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Introduction

The main reason fo r  th is paper is th e  study o f a  s ituation  where the
normalization of a noetherian scheme can be reached by a  finite number of
monoidal transformations. This gives an answer to a question raised in  [4 ].
T h e  first remark is that in  general a  blowing up is not finite, while it is so
i f  the center is a  divisor, along which the schem e is norm ally fla t (Lemma
1. 2.). W e  re s tr ic t  o u r  attention to  the hypersurface case and for technical
reasons we require permissibility instead of normal flatness. T h is  allows to
g ive an easy description for the local equations of the hypersurface itself and
o f its strict transform (when the permissible center is blown u p ). O f cou rse
even if th e  center is assumed to be permissible, this condition is  in  general
n o  m o re  satisfied after th e  firs t b lo w  u p . T h e  m a in  resu lt o f  t h e  first
section is  Th eorem  1. 6., which essentially gives suitable relations between
certain numerical characters of the hypersurface and the permissible center.
Its  C oro llary  1. 7. describes a  good situation, in w h ich  o n e  keeps blowing
up  w ithou t loosing the perm issib lity  o f the centers an d  in  th is  w ay  one
eventually gets th e  normalization. T h is  is explicitly described in  th e  first
part of the second section, precisely by Lemma 2. 1. and Proposition 2. 3.

Another feature of this situation is the following. It is well-known that for
curves on  smooth surfaces there is a  strong connection between the concepts
o f  conductor and adjoint curves (see for instance [1 ] a n d  [5 ]) .  O f c o u rs e
this is no more possible when the dimