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The concept of S3-like Fins le r  space was introduced by Matsumoto in
1971 (Matsumoto [ 6 ] ) . *  It is known that any Fins ler space F 3 of dimension
three has the v-curvature tensor S un  o f a  special form

(0. 1) L2SJCI = S (hikhj t —  hithlk)

where S  S  ( x ,  y )  ,  L  i s  the fundamental function o f  F 3 an d  h u  -=-  g,i  —

I f  w e  assume for an n-dimensional Finsler space (n > 4 )  that its v-curvature
tensor is of the form  (0. 1), the Finsler scalar field S(x, y) must be a function
o f positional variables x i o n ly  (M a tsu m o to  [6 ] ,  K ik u ch i [ 3 ] ) .  From this
point of view, Matsumoto has given the following definition (Matsumoto [7 ]).

D e fin it io n . A F insler space F 5  of dimension n>3 is called S 3 - lik e  if
(1 ) the v-curvature tensor Sum, of the Cartan connection of F 5  is of the form
(O. 1 ), and (2) the v-curvature S  is a function o f positional variables alone.

Since then, there appeared many papers on S3-like Finsler spaces, and
examples o f severa l types were given by Matsumoto, Shimada, Asanov and
O k u b o  ([2 ], [9 ], [1 0 ], [1 1 ] , [1 2 ]). Especially, Okubo proved a theorem
which includes fundamental differential equations fo r  a  F in s le r  space to be
S3-like w ith  S > — 1  (Okubo [10] and [11] ) . Recently Matsumoto has given
another proof of Okubo's theorem and showed that, fo r  S + 1 =  (r + 1 ) 2 >0 ,
L ' ir"  o f a n  S 3 -lik e  space is expressed as  th e  sum o f  n  positively homo-
geneous functions (Matsumoto [7 ]).

W e are concerned with L P , instead o f usual L ', of the fundamental func-
tion L  of S3-like spaces and consider Finsler-geometric quantities obtained from
L P  b y  partial differentiations by y'. In  terms o f these quantities, a meanng
that a Minkowski space being S3-like is clarified, and w e ge t a condition for
the S3-like Minkowski space with the v-curvature S G - 1  or S>0.

Next we determ ine the form  o f LP such that it is the sum or the product

* Numbers in  brackets refer to the references at the end of the paper.
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o f  n  independent functions o f  some special types, according a s  S < - 1 or
S > 0 , o r  S= —1 respective ly . T h e  last three sections are devoted to giving
examples and studying three-dimensional S3-like spaces.

For an  S3-like space with th e  v-curvature S  satisfying — 1<S<O , we
have no examples yet, but it seems that our method may provide some tools
to study it.

Although theorems are stated for M inkowski spaces, it  is obvious that all
the theorems are immediately applicable to Fins ler spaces when the positional
variables xt are taken into consideration in  every quantity (M atsum oto [6],
Kikuchi [4] ) .

T h e  au thor w ishes to  express his sincere gratitude to  Pro fessor M.
Matsumoto for his valuable suggestions and encouragement, and he also thanks
to  M . Hashiguchi, T .  Okada, K .  Okubo and S. Numata for their kind sgges-
tions and discussions on related subjects.

§  1 .  Prelim inaries.

W e  a re  concerned with Rn — {O}, (n > 3 )  ,  that is , 1Z' w it h  the
origin removed, with a  coordinate system (y', 3,2 , • • •, y") . L e t  L = L (y', 3,2 , • • • ,
31') be a fundamental function given on k , i.e., L is a positively homogeneous
function o f  degree on e  defined o n  i". T h e  differentiability class o f  L  is
assum ed to be fo u r .  W e consider a  M inkow sk i space M " —  (R " , L ) as a
tangent space at a  po in t o f a  Finsler space. Tak ing a  real number p which
is different from 0 and 1, w e  put

(1. 1) ço(P): [L ( ? ,  y 2 , • • y " ) ] P

which is a  positively homogeneous function o f degree p.
Throughout the present paper, Of /ay' , 192 f /aytayi are abbreviated to f i

and f i j  respectively, fo r  example, and  (p ) o f  y ( P ) is  om itted  w hen  there is
n o  con fu s ion . F or a  m atrix a =  (au ) o f  degree n , we denote by "d u  the
cofactors o f au  in  th e  determinant det (a ), and b y  eti th e  m atrix (a u ) .  W e
p u t  : = OL/ay` and h u : = g u —l i li  ca lled  the angular metric tensor where gu

is  the metric tensor.

§  2 .  Relations betw een  g i i  a n d  ,piy) .

T h e  metric tensor o f M ., g m : =1 0 2j ), is used in  genera l, b u t in  this
2

p a p er  w e  a r e  mainly concerned with yoP;) in stead  o f  gu . The relation be-
tween gu  and  03) is given by

(2. 1) g i i 1 (2/p) 1 ( çoi j _  p — 2 1  goiço

P

(2. 2) CPU = PI- P - 2 [0'0+ (P-2) ids]
T o find their determ inants, th e  fo llow ing lem m a is availab le.
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Lemma 2. 1 . det (a u - l- ca i a i ) = det (a u )  + aE "du a i ai ., w h e re  au  denote

th e  cof actors a s  m en tioned  at th e  e n d  o f  §1 .

From  the above lemma we have

(2. 3) det (g 15 ) = 4o(21P) i n  [det (çoi j ) —  

t - 2 1  E Ç o io i ç o i l
P 1,

and

(2 .4 )d e t  ((p1 f ) = (pLP - 2) n [ d e t ( g 15) +  (p - 2) g,//j].

I f  (au)  is  a  symmetric regular matrix, we have -d i:5 =  [det (au ) ] where
( a " )  i s  the inverse of  ( a 15) ,  and relations  ( p - 1) ça' =  ço i ." çoik y k  =37' and
g"111f = 1  lead us to

Theorem 2. 1. (1) I f  0 )  is  regu lar, w e  hav e

1  (2. 5) det (g , j )  —  det (yoi j ),
P" (P — 1 ) (40 1 -  ( " P

) ) "

a n d  (g u )  is regular.
(2) I f  (g u ) is  re g u lar, w e  hav e

(2. 6) det (ça) =p '  (p —  1) L'P - 2 ) det (g u ) ,

an d  (ç a)  is  re g u lar.

In Minkowski or Finsler geom etry we usually treat (g u ) and Theorem
2.1 shows that the regularity o f  (g u )  im plies that of (o f )  and the reverse
is also tru e . Moreover, in  some cases, the definiteness o f  (g u ) are  closely
related to that of  (ça ) a s  shown in the fo llow ing proposition.

Proposition 2.1. W e  P u t  b y :-=a u d -ca i a j ,  w h e re  (a 1)  i s  a v ec to r.

(1) I f  c> 0  a n d  (a u ) is Positiv e-def in ite  (b y ) is Positiv e-def inite.
(2) I f a n d  (ay ) is  negativ e-de f in ite  (b y ) is negativ e-def inite .

P ro o f .  It is  easy  to  show (1 ) and (2 ) from  a relation

M O  X ' = au X 'X ' c  ( a 1X.z) 2 .

A s  L  is  a positive function, from Proposition 2. 1 w e  have

Corollary 2. 1. ( 1 )  I f  p 2  a n d  (g u )  is Positive-def inite  ( ç a )  is Posi-
tive-definite.
(2) I f  o<,/, 2 a n d  (g u )  is negativ e-def in ite  (çou )  is negativ e-def inite.
(3) I f  p < 0  a n d  (g u ) is negativ e-def inite (y o u ) is Positiv e-def inite.
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Conversely the definiteness of ( g u ) follows from that of (ça) in  some cases.

C oro llary  2 .  2 .  (1 )  I f  P 2  and (you ) is  n e g at iv e -d e f in ite  (g u ) is
negative-def inite.
(2) I f  0 < p 2  and (çou )  is positiv e-def in ite  (g u )  is positiv e-def inite.
(3) I f  p<c) and (çou )  is negativ e-def in ite  (g u )  is positiv e-def inite.

§  3 . S o m e  important formulas on q) ( 2 3 ) .
W e take p c i ,  1, and  study go (P) = L P  in  a  domain where the Hessian

matrix (gou ) is regular. ( e )  d e n o t e s  the inverse matrix o f  (g ). In the
following, raising and lowering indices of tensors obtained from go are done by
means o f  gou and you  i f  there is no particular notice. W e have relations and
definitions with respect to  ça as follows. Putting go i : ego i ,  from  the homo-
geneity o f  go we have

(3. 1) =  —
1 ) 9' •

We also have

(3.2) Vigo'
—1
P 49 •

P

Next, putting gOr
.

 jk : =  gOr t V i j k ,  we get

(3.3)r p — 2
9 rV ik  = V ik  •

P - 1

Differentiating 9" gO r i  di, with respect to y k ,  w e have

(3.4) ayk

k (60"ç98 jk ) V .S h V S J + 9 rjtch •0 y ry, y h

The inverse (g " )  o f  (g 15) , expressed with respect to ça, is

(3.5) g i =  p ç 0 l-(2 1 P ) çgi (p  1 ) (p  2 ) ( 0 -2/pgaiçoi

T h e  usual tensor C i j k  is obtained by differentiating i g u  w ith resect to
2

y k F ro m  (2 .1 ) it  is  w r itten  in  terms o f  go and its derivatives as

(3.6) C i l k  -='"" - - Sv ( P

2p
1 2 /  )

p — 2  0 2 0 ) - 2  [0,0q,„ ÇOikVi soki9A
2p 2

(p - 1 )(1) — 2)  goo / P ) - 3 goi ./49 k •
1,3
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Raising subscript o f C u k  by m eans o f g " , we obtain the tensor

(3. 7) Cry, : =Pe--(2noriCitk

=1 r p - 2
— 2 p - L o  k a rk 9  j ÇOr  0 j k ]

( P — 1 )  (p  2) 
 9

- 2

9

,

9 . 1 9 k  •p 2

The angular metric tensor h u  p lays an important ro le  in  the theory of
Minkowski geom etry . F rom  (2. 1) we get

(3 .8 ) h i i :  = g o _  j __ 0 .2„ ) _i [ g o i j _  p - 1  1  gw  9 ] .

P

The alternating part of h i k hi c  is used to describe the v-curvature tensor

S i j k l :

(3. 9) hiEkhiu:= i  liz i k h i a * *=  h i d / i t  h i l h  i k
(k ,I)

1 ,,,(vp) -2,,,
Yi[kY" i t ]

+ P — 1  9 (4" ) - 3 { 9 iç9J[kçOi] gOi9iCkg°131 •
P 3

The v-curvature tensor S u k t  is by definition

(3. 10) S i j k i :  = r C r ik

N ow  the concept of S3-like Minkowski space is defined as follows:

Definition 3. 1 .  A  M inkowski space M '= ( f l " ,  L ) , (n 3 ) , i s  called
S3 - l ik e  w ith  the v-curvature S  i f  there exists a constant S  such that S i jk l

is written as

(3.11) L 2 s i  k  =  S h i [ k l i ft ] .

Definition 3. 2 . S3-like Minkowski spaces are classified into (1 ) the f irst
k in d , (2 )  the second k ind , o r  (3 )  the th ird  k in d , according as the value
o f S  satisfies (1 )  S<  —1 or ( 2 )  S=  — 1 , o r (3 ) — 1 <S <0 .

Substituting from (3. 6) and (3. 7) in to  (3. 10) and paying attention to
(3. 9) , w e  have an expression of the v-curvature tensor by means of yo and

h i ,:

** [k , / ]  o r  9.1 means interchanges of indices k  and /, and subtraction.
(k,t)
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(3. 12) L2Si1/ — V ( " P " V i [ j r 4 k ] +  ( P  2 ) 2  h i [ , h it] •4p 4 (p

The formula (3. 12) clarifies the S3-like property o f S u k t  as seen in the
following theorems.

Theorem  3 . 1 . L e t  S  b e  a  re al n u m b e r s at is f y in g  S< — 1 o r S> 0.
If  a M in k o w sk i space  M n  (R n , L )  i s  S 3 - lik e  o f  the  f i rs t  k in d  w i t h  the

abov e  v - c u r v a tu r e  S ,  th e n  f o r a  re al n u m b e r p  g iv e n  b y  S— 2 ) 2  t h e
4 (p —1)

f u n c tio n  ço = L P satisf ies

(3. 13) R trçar f k j —  O.

C on v erse ly  i f  go= L P  s at is f ie s  (3. 13) f o r  some 1 ,  th e n  M '=

(R n ,L ) i s  S 3 -lik e  o f  th e  f i rs t  k in d  w i th  th e  v -cu rva tu re  S —   ( p  2 )2

4 (p - 1) •

Theorem  3.2.  I f  a  M ink ow sk i space M n =  (k , L )  i s  S 3 - lik e  o f  the
second k in d  th e n  f o r p * o ,  1 ,  th e  f u n c tio n  ço = L P satisf ies

(3. 1.4) R t r V r i k ]  
(P —1)4oRtg ik]

1  ,
+ g7 ,2  

W içai[k V 1]— /V t[lA 0/3}  O .

C onv ersely  i f  ço s at is f ie s  (3. 14) f o r  som e p * O , 1 ,  then  Mn i s  S 3 -lik e
of  the  second  k ind.

Hashiguchi showed a formula analogous to (3. 12) fo r  * =  log L .  This
*  itself is not a  homogeneous function though its derivatives are homogen-
neous functions. W e have

(3. 15) „f„ 1 , / , , /  7  \
—  —

0
t e t t o i ) ,

„ ,
V ij —  L2 

f „

c . r i y ,

(3. 16) *3.1-, L2 (gii g” +2V riV d),
1,2

(3. 17) '1° = = — =  — 1

(3. 18) hij= 1,2(1 frii+ lk i*J),

(3. 19) hckh j u = VA/rick* 52] 4 -  *ilk [k Y'

(3. 20) L 2 S i ik t  — "L -aV ei[ ir l-r rik ] H i)  h i c k h i q  .

Theorem  3. 3. (H a s h i g u c h i )  I f  a  M in k ow sk i s p a c e  i s  S 3 -lik e  of
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th e  seco n d  k ind, r = lo g  L  satisf ies

(3.21) r  T IO lt r  fk] =  O.

C onv ersely  i f  * =  log L  satis f ie s  (3. 21) , = (a" , L )  is  S3-like of  the
second k ind.

§ 4. An extension of Kikuchi's theorem.***

In  1968 Kikuchi proved a n  interesting theorem o n  Finsler spaces wth
= 0, that is, S3-like spaces with the vanishing v-curvature (K ikuchi [4]) .

Theorem 4. 1. (K ik u c h i )  A  necessary  a n d  suf f ic ient c o n d itio n  f o r
S = 0  i s  th a t ,  th e re  e x is t  n f u n c tio n s  f 5 ,  b =1, 2, • • • , n, w h ich  satify f o llow -
ing conditions

(4 .1 ) L '=  E U T
b=-1

(4.2)E  tp ,,=  0 ,
6=1

(4. 3) t  are  Positiv ely  hom ogeneous o f  degree one an d  rank (A )  = n.

T o  show that this theorem can be extended to S3-like spaces of the first
and second kinds, we begin to study a  system o f  differential equations wth
respect to  ça = L P  o f  an arbitrary fixed 1 given by

aA, (4 .4 )—  qçor,./ A,. ( q * 0 , 1 ) .
8y

From  (3. 4) the integrability condition of (4. 4) is

(4.5)ç o s i D  yors k j A r  = O.

I f  Mn= (Rn, L )  is  S3-like w ith  th e  v-curvature S—  ( p —  2 ) 2  f o r  t h e
4 (p -1 )

above p, it fo llows from  Theorem  3. 1, th a t (4. 4) is completely integrable.
W e  are next concerned with the hom ogeneity of A ,. From  (4. 4) and  (3. 3)
w e have

OA,(4. 6) — qçor,,y1 A,..=qvriv s i i r fA,.= q(p -2) A , ,
ay !

which shows that functions A, are positively homogeneous of degree q(p— 2) .
Thus w e have

*** In sections 4 and 5 w e  use the summation notation E for sum s w ith  respect to  indices
a, b , c , d.
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P rop ositio n  4. 1. L e t  S  b e  a constant s u c h  t h a t  S < - 1  o r  S>o ,
(p —  

2

and p  b e  a  re al n u m b e r g iv e n  b y  2 )  _ In  a  M in k ow sk i space
4 (p - 1)

Mn = , L ) ,  w h ich  is  S 3 - l ik e  of the f i rs t  k in d  w i t h  the v - c u r v a t u r e  S ,  a
sy s tem  o f  d if f e re n tial e q u atio n s  (4. 4) h as  n  f am ilies o f  independent so lu-
tions A 7, a= 1, 2, • • •, n , w h ich  are positiv ely  hom ogeneous of degree q (p — 2) .

N ow  w e take  q  -1 ,  and  pu t r  d : = —
1

9 r ii. Then (4.4) may be written
2 2

as

(4. 7) A i  = 0,

where Il i  denote covariant derivatives w ith respect t o  th e  tensor T r u . We
also have

(4. 8) Ç°Cillk =

W e take a  simply connected and arcwise-connected domain D  where (v i j )
is  re gu la r . L e t  (y0)  be an arbitrary initial point in D , and T =  (4 ) denotes
an orthogonal matrix such that T (ço i 5 ( y 0) ) ` T  i s  diagonal, where 27' denotes
the transposed matrix o f  T .  Therefore

(4 .9 )ç o i i  ( y 0) ='  Axe; = p(p — 1) E  a b t bg b
i

where p (p -1 )  ab 2 b 0 .
T h e  n  independent families of solutions A ':  o f  (4. 7) with an initial con-

dition

(4. 10) At (Y0) =

exist from Proposition 4.1. It follows from (4.7)  and (4 .8 ) th a t gou  — p(p -1)
E a b Ab

i A b
j ,  as thus constructed, satisfy

(4. 11) (40i/ — P (P a b A biA bi)Dk =

with an initial value 0, and we get

(4. 12) o j = p ( p - 1 ) E  a b A.A".,

at any point of D , w here A7 are positively homogeneous functions of degree

-P— —1 from  Proposition 4 .1 . T h e re fo re , f a : = M y ' are positively homogene-

ous functions o f degree - ,  and by contracting (4. 12) by y ' and 3/2, w e  have
2

(4.14)=  L b
i a b ( P )  •
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8.ra
Putting —  w e have

Oy i

(4. 15)

because

f t= -P— A t
2

0  ( 011'1213y0 + —  + —  (p — 2) .
Oy iO y ' 2

Differentiating (4 . 14 ) and equating the result to (4. 12) , b y  (4. 15) we
have

(4.16) E a b f b f ,  P 2  E a b fV b.f .

P

Propos ition  4 .  2 .  L e t  S  b e  a constant s u c h  t h a t  S < - 1  o r  S >0 ,
(p — 2) 2

and p  be  a  re al n u m b e r g iv e n  b y  — S .  I f  a  M in k o w s k i space
4 (p — 1)

M n  (R ", L )  is  S 3 -lik e  o f th e  f i rs t  k in d  w i th  th e  v -c u rv atu re  S , there
ex is t locally  n  f unc tions f  and n  non-zero constants ab su c h  th at

(4.17)

(4. 18)

L "= ab (P ) 2

E a b fb . fbi f  
_ 2

E  a b f bif bip

(4. 19) f b  are positiv ely  hom ogeneous o f  d e g re e  
2  

and rank( f )f bi ) -= n .

Conversely, for M inkowski space Mn = (Rn , L ) ,  w e assume the existence
o f n  functions f a  and n  non-zero constants ab satisfying (4 . 1 7 , 1 8 , 1 9 ) for
some p * o ,  1. We make the inverse ( f ia )  o f  ( f t )  from  (4. 19)

(4.20)E  f l f , = a r
a

Differentiating (4 . 17) and substituting from (4. 18) , w e have

(4.21) 4 (p — 1)  E b i  j o i
9ct

ab f
P b

The inverse matrix o f th e  matrix ( ç , )  is given by

(4. 22) — P  E  i f i f  bf
4 (1, - - 1 )  b a b

We differentiate (4 . 21 ) with respect to y k and have

(4. 23) çoij, —  4
 ( p   1 ) E a b ( rik t i+  f lj b.fk)

P
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From (4. 23) we obtain two equations by cyclic interchanges of ind ices i, j, k.
From th e  sum o f later two we subtract (4. 23) and have

(4.24) ÇOdik — 8  ( p  1 )  E ab A f tp b

B y  (4. 22) a n d  (4. 24) yoru  is given as

(4.25)4 . t  =  O rkV  =  2

From (4. 25) it follows that f satisfy

(4. 26) A l =

an d  th e  integrability condition of (4. 26) holds, that is,

(4. 27) 4.iSorskift;-= 0 .

B y  (4. 19) a n d  (4. 27) , after rewriting indices and lowering superscripts,
we get

(4.28) Ç't[I r(Orfk ]=  0  .

Consequently, (3. 12) leads to th e  following conclusion:

Theorem  4. 2. L e t  S  b e  a  c o n s tan t  su c h  th at S < - 1  o r S >0 , and p

b e  a  re al n u m b e r g iv e n  b y  —  2)2 — S. A  M ink ow sk i s p ac e  M '=  (Rn,
4 (p —1)

L )  i s  S 3-lik e  o f  th e  f i rs t  k in d  w i t h  t h e  v -c u rv atu re  S , i f  a n d  o n ly  i f
th e re  e x is t  lo c ally  n  f u n c tio n s  f  a n d  n  n o n -z e ro  c o n s tan ts  a b s u c h  t h a t

(4.29) L P  =  a b ( f T

(4.30)
-

a b f b f bi f  E a b f bif . ;
P

(4. 31)f  are  positively  hom ogeneous o f  degree -P. and rank (f)=n .
2

§ 5. S3-like M inkowski spaces.

I f  w e p u t F b := (P) "P in  Theorem 4. 2, w e have

Theorem  5. 1. [Firs t  s tru c tu re  th e o re m ]
L e t  S  b e  a c o n s tan t  su ch  th at S < - 1  o r S >0 , an d  p  be a  real n u m b er

g iv e n  b y  
( p

 —
2 )

 2

 S .  A  M ink ow sk i space M n= L )  i s  S 3-lik e  o f  th e
4 (p —1)

f i r s t  k i n d  w i t h  t h e  v - c u rv a t u re  S ,  i f  a n d  o n l y  i f  t h e re  e x i s t  lo c ally  n
f u n c t io n s  F b a n d  n  n o n -z e ro  c o n s tan ts  a t  s u c h  t h a t
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(5.1)L P  =V,  a  b (P ) 2) ,

(5.2)E  ab (P )P - i n = 0 ,

(5. 3) F ' are Positiv ely  hom ogeneous o f  degree one and rank ( I,» =- n.

Theorem 5. 1 clarifies a  s tru ctu re  o f fundamental functions in case of

S3-like Minkowski spaces o f th e  first k ind. Now  we shall study a  S3-like
Minkowski space of the second kind.

L e t a ,  be n positive constants such that E a = l ,  and let 17 b  be n positive

functions. We put

(5. 4) : = ab (P)9 1 /4  .

I f  q tends to 0, 2 tends to

(5.5) L =  ( y l ) a ( y 2 ) a2 ( y f l ) an

Th is result suggests us that i f  w e  put p = o  in  Theorem 5. 1, then S
= —1, and there correspond conditions that a  space be S3-like of the second
kind.

Consequently, we assume that ço = L P of M '=  (Rn, L) is given by

(5.6)=  (F 1) a' (F 2 )  a '•  •  •  (Fn) ,

(5. 7) F b a r e  n  positive functions which a re  positively homogeneous of
degree one and ab a re  n non-zero constants such that E a b  = P ,

(5.8) E a, —0
b F b

(5.9)r a n k  (F b
i ) = n .

Differentiating log ço = E ab log F  and apply (5. 8) , we have

(5.10)Ç 9 i  = E ab
F b i

b Fb '

 F E  a  Fn FE  a c F n  FE  a f f  F n .(5. 11)
L b b  F b L F c i  L d

From  (5. 9 )  there ex ists the inverse ( F t )  o f  (F». By the homogeneity
of F b , w e have

(5.12)1 2 ,  F b Fl,

fo r  E F "F t=E  F b
i y1 F t , =  •  Using (5. 12), by direct calculation we have
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Proposition 5. 1. T h e  inverse (e )  o f  t h e  matrix (yo u ) is  g iven  by

(5. 13)ç o _ 1 [ 1   y iy i  _ E  F tn .  ( F b) 19

9 p —1 b ab

a n d  further

(5. 14) Fbkeh _ 1 [1 Fbyh _ 1 F': (P ) 2] .
9  [ p —ia  b

R ew riting (5. 11) as

(5. 15) vii 
= 4  

40i V i  E 
a b -F"I-. V  V b

we differentiate this with respect to ? .  Cyclic interchanges of indices i, j, k
in  th e  result give u s similar two re la t io n s . From  a  sum o f  later two we
subtract th e  first one and have

(5.16) v i j  kV i V i V k 2g9i#k
( 0 2

- E  a b
 [ F F F b Ftv i — nFbi vk ]

b 2

1 1  FtF b i F b  Fbk—2go ab +2v E a b

b ( P ) 2 b (Fb)3

From Proposition 5. 1 w e have

(5. 17) Q1/ = 1  (6 1V., + &NO —
V i i  Y s

go (p —1)

Fb Fb± 2 E 11,Ft- 2 E  ' j  F b'

b b Fb

(5. 18) 4.'11= —1 (no, + P O ) — g9"  F b + 2F b
i 5 — 2 PI P ,

(p — 1 )V F " •

From (5. 18) w e have

Proposition 5. 2 . n  independent functions F "  satisfy a  system  of
differential equations

(5 19)5 2F 1  OF  OF —. —r O F
a y 'a y l F  a y i y i ay'

where f f i  a r e  defined by

1 r
P 7 i =  ISesi 

1 
Vi/Y1—  ( 4 0/(5. 20) 68.tVi)] •( p - 1 ) So
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T h e  left-hand side o f  (5. 19) is  equ a l to  F  a  
 ( I

 OF)
 T h e r e f o r e  w e

a y " F  a y i

have

Proposition 5. 3. A  sy s te m  o f  e q u atio n s  ( 5 .  1 9 )  is  e q u iv ale n t  to  a
sy stem  o f  equations

alog F(5. 21) J (0 ,
f f  „ ,

ay ' ay '

w i th  respect t o  F  and f ,  a n d  th e  in te g rab ility  cond ition  of ( 5 .  2 1 )  is

(5. 22)
[

8 f l u
 i t  k] ] f 00 — 0 •Lay k ]

A s  n  independent functions Fb  satisfy (5. 21) , it follows from  (5. 9) that
the integrability condition of (5. 21) reduces to

(5. 23)
a y  lc] ± F ' =  0 .

From  (5. 20) , by direct calculation we have

(5. 24) st =  9 6 4 k ]  + -1) at jçOile]
( p  — 1 ) 9

1 1 
9 2

(i[iVkiç7 i +
( P  — 1 )  ( 2 2

9iu9k O s  •

Differentiating (5. 20) w ith  respect t o  yk , and  substituting from  (3. 4)
into the result, we have

, _ ai
tk ]  -  -  

A s  a  consequence, we have

Proposition 5. 4. T h e  in te g rab ility  cond ition  o f ( 5 .  2 1 )  is

(5. 25) Auffn—  0  •

Lowering superscript s o f  (5. 24) by means o f  çar ,, w e  have

Proposition 5. 5 . T h e  in te g rab ility  cond ition  o f ( 5 .  2 1 )  is

(5. 25') P m  , 1  fSA[Aortk]+ yr[irik]—  —
Ç o2  IVrEiVk]Qi —  ÇOiCA 0  k]çOr} = 0.

(I' — 1 )40

Summarizing up the above, we have

2  ay k ]  •



i j j  

çoÇ ' Y = 1 4

_ Vs —  c b*, .

800 Shun-ichi 115:76

Theorem 5. 2. A  M in k o w sk i s p ac e  M " = ( R " ,  L )  is  S 3 - l ik e  o f  th e
second k in d , i f  L P  i s  g iv e n  b y  ( 5 .6 )  s a t i s f y in g  ( 5 .7 ,  8 ,  9 ) .

Before considering t h e  converse o f  Theorem  5. 2, w e  s e t  a  condition.
W e  assum e ço—LP, p*o, 1, h av e  a  regular Hessian matrix (yo u )  in  a  domain
D , which is simply connected and  arcwise-connected. From Lemma 2. 1,

(5.26) rank (- Vi) = n i n  D .
9 9  9

Thus, at an  arbitrary p o in t  (y0) i n  D ,  w hich  w e choose as  an  in itia l
point, there exists a  regular matrix (4 ) and n  non-zero constants co such that:

(5.27)

Condition [ D ] .  W e say  yo satisfies c o n d it io n  [D ]  a t  yo,  i f ,  f o r  yo, a
regular matrix (t') can  be taken  a s  to satisfy

(5. 28) =431 0 fo r any b = 1, 2, • • •, n .

