) .
For ii), we need to prove
(3.3 2 Sizo ("7 Pawe1-i30) = (=m0

Clearly the both sides of (3.2) (respectively (3.3)) are the polynomials of degree
2n—2 (respectively 2n—1), and have the same coefficients at the maximal degree.

Since n—-1 =0 for i>n—1, the both sides of (3.2) (respectively (3.3)) have
i

common roots 1, 2,..., n—1 (respectively 1, 2,..., n). So we may show that

(3.4) z,go(”jl)ﬁh_z_iﬂ(—k):o for k=1,2,..,n—1

where e=1 or 0.
If k>0, then we have

Pul =) = Gy T~k = D(=k=2)(~ ke —m)

o ()

Then

k- Zizo ("7 anaeire =)



Comodule structure of K(2Sp(n)) 321

= Sizo ("7 )= DA+ 22 s,

Since

Zi;o(n; l>(' DL+ x)2n 2k ]y i 14e
= Sino (7 N DT R s,

=[{(1+x)—x}" (L) g4
=[(1+x)"** 1]y, 14.=0 for k=1, 2,..., n—1, (3.4) holds and (3.1)

does.
Q.E.D.

Now we consider the following commutative diagram

K (BU(1)) 25 KW (K)® go(pryKs(BU(1))

i [

K*—z(K)—ik—‘* K (K)® koo Kx(K)

As remarked in §2, K,(K) is a right flat module over Ky(p?). So (2.7) says
also that id®I is monic. Thus, to determine ¥x(H,), we have only to calculate

¥o(ndy-1) and ¥, ,(252))

proposition 3.5.

¥ (ng,) = 20| (A 0()- @) || @G+ Dy

Proof. By (2.5) i),
Yn(gn-1)= "2;;0 [(Q(x))j+l]n®qj'

So we have to prove that

(3.6) n[(Q(x))/*1],= [(j + 1)(Q(x))"(‘%cQ(JC)):L_l .

This is clear, because (j+1)(Q(x))/ (% Q(x)) = ‘%{(Q(x))i“}.

v—nu
2

For brevity, we put s,=4,- ,(
€ KW(K)[[x]]. Then

), n>0. Also we put S(x)=2X;>0 8!

Proposition 3.7.

Yis,= 2 j>0 [(QX)1,®5;+ X 20 [Sx) - (Qx) 1@ + D)
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Proof. As in (3.5), we have

Vi(aa1(UF)) = (50 Q)1 00, (10251401

by (2.5). On the other hand, since v®@1=1®u in K (K)®,yK«(K), we have
2 >0 (@) ®4;-1(v—ju)
F((0—wx+g,(v—-2u)x2+ - )®1- X ;50 (Q(X)V ®(j + 1)g;
=250(QX)Y®q;-1 0= ;50 (Q(x)) - jv®q;—,
+ 2520 00(X) (@) ®(+ Dg;— X jzo u(x+2g, x>+ ) - (Q(x)) @(j + 1)g;

=2>0(QX)Y ®q;- 10— Xz oU(x +24, x>+ ) (Q(X) ®(j + 1)g;.
So we have to prove that
2 >0 nul(Q(x))1,®4; -4
=220 ul(x+2¢,x%+-) - (Q(x))1,®(j + Dg;.
Thus we have only to show that

(3.8) n[(Q(x)Y 11, =L+ D(QX)) (x+2¢,x* + )],

Since the right side of (3.8) is |:( J+1D(Q(x))! (—‘%;Q(x))} e (3.8) is equivalent

n—

to (3.6). Q.E.D.
As a collorary, we have

Theorem 3.9.
1) Ygbru1=2j20 [(%Q(ﬂ)(Q (X))’.:L_1 ®byj;+; and

i) Txb2n=2j>o [(Q(x))j]n®b2j+z_igo [S(x)‘(Q(x))j]n®b2j+1

To determine ¥yz,,_, or ¥Ykr,,_, some algebraic notations are necessary.
Let R be a ring with unit.
If A and B are R-algebras, then we define i,: A>A®z B and iz: B>A®y B by

is(a@)=a®1l and
ig(b)=1®b where aecA, beB.

Thus we regard 4 and B as the subalgebras of A®y B.

If f: A»B is an algebra homomorphism, we can define an algebra homo-
morphism f: A[[x]]—B[[x]] by

fEax)=3,f(a)x? where a;eA.
So, we can regard A[[x]] and B[[x]] as the subalgebras of (A®y B) [[x]].
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Now we can state our main result. Let Q(x), S(x) be as before, and put Z(x)
=350 Z2:+1X" Where z,;,, is the element in (2.8).
To determine ¥gz,,_,, we have only to determine ¥ Z(x).

Teorem 3.10.

(450)-z@)
T®1+5(x) ZQ)

YeZ(x)=

Proof. By virtue of (2.8), we may identify Z(x) and
F(x)=2i§0r2i+1xi. Put
b,a(x)=¥i50bsi+1x' and

boo(x) =1+ 150byx".
Then formally

Z»Z(x)/b_,,.,(x>=j—;-b.,d<ﬁ )/bev<¢¥)=ﬁ-r(\/§)=f(x>.
Thus
W 7 (x) = P x(Boa(x)/Bou(x))

= lPKb—od—(x)/lPKlE(x) .
On the other hand, by (3.9), we have
¥xBoa(x) =(F50(3) )-b,4(Q(x) and

¥ iben(%) =b,(Q(x)) + S(x)-b,a(Q(x)) .
Then

(Jhet)-Buto(x)

Y F(x) =b_ev(Q(x)) +8(x)-b,4(Q(x)) *

So, we have the equation

(50 )7

YxF () = T T3 500 7(0) -

Q.E.D.
As a corollary, we can obtain the comodule structure of K,(2Sp(n)) by (2.8).

As another corollary, we can obtain the comodule structures of K,(Sp(n)) and
K4(Sp).
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By the result of [4], the Atiyah-Hirzebruch spectral sequence
H,(Sp(n); K«(pt)) = K,(Sp(n)) collapses.

So, if ¢: QK,(2Sp(n))-PK,,, (Sp(n)) is the homomorphism induced by the
K-homology suspension where P and Q denote the primitive and indecomposable
modules, we have an isomorphism

K«(Sp(n))=Ak(0zy, 023,..., 023, 1)

where Ak represents an exterior algebra over K, (pt) (see [9] Proposition (6.6)).
Put wy_,=0z,5_,, for k>0. Since the homology suspension kills decom-
posable elements and commutes with coaction, that is, if Yxx=3Y;a;®x;, then

Yx(ox)=2;(=Dl*la;,®@0x;

where x, x; € K, (X), and g, € K,(K),
we have

Theorem 3.11. There are wy_, € Ky, (Sp(n)) for 0<k=n such that

K*(Sp(n))=AK(w3’ Waseens w4n—1) and

Yx(War-1)= ngO[(ji;Q(f))‘(q(x))j}k_l ®Wyjis-
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