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Introduction.

Throughout this paper, we understand by a  r in g  a  c o m m u ta tiv e  r in g  with
identity.

L e t  R  be a  r in g , an d  le t R [X ] be the polynom ial ring of an indeterminate
X  over R .  F or an  f  f (X )E  R [X ],  we denote by C (f), the ideal o f  R generated
by the coefficients of f .  Let N=N(R)= { fE R[X]lC (f)=-R1 . Then N is a  multi-
plicatively closed subset o f  R [X ], and we s e t  R (X )= R [X ],v  (See [7]).

L et T  be a  r in g  containing R, and  le t S be th e  integral closure o f  R  in  T.
L et u s  consider th e  problem :

(P )  Is S(X ) th e  integral closure o f R (X ) in  T(X)?' )

I n  [5 ],  Gilmer and H offm ann gave the affirm ative answer to (P ) under an
additional condition that T [X ]  is quasi-norma1. 2 ) A s  be shown by a n  example in
§ 1, th e  answer to (P ) is , in  general, negative. We shall give a  slight generali-
zation of the  result of Gilmer an d  H o ffm ann . In  § 2, we shall consider the case
where T=Q (R ) (= to ta l quo tien t ring  o f R ).  O ur m ain result in  § 2 is :

I f  R  is a quasi-normal noetherian ring, then R(X) is integrally closed in T(X).
T h e  author expresses his hearty thanks to Professor M. Nagata for his valu-

able suggestions.

§ 1. We shall begin with a n  example.

Example. L e t  k  b e  a  f ie ld ,  a n d  le t  U , V  a n d  W be indeterminates. Set
R = k [U , V , W ]l(U 2 )=k[u, y ,  w], where u, y  a n d  w  a r e  t h e  canonical images
o f  U, V and W in R, respectively. Let S he the integral closure o f  R  in  T=Q(R).

Now we shall sh o w  that S(X ) is not th e  integral closure o f  R (X ) in  T(X).
Take a -=u1(yX+ w). S in c e  y  an d  w are non-zero-divisors in R and, since a2 =0,
we see that a E T (X ) and integral over R (X ). So it is sufficient to show  that

1) See Exercise 2  on page 415 in  [4].
2) A  r in g  is  quasi-normal if it is integrally closed in  its  to ta l quo tien t ring  ([1 ], [2 ]).
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aEE S (X ) . Suppose th e  contrary. Then there are an fG N (R ) and  g*OES[X] such
that u l(vX ±w )= g*If (see Lemma 1.2 below). From  th e  fact that u2 =0, it  f ol-
lows that g* 2 =0 and, therefore g * is  o f th e  form (uld)g, where d is a  non-zero-
divisor o f  R and g G R [X ] .  Thus we get udf=-u(vX±w )g. Here we may take
dG k[v, w ] a n d  f, gŒ k [v , w ][X ], a s  e a s ily  se en . T h en  w e  have that df=
(vX±w)g, since every non-zero element o f  k[v, w ] is  n o t a  zero-divisor i n  R.
O n the  other hand, the ring k[v, w] is isomorphic to the polynomial ring k[V , W],
a n d , hence, vX± w i s  a  p r im e  element o f  k [v ,  w ][X ].  Then it is clear that
C(f)E(v, w ), which contradicts the  assumption that fOEN(R).

T he  following lemma, which was suggested by Professor Nagata, is proved
in  a  sim ilar way a s  our proof of Theorem 3.2 in  [1 ] and w e om it the proof.

Lemma 1 . 1 .  Let R  be a ring, and let a be an element o f R (X ) integral over
R [X ] .  Then there ex ists an h G R [X ] such that a—h is nilpotent in  R (X ).  In
particular, if R is reduced, R [X ] is integrally  closed in  R(X).

T h e  proof o f th e  following lemma is found in  [5].

Lemma 1 .2 .  L e t  R, S and T  be  as in Introduction and let N  denote N(R).
T hen: (i) S EX ] is the integral closure o f R [X ] in T [X ] ,  (ii) S(X ) (=S [X ]N (s))
— S[X ]N , and (iii) S(X ) is  the integral closure o f R (X ) in  T [X ] N .

T h e  following proposition i s  a  slight generalization o f th e  result o f Gilmer
and Hoffmann, because th e  reducedness o f T  does not imply th e  quasi-normality
o f T [X ],  in  general, even if  T = Q (T ).  (See [1 ] and  [3].)

Proposition 1.3. Let R, S and T  be as in  Introduction. I f  T  is reduced,
then S(X) is  the integral closure o f R (X ) in T(X).

Pro o f . L e t  a  be an  element o f T (X ) integral over R (X ).  Then there is an
fe N (R )  such  that f a  is  in teg ra l o ver R [X ], and hence, integral over T [X ].
Since fa E T(X ), f a  is  in T [X ]  b y  v ir tu e  o f  Lemma 1.1. Then f a e S [X ]  by
Lemma 1.2, whence aES[X]N(R)=S(X).

§ 2. Throughout this section, w e assume that T = Q (R ) .  Therefore, i f  R  is
noetherian, T (X ) coincides with Q(R[X]).

Lemma 2 . 1 .  Assume that R  is  a quasi-normal noetherian r in g . L e t n be a
non-zero nilpotent element o f R . and let M  be a maximal ideal o f  R  which con-
tains a  non-zero-divisor. T h e n  M  does not contain Ann (n ), where Ann (n )=
{rE  RIrn=0}.

Pro o f . Since Rm  is reduced by virture of Proposition 1.1 in  [2 ], it  is  c lea r
that Ann (n).
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Now we state our m ain result.

Theorem 2 .2 .  I f  R  is a quasi-normal noetherian ring, then R (X ) is integrally
closed in  T (X ), that is, R (X ) is  quasi-normal.

Pro o f . L e t  a  be a n  element of T (X ) integral over R (X ) . To show  aGR (X ),
we may assume that a  is nilpotent by Lemma 1.1. Then, it is easy to see that
w e m ay restrict a  to  a n  element of the  form n l f ,  where n is a non-zero nil-
potent element o f R  and fG R [X ] such that C (f )  contains a  non-zero-divisor of
R .  W rite f =a 0 -4-a1X -1- ••• +a„X n w ith  a,E R  ( i=0 , 1 , • ••  , n). Since C (f )=
(ao , a l , ••• , a .) ,  (a(), al, ••• , a n )+Ann ( n ) =R  by v irtue o f  Lemma 2 .1 . Take bc
Ann (n) so that (ao , a l , « ,  an , b ) = R .  Then, setting g =b +a,X + • • •  +a„X " ', we
get n lf =n X I g  with C (g)=R , which implies that a=n 1 f E R ( X ) .  Thus th e  proof
is complete.

Corollary 2 .3 .  L et R  be a (not necessarily noetherian) ring, and let S  be the
integral closure o f  R  i n  T .  I f  S  is  noetherian, then S (X ) is  the integral closure
o f  R (X ) in  T(X ).

Pro o f . By Theorem 2.2 , S (X )  is integrally closed in  T ( X ) .  O n the other
hand, since S (X ) is integral over R (X ) by virtue o f  Lemma 1.2, t h e  corollary
follows.

A  rin g  is called a  Prüfer r in g  if  every finitely generated ideal containing a
non-zero-divisor is invertible. A  Priifer r in g  is quasi-normal (see [61).

Proposition 2.4. I f  R  is a  P riif e r ring, then  R (X )  is integrally  closed in
T(X ).

In  order to prove the proposition, we need the  following Lemma.

Lemma 2 .5 .  L e t R  b e  a rin g , an d  le t f  be an  element o f  R [X ] such that
C (f ) is inv ertible. T hen f o r any  g E R [X ], C ( f g )=C (f )C (g ) . (S ee C hap. IV  in
[4].)

Proof  of  Proposition 2 .4 . Take an a in T (X ) integral over R (X ) . A s in  the
proof o f  Theorem 2.2, w e  m ay  assum e that a  is nilpotent and  is of the  form
n/ f , where n  is a  nilpotent element o f R  and f E R [X ] such that C ( f )  contains
a  non-zero-divisor o f  R .  W rite f =a0+a1X + ••• +a„X n, a n d  therefore, C (f )z =
(ao , a 1, ••• , a„). Since C ( f )  is invertible by our assumption, there are bo ls, b,/ s,
••• , b a l s  in C ( f )   such that E a,(b 1 ls )=1 , where bi E R  (i=0 , 1 , ••• , n ) a n d  s  is

a  non-zero-divisor o f  R .  L e t  g =b 0 4-b 1X ±  ••• ± b„X n, an d  le t h = f g .  Then, by
Lemma 2.5, C (h)=C (f )C (g )=(s). Hence there is a n  h ' E  R [X ] such that h -= sh'
and C (h ')=R , that i s ,  h 'E N ( R ) .  Then a=n 1 f =n g l( f g )=(n 1 s ) lh 'E R (X ) , since
nl s is nilpotent and R  is quasi-normal.
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A  Bezout ring  is a  r in g  such that every finitely generated ideal is principal.
It is clear that a  Bezout r in g  is a  Prilfer r in g .  Hence we have :

Corollary 2 .6 .  I f  R  is a  Bezout ring, then R(X ) is integrally closed in  T(X ).
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