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Simply connected compact simple Lie
group E7 (— 1 3 3 )  o f type E7

By

Takao ImAi and Ichiro YOKOTA

(C om m unicated by P rof. Toda, F e b . 5, 1980)

It is known that there exist four simple Lie groups o f  ty p e  E , u p  to  local
isomorphism, one of them is com pact and the others are  non-com pact. O ne of
the non-compact Lie groups of type  E, is considered by H. Freudenthal [11 He
defined a  space fft in  q3=2ED2EBREBR (where 2 is the exceptional Jordan algebra
over the field of real numbers R) by

9R-={L031LXL= O}

and showed that the  L ie  algebra o f th e  group

{a E N O R (I3,  13) agfc=V, det a=11

is  a simple Lie algebra of type  E ,. In  this paper, we consider the compact case.
Our result is a s  fo llow s. T h e  simply connected compact simple Lie group of type
E, is explicitly given by

a9li:c=91F, {a l, a il -=11

<aP, aQ>=-<P, Q>

where $ c , s.11-tc  a r e  th e  complexifications o f q3, 9re respectively a n d  {P, Q}, <P, Q>
inner products defined in  V .

1. Preliminaries.

L et V  denote the Cayley algebra over the field  of complex numbers C  and
3c  th e  exceptional Jordan algebra over C. T h is  3 c  is  the Jordan algebra consist-
ing o f all 3x3 Hermitian m atrices X with entries in  V

E7= {a is o c (ir , q3C)

  

X= , ei C , x i  E

  

1with respect to the multiplication X.
2

(XY-F YX). In 2c, the symmetric inner

product <X, Y >, the crossed product X x Y , th e  cubic form  (X, Y, Z ) an d  th e
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determinant detX a re  defined respectively by

(X , Y)=tr(X. Y) ,

<X, Y>=(rX, Y)=(X, Y),
1X x Y= —
2

(2X. Y—tr(X) Y—tr( Y)X-F(tr(X) tr( Y) — (X , Y))E) ,

(X , Y, Z )=(X , YxZ)=(Xx Y, Z ),

detX=-
1

(X , X , X )3

w here  r: ac—,2c is  th e  complex conjugation with repect to  the basic field C (rX
is also denoted by X ) an d  E  the 3 x 3  u n it  matrix.

Now we define a  56 dimensional vector space $c by

$c=2caaceCCBC.

  

X
Y

 

A n  element P=

 

o f $ c is  o ften  denoted  by  P=X + Yd-e-H2 briefly.

        

We define a  bilinear symmetric mapping X : $c—>3ce3cEBC by

an d  a  space Ttc by

X
2X xZ-72W — wY

Y
P>.<Q= 2YxW— CZ—CX

(X , W)+( Y, Z) - 3(e(04- 72C)
)7 \ co

9.)tc= {L,E13clLX  L=0}

j 11/1`

=\ 13c
IL

For example, the  following elements o f  $c

1
— (YxY)

Y
,  1=

1  det Y

o
1

, o

' O

, i=

' o

o
o

M x  M =N

N X N = .

(M , N )=3pv
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w here 22# 0 , e  0 , belong to  T ic . F inally , in  V , w e  d e f in e  th e  skew-symmetric
inner product IP, QI and the positive defin ite  H erm itian  inner product <P, Q>
respectively by

{P, =(X , W )— (Z, Y) - Few— ,

<P, Q>=<X, Z>+<37

for P=X+Y Q=Z+W+C±(1,03c.

2. Group E, and subgroups E,, U(1).

The group E, is defined to be the group of linear isomorphisms of q3c  leaving
the space 932c , the skew-symmetric inner product {P, QI and the Hermitian inner
product <P, Q> invariant :

 

anc-.=FDlc, { a l, a il =1

<aP, aQ>=<P, Q> for P, QEq3cf •
E7= {a E  IS O c (r , $ C )

Rem ark. In the definition of the group E,, w e  m a y  replace the condition
{al, a ll = 1  by  the condition {aP, aQ} = {P, QI.