R e m a rk .  (5. 11) sh o w s that yo defin ed  by  (5. 6, 7, 8,' 9) satisfies the
condition [D].

W e now  study t h e  converse o f  Theorem  5.2. L e t  M "  ( R " ,  L )  be
S3-like o f th e  se c o n d  k in d . F o r p* o , 1 , w e  put =- L P ,  a n d  w e assume
yo satisfies condition [D ]  at yo. Proposition 5. 5 and Theorem 3. 2 assert that
th e  system (5 . 21 ) is  completely integrable a n d  correspondingly (5 . 19) is
integrable. S o lu t io n s  o f  th e  system (5. 19) a n d  o f  th e  equivalent system
(5. 21) h ave following properties.

Proposition 5. 6. (1) S o l u t i o n s  f , , ,  o f  (5. 21) are positiv ely  hom o-
genous f unc tions o f  d e g re e  —1.
(2) I f  G  s at is f ie s  (5. 19) , F =G q  als o  s a t is f ie s  (5. 19) .

(3) I f  F  a n d  G  a re  a s  i n  (2) , th e y  to g e th e r w ith  f  ( i) :=  _ satis-

f y  (5 . 21 ) an d are  positiv ely  hom ogeneous o f  d e g re e  —1.
(4) I f  F  s at is f ie s  (5. 19) , F is positiv e ly  hom ogeneous.

(5) s a t is f y  (5 .21 ).
9

ay '
tively homogeneous o f degree — 1 ,  : = f  , , ,y ' is  of degree 0. O n  th e  other

hand t9f " ) —  ' 92 ( l o g  /4- ) — 6 -f ( i ) ,  a n d  w e  h a v e  
al -

 —  f u o -Fa f  my' — 0  for
ay i ay i ay ' ayk ay '

P r o o f  ( 1 )  
a f

(i)f  ( 0 =  ( - 1 ) f (4) A s  f •  F  i sF p o s i -
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any k. Therefore 1= C, (where C  is an arbitrary constant) , and F iy' = CF.

A t an  appointed poin t (yo)  in  D , a  re la tion  (5. 27) w ith  (5. 28) holds.
L e t 0  be n  positive constants such that

(5. 29) v(3,0 = 0,0kc VC (g;) knc„•

A  system o f  differential equations (5. 19) with initial conditions

(5. 30) G b ( y o )  gbo, G bi(Y 0)= td , b =  1, 2, n,

has n  independent solutions, which we put

(5. 31) G', G', • • • ,

These solutions Gb h ave  following properties.

Proposition 5. 7. (1) rank (Gb
i ) = n,

(2) Gb a re  positively homogeneous functions o f  degree k° ,
(3)  9i _  _  E  c  G b

i Gb,
9 9  9 ° bG b G b •

P r o o f .  (1) rank (t'.;) --= n and satisfy (5. 21) . (2) G b a re  positive-
Gb

l y  homogeneous by Proposition 5. 6, an d  Gti (y0) -- tb
i G ° (yo ) mean Gbi (Yo)Yti

(4y) Gb (y o) -= lebGb (ye). (3) If Ilk denote covariant derivatives with respect

to  f r l l ,  0, and Proposition 5. 6. (5 ) , (5 .2 9 ) an d  (5. 30) assert (3).
9

T h e  equation (3 )  in Proposition 5. 7, multiplied y l  a n d  summed with
respect to  index j ,  give

(5.32)E  ci,kb 0  .
b

A s  kb *O , F ° := (G °) (11 ' ) a r e  positively homogeneous functions o f  degree
o n e .  W e also put a o :=c,(1?) 2. T h en  th e  right-hand member of (5 .3 2 )  is
written as

(5.33) cb ( k b )  2  Fb, E  a  .b.1
b F° b b  F °

fo r  any i. Integrating (5. 33) w e  have

(5. 34) log g9= a  log F ° +C ,

where C  is a constant and the choice of initial values shows especially that
C  is  0. Thus we get
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(5. 35) ço =  (F 1)a■ (F2) a ° • • • ( F n ) a ,  .

To obtain conditions for F a,  we differentiate (5. 33) with respect to

(5.36)ç ° i 1 E  a , FFbc i  _ FF n .

9  9  9  b  L F J

Comparing (5. 36) with (3) of Proposition 5. 7, w e have

(5.37) E "  —0 a b  P  •
b

Summarizing up the above, we have

Theorem 5 .  3 .  [Second structure theorem ]
A  M inkow ski s p ac e  M t=  ( W i ,  L )  i s  S 3 - l ik e  o f  the second k in d  and

ço= L P ( f o r p * 0 ,1 )  satis f ie s  cond ition  [D ], if and  on ly  i f  there  ex ist locally
n  p o s it iv e  f u n c t io n s  1 ' and n  non-zero constants a b s u c h  th a t

(5.38)L P  =  ( F 1)a (F 2) a l • • • (Fn)a% ab =p  ,

(5.39)E  111  —0 ,
b Fb

(5.40)F '  are positiv e ly  hom ogeneous o f  d e g re e  one and rank ( I ')  = n .

N o te .  It is conjectured that the assumption o f con d ition  [D ] might be
removed, i.e., that we might choose a  regu la r m a trix  (t), so  a s  to satisfy
(5. 28) fo r  S3-like 9  of the second kind.

§  6 .  Sum o f S3 - l i k e  metrics.

We consider two Minkowski s p a c e s  M ' (R ,  L 1 ) and /If '  =  (R.% 1, 2 ).
Using indices a, 19, • • •, fo r  quantities o f .111 n  and i ,  j , • • • ,  f o r  those o f  M n',
we designate their range such that 1<a, (3, ••• < n „  and  771 + 1 < i ,  j, ••• <n ,
+ n 2 = n.

