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§ 1. i n t r o d u c t i o n .

T h e  purpose o f this paper is the study of linear hyperbolic systems whose
coefficients are real analytic in  the space variables but, if c a s e , not regular
(in  a  sense that we'll specify la ter) in  th e  time variable.

W e'll be concerned w ith two typ es  o f linear hyperbolic systems: sym -
m e tric  h y p erb o lic  sy s tem s and regu larly  hy perbo lic  sy stem s.

S y m m etric  hy perbo lic  sy stem s
Let us consider the following Cauchy problem:

{

A 0 (x , t) U t = 0  A I, (x , t) U x i , + B (x , t)U + F (x , t) on Rn x (0, T ) ,

U  (x , 0) =- gS (x) on R ' ,

where A o (x , t) , A I, (x, t )  ,  B  (x , t )  are rea l N x  N  matrices.
W e  assume the following hypotheses o f  hyperbolicity:

(1. 2) i) A 0 (x , t) , A 1 (x , t) , • • • , t )  are symmetric real N x  N  matrices;

ii) <Ao (x , t) r, r>?_Ao IT I vr e R N , /10>0

iii) h <A (x , t) r, r><A(t) Iry vr E R N  ,
w h e r e  A ( t )  E L' ([0 , T ]) .

W e prove the following results:
I) (see th . 3 . 7  below)

S u p p o se  th at the coefficients o f  (1 .1 )  v erif y  the  f o llow ing  assum ptions
o f  re g u larity  ( s e e  § 2) :

(1. 3)A o  (x , t)  L —  ([0 , T ] , A ) ,

A h (x , t)  G L l  ([0 , T ] , A ) , h =1, • • • , n ,

B  (x , t) L i ([0 , T] , A ) ,

w h e re  A  i s  the sp ace  o f th e  re al an aly tic  f u n c tio n s  d e f in e d  on R '.
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T h e n , f o r V 0 E A ,  e F E L ' ([0 , T ] , A )  th e  p ro b le m  (1 .1 )  h as  o n e  an d
o n ly  o n e  so lu tio n  U e H 1'1 ([0, T ] , A ) .

II) (see th . 3. 8 below)
L e t  u s  c o n s id e r th e  sequence of  problem s

w h e re  A , A L  B" s a t i s f y  ( 1 .2 )  u n if o rm ly  w ith  re sp e c t to  v . S u p p o se
th a t  . ( A } ,  i s  b o u n d e d  i n  1,— ([0 , T ], A )  a n d  th at  { A l}  „  { B } , a r e
bounded  in  L 1 ([0 , T ], A ) ;  M oreov er, a s  v—> + no

Avo (x, t) > A 0 (x. t) s tro n g ly  i n  LL (R n  X [0, T ]) ,

A"A (x, t) > A h (x, t) w eak ly  i n  LL. ( R n  X  [O, 7 ] )
(x, t) -->B (x, t) w e a k ly  in  L 0  ( R n  X [0, T ] )

0" -->0 i n  A ,  F"-->F i n  L ' ([0 , T ], A ).

T h e n  A0 ,  A h ,  B  s a t i s f y  (1. 2) , (1. 3) an d  { U '}  —>E1 i n  H "  ( [O, T ] , A ) ,
w h e re  U  i s  th e  s o lu t io n  o f  th e  lim it Prob lem

R e g u larly  h y p e rb o lic  sy s te m s  (fo llow ing S . Mizohata)
Let us consider the follow ing Cauchy problem :

(1 .4 )* U t =  7 ,A, (x, t) U B (x, t)U + F (x,

U (x, 0) = 0(x) on R ,

where A h  (x , t). B  (x , t )  are rea l NX N matrices.

W e  assume the following hypotheses of hyperbolicity:

i) A h (X , C  (R n x [0 , 7]) ,

ii) Define A (x . t; =  Eh A , (x, t) Eh,  where

(E 1 ,  • • • , En ) E  R"\ {0} .

(1. 5)T h e n ,  f o r  VeE Rn\ •{0} , Vx RTh, Vt E  [ 0 ,  T ] t h e  m atrix A  (x , t; $)
has N  real and distinct eigenvalues L 1 (x , t; E), • • , 2N (x , t; $ ) ; more-
over, inf 1 20 (x, t; $) — 25 (x , t; $)1 =- ô>0.

eH

Under these hypotheses, we prove the following results:
III ) (see th . 4. 4 below)

S u p p o se  th at the coef f icients of  (1. 4) v erif y  the  f o llow ing  assum ptions
o f  re g u larity  ( s e e  § 2) :

n
{ A Po(x, t) U"t=-EhA vh(x, t)U%+ B" (x, t)U" +F" (x, t)  on R n X (O, T ) ,

U"(x, 0) = 0" (x) on R n

n
{ A.,,(x, t) U t=EhAh(x, t)U x h + B (x, t)U + F (x, t) on R n x  (0 ,T ) ,

U  (x , 0) =  (x) on .

on R n  X (0, T ) ,
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h< A h(x ,t)r,r> A17- 1z e y  E R N ,  A > 0 .
(1 .6)

i i )  A h ( i ,  t )  B (x , t) L '  ( [ 0 ,  T ] ,  A ) .

T h e n , f o r VOE A ,  V F E  L i ( [0 , T ] , A )  th e  Pro b le m  (1.4) h a s  one  an d
o n ly  o n e  so lu tio n  U E  H I ' l

 (  [ 0 , T ] , A ).

IV ) (see th . 4 . 5  below)
L e t  u s  c o n s id e r t h e  sequence of  problem s

.

ItI = E hA h(x , t)U ".r1 + IT  (x,t)U" + F' (x, t) on I r  x  (0 , T ),

U' (x , 0) = 0" (x) on R",

w h e re  AvA ,  13 s at is f y  (1 .5 )  u n if o rm ly  w ith  re sp e c t to  v . S u p p o se  th at
{ A ,  1 1 3 1 , a re  b o un d ed  i n  L' ( [0 , T ] , A ) .  M o re o v e r,  a s  v—> + co

A"„(x,t)—>A h ( x , t )  u n if o rm ly  o n  th e  c o m p ac t  s u b s e ts  o f  R n X [0 > 7 ] ,
B' (x , t) —>B (x, t) w e ak ly  i n  Lic,c  (R n X [0 , T ]) , O ' (x ) — 4 (x ) i n  A,
F' (x, t) -->F (x, t) i n  L' ( [0 , T ] , A ) . T h e n  A h , B  s a t is f y  (1. 5) ( 1 .  6 )
a n d  {U'1,—>U i n  H i.' ([0 , T] , A ) .

Incidentally we observe that I and III, combined with the theorem o f  Cauchy-

K ow alew ska , furn ish a  n e w  p r o o f  o f  th e  fo llow ing theorem , due t o  S.

M izohata (see  [7 ])

T he C auchy  problem  f o r  linear sy m m etric  hy perbo lic  sy stem s o r  lin ear
re g u larly  h y p e rb o lic  sy s te m s  w ith  c o e f f ic ie n ts  an d  d ata re a l  a n a ly t i c  in
.x a n d  t  h a s  a u n iq u e  g lo b al so lu tion  re a l  an aly t ic  i n  x  a n d  t.

W e  remark that we make no assumptions of regularity in  t  (say Lipschitz
condition) for the coefficients of ou r system s (w e reca ll th a t, in  th e  sym-
metric case, Ao ( x , t )  i s  usually assumed to be Lipschitz continuous in  t  in
order to obtain energy estimates in norm fo r  th e  solution U  o f  (1. 1)
fo r th e same reason, Ah (x . t )  are usually assumed to be Lipschitz continuous
in  t  in  the non-symmetric case; see  [8 ] ) .

Moreover, we remark that we establish no energy estimates (in the sense
o f L '-norm ) fo r  th e  solution U  o f  (1 . 1 )  o r  (1 . 4 ) ; therefore, we m ake no

use of the theory o f  pseudo-differential operators.
Th is w ork  extends to  th e  ca se  o f hyperbolic systems previous results

concerning hyperbolic equations of second o rd er (see  [1 ] ,  [2 ] ) .
M a n y  of the techn iques here em ployed h a v e  b een  d eve lop ed  b y  F.