Obviously the group E, is  compact as a closed subgroup of the unitary group
U(56)=U(l3 c )-=- E I5Oc(13C , $ C ) I KaP, « Q >  <P, Q>1

We define a  subgroup E, of E, by

Ee = {a E E,Ial=1} .

Lemma 1. I f  aEE, satisf ies al-=1, then al=1.

P ro o f .  Put al=-M±R± p+i). T hen  <al, ai>= 0 and { a l ,  a i l  =1 imply p=0
and  v = 1  respectively . A n d  < a l, al>=1 im plies <M, M>+<N, N>+1=1, hence
,14= N = 0 . T hus w e  have aI = I.

Proposition 2. The group E, is  a simply connected compact simple Lie group
of  ty pe E,.

P ro o f . W e define a  group E 6 ( - 7 8 )  by

E 6 ( - 7 8 )
=  {,3 Iso c (Y , 2 c  I det X =det X, <I8X, 1317)= < X , Y>I

= {p G  Isoc(2c, ,IC) I i3XX13Y=z-
tez(XXY), <13X, 13Y>=<X, 17)1.

T hen E 6 ( _7 8 )  i s  a  simply connected compact simple Lie group of type E, [ 3 ] .  We
shall show th a t  the group E, is isomorphic to th e  group E 6 ( _7 8 ) . I t  is  e a s y  to
verify  that, for 48  E 6 ( - 7 8 ) ,  th e  linear mapping a : $c —13c ,
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p 0 0  0 \

0  7 13 7  0  0

0 0 1 0

0  0  0  1 ,

belongs to E7. Conversely, suppose aG E, satisfies a l= 1  and  a l = i  (Lemma 1).
Since a  leaves the orthogonal complement a c e ,a c  o f CEDC in v a r ia n t, a  has the
following form

a-=-

where 13, r, 5, s are  linear transformations of Y . S in ce

   

1pX±—s(XX X )

5X+ 1 r(Xx X )

—
1  

detX
772

  

X
1—(Xx X)
72

-
7 7 2  

detX

     

a

 

G E C

                    

we have

(i3x+1  ,(xxx))x(px+ -
1
c(xxx))=7)(ax+-1 r(xxx))

fo r  all 0 7)E C . Hence we have 3X=0 (for all XE2c) as the  coeffic ien t o f

therefore 5 = 0 . Similarly from a(1 1(Yx Y)+3.7.-{-e+--,: (detY)')EDic, w e h a v e  s

= 0 . Thus

0 0 0
a=

0 0 1 0

\O0 0 1

Again the  cond ition  a(Xd-(Xx X) -FdetX+1)= 13X+7-(Xx x ) + detX+ I E 9)1c im-
plies

p.Xx pX=r(Xx X) ,

(pX, r(Xx X))=-3 det X.

Hence det I3X=--
1

(43X, p.Xx pX)-=--
1

(pX, r(Xx X ))=detX. Furthermore, <aX, aY>3 3
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=<X, Y> implies <13X, pY>=<X, Y>. Therefore we have ISE Ec ( _78) a n d  7=743z-
E 6(-7 8 ). Thus Proposition 2 is proved.

It is easy to see that the group E 7  contains the following subgroup
/  0 -11 0 0 0

0 01 0 0
0 E C, 0 1 =U(1)= 1 19=

0 0 Oa 0

0 0 0 0-2

(where 1 is  the identity mapping of ac) which is isomorphic to the unitary group
UM= {0 ECI I l =1} .

From now on, we identify these groups E 6 ( _7 8 ) and  E6, U (1) and U(1) under
the above correspondences.

3 . Lie algebra e7 o f  E 7 .

We consider the Lie algebra e7 of the group E 7 :

0 E Homc (V ,  V ){

O L *L = 0  for L E V '

e7 = {01, 11+11, 011=0

<OP, Q>+<P, 0Q>=0 for P, Q E$c}

Theorem 3 . Any element 0  o f the Lie algebra e7 is represented by the form

/ 1

- - - pl 2A 0 \0  Â
1

0 = —2A rçbz--F pl A 0

0 —21- P 0

A 0 0

where OE e6 = {OE Homc(Zs' c , , c.) I (0X, X, X)=0, <OX, Y>+<X, ¢Y>=0} (which is
the Lie algebra of the group E,), AEY , pEC such that p + = 0  and the action
o f  0 on 13C is defined by

/

Y
0

77

In particular, the type of the Lie group E7 i s  E, [1].

195X-- pX-F2AxY —

—2A x X3 H-rOz-Y-1- 1 pY-FeA

—<A, Y>+ to

(A, X)—pr)

P ro o f. Theorem 3 is  the direct consequence of the following Lemmas 4 and
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5.

Lemma 4  [ 1 ] .  A ny element 0  of the Lie algebra

{
0 L * L = 0  fo r L e Ncl

e7O H o m c (c =  E $ c , 43C)
{01, il ± {1, 01} =0 f

(which is the Lie algebra of type E r) is represented by  the form

\1
0 - -

3

pl 2A 0 B

1
0 , 2B 0/-1- p1 A 0

0 B P 0

\ A 0 0 — p i

where 0Ge 6 c-= E Homc(3 c , 2 c ) I (95X, X , X )= 0 } (w hich is the Lie algebra of the
group E 6

c =faEIsoc(3 c , 291detaX=detX1), 95' is the skew-transpose o f  0  with
respect to (X , Y ): (95X, Y)±(X, 95'Y)=0, A, B E Y  and pGC.

Pro o f . Since OE e7c  is  a  linear transformation of $ c , w e denote it by

1 C  B

k h  A D

b p  2

\ a d rc a

w here g, h, k, 1 are linear transformations of 2 c , a, b, c, d linear functionals of
Z'sc, A, B, C, D E 2 c  and a, p, K ,  2 G C . Now f o r  any 0 # r E C ,  t h e  linear trans-

1 0 0 0

formation f r =
0 r i 0 0

o f  $ c  induces a  mapping of Ucc and it holds that
0 0 r 2 0

\ O 0 0 r - i,

g ri r 2C

h r A  r ' D
f7 1. 0 fr=

r --2 c r 1bp  r - 3 2

ra
r 2 d

7 - 3 K

Therefore 0  is decomposable in

0=08+ 0_3+02+0_2+01+0_ 1+00, 0,Ge7C

E e7c

where
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'  0 0 0 0 ' 0 0 C 0 0 1 0 0

0 0 0 0 0 0 0 0 0 O A 0
0 3 = y 0 2 - , Oi=

0 0 0 0 0 0 0 0 0 0 0 0

\0 0 0 d 0 0 a 0 0 0

0 0 0 0 ' 0 0 0 0 0 0 0 B`

0 0 0 0 0 0 O D k 0 0 0
0_ 3 = 0

-2
-

0 0 0 0 0 0 O b 0 0

\0 0 0 0 \ 0 0 0 0, 0 0 0 0

0 0 0 '

0 h 0 0
00=

0 O p 0

0 0 0 a

Then 0 3 1X 1= 0  implies K=0, hence 0 3 = 0  and similarly 0_ 3 = 0 .  And then
0 2 1X 1= 0  and 0 3 L X L = 0  where L , (Yx Y)+Y+1+(detY)* imply C = 0  and
d = 0  respectively, hence 0 3 = 0 , similarly 0_ 3 = 0 .  Next 0 1 L > L =0L = 0  where L =
(Y XY)+ 1.7 + 1±(detY)* implies

1(Y)=2AXY

And 0 1 L )< L=0 where L=X -F(X xX )-i-detX -Fi implies

2(AX(XxX), XxX)±(detX)(X, A)=3(detX)a(X).
hence

3(detX)(X, A)=3(detX)a(X).

