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1. Introduction

In  r21, T . tom  Dieck defined the  Burnside ring A(G) of a compact Lie group
G  using  a certain equivalence relation o n  th e  se t o f closed sm ooth G-manifolds
(see § 2). In  th is  paper, w hen G  is  a  fin ite  group, w e  prove th e  following :

T h e o re m . L e t  G  b e  a  f in ite  g ro u p . Fo r an  arbitrary  elem ent aGA(G),
there exists a  connected closed smooth G-manifold X such that

a = [X ] i n  A(G).

Throughout this paper G  w ill b e  a  fin ite  group.
T he  authors express th e ir  h ea rty  th an k s to  P ro fe sso r G . Nishida, Dr. A.

Kono and M r. M. Nagata fo r their invaluable suggestions.

2. T he  Burnside ring

In  th is  section w e recall som e basic facts about the Burnside rin g  which are
due to  tom  Dieck [2].

O n  th e  se t  o f  closed smooth G-manifolds consider th e  equivalence relation :
X--, Y  if  and  only if  fo r  all subgroups H  o f  G  t h e  Euler-Characteristics X(XH)
and X(YH ) a re  e q u a l. L e t A(G) be the  se t o f equivalence classes and let [X ]e
A(G) be th e  class o f  X .  D isjoint union and cartesian product induce  addition
and m ultiplication, respectively, o n  A (G ). T h en  A(G) becomes a commutative
ring  w ith  iden tity . W e ca ll A(G) the  Burnside r in g  o f  G.

L et C(G) be th e  se t o f  con jugacy classes of subgroups of G .  Denote by (H)
the  con jugacy class o f  H  in  G.

Proposition 2 .1 . Additively, A(G) i s  a  f re e  abelian group generated by
(H )C (G )}.

Let Y  b e  a  closed sm ooth H- manifold ; th en  Gx 11 Y  i s  a  closed smooth G-
m anifo ld . T hen th e  assignm ent Y ,--)G >< 11 Y  induces a n  additive homomorphism
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I n d  :  A(H) --> A(G).

We remark that IndK H IH ])= [G I I I ] .

3. Examples

In  this section we introduce some closed smooth G-manifolds and see their
classes in A(G).

E xam ple 3.1 . I f  M  i s  a  closed smooth G-manifold with trivial G-action,
then

[M ]X (// )[G /G ] in  A(G).

Example 3 .2 .  L e t V be an orthogonal representation space o f  G .  We put
S(V)= {v E V I 1101=-1}, D(V)-= { v w  V  IIv  __ 11 a n d  fv=-D (V )/S(V ). I f  U  i s  a
unitary representation space o f  G , then

[fu ]= 2 [G IG ] in  A(G).

Example 3 .3 .  L e t  V  b e  a n  n-dimensional orthogonal representation space
o f  G  and  le t pv  : G—>0(n) be its associated representation. We define a G-action
on  the  (n —1)-dimensional real projective space R P '  by

g o [x ]= [p v (g)•x] fo r gE G , [x ]E R Pn - 1 ,

w h e r e  [x ]  is  a  p o in t  o f  R P '  represented by a non-zero vector x o f  Rn.
This action is well-defined and smooth. We denote this smooth G-manifold by
RP(V).

Then we have

Proposition 3.4. I f  U  is a  unitary representation space o f  G , then

[RP(R iEDU)]= [G IG ] in  A(G),

where R ' denotes the one-dimensional triv ial representation space o f  G.

Pro o f . To prove Proposition 3.4, it suffices to show that

X(RP(RIEDU)")=1 fo r any subgroup H  of G .

L et S ' be th e  circle group consisting o f complex numbers o f  absolute value 1.
Then we define a n  S'-action o n  R P (R le U ) by

z o[t, z • u] fo r zG .5', Et, ulE RP(RleDU),

where [t, u ] is  a  po in t o f R P (R le U ) represented by a non-zero vector (t, u)E
RlEDU . Then R P (R'EDU) becomes an S' X G-manifold. Let II (=  {1} X H  x  G)
be an  arbitrary subgroup o f  G .  Then R P (R 'e U )"  is  a n  S'-submanifold and
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(R P(IiiG U )") 8 1 -= RP(R'EBU) s l "l l

--=(RP(IV EDU) s 1 )"

=R P(R 1) '

=R P(R 1).

It follows from Bredon [1;  III. 7.10] th a t w e  have

X(RP(RIEDU) l l )=X (R P(W ))=1.

T his completes the  proof.

4 .  A  generalized equivariant connected sum

I n  th is  section  w e  in tro d u ce  th e  n o tio n  o f  a  generalized equivariant con-
nected sum. (Compare Sebastiani [3].)

L et X  be a  sm ooth G-manifold w ith  G -invariant R iem annian m etric. W e
denote th e  isotropy subgroup o f  G  a t  x E X  b y  Gx  a n d  th e  orbit o f  x  under G
b y  G(x), which is G-diffeomorphic to GIG x . W e regard T X ,  th e  tan g en t space
o f X  a t  x , as an orthogonal representation space of G .

Definition 4 . 1 .  L et H  be a  subgroup of G  a n d  V  an orthogonal representa-
tion space o f  H .  T hen  w e  say  tha t (M, m) satisfies Condition (G, H, V) if and
only if

( i ) M  is  a  closed smooth G-manifold w ith  G-invariant Riemannian metric
and m E M,

(ii)) Gm =H,
(iii) T „,M V  as orthogonal representation spaces o f  H.

Suppose that (M1, mi) and (M2, m2) satisfy Condition (G , H , V ). Then we
give a  definition o f th e  generalized equivariant connected sum M1 M2 . B y  the
differentiable slice theorem (see Bredon [1; VI]), there are open G-embeddings

çb2 : G X H V — M i for i=1, 2

such  that Oi ([e, 0])=m i . N o w  w e  o b ta in  M 4 v M2 f ro m  the disjoint union

(M1 —  G(In1))11_ (M2 —  G(n2))

by identifying 0 1 ([g, tv ]) w ith  0 2 ([g, (1— t)v]) fo r g E G , v E S (V ), 0 <t<1 . It is
clear that M1# T,M2 is a  closed smooth G -m anifo ld . Obviously, 21 MM depends— ,v—  
o n  th e  choice o f m i , m 2 ,  (p i a n d  0 2 ,  b u t  t h e  nex t proposition indicates that
[Af4vM2]E A (G) is independent o f the  choice o f them.

Proposition 4 .2 .  If (M1, m1) and (M2 , m 2 ) satisfy Condition (G, H, V ), then

[M4vM2]-=[Mi]+CM2J — IndiA[E v i) in A (G).
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P ro o f. We shall show  that

X((Mi#vAlz) K )=X (M if)+X (Mn— X ((G X 
H I V ) I C )

fo r any subgroup K  o f  G .  We identify M I —G(m i )  w ith  its  im age in  Al it Al— 1,v-2.
Since M i —çbi((G X H D(V )) is  a  G-deformation retract of M 1 — G(m ), we have

X((11,— G(m1))9=-X(M F)+X((G X HS(V)) 1c )— X((Gx H D(V )Y )

fo r i = 1 , 2 . Clearly

X((G X liE v )K )=2X((G X HD(V)) K )—X((G X HS(V)) 1c )

Since (M1— G(mi))(1(M2 —  G(m2)) is  G-homotopy equivalent to G X H S(V ), w e have

X(011#1, 11/12)9=-X((M1 — G(1111))1c )+X((M2 — G(m2))K )— X ((Gx uS(V)) 1c )

=X (W )+X (M  F) — X((G X HE v )K ) •

T h is  completes th e  proof.

Suppose that (M , m ) satisfies Condition (G, H, V) and (N , n ) satisfies Condi-
tion (H, H, V ) .  Then (GX H N , [e , n ])  satisfies Condition (G, H, V) and we can
construct M# v (G X H N ).

Corollary 4.3.

[M # v (G x  H iV)]=[/14]-FIndM[Nl— [I  v]) in  A(G).

5 .  Proof o f  Theorem

For a non-zero integer k , w e put

C Pi#C 11#••• C  11 if  k >0
N (k )=

R P1#  R I:# ••• #  R PI ki f  k<O,

where C PI, RP1 k D are copies of  C 13 2 ,  t h e  complex projective space,
an d  R P ', a n d  means th e  ordinary connected s u m . It is easy to see that

Lemma 5 .1 .  X(N(k))= k +2.

Proof of Theorem. L et a E A(G) be a n  arb itrary elem ent. T h e n , by Pro-
position 2.1, there exist a Z— {0} and (II i ) C(G) such that

a =  alG IH i l in  21(G) .

L et U  be the complex regular representation space of G .  Then there are x j XU

k )  with isotropy group H .  We p u t U ,=T r i f u .  Then U 1 i s  a  unitary
representation space o f H i , given by restricting the  G -ac tion  on  U  to  th e  H
action. W e put .1/= T I and  mi =(t, x i )E11/ for where the G-action
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on T 4 ,  the  4-dimensional torus, is trivial and  t r i .  Then (M , m t) satisfies Con-
dition (G, H i , _W eil i ).

O n  th e  other h a n d , we consider a n  H,-manifold N, , N (a„)x R P(R iEB U t )
and  n i

, (s i , [1, OIE N „ where th e  Hi -action on N ( a 4 )  is  trivial and  N(a4).
Then (N i , n i )  satisfies Condition (H„, 114 , IVEDU i ).

Now we can construct

X = M#R4eu i (G X H1N1)#R4eu2
. . .  #R4eu k (G X H  k N  k ) •

Using Proposition 3.4, Corollary 4.3 and Lemma 5.1, we have

[X ]= [M ]+  Incl; 4 (ENi 1—[E R 4 eui])

=[T 4 1  [Eu]-1- I n d K N ( a  i )] • [R P(R 1 e U i )1—[ER 4 eui])

= E .(a i [H i /H i l)

=A a i [G /H i ]

Moreover it is clear that X  is connected. Hence X  has our required properties.
T his completes th e  proof o f Theorem.
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