We define a  fundamental function in  a  product space Mn =Mn , ><Mn'.
Take ,t;. 0, 1, and put

(6. 1) (371, Y 2, •••, y n O: = [L1(Y 1, 31 2 , • • • , Y n ') 1 P

(6.2) Sb(yn1, • • y n ) :  =  [L 2(31" 1, • y n ) ]' •

Assume that both matrices ( 0  g ) and  (Of j ) be regu lar. W e put

(6.3)9 ( Y 1 , • • • , Y %  y r " -" , • • • , y  n ) : ,•••,Y 4 0 -1 -0 (3 7 n1 +1 n) •

Indices a, b ,  • • • ,  are adopted fo r  quantities o f a  space Mn =  (re, L ) ,  i.e.,
indices a, b ,  • • •  run their range 1<a . b , • • • < n , +  n2=n.
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Proposition 6. 1. I n  a  M ink ow sk i space M"=--- (pi% L ),L =go"P, w e get

(6. 4) a[b eVeciej =  0 2

if  { a, b, d, e l  i s  a  h y b rid  c o m b in atio n  o f  in d ic e s  f o r quantities o f  M I'. and
M '2, t h a t  i s ,  ço,Eaeçoc5j3 =0  f o r  ex am ple .

T h e  proof is easily obtained from (0 a b ) =  ('‘6R 0°,>) •

Corollary 6. 1. F o r  a  h y b rid  c o m b in atio n  o f  in d ic e s  w e  h av e

Corollary 6 .2 . I f  1111'i a n d  114". a re  S 3-lik e  w ith  a  sam e  v -curv ature

S —  ( P - 2 ) 2  ( p 0 ,  1 )  ,  M "  e q u ip p e d  w ith  t h e  L  in  P ro p o s i t io n  6. 1,
4 (p - 1 )

i s  S 3-lik e  o f  th e  f i rs t  k in d  w i t h  th e  v -curv ature S.

Corollary 6. 3 . L e t  01 ( y 1 ,
 y 2)  , 02  ( y 3 ,  y 4 )  ,  . . . ,  O k  ( y 2 ' , y 2 k )  be  positiv e ly

hom ogeneous f unctions o f  d e g re e  p ,  a n d  0  ( y 2k +1 , ... , y ..) b e  a l s o  v )positiv ely( . ,  p

hom ogeneous o f  degree  p .  M o re o v e r w e  assu m e  th at i s  S 3-
lik e  o f  th e  f i rs t  k in d  w i th  a  v -curvature S —   ( P - 2 ) 2

 .  Then
4 (p —1)

( 6 . 6 ) ç 9 ( y l
,  •  •  • ,  y

7)  _ 1 5 1 ( y 1,  y 2 )  + O k (y214
4

,  y 2 k )  +  ( y 2 k + 1 ,
y

44
)

def ines S 3-lik e  M ink o w sk i s p ac e  (k , 9 1'1))  w i t h  th e  v -curv ature  S.

§  7 . Product o f S3-like metrics.

In the notations of § 6, we give a  metric which consists o f  L ,  and L ,
in  a  product fo r m . We define

(7. 1) OP) (y% • • y"): 0 ".) (y 1 • Yni) 0 (1 ) (y " 1  • 3 e )

where p= r+s , 0(r) (31 1 • • • y '') = [L ,  (y 1, • •, y"')] r

y n )  =  [L  2  (Y n  ' +  • 317') ] ' •

Proposition 7. 1. T h e  in v e rs e  m atrix  o f  (vab) = (q
,k ,; (1: $

0 :̀pçbh:)  is  g iv en
by

(7.2)1  [ ( p  _ 1 ) 0 0  S   1  y a y d ,
- - 1 ) r - 1

(7.3)9 a k  _ _ _  1  y a  y k

(p  — 1 )



804

(7. 4)
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hk 1 [
(

_  1 )  onk r 1
Yh 511] .

9 ( 1 3  — 1 ) 45s - 1 0

M oreover w e have

(7.

Proposition 7. 2.

5) 0 a 4 9 , k ] 0 0 h E a .in
r0 A  A

( p  — 1 )  ( s  — 1 )
whEiso k]

1
V e[ia93k] q5E

A(7. 6) K W
A  

k]
( p

1
)  0

1 A  A(7. 7) = =h[t" C a g l i ] KhY ' k
(p 1 )0

('7. 8) O C ia9C 1c3= 0 ,

(7. 9) P O tt .0 çbt°L . 0Som-a49;k3— p — 1
o k

Çb,Øk + P —  
2  95A0Abk 

çb r "  p - 1

Proposition 7 . 3 . In  a  M in k ow sk i  s p a c e  Mn (Rn, L) , L = v"P com-
p o nen ts  S a b c d  w i t h  a  h y b rid  co m b in atio n  o f  in d ice s  satis f y

(7. 10) L 'S abed — ( —1) ha[chad] •

P r o o f .  It is sufficient to examine (7. 10) in  each case of (7. 6, 7, 8, 9).
W e treat th e  type  (7. 6) for instance. Rewriting relations (3 . 9) in a case

of =- 00 w e  have

(7. 11) h k]
1 ,,(4 p) —2 ,AA A  A

Y'Y'EV[iV , Jk ]

+ P - 1  49" ) - 3  {00206birtibk—  020 JOeSbci0k]l
P3

1
(7. 12) 0-((i/P " ) h f [ t h  k ] = {

—
p 2

0
Ci

0
 l c ]  

P  ;3
1 00  49595E

1 A d .  A  A
= W `Petli) , k ] •

P3

Therefore w e have

(7. 13) 49E[i.Ok] = - -
P 3   v-(0/P)-1)h h

p - 1 F r i —  k ] •

Substituting from (7, 13) in to  (3. 12) , the resu lt (7. 10) is obtained.
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C oro ra llry  7 . 1 . L e t  Itf i  =  ( a "  1.1 ) a n d  Mn2 = L 2 )  b e  S3-like
Minkowski spaces of the second k in d . T h e  Minkowski space M 7' =  (f l" ,  L ),
where L = v " P  is defined as in  (7 .1 ) ,  is  a lso S 3 -lik e  of the second kind.

C oro lla ry  7 . 2 . L e t  0,(y', y 2), • • • , 0 , (y " - 1 , y ' )  be positively homogene-
k+ ,ous functions of degree r„ •••,r k respectively and 

o ( y 2 1 , . . .

 y " )  be Positively
homogeneous of degree r. I f  (

R n - 2 1 c ,  0 1 / r )  
i s  S 3 -lik e  of the second  kind,

then

(7. 14) ço ( y 1._  ( y 1, ? )
(

2k1  y 2k)

( y 2k +1,y n )

defines an S3-like M inkow ski space of the second kind M "-=  (k ', L ), w h ere
L = V v P, and p = r i  r .

§  8 .  Three - dimensional S3 - l ik e  M in k o w sk i spaces.

We consider a  three-dimensional M inkowski space (f l ', L )  and put yò")

(Y I , Y2 , Y3)  =  [ -L (Y 1, Y2, Y3) ] for p 5L rO , 1 , 2 . Assume that rank ( 9 a b )
 = 3 in  a

domain under consideration.
There are two essential types of cp„[ b c cor ca e ]  as indices take only three values

1 , 2 , 3 , that is:

[ Is t  type] co ed.'2 (0? (o? m m  ag og'11a, . r 12a, 2 2 a ,  —  2 3 a , , 33a, a T  31a, 01

[IInd t y p e ]  co caa m  (0 ? co (0? m  ma,( 0 ? eo  m o, I l a ,  —  1 2 a ,  . 3 , 22a, 01 , 23a, .1 , , 33a, .2 — , 13a,

and the other types are either reducible to one o f the above o r  trivial. B y
the homogeneity o f  go, all cofactors in  det (oab)  is decomposed into a  sum of
determinants o f order 2  multiplied with y " ? ,  fo r  example,

(8. 1)11 0-11 — 492W23

SO32q233

_  1   E
(p —  2)' c. d

922 e 23c/

932 c(033d

y d

     

B y the same way, w e  g e t  (8. 1) 12, ••-, (8. 1) b b  f o r  0 1 2 ,  • • • ,

Substituting from (8. 1) • • •, (8. 1) 83 into typical term s o f  1st and IInd
types, w e  have, for example,

1 8. 2) 911412 —  9 1 2 a4 1  =  ( ( 0 114 , 22 V 2 1 4 7 1 2 6 )  q, a b

1v i

det (Ocd)
911a(012/,

9210(022 6
a b  •

 

Denoting by c„b th e  coefficients o f y 2 yb  in  (8. 2) , w e  have

1 (8. 3) V11a(42-4012.4. —
— 2) 2 det c d )  1. 1 )  C  a b Y Y b  •a  

Coefficients ca b  a re  given by
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(8. 4)c 1 1  = c22= cab = 0, (a=/=b), c33 t ri  (y '  y 2 ,  y 3 )

where F  is  a polynom ial of degree four w ith  respect to r abc and is expressed
as follows (we abbreviate çoa b e  t o  (ab c ) to avoid complication) .

(8. 4 ') :-= (111)
(211)

(121)
(221)

(223)
(323)

(233)
(333)

(111)
(211)

(122)
(222)

(213)
(313)

(233)
(333)

(112) (122) (113) (133) (112) (123) (113) (123)
(212) (222) (313) (333) (212) (223) (313) (323)1

(113) (122) (113) (133) (111) (123) (213) (223)
(213) (222) (213) (233) (211) (223) (313) (323)

(113) (121) (123) (133) (113) (123) (113) (123)
(213) (221) (223) (233) (213) (223) (213) (223)

is rather complicated, but it is easy to see that Yi is symmetric in suffices
1 ,  2 ,  3 .  From  (8 . 3 )  and  (8 . 4 )  we have

(8 .5 )

On the

(8 .6 )

01[14 1 2 ]  
(5 ,3 ) 2 .

(p —  2) 2 det (çoa b )

other hand, from  (3 . 9 ) w e  have

(,04/Pd e  t (ço.b)  ( 3 ,3 )  2 .h 1 [1 .  h 22

( P O  ( p - 1 )

Therefore we get

(8. 7) S7z1a42] P3 (P 1 ) (03T  h
i [ 1

h 2 2 ]

ço"  (p —  2) det (Ç9a  b)

T h e  same formulas hold fo r  ço2[2.49 a 33] and ç93r3aVa 11j
A s  to  the second type, the similar way leads

from symmetry o f T.
us to

(8. 9) (8 1[1a A ]
Yr 

3'2?(P - 2 ) 2 clet(çoab) 

and

(8.10) hl[1h23] _ _q7
411'det at),  „,2„,3

.P3 (P —1) e •

Further the symmetry o f Yr w ith  respect t o  indices suggests u s  these
relations hold fo r  other combinations of indices of IIn d  t y p e .  Thus we can
conclude,

Theorem 8 . 1 . Let M 3 = (R s , L )  b e  a  three-dim ensional M inkow sk i
sp ac e . T h e n  w e  have

(8. 11) L2S,,,a=S(y)hacchbd],



S 3 - lik e  Fins l e r  spaces8 0 7

where S (y)—   (p —  2
)

5 P 2 (P — 1 ) V II  
4 (p -1 )  4 ( p - 2 ) 2 [det (q)a b ) ] 2

1, 2, q): =-L P

Corollary 8 . 1 . 1143 is  S3 -lik e i f  an d  only  i f  V 2 1 1  is  a constant.
[det (çoa b ) ] z

A s  a  special case, we get

Corollary 8 . 2 . 1113 i s  S 3 -lik e  o f  th e  se c o n d  k in d  i f  a n d  only  i f

(8. 12)
çoy ( p  2 )  2

[det (v ab )] 2( p  — 1 )  2  •
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