Therefore we have (since a is a linear funtional of 2c, even if for X  such that
detX-=0)

a (X ),(A , X ).

Similarly k (X )= 2 B x X  and b(X)=(B, X ) .  Finally 0 0 L < L =O  where L = X +
(X xX Y  + d e tX ± i implies

{

2gXxX=0 - (XxX )-1 -h (XxX ), ( i )

2h(X X X)X (XX X)=(detX)(pX± gX) , (ii)

(g X, Xx X)+(h(XX X), X)=3(p+ o - ) detX . ( i i i )

1Hence if we put ¢ = g - -
3

(p+201, then

3(0X, X , X)=3(gX, X , X)—(p+2o-)(X, X , X )

65 (a(XX X)d-h(Xx X ), X )± (gX , X , X)-3(p-1-2a)detX

67, 3a detX+3(p+ a) detX— 3(p + 2a) detX---  0 .
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Therefore w e have
E  e  G C

1Similarly 0= h - -
3

(2p+ (7)1 E e 6c. A nd from  th e  above formula (ii),

2(0(XX X)4(2p+ o -)XX X)X(Xx X)=(detX)(pX+ 0X+ 1 (p+2o-)X) .

20(Xx X)x (X x X)=(detX )0X .

0/((Xx X)x (Xx X))=(detX)OX

(det X)0/X=(det X)021(

Therefore w e have (even if  fo r  X such  tha t detX=0) 0'.X=g5X, i.e.

0'=
F in a lly  f ro m  {01, +  {1, 01} = 0, w e  h a v e  p+a=0. T hus L em m a 4  is  ju st
proved.

Lemma 5 .  A ny lin ea r tran sform a tion  0 of  3,3,  s a t i s fy in g

<OP, Q>+<P, 0Q>=0
is  r ep r e s en ted  b y  the fo rm

g 1 C B

k h A D
0= —71 P

w h er e  g , h , k, 1 are  lin ea r tran sfo rm a tion s of sa t is fy in g

<gX, Y>+<X, gY> -=0,

<hX, Y>+<X, hY>=0 ,

<kX, Y>+<X, 1Y>=0,

A , B, C, DEZs' c  an d  p, i ,  o- EC su ch  th a t p+T--=0, a+6-=0.

P r o o f .  Analogously in  Lemma 4, we denote by

g 1

h

C B

A D
0=

, a d

p 2

T hen  <0X, Y)-F<X, 0Y>=0, <0X, 1 .7>-F<X , ŒY>=0 a n d  <OX, Y>+<X, 01.7>=
im p ly  <gX, Y>+<X, gY>=0, <hX, Y>+<X, hY>=0 a n d  <k X, Y>+<X, /Y>=0
respectively. A nd <0X, 1>+<X, 01>=0, <OX, 1>+<X, 01)=0, <02.(, 1>+a, 01>
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=0, <44, I>+<X. , 01>=0 imply c(X)=—<C, X>, a(X )=— <B, X>, b(X )=— <A , X>
and d(X )=— <D, X > respectively. F inally <01, i>+<1, 01>=0 implies /7+2=0.
Thus Lemma 5 is proved.

4 .  Center z(E 7 )  o f  E 7 .

Theorem 6. The center z (E 7 )  of the group E ,  is isomorphic to the cyclic
group Z ,  of order 2:

z(E7)= {1, —1} ==:Z2.

Proof. L et aEz (E 7 ). From t h e  commutativity w ith  pEE 6 CE 7 ,  w e  have
19a1=a191=a1. I f  w e  d e n o te  al=M +R +,a+i) ,  th e n  pM±(z-pz-N)*+pd-V=
M-1-14 ,a +i) ,  hence

, v pz -N =N , fo r a ll p E,.