Colombini and S. Spagnolo in  [2 ] ; anyway, fo r th e  sake o f  clearness, we've
written in detail the proofs o f our lemmas and theorems, without referring to
[2 ].

F o r systems with coefficients depending only on  t ,  w e  re fe r  to  [5 ].
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§  2 .  Notations.

W e sha ll use the following topological vector spaces on  C:
Holomorphic functions on  C".
Analytic functionals on  C".

(U) Holomorphic functions on the open set U C " .
' (U )  Analytic functionals on the open set E/C C .
(D) Germs o f  holomorphic functions on D C  C .
' (D )  Topological dual space o f j C (D) .

A (D) Real analytic functions on  D c Rn.
A ' (D )  Real analytic functionals on D c Rn.

For the topology and the principal properties o f  these spaces, see [6].
L et X  be a  locally convex com plete space. W e shall denote by L ' ([0,

T ] , X )  the space o f th e  functions u :  [0, T] — >X  such that there exists a
sequence {u ,( t ) }  o f  finitely valued functions such that, fo r  v- - ) 0 0 ,

-(u,(t)}  -->u (t) a.e. in  [0, T ]

and that, fo r  any continuous seminorm p  on X,

p (u,(t) —  u (t))dt O.

Therefore there exists lim
f T

 u ,( t)d t; we define
JO

f: ( t ) d t  lim u (t) dt .
JO

This definition is independent of the particular choice o f  {7.0 .  L 1 ([O, T] , X)

i s  a  locally convex space with continuous seminorms P (u (t)) dt,0
where p  are the continuous seminorms o f X.

For a more exhaustive treatment o f  this subject, see  [3 ], [4 ].
Any elem ent u E L' ([0, T ] , X )  defines a  X-valued distribution on the

in terval [0, T ] , so that it admits a distribution derivative u' E  O ' ([0, T ] , X) .
I f  u ' is defined by some y  L° ( [0, T], X ) ,  then  w e say that u  belongs to
H "  ([0 , T ], X ) .  T h e  following inclusions hold: H "  ([0 , T ], X) CC ([O, T ],
X ) c .1. 1 ([0 , T ], X) .

When X =  A (Q), S2 being an open subset of R", the following characteriza-
tion of L 1 ([O, T] , X )  holds:

L e t  v ( x ,  t )  b e  a  complex function defined fo r  x .S 2  a n d  tE  [0, T ],
analytic in  x  and measurable in  t.

L e t u s  define u :  [0, T] --> A (S2) b y  u ( t )  ( x )  = v  ( x , t )  .  Then , u E L 1

([0, T ], X )  if and  on ly i f  V K  compact subset in  ..(2 th ere  ex ist a positive
constant L k  and a positive function 2fk  (t) E L ' ([0, T ] )  such that

ID 1v (xp  t)1< jk  (t) LV Ij! Vx t  E [O ,T ],  j  E N ' .
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Analogously, we'll say that uE ( [0 , T ], X )  if and only if VK compact

subset in  S2 there exist some positive constants L„ and A , such that

I DIV (X ,  0 I < AkL ikj i j !  V x E K ,  t E  [0 ,  T ] ,  j  E N .

Therefore, hypothesis (1 . 3 )  is equivalent to th e  following statement:

F or VK compact subset o f  /V there exist some positive constants Lk. Ak

and some positive functions 21- h (t), L' ([O, T ] )  such that

(2. 1) I D IA 0 (x , t) I <A kLk i i i!

D1A. h  (.x, t) i < j  k (t)Lkn j!

I D113 (x, t) I <.T k  (t) Lk' I j !  ,

v .x E K , t E [0 , 7 ] ,  j  eN n .

while hypothesis (1. 6) — ii) is equivalent to the following statement :

F or V K  compact subset o f  Rn there ex ist a positive constant L k  and

some positive functions ;1- h (t), r k ( t )  G L l  ( [0 ,  T ] )  such that

(2. 2) I D111, (x, <.Ak (t) j !

I D113 (x, t) l <F k (t) LV j!

V x E K , t e [0 ,  T ] ,  E N n

T h e  theorem o f  O v ciannik ov  (see [2] , [9] ) .
L e t S2 be an open bounded subset o f  R I ' and D , be the rectangle of Cn

{x E S2, IA
Let us consider the problem

t) U B  (x , t )U  F (x, t),
(2. 3)

U  (x , 0 ) =  (x ) ,

where A h (z , t)  , B (z , t)  are holomorphic in  z  on  D , and measurable in t  on
[0, T ] ;  moreover, assume that I A h(Z 1B 1._<1 (t ) L i ( [ 0 , T D

L e t  D ,  be another rectangle of  C L  su ch  th a t D 2 c  D i . Th en , fo r
VO E  (D ,), VFE L ' ([0 , T ], SC (A ) )  the problem (2 .1 ) has a unique solu-
tion U E H I' ( [0 , T ], (D O )  provided that T  is sufficiently small to verify

(2.2)( t )  d t < C  (n) • dist (D 2 , CD,)

where C (n )  is a constant depending only on n.
Moreover, for Vqi ESC (D2) ,  e F E L ' ([0 , T ], (D 2 ) )  the problem (2.1)

has a unique solution UE H " ( [0 ,  T ], (D ,)) , provided that (2.2) holds.

T h e  theorem o f  Paley-W iener (see [6] )
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L e t  w  be an analytic functional on C "  and

fe) (C) = <w (z) (z = x + iy ,C = E + b 7 ).

the Fourier-Laplace transform o f  w.
Then (C ) i s  a n  entire function on C " with exponential growth for

C C
.

Moreover, w  is carried by th e rectang le  o f C" ly1:<p} if
and only if

(2. 3) (C) I <Cee
( P 1 - 6 ) 1 e 1 + ( r + e ) l v l s>0 .

Finally a  fam ily o f analytic functionals {w„} is bounded in SC' (D )  if and
only if the Fourier-Laplace transforms fx.',„ (C ) verify  (2. 3) uniformly with re-
spect to v.

§  3 .  T h e  sym m etr ic  case.

Solutions as re al an aly t ic  f u n c t i o n a l s

Let u s consider the Cauchy problem (1. 1) on l e  x  [ 0 ,  T ] .  Assume that
the coefficients v e r ify  (1. 2) and the following hypothesis o f regularity:

T h ere  ex is t som e positive constnts A , L  and some positive functions
( t )  ,  f '  ( t )  G L ' ( [0 , T ]) such that

t)1 <A LI lij! j E

iD lA h (x , (t)L1-11 j! V j E

(x , t)I< F  (t)  L I  j ! VjE

Under these hypotheses we'll prove the following

T heorem  3 . 1 .
Fo r an y  E A ' (R '" ) ,  F E L '( [ 0 ,T ] ,  A ' ( R n ) )  the p ro b le m  (1.1) h a s  a

(u n iq u e )  so lu t io n  U G H " ( [O ,T ] ,  A ' ( 1 r ) ) .
M ore Prec ise ly , i f  K o i s  a  co m p ac t s e t  o f  R n  s u c h  th a t  0 EA ' (K O

FE  L i ([0, T ] ,  A ' (K o ) ) ,  t h e n  U G H "  ([0, T ] ,  A ' (K O )  W E  [0, T ] ,  w ere

K ,=E R " :  dist (x , K o) S'A (s) ds} .A o 0

We need some technical lemmas.

L em m a 3 . 2 .
L e t f :  [0, T]—>R+, y :  [0, T]—>R+ b e  m easu rab le  positive f unctions,

E Li ( [0, T ] )  ,  g ([0, T D
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W e def ine  0  a s  0 (s) =  s u p  f  f ( t)  d t. T hen
Acp, T ]  A

(A ) t

(3. 1)
Jor 

f  ( t ) g  (t)dt<MgM - 0(ligh/110 - )

P ro o f .  W e  b r ie f ly  sketch the proof o f  this sim ple lem m a.