Therefore M =N -=0, so al=p+V , where pv=0 (since a1E9ii:c). Suppose th a t fi

=0, i.e. a1=V#0, then from th e  commutativity with

/0 - '1 0 0 0

0 01 0 0
0= a  U(1) C  E „

0 0 0 3 0

, 0 0 0 0 - 3
/

w e have
(0 - 3 v)'= 0i= 0 al= a01=a0 3 -=(0 3 v)* , fo r a ll 0 U (1)

This is a  contrad ic tion . Hence a l= p .  Similarly The condition  {a l, a il
=1 implies p2=1, hence

a l=p  , al --.=(tt - 1 )* .
Next, note that

0 —1 0 0

1 0 0 0=
0 0 0 —1

\0 0 1 0 /

belongs to E ,, then th e  commutativity condition tot=ac implies

ft=cp=cal=arl=a1=-(p - ')* ,

hence p =p - ', i .e . p = ± 1 .  I n  th e  c a s e  o f  p=1, aG E ,,  so  aE z (E 6 )  which is
{1, wl, O H , w E C , 0=1 , w #1  [3 ] .  Hence

col 0 0 0

a =
0 co- 1 1 0 0

coEC, co3=1.
0 0 1 0

0 0 0 1
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Again from th e  commutativity condition ca=ac, we have

(coX)*=e(wX)=-caX=acX=ag.=(a) - 'XY , fo r all XŒY ,

hence co=o) - 1 , i.e. w=1, therefore a = 1 .  I n  t h e  c a s e  o f  p = - 1 ,  —aGz(E 6 ), so
—a.=-1. Thus we see that z(E 7 ) -= {1, —I}.

5 .  Connectedness o f E 7 .

We shall prove that th e  group E, is connected. We denote, fo r  a  while, the
connected component o f  E, containing th e  identity 1 by (E7)0.

Lemma 7 . For aEC, the linear transform ation of  43,  defined by

a1(a).=

sinlal 0 a 
sinlal E,1+(cosla I —1)p, 2a E,

I a I
sin I a I sin! a I

Ial

0

0

E, E,2 a 1+(cosl a I — 1 )/i1 a
Ial lal

sin  a I E, i0 a
_

cosl a
Ial

sin l a I E, 0a Ial 0

1 0 0

( i f a=0, s in  a l0 )  belongs to (E,),, where E1--=then a means 0 0 0
Ial

0 0 0
the mapping pi  :  ac—a,  is defined by

el X3 Cl 0 0

P 3

2

C2 x,

Cs'

0

\

e, x ,

.irf Cs

and the action a i (a ) on $ c  is defined as similar to that o f  Theorem 3. Similarly
we can define mappings a2 (a), a 3 (a)m(E 7 ) 0 .

Proof. / 0 2a E1 0 —dE,,

F o r 05(a) -=
—2a- E 1

0

0

—a-E,

aE,

0

0

0
we have a i (a)=--exp 0 1 (a),

\ 02E1 0 0 0
hence a1(a)E(E00.

Proposition 8. Any element L E ffr  can be transformed in a diagonal form
by a certain element a ( E 7 ) 0 :

a L = M + 1 4 p + i), M, IV are diagonal forms.
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Moreover we can choose a ( E 7)0 so that p is a  non-negative real number (if  L *0 ,
then p>0).

P ro o f. Let L = M ± R ± p + i , a T r. F irst assume that p#0, then .1/=1  (NXN),

Choose pe E s such that 713z-N is a diagonal form [3 ] , then

AM= —
1

IS(Nx N ) = -
1

713rNxz-f9rN

is also diagonal, so 13L is  a diagonal form (where pE E,C(E7)0). In  the case of
v*O, th e  statement is also v a lid .  Next we consider th e  c a s e  L=M+ATEn c ,
N * 0 .  Choose le  E s such that

0 0

z-13 7 N =  0  vs 0  ,

0 0 7,3

Since z-ArN*0, we may assume vi * O . Operate a i ( _ 7r ) (E7)0 o f  Lemma 7  on

(s-pz-Nr, then

So, we can reduce to the first case p # 0 .  In the case of M *0, the statement is also
v a lid . Finally, operate some EU(1)c(E 7)0 o n  a L  (if necessary), then p becomes

a  non-negative real number. (If L # 0, noting ces ( - - 29 a 4 ) a i (i-)1 =1, then we

can always reduce to the  case  f t * 0 ) .  Thus Proposition 8 is proved.