It is suffic ien t to  prove that  Ç f
 (t) g (t) dt_<0 (11g h )  i f  II glI co --= 1.

a) B y  approximation o f f  w ith simple functions one observes that i s  a  con-
tinuous concave function . In particular, if 0<2.<1, ,10 (t) < 0 (At) , t E [O, T ]
Th is proves the lem m a i f  g (t) A.

b) L e t y (t) = E, AiXE, b e a simple fun ctio n . U sin g  the conclusion of point a)

f o r  F =- f • XE„ w e  p ro v e  th a t  th e r e  e x is t  É,c E„ n i  (E s ) = Asni (E1) such

th a t A, Ç f  ( t )  d t <  f  f  ( t )  d t .  Therefore
E i i

.1 0 f  (t)g (t)dt < f (t) d t < 0  (* s(E s)) = k W h )tics

N ow , fo r a  gen era l g (t) , one proves the lemma by approximation w ith  simple
functions g n (t) -->g (t) in  L 1 ([0, T]) .

In  th e fo llo w in g  lem m a w e 'll use th ese  notations:

0V
. (  8

0V'— • 0 - - z  , • , ) ,  where
at aCi

C eC n , C = Ç $,veRn

L e m m a  3. 3.
C o n sid e r the Cauchy problem

a° (t)V ' = (t)V  + iÊhch 
j 4 ) 14 y }

(3. 2) +E iq j (t) W + f (C, t) , 0 < t < T

V(C O) =V° (C) ,

w h e re  the m easu rab le  f u n c tio n s  a
° (t) , (t) , p  (t) , q 5 ( t )  are v alued  in the

space  o f  re a l  N x N  m atric e s  and v e rif y  the f o llo w in g  conditions:

(3 .3 )

i)
ii)
iii)
iv)

a° (t) , a ' ( t )  are sy m m etric  N  x  N  matrices,

: 2011- 12 -" <a° (t)r , r>5_A1r 12v re R N ,
3A (t) 1,1 ([0,7 ]) th<a 4 (t) r , r>5_A(t)11- 12

iA > P (t),Q (t) Li ' ([0, T]) :
*1,114 (t)15_P (t) lqi(t)1<Q(t) A l i ' V

vr e RN,
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Suppose V° (C) E JC , f (C , t)  Li ( [0, T] , ,

(C) Lf  If (C , t)Id t< M eP lci 0._<p<1/4A
0

Then there exists an  increasing function z- ( p )  such that (3 . 2) has a
solution VG H "  ( [0, r (p )]  , JC ) satisfying the following estimate f o r  any
e > 0 ,  ( a <  ( p ) ) :

(3 .4 ) IV (C, t) I <C (A 0, A) 4M e ' '  exp {[ (2e) n  8 ApC (A o, A) S P  ( r ) d r
0 t i e

± 2A 0 ( o) (a°  a ) ) ] i c i f  A (r) d z . i v i

4 \ 2A o Ao

+ 2 0 (a° , a) ±  f t r i + e ,
L
T—e

20e
2A „ 8.A.pC (Ao, A)1• Q  ( r ) d r }(2  ) ,
A,

where to (a', a) = sup
O sSe so a

° (t +s) — a° ( t )  I d t

0 (a ) =  sup
AC [ O, T]rn(A) e f ( t)  d t a n d  Ito = min (1, AO

P r o o f .  W e define B (t, p )  =p+ (2e ) 8A pC(A o, A) P  ( r )   d r +  A  ( r )   d r
J 0  A o

and r (p) = —

1  
sup {t< T  : B (t, p ) < 2 p}

2
M oreover, we take as V ,  the solution o f th e  problem

nla°
 (t) V ; = i E,,Ch an (t)V 1 + 40(t)" V 1+ f (C, t) , 0 < t < r  (p),

i
V , (C, 0) =V° (C) .

By induction we can define V6+1 as the solution o f th e  problem

n
a° ( t) 17 ;c1-1= i ItCh ah (t) V,04+ qo (t) V , - F 1

{

+ i  E ftC h { E A  ( t )6 1V ,} + E q j  (t) 8-T  k ,1 i#0 c .i#0
V , ÷1 (C, 0) = 0 .

Our aim  is to prove that Ek  V k  converges in C( [ 0 ,  (p ) ]  ,  JC )  to some

solution V  o f  (3. 2) . In  order to  prove th is fact, we need some auxiliary
functions.

F o r any fixed r > 0 ,  let p, (t) d en o te  a  Lipschitz-continuous function on
+-

t > 0  such that p , ( t )  = 0  fo r t e and p , (t) d t=  1 ,  0 < p ,< 2 / a ,  to: l< 4 /a 2.
0

Let us define
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b5 ( t )  =  fo
T - e

 a° ( t  +  s )  p ,( s )d s , c 8 (t) = a° (t) — b, (t) ,

d  ,( t )  = E ,c ,( t )  (a ° ) - 1  (t) a' (t) . Clearly, er R N ,

(3.5) forI b ( s )  Id s<1 0  (a°, s )  ,  fo
r  lc 6(s) id s 0 (a ° € )

fo
r  Ids (.5) IdS5_

where we used lemma 3. 2.
We can now prove by induction the following estimates (for any k, any

t < t .  (p )  and e<t• (p)) :

(3.6)1 1 7k (C, t) I (A0, A)4M k eXP i[p + (2e)"8A pC (A0, A)
2

• friP p(ro ) dr+ d'er) I d r lI c1 + A ( r )  drIVIJo A0j Jo A0

lb: (r) I  d + rtr1+   2A
 +  ( 2 e )  "  8  A p C  ( A 0 ,  A ) ]

Jo Ao OLA o

( r ) dt-}
ito

By substitution of (3 .5 )  in  (3 .6 ) we get the convergence in C( [0 ,  (p ) ] ,

i f )  of the series E k 17, t )  near some function V(C, t )  which satisfies (3. 4)

and is a solu tion  of (3. 2) ; thus we have only to prove (3. 6) .
A t  first, we observe that Vk t )  is  a  so lu tion  o f a n  ordinary system

of the type

(3.7)a °  (t) V ' -=  i * ,C ha h (t) V+ g o (t) V+  g (C, t)

I f  we define (as o n e  usually makes) th e  energy E  ( t )  o f  V  as E (t)
= <a° (t) V, V>, we see that E (t) , regarded as a function o f t, is not derivable;
thus it's not possible to get usual estimates on it.

Therefore we are forced to consider a  new form o f  energy for V; more
precisely, we define

E, (t) = <12 (t)V , V >

where b6 (t) i s  the matrix defined above.
B y construction, b 6 (t) is Lipschitz-continuous; thus we can derive E, (t)

with respect to  t. Clearly

(t) = <b: (t) V, V> + 2 Re<a ° (t) V ', V> — 2 Re<c, (t) V', V>

2A (co ( a ,A0 2  6 ))
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=<b:(t)V ,V> + 2 h Re<iCh ah (t)V ,V> + 2 Re<qo (t)V  , V>

+2Re<g, V> — 2 h Re<iChc,(t) ( 4 -
1 (t) ah (t)V ,V>

—  2Re<c8 (t) (a°) ( t )  q0 (t) V , V> — 2Re<c8 (t) ( d ) - 1  (t) g, V>

< jlb; (t) I + 2 iv i A(t)  + 21C11d 8(01 
12 0 Ao Ao

+2(1+  2A )Q (t)I E  ( t )  +  2   (1 +   2A) I g  (E 6 (t) )  1 /2

A0/ I O 6 A0 Ao

Dividing by 2 (E, ( t )  )  "  and  using Gronwall's lemma we get

(E8 (t)) 112 5_[(E6(0)) 1/ 2 + AP- 1  / 2  ( 1  +  
2A)

 0
0e _s ( r) lu (C2 r ) . e s ( t) ,

A0 

where

S ( t )  = rr  lb: (r) I  +  14(r) I 
2A0 ICI + A ( r ) Ivi + (1+  2A  \ Q ( r )

Ao ) ' id z -

Ao A0 / Io

In conclusion, we obtain the following estimate on V :

(3.8)1 V ( C ,  0 1 C ( 2 0 ,  A) [IV (C , 0) 1 + So
t e Ig (C, r) Idr] es"'

L et u s now return to our problem. W e must prove, by induction, (3. 6) .
Take k  = 1 . By defin ition  V , s o lv e s  (3 .7 ) w h e re  g (C, t) = f (C, t) . Usng
(3. 8) w e easily see that (3. 6) is true i f  k =1.

A ssum e (3. 6) true fo r  Vi ,  V2, V k .  By definition 17 ,c+ ,  so lves  (3. 7)

where g (C, t) =fk(C, t) = i Eh. ch{ E p ,  (t) ,Wvk} + (t) ,WVk
1 j#0 #0

W e  m ust estimate 1f0 1 ; w e  use (3 .6 ) to  e s t im a te  V 0 (C, t) and con-
s eq u en t ly , in v irtu e  of the Cauchy formula, 6.. Vk(C, t); moreover, we take
into account the assumptions (3. 3) on the coefficients p , ( t)  and q1 (t) .

After some calculations, we obtain

e - s ( t ) i fk (C , t )  I C  (A0, A) 4M (+)/ 
k exp i[p + (2e) n8A p

C (A 0 , A ) ft P  ( r ) dr] ICI +  fo
t (2 e)"8Ap

Jo

•C (À 0 , A) Q ( r )   d r  . [ P  ( t )  ICI +
ao lio

•E  [ A  (t, +  
o#0

Icu o  i d r \
Ao

(i1X  ••• X  i.).

B ut E x ••• X j„ )  < 2 'C  for 0<C<1/2; b y  the  definition of r  (p )
J#0
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r 'clE2( or)

a n d  u sing  th e  fact tha t
d r °  

w e  o b ta in  C—= A(B(t, p)fo 
( r )  I  clz") < 2A p< 1/2 fo r  s<E (p) .

Ao
T h u s  (3 . 9 ) g iv e s  (fo r  t <r ( p )  and E<& (p))

e - s ( `) I f t) i 
2 M

ePicIC (Ao, A ) (2e) n8A p
P  ( t )  

 ICI +
2 1`

+ Q ( t ) ] exp (2e) n8ApC (A 0 , A)
flo

ft(P (r) ici + Q (r)) d .r1.
Jo \ /tot e o

T ak in g  in to  a ccou n t th e  inequality  6  f ta (s)eqg"`""ds<e' f  8 ' ( O d a  

with
0

6 = C (A 0, A) (2e) n8Ap and a (t) —  P (t) Q(t)ICI +  we finally obtain
Po Ito

(3. 10) f e — s ( ') I f  (C, r) I d r <
2 M

ePI c i expi (2e) "8ApC (2 0 , A)
— 2k

• JO 
(

P
ICI +Q ( r ) )di.

0 g o

B y substitution of (3 . 10) in ( 3 . 8 )  w e  have (3 . 6 )  in  th e  c a s e  k + 1 ;
this concludes the proof o f th e  lemma.

Pro o f  o f  theorem  3. 1 .
W e'll obtain  the proof o f  this theorem in  some steps.

1) L e t  u s  define th e  domains Q A =  {z EC ' : I <1 / A }  and 130 = {ZECn :
1_<15} •

Assume, for the moment, that e (B 0 ) , FE L 1( [0, T ], (B0), where
p <1/4A.

There exists a  tim e r 1 (p) > 0  such that, by Ovciannikov's theorem (see
§ 2) , the problem  (1 . 1 ) has a solution UE H " ([0 , r1 (a)], (flA)).

N ow , w e  w r ite  (1 . 1 ) under the form

A 0 (0, t) U 0 =E ,1 1 ,(0 , t)U  x h + fi (ou + ±' C ,, (x, ou x  „
1- D (x, ou + G (x , t)o n  R n x  (0, T ) ,

U (x , 0) = 0(x ) on R n ,

where the coefficients satisfy the following conditions :

a) Ch  (0, t) = D (0, t) 0,
b) GE L i ( [0 ,7 ], (B,,) ,
c) There exist K = K  (n , 2, A ) , A = A  (n, A 0 , A ) , A > L  , such that, i f  w e  set
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P (t) -= KA-  (t )  and Q ( t )  K  (P (t) + j ( t ) ) ,  w e  have

DICh (X, t) 1..‹.P(t) ViE IV;

IDID ( X ,  t )  <Q  (t ) v jE .V .

N ow  w e effect the Fourier transform with respect to  x :

V (C, t) = <U (x, t) , e- '<c. *> ; V° (C) = <q5 (x) , e'<'.x>>;

f (C• t) =- G (x , t) , e - i ( c. x/>; C , C= + iv, Œ, 7/ E R'.

By Paley - Wiener theorem  V °
 (C) j,' I f (C r) Idr<MePItI fo r any P<P, where

M(p) .

M oreover, by the analiticity of C,, (z, t)  , D  (x , t) w e can  w rite  Cht )
E p  (t) z5 ;  D  (x , t) =  E q1 (t) x ,  w h e re h I 1, 1.; (t)I < P  (t) ; (0  I
f 4 .0 1+0

Q(t)A" V j EIVn
Finally, i f  w e define a° (t) = A o (0, t ) , (t) =  A,, (0, t ) ,  q, (t) =1 .4 (t) we

see that a° (t) , ah  (t) p"; (t) , qj  ( t )  satisfy the hypotheses (3. 3) o f lemma 3. 3.
Using the conclusions of this lemma and taking into account the unique-

ness of the solution, w e  ob ta in  th a t V(C, t) ve r ifie s  (3 . 4 )  fo r  any pE (15,
w (a° 6 ) )1/4A ] and for any e < L  But lim — 0; therefore, by Paley-Wiener

.-0 (  2 A
theorem , we get that U ( t )  is an holomorphic functional carried by the domain

D ,= {z C n : lx j 5_0(1+c f t P ( r ) dr) +  
o
 A (r )d t -# A

13, 1 p (id -c f` P er ) d r )}, o < t< r2 (5 ),
0 #

where c = C (20, A) (2e)"8 A , r2 (0) = min (r (P) (A) )
M ore precisely IU (s )}  is bounded in  J.C' (D,) f o r  0 < s < t  w ith  0 < t

< z 2 (0). O n  th e  o th er h an d  w e  k n ow  b y  Ovciannikov's theorem that U
belongs to C ([0 , r, (a)] (Q A ) ) ,  s o  t h a t  (u s in g  th e  fact that in  Sr (DO
any bounded subset is relatively compact) we can conclude that UE C( [0, t ] ,

(A )  ) , 0< t (a)
B y  the prob lem  (1 .1 ) w e fina lly  derive that U  belongs to 111.1 ([0, t] ,

(D ,)) ; moreover, the mapping which maps (0 ,  F )  in  th e so lu tion  U  is
a  continuous mapping fo r  any t < r o ( p )  (it follows immediately from  (3. 4)).
2) Let us define B (x°, 15) = {zE C ': lz — x °1 < p }. B y translations one easily
extends the conclusions of point 1 )  to  the follow ing situation:

E (B (x° , -0 ) ) '  F  P  ( [ 0 ,  T ] ,  SC' (B (x° , a))) ,  where 15< 1/4A , x° Rn.
M o r e  precisely , o n e  obtains a  solu tion  UG H " ([O , t ] , (D t,.) ) ,

0 < t< r 2 ,  where
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{ZE C " : Ix —x°1 f `P ( ') d r.) + ft A  (r )  
. o o A0

131 1 0 (1 + ,  f `P (r )d r ),io•

3) Now we want to extend these results to a  m ore  genera l situation, say

OESC' (D e), F E W . ' ( [0 ,  T ], (D e )) , where D e= { z E C :
0 < p < 1 / 4 A  and K  is  a compact subset of R".