We consider a  subspace 9311 o f  9Jr such that

Mi= I L  972c l<L, L>=1}.

Theorem 9. T he group E, acts transitively on TR, (which is connected) and
the isotropy subgroup o f  E , at 1E9R 1 i s  E 6. T h e re fo re  t h e  homogeneous space
E„/E, is homeomorphic to Tit,

EdEs=9)11.

In  particular, the group E, is connected.

P ro o f. Obviously th e  group E , acts on W 1. F irst we shall prove that the
group (E7)0 acts transitively o n  E i . F o r  a  given L= M + R± p± iETZ„ from
Proposition 8, there exists a E(E 7)0 such that

/ 01, 21)3 0

a L = -

1

 0  v3vi 0
P

\ 0 0 viv2

12) i 0 0
1 

+  0  v 20  - F
/

2 1)11)21)3). , p > 0

,  0 0  vs



394 T . Im ai an d  I .  Yokota

Then the condition < L ,  L > = 1  is

1
-- ,-,(11, 212 11)312 ±1))31 2 12),12 ±1 1)11 2 1v21 2)±(1), 112 ±1 1,212 +1 1, 3I 2)

+ 1J2 + 4 -11),12 11)212 11)312= 1 ,

that is

(14- 1 v 1
2
i 2  )(1+ 1 v 2 1 2  )(1+ I

)

3 1 2 ) = 1  .
Fe P2 II'

Choose real numbers 7-1 , r 3 , r 3 (0 i=1, 2, 3) such that

t a n  r 1 =

Iv il
,  tan r2= , t a n  r 3 =

1,,21 1v21 

then  w e have
p=cos r, cos r2 cos r 3 .

And put
V2 V3

r, 7 a2= r 2 , a 3 = r 3

12.)31 11)31

(if then ri  m eans 0), then
1 vi 1

sinla2l
a3

sinla31 
cosla1la2 0 0

1 ad 1a31
sinlasl 0 a ,

lad
cosla21a3

1a31
0

sinlail sinla
,

21 
0 0 a , a ,ail a l l

c o s i a 3 1

aL -=

sini cosla
2
lcosla31 0 0

IaI
cosla31

s in la21  
cosla,a2 la21

0 0 cosla3lcosla2l a3 
 sin la31

la31

0 0

sinl s i n l a 2 1 sinl ad  y+(coslailcosla2lcosla31)+(a a2 a3
lad 1a21 1a31

=a 3(a0a 2 (a2)a3(a1)1 (a 1 (a 1 ) (E 7 )0 are in  Lemma 7),

that is
L = c c 1 a3(a3)a2(a2)a1(a2)1 .

This shows the transitivity  of (E7 )0 o n  9J11 . T hus w e  have 9N,=(E7)01, hence 9-Ri
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is connected. Since t h e  group E , acts transitively o n  E l  a n d  t h e  isotropy
subgroup o f  E, a t  1 is  E„ w e have the following homeomorphism

E 7/E6 9)111 •

From Proposition 2, E, is connected, so E 7  is also connected. Thus th e  proof of
Theorem 9 is completed.

From th e  general theory of the com pact L ie gro up s, it is  kn o w n  th at the
center z(E 7 (_ 1 38 )) o f th e  simply connected compact simple Lie group E7 ( _1 3 3 )  of type
E, is Z 2  [2 ] .  Thus from Theorems 6 and 9, we have the  following

T h eo rem  1 0 .  The group E7 = faElsoc(V $ c )ian c  =T r ,  {al, 4 = 1 ,  <aP,
aQ>=<P, Q>1 is a simply connected compact simple Lie group of type E,.
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