W e reca ll the follow ing property o f holom orphic functionals (see  [6 ])
I f  T  is  a n  holom orphic functional carried by D e, then, fo r  any fixed

6 > 0 , i f  B,, •••, B N C  I?' are closed balls o f  radii 6  such that KC AU - • •  U

there exist • • • , T holomorphic functionals such that T 1 ,2  is carried by

j  and  T = + • • • +T N,
S o  th e re  e x is t  01,0-, ON,a, F L „, • • • , F such that = 951.a+ •••+(151v.e;

F =F ,,,  +  +  F 01,6 ESC' (DI), G L i  ( [ 0 ,  T ] , (D 6B , ) ) .  Now, i f  O is
1 sufficiently small to verify (p2 + 62) 2" <

'  
we can apply the results of point

4A
2 )  to çbj , ,  and F j ,,. We'll obtain solutions Ui , , ( t )  on the interval 0 < t< z-

2 (0 ).
But, b y  Ovciannikov's theorem, the problem (1 . 1 ) has one and only one solu-
tion U ( t )  on 0< t< r2 (0 )  ; therefore U =U L 0+•••+ U N,O.

Taking 6  arbitrary small we achieve the fo llow ing conclusion:
T h e  solution U ( t )  o f  (1 . 1 )  for 0 _ G t<r2 (-0 ) is an holomorphic functional

carried by the domain

w h e r e  p (t)  =p  (1+ c
—

 P
 ( r )   dr)

 ,a 0

K , —  G Rn : dist (x, < c  P  ( r ) cir
$0

 A
 ( r )   dr

Po A 0

c =C(2 0 , A ) (2e)"8A .

4) W e can now complete the proof o f th e  th eorem . L e t u s  firstly observe
that, i f  p is sufficiently sm all, r2(P) = (P) • N o w  ta k e  pa so  sm all that

z.2 (Po) = r (Po) ; Poexp f  P  ( r ) <   1  

0 g o4 A  •

L e t  N  b e  a n  integer such that T /N <r( p 0 ) a n d  se t tj =jT /N , j= 0,
1, • • •, N.

L e t  OEM ' (D iPeo ) ,  F ([0 , 7 ],1C ' (D k o )) •
In  virtue of point 3 ), (1 .1 )  h a s  a solution UE H "  ( [0 ,  t i ] , (Me)),

w h ere  pi= P0(1- +c S t '   P  ( r )   dr)<p o exp P ( r )<   1   ,  K i = i x E  : dist0 1100  ,a04 A
(x , K 0 ) )  <  

0

"A  (r)"  dr+  A — Pol. But pi < 1  ,  so  w e  can  ap p ly  th e  results
 A 04 A

o f p o in t  3 )  t o  th e  in terva l [ti, t d ,  obtaining a  so lu tio n  U 1--P " a t i ,  td ,
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SC' (a le )) , where A= P i(i+  c $ t 2 1 3
 ( r)   dr) po exp f o

r  P
 f i
( r

o
)  d r l<  4

1
A ,t,

K 2 = E  Rn: dist (x, 5_ f t 2
 A ( r ) dr + 02 —  Pi} so thatA  

K 2 Œ  {X E R' : dist (x, K o) <  f: ' dr + too (exp f t ' P ( z ) d r ) - 1 ) } .
Ito °

Therefore, iterating this process, we obtain the following result:
For any O EM ' (D 4), F  G  L' ([0, T], (D2 0) )  the problem (1. 1) has one and
only one solution U belonging to H "  ( [0, t], (D , ' ) ) ,  0 < t< T , where

p (t) = p o exp 0P(r)dr}/t o 

Q t = {x Œ R :: dist (x, < A
( )  dr + Po (exp ( c  P  ( r )   dr) —1)}.

J ' A oJ ' P o

N o w ,  i f  E A ' (K ,) , F  E L ' ([0, T ] ,  A ' (K O ), then, Ve>0, OEM ' (DEK 0 ) ,
F E L '( [0 ,T ] , SC' (DeK 0 )); therefore U ( t )  is carried  by the intersection of
the domains

dist (x, A(r) 
 d r  +  e  ( e x p  ( c  

P (r)d r )  _  1 ) ,E  C n fo o It o

IyI r exp ( c P  (:)  dr)} ,

i.e. U (t )  is a  real analytic functional carried by

K ,=  E R " :  di st (x, < I
° 
A (r)dri .

2 0  

Moreover, U E  H " ([0 , T ] , A ' (W )) and the mapping which maps (0, F)
in  the solution U is a  continuous mapping. T h is  concludes the proof of the
theorem.

Theorem  3.4.
L e t  u s  consider a  fam ily  o f  Problems

IA(x, t)1_1.= i h A Y 1 1 (X , O U 'x h + B" (x, t)U" + F" (x, t) on IV x (0, T) ,

U" (x , 0) = 0" (x) on R " .

L e t u s  su p p o se  that the coef f icients of  this problems verify th e  hypotheses
of theorem 3. 1 uniformly with re sp e c t to v. Moreover, we suppose that
e x G R ' th e  fam ily  { t—>A(x,t)}„ is relatively compact i n  Li ([O ,T ]).

T h e n , i f  101,, is bounded in  A ' (KO a n d  {F"}- „ is bounded i n  L' ( [0, T ] ,
A ' (K O ), th e  so lu tio n s  U" are  bounded i n  H " ( [0, t ] ,  A ' (K , ) )  et G  [0, T ] .
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P ro o f
T h e  proof follows im m ediately from  (3. 4) ; w e  must only remark that

( (d )" , s) -->0 uniformly with respect to 1) when r--->0, the family ft-->Avo (x
°
, t)}

being relatively compact in L 1 (  [0 , T ]) when x ° is  a  fixed poin t of I r .

S o lu tions as  re al an aly tic  Ju n c tio n s
W e shall now consider problem  (1 . 1 )  in  th e  case in  w h ich  0  and F

are no longer functionals, but measurable functions, real analytic with respect
of solution and
using previous

to  X. W e shall state a  theorem of existence and uniqueness
a  theorem of convergence by means o f  a  duality argument,
results in  the space o f  real analytic functionals.

L e m m a  3. 5.
L e t  u s  c o n s id e r th e  Problem

(rt.= E h A h  (x , t) (x , t) U B  (x , t ) U + F (x, t)
(3. 11) on Rn x (0 , T) ,

U (x , 0 )  =  (x) on Ir.
S uppose  that AR (X ,  t) 9 A, (x, t )  an d  B  (x , t) satis f y  th e  hy potheses of  th e o em
3.1.

T h e n , f o r an y  OE A ' (K O  F E  L ' [O , 7 ] , A ' (K O ) th e  p ro b le m . (3. 11)
has a unique so lu tion  U belonging to  H "  ( [0, t ] ,  A ' (L ,)) v  tE  [0, T ] ,  w here

L  =  i x  R " :  dist (x , K ) <A ÇA ( s )  d  .- 4

M o reo v er, if  th e  c o e f f ic ie n ts  o f  th e  Problem s

(Pt = E h A7,(z, t) A V  (x, B" (x, t)  U ' + F' (x, t)
(3.12)o n  I r  ( 0  ,  T )  ,

U" (x, 0) = 0" (x) on R " ,

s at is f y  the hy potheses  o f  th eo rem  3. 1 u n if o rm ly  w ith  re sp ec t to  y ,  { 0 1  is
bounded  in  A ' (K O  a n d  -{F " }  is  b o u n d e d  i n  L' ([0, A ' (Ko))  , th e n  the
so lu tions E l ' a re  bounded  i n  f l ' ' '  ([0. t ] .  A ' (L ,) )  t t t  E  [0 , T ].

P ro o f
Th is lemma is an immediate consequence o f  theorems 3. 1 and 3. 4; in

fact, (3 . 11) is equivalent to

A , (z , t) U , = E,A, (x , t) A h  (z , t)  A ' (x , t)U{

1-
A ,(ox, t)B, , , (x, t)U  +  A 0(x, t)F  (x, t) on _fr X (0 , T ) ,

U (x, 0) = 0 (x)
n  R  

i.e. a  problem of the type considered in  theorem 3. 1; analogous reasonment
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fo r th e  sequence o f  problems (3. 12) .

W e'll now  prove som e a priori estimates on  th e  so lu tion s  o f (1. 1) as
real analytic functions.

Lem m a 3 .6 .
L et u s c o n s id e r a  f a m i ly  o f  problem s depending  o n  som e Param eter v .

(x , t) U",= (x, t)  U ,,  B" (x, t) U" + F"(x, t)
(3. 13) on R n  X  (0, T) ,

LI" (x , 0 )  =  (x) on R n ,

w h e re  th e  coef f icients A , A P„, 13' v e ri f y  ( 1 .2 )  a n d  (2. 1) u n if o rm ly  w ith
re sp e c t to  p. M oreov er, w e 'll suppose t h a t  f o r Vx E 1?", the  f am ily  o f  m a-
tric e s  { t-->A ",(x ,t)} „ is  re lat iv e ly  c o m p ac t in  L' ( [0, T ]) .

A ssu m e  t h a t  { 0 1 , is  b o u n d e d  i n  A (R n )  a n d  {F} , is  b o u n d e d  in  TIL'
( [0, T ] ,  A (Rn))

T h en , g iv e n  f o r an y  p  a  so lu tio n  L I' o f  (3. 13) b e lo n g in g  to  1-1 1 . 1 ([0,
T ] ,  A  (R " )) , th e  f a m i l y  -{U l„ is  b o u n d e d  in H " 1 ([O, A ( R " ) ) .

P ro o f
L e t  u s  consider th e  dual problem  o f  (3. 13) o n  th e  in te rva l [0, T ]

oriented in the inverse sense, i.e. the problem

=  f t A  (x , t ) (x, t)17% + C" (x, OW ' , " + G (x , t)
(3. 14) on R n  X  (0, T) ,

V G , " (x , T )  = 0o n  R",

w h ere  G E L ' ( [0, T ] ,  A ' (K ) ) ,  K T  b e in g  a com pact subset o f  R n ,  and

C" (x, t) = Eh [A ", (z, t) (x , t)], h --`13' (x, t) (x, t) .

F or any tE  [0 , T ]  the solution -V '  o f  (3. 14) belongs to H" ( [0, t],
A ' (K t ))  ,  where

A  rrK ,=R " :  dist (x , K  r ) :5  j e A  (s) d s} .

W e can then confine ourselves in Q ,  w h e r e  $2 i s  a n  o p en  s e t o f R n ,
relatively compact, such that K cS 2; all hypotheses o f  theorem 3. 1 a re  ful-
filled in Q , so that lem m a 3. 5 g ives  the ex istence, for an y  y  and for any
G E L ' ([0 , T ], A ')  o f a  s o lu t io n  V G'". M oreover, -{17° '" }„  is bounded in
H "  ([0 , T ], A ') ,  uniformly when G  runs in  a  bounded subset o f  L' ( [0, T ],
A ') .

C learly  (3. 13) is equivalent to
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M = E h il."0
- ` (x, t) t) U%+ (x, t).13" (x, t) U"

(3. 15) A",- 1  (x, t) F" (x, t) on Rn x (0, T) ,

U" (x, 0) =q (x) on R ,

Now we m ultiply equation (3. 15) by and  equation (3. 14) b y  U '
(in  the pairing between the analytic functionals an d  th e  analytic functions)

and integrate o n  [0 ,  T ] w ith  respect to  t. We easily obtain

- <0 '  ,V G ' '  (0)>( t )  F" (t) , VG"  (t)>d t

+ <G (t) U" (t)>dt

Therefore (G (t) , U " (t)>dt remains bounded with respect to v, uniformly

when G  runs in  a  bounded se t o f L' ( [0, T] , A ' ) .  T h is  im plies that I tP },
is bounded in  L"( [0, T] , A ) ; by  the equation (3. 15) , we obtain that {LP},
is bounded in  H " ([0, T] , A) .

Theorem  3. 7.
Let us  c o n s id e r Pro b le m  (1 . 1 ) and assume th a t  the coef f icients v erif y

(1 . 2) a n d  (1. 3) .
Then , if OE A,FE L l ( [0, T ]  ,A ) the  prob lem  (1 .1 ) h as  a (unique) solu-

t io n  U EH " ([0, T] , A ).

Pro o f
T h e  uniqueness of the solu tion  is  a n  immediate consequence o f lemma

3. 6: indeed, i f  U  is a  solution o f  (1. 1) w i t h  (x) O , F  ( x ,  t )  .0 ,  we can
apply lem m a 3.6 to the sequence U"= YU, v =1, 2,3  • •, obtaining that fU l . ,
is bounded, i.e. that U (x,

N ow  w e 'll p rove  the existence of a solution U .  L e t u s  firstly observe
that is not restrictive to  assume the following hypotheses:

(3. 16
Coefficients A o (x, , (X , ,  B  (x , t)  v e r ify  (2. 1) w ith  L k ,  Ak,

) {
A k (t ) and T ',, (t) independent o f the compact K.

Indeed, let us define

12i  (s) =  i(x , t) e R" x [0, T]: t = s, ÇA (r)dr}

i =  U Q  (s). Then clearly,
■9 7'

R " =  U Di (0), R R  x [0, T] =  U
i 1 1=1

I f  w e  have found fo r  any i  a  solution LT, of our problem on the conoid
T i  a n d  U, E H i "  [O, t ] ,  A  (S 2  (t))) for any t, then, in virtue of the uniqueness
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of the solutions, U , must coincide with U1 o n  T i  fo r i > j .  In conclusion the
functions {//5 } w ill d e fin e  a solution U  on Rn X  [0, T ], U  E H "  ([0 , T ], A) .

N ow  the coefficients restricted to 2 1 X  [0 , T ] verify  (1 . 2) and (2 . 1 ) with
Ak, X , ( t )  and ( t )  independent o f  K .  Therefore w e shall assume for

the rest o f th e  proof that (3 . 16) holds.
In  order to solve our problem, let us construct a sequence .{0'}  o f  entire

functions a n d  a  sequence I F 1 ,  in  L '( [0 , T ] , d f )  such that, as v—>+ co,
---->q3 in  A ; F" -->F in  L ' ([0 , T ], A ) .

Let us consider (1 . 1 ) w ith  data O' and F".
The coefficients can be extended (as functions of the x-variables) fo r  any

tE  [0 , T ] to  holomorphic matrices on the open strip o f  C "

D1/2.4 { z  E  C :  lyl <1/2A }, z -- --x +iy , .x , yE R n

M oreover (2 . 1 ) and  (3 . 16) imply

hl Ah (z, t) 1 . _C (t ) for a n y  zE DI/2A, E  [0 , T ].

fo r  some constant c,, depending only on n.
W e can then apply the theorem o f  Ovciannikov (s e e  §  2 ) ,  obtaining a

solution LP (z, t ) ,  holomorphic in  z  in  the strip  D 114 ,, f o r  0 < t< r , provided

that (s) 
 d s <

„  

fo A 4A
In particular, U 'E H ”  ([0 , r] , A ) . By lemma 3. 6, {EP } ,  is bounded in

H 1" ([0 , t] , A )  fo r  any t E [0, r].
N ow  the embedding o f  H "  ([0 , t ] , A ) in  C ([0 , t ] , A ) is compact, so that

.{LP1, is relatively compact in C( [0, t ] , A ) .  On the other hand, U" are solu-
tions o f  (1. 1) ; therefore {LP}, is relatively com pact in 11 1' 1 ( [0, t], A ) ,  for
any t :  0 < t< r .

By this compactness argument, we can find a  subsequence o f  {U'} ,  con-
verging in  H "  ([0 , r], A )  to some U E H L 1  ( [0, r] , A) ,  a n d  it's immediately
seen that U  is  a solution o f  (1 . 1 ) on  R" X  [0, r].

Iterating this reasonment, i.e. dividing [0, T ] into a sequence o f  subinter-
v a ls  [t 1 , t i + , ]  such that

(""  ( s )  ds<  C 'n

J t i 20— 4A

w e  o b ta in  a so lu t io n  U  E / -/L 1 ([0 , T] , A ).

T h e o r e m  3. 8.
Let us consider the sequence of problems

.
A 'o (.-v ,t ) (Pt = En2U (z ,t)U % + B " (x ,  t) U ' + F (x , t){

o n  R" X  (0, T )
( r,  0 )  = ( x ) on R",
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w h e re  A'o,  A ;„  B ' s a t i s f y  (1. 2) , (2. 1) u n if o rm ly  w ith  re sp e c t  to  v . S u p -
p o s e  th at , a s  v— > co,

t) A 0 (x , t)  s t ro n g ly  i n  LL (R " x  [0, T ] )

(x, t) — A h (x , t) w eak ly  in Llo c  (Rn X [0, T ] )

13' (x, t) —>B (x, t) w eak ly  in Llo c  (R" X [0, T ] )  ,

-->0 i n  A ; F ' — F in  H "  ( [ 0 ,  T ] ,  A ) .

T h e n  Ao ,  A h ,  B  s a t is f y  (1. 2) , (2. 1) and {TP} i n  H "  ([0, 7 ] , A )
w h e re  U  i s  t h e  so lu tio n  o f  t h e  lim it prob lem

A, (x, t) U t = (x, t) U xh + B  (x , t)U  +  F  (x ,)

(3. 17) on Rn x (0, T ) ,

U  (x  , 0 ) =  (x ) on R " .

P ro o f
It's immediately seen that A ,,  A h, B  sa tis fy  (1. 2) a n d  (2. 1). Now,

taking into account the equicontinuity, from  R n  t o  L' ([0, T ] )  ,  o f th e  maps
x —> ( x  ,  t )  ,  w e  obtain that, fo r  any the fam ily of functions it — >

t ) }  is relatively compact in L' ([0, T ]) .
W e can  therefore app ly  lem m a 3. 6, b y  w h ic h  w e  g e t  th a t  { U q , is

bounded in  H "  ( [0 ,  T ] ,  A ). R eason in g  as in theorem 3. 7, we see that {U ' } ,
is relatively compact in  H "  ( [ 0 , T ] ,  A ) ; therefore, we can find a  subsequence
o f  fU l ,  converging near some 0-  I l L 1 ( [0 , T ] , A ) .

C lea rly  -U  is  a  so lu tion  o f (3. 17) ; by uniqueness, (.7 - - U ; hence the
theorem is proved.

§  4 .  The non -sym m etric  case.

Now  w e w ant to extend the results
regularly hyperbolic systems.

W e'll prove theorem  of existence anc
o f real analytic functions a n d  a  theorem
sequence o f  problems; these theorems are

o f  § 3 to  the class of non-symmetric

1 uniqueness of solution in the space
of convergence of solutions for a
analogous to the ones w e gave in

the first section, although the proofs slightly differ from  the previous ones.
We remark that these results of existence of solutions are obtained without

applying the theory o f  pseudo-differential operators.

S olu tions a s  re al an aly t ic  f u n c t i o n a l s

Let u s consider the Cauchy problem (1. 4) on Rn X [0, T ] .  Assume that
the coefficients satisfy (1. 5) and the following hypothesis o f  regularity:

There exist som e positive constants A , L  and some positive functions
(t) , r  ( t )  E  I : ( [ 0 ,  T ] )  such that
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t)r , r><Airi 2 V I ,  t ; VY E RN ,

ID1A h (x, t )I < I ( t ) L l i l j !  V j e N n ,

IDR3 (x , t)I. T ( t ) L i . f l j ! e jE N n .

Under these hypotheses we'll prove the  following

Theorem  4 . 1 .
Fo r an y  O E  A ' (R ') ,  FE  L ' ([0 , T ] ,  A ' ( R n ) )  the p ro b le m  ( 1 .  4 )  has

a (unique) solution U E H " ([0 , T ] ,  A ' (R ')).
M ore p re c ise ly , i f  K , i s  a  com pact se t o f R n  su c h  th at  O E  A ' (K 0) ,

FED ( [0 , 1 ] ,  A ' (K 0) ) ,  th e n  U E H "  ( [0, , A ' (K t ) )  V t E [0, T ] ,  w ere
K ,=  {xeR n: dist (x,

Lem m a 4.2.
C o n sid er the Cauchy problem

V  = i E nCah (t)V +  i E0Ch E P 1; (t) OtV}
(4.1)( O W  f l(C, 0 7  0 < t < T  ,

V (C, 0) = V °
 (C)

w h e re  the m easu rab le  f u n c tio n s ah  (t), p i ;  (t) , q 1 (t) a re  v alued  in the space
o f  re a l  N X N  matrices and s at is f y  the f o llo w in g  conditions:

i) a n (t) E C ( [O, T ] ) ,  *h<a n  (t) r, T> A T  Vr

ii) F or vee R n \ {0}  , V tE [0, T ]  the m atrix  a (E, t) = Eh ea"(t)

h a s  N  re a l  and  d is tinct eigenvalues —,PN(t,$);
m o re o v e r inf E)—pi (t, 6) I = d>0 ,

t [0, T ]
lei=i

P (t) , Q(t) e  ( [0 , T ] )

h 114 (t) (t) A l i ' ( t ) K , Q ( t )  A " Vj EN .

S uppose V ° (C) E f (C, ( [0, 7 ], , IV  (0 1 ,  f (C, I d t
< M e '',  0 < p < 1 / 4 A .

T h e n  th e re  e x is ts  an in c re as in g  f u n c tio n  r (p ) s u c h  t h a t  (4 . 1 ) h as  a
solu tion  V E H "  (0, r(p) , SC) s a t is f y in g  th e  f o llo w in g  e s t im ate  f o r  any
a > 0  (e ( p ) )

(4.3) IV (C, t)1 <4M ePI cl exp {[(2e) tm 8 a A p  P  (r) dr + —

5
Aa2 w (a , e) ] ICI

4

+ActivIt + 
 4 a

 co (a, e) + [a+ (2e)tm8aAp] f Q(r) dr}
0

(4.2)
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where a  is  a Positive constant depending on a' ( t )  and and £ù(a, a ) is
a  continuous function depending on a h  ( t )  such that lim co (a, a) =0.

e- . 0

Proof.
Before we begin the p roo f o f  this lem m a, under m any points of view

quite similar to the proof of lemma 3. 3, we recall some well-known properties
o f th e matrix a (t, 6) (see  [8 ]) .

A s  a  consequence o f  (4. 2) — ii), there exists a  non-singular measurable
n  (t, $ ) (made up by normalized eigenvectors o f  a (t, $))

n  (t, $ ) is homogeneous o f  degree 0  w ith  respect to  E,
(t, 6)1 <1/2, In - 1 (t, l a/2 et, VC,

n (t, $) a (t, $) = d (t, $)n (t, ,  w h ere  d  ( t ,  $ )  is
whose non-zero elements are P i  (t, , • • • /IN (t,

By hypothesis (4. 2) — i), n (t, $ ) is continuous with respect
i f  p , ( t )  is  the Lipschitz-continuous function defined in the proof of lemma 3. 3
and if, for any e> 0 , we define

T-s

b, (t, e) (t + s , $ )  p ,( s )  d s , c  ( t , = n(t, $) —b 0 (t, $)0

we see that b, (t, $) is a non-singular matrix, Lipschitz-continuous with respect
to  t ,  such that

(t, j 1/2 , I (t, $)

fo r  e  sufficiently sm all. C learly we have

(4.4) Jo
 I c,(t , $ )id t co (a, s ) ,  I c 8 (t, e)

Jo
 lb: ( t ,  $ )  I d t<  co (a, e ),

where 0 (a , a) =  sup In (t + s, $) — n (t, e)Idt .
le1- 1 IT 

—6

0 5 6 5 E

W e rem ark that lim co (a, r) = 0, uniformly when the matrices a h ( t )  run
.-o

in  a  relatively compact subset o f  L ' ([0 , T ] )  and satisfy (4 . 2) — i), ii) with
fixed constants A  and 6.

N ow , just as w e d id  in  th e  proof o f  lemma 3 . 3 , w e  d e fin e  B (t, p) -= p

+  (2 e)'8aA p f t P (z) dz-  + Acet and r(p) = 1  sup {t _.<T : B (t, p) < 2 p}.0 2
M oreover, we define V , as the solution of the problem

V ; = i  * h Ch a h  (t) V I  + qo  (t)17 i  + f ( (  , t) , 0 < t< v  (0),{

V, (C, 0) = V° (C) .

B y induction we can define V ,,,, as the solution o f th e  problem

a  diagonal matrix

such that

t o  t ;  therefore,



736 Enrico Ann elli

{ V41 = i  i i,, Ch ci" (t) V k +1 + 4,3 (t)V k +1
+ i Eh Ch { E Phj (t) 0 -W k } +  E q i  (t) a 07- k ,1 i#0 fo

V k + 1 (C , 0) = 0 .

W e'll p rove  by  induction the following estimates (for any k, any t<z -  (p)
and (P))

(4 .5 )i V k  (C, t) I <4aM (

1
) k exp [p + (2e) n8aAp fo

t P(r) dr2

+ 1 A ce  l ' Ic8(r,C)Idri1C1+AalvIt

+ lb: (r, e) I dr + [ce + (2e) 7'8aAp] (r) dr} .

By substitution o f  (4 . 4) in these estimates, we get t h e  convergence in

C([O, r (p))] , J O  o f th e  series E k V k (C. , t )  near some function V (C, t )  which

satisfies (4. 3) and  is  a  so lu tio n  o f (4. 1) ; therefore, just a s  i n  lemma 3. 3,
w e  h ave  on ly  to  p rove  (4. 5).

A t  first, we observe that V (C is  a  so lu t io n  o f  a n  ordinary system
of the type

V '  - Ch (t)V + q„ (t) V + g (C, ,  0 < t< r(p ) .

If we define W, (C, t) =  b2 (t, $) V (C, t) we see immediately that IV, solves
, 0 0th e  follow ing problem  (where we set W, =—W,, b  =

at at

W; = b;b -
e
- 'W e + id (t, E) W e + id (t, e— ice abiW

— 1"a" (t))b 11 V , + be q,b'W e + be g.

Defining E, (t, C) = W 2 (t, C) L  w e easily  get (setting E :  
at

E ; (t)< 2a Ib (t, 6)1 + 5  A
2

a 2  

 c, (t, e) I1C1 + 2Aa IV!

+ 2aQ (t) }E e (t) + 21g (C, t) I [E ,(0 ] 1/2

D ividing by 2 [F, (O] 1/' and using Gronwall's lemma we obtain I W,(C,

[I We (C. 0)1+ i t e'  I g r) 1dr] e ,

S(t)= A celvtlt f o
t [I Y, (r, C) +i-Acelce(r, 6) I ICI + aQ (r)]dr
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In conclusion w e  ge t the following estimate on V :

I t) I a [I 17 (C', 0) I + Ee - s") Ig r) Icir] es w .

From  now on, the proof o f this lemma an d  th e  p roo f o f  theorem 4. 1
are similar to the ones we gave in § 3; therefore, we'll not repeat them. We
must on ly observe that the estimate on the g ro w th  o f th e  ca rr ie r  o f U (t)
prescribed by theorem 4. 1 is  n o t  a n  immediate consequence o f  lemma 4. 2
In  fact, starting from lemma 4. 2 and reasoning just as we did in the symmetric
case, we would obtain the following result:

F or a n y  E A ' (K 0) , FE Li ([0, T ],  A ' (K a) )  problem (1.4) has a unique
solution U E H i ' 1 ( [ 0 , t ] ,  A ' (4 f ) ) ,0 <t T , where 4, = {xE Rn: dist (x,

Because o f th e  presence o f  a ,  this estimate is not sufficiently careful fo r  our
purposes; therefore, we'll briefly show how to obviate this difficulty.

By means of the Fourier transform with respect to  x ,  using a  modified
(and simplified) version o f  lemma 4. 2, one easily obtains that problem 1. 4
has a solution U E H " ([0 , t], ( 1 " ,) ) ,  0 <t<r,  where r is sufficiently small
as prescribed by the theorem o f  Ovciannikov (see § 2) and = {z E C": dist
(z, K o)

On the other hand w e know  that U G H " ( [0 ,  T ],  A ' (R n ) ) ; therefore
(see  [ 6 ] )  we obtain that

supp U (t) C T , n = K , ,  0 < t<r.

Iterating this reasonment, we prove that

supp U (t) C K, fo r  any tE [0, T ].

A s  a  consequence o f  lemma 4. 2, just as in  the symmetric case, w e  have
the following

T h e o r e m  4. 3.
L e t  u s  c o n s id e r a  f am ily  o f  p ro b le m s

n
U = Eh A", (x , t) U"s h -l- B" (x, t)U" + F" (x, t) on l e  x  (0, T) ,

U" (x , 0) = (6" (x) on R ' .

L e t u s  su p p o se  th a t  the  c o e f f i c i e n t s  o f  th is  p ro b le m s  satis f y  the hy potheses
o f  theorem  4. 1 u n if o rm ly  w ith  respec t to  v . M oreov er, w e  suppose  that f o r
V x E R ' th e  f a m i l i e s  (1-->21(.x,t)}  „ a re  re lativ e ly  c o m p ac t i n  C ([0 , T ]) ,
h =1 ,••• ,n .

T h e n , i f  { f l ,  is  b o u n d e d  in  A ' ( .1 r )  a n d  {F"} „ is  b o u n d e d  in  L 1 ([0,
T ], A ' (R ')),  t h e  s o lu t io n s  U " a re  bounded  in  1 1 " ( [0 , t ],  A ' (K ,)), V  tE
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[0, T ]  (see  th . 4. 1).

Solutions as  re al an aly tic  f u n c tio n s
We shall now consider problem (1. 4) in the case in which çl and F are

measurable functions, real analytic with respect to  x.
W e shall state a  theorem of existence and uniqueness of solutions and a

theorem of convergence by means o f a  duality argument, using, just as we did
in  the symmetric case, previous results in the space of real analytic functionals.

W e only rem ark that the dual problem o f  problem  (1. 4 ) is

(4. 6)

i t

{

V t = Eh tAh (X, 0 V l,x + C (X, t) V + G (x, t) on R n  X  (0, T) ,

V  (x ,T ) =0  on R ',  

where C(x , t) = E h [A ,,(x , t)], h — ` B(x, t) ; clearly (4. 6) is again a  regularly

hyperbolic system.
Starting from theorems 4. 1 and 4. 3 and reasoning just as we did in the

symmetric case, we obtain the following theorems:

Theorem 4.4.
Let us  c o n s id e r p ro b le m  (1. 4 ) and assume th a t  the coef f icients v erif y

(1. 5) a n d  (1. 6).
Then , i f  O E  A , F  L ' ( [0 , T ], A ) th e  p ro b le m  (1 .4) h a s  a (unique)

solution UE H " ([0 , T ], A ) .

Theorem 4.5.
Let us  c o n s id e r the sequence of  problem s

n

iPt =  Eh A (x, t)U% + B" (x , t)U" + F" (x , t) on R n  X (0 , T) ,

U (x , 0) = 0" (x) on W ,

w h e re  A „ B Y  satis f y  (1. 5) , (1. 6) —i) and  (2. 2) u n if o rm ly  w ith  respect
to  v .  S u p p o s e  th a t ,  as  v—> + oc ,

Ar,, (x ,A h ( x ,  t )  u n if o rm ly  on the c o m p ac t su b se ts  o f  Rn x [0, T ],
BY (x, t) -->B (x, t) w e ak ly  in  L L (W  x  [0, T ])  ,  $ — q S  i n  A ;  F'-->F in
H 1.1 ([0, T ], A ) .

T h e n  A ,„ B  s a t i s f y  (1. 5) , (1 . 6) a n d  (U") „—>U in  H "  ( [0, T ], A) ,
w h e re  U  i s  the solution o f  the lim it Prob lem

{

U ,-=* h A ,, (z , t) U x h + B  (x , t)U + F (x , t ) on Ru x (0, T) ,

U (x , 0) = 0 (x) on W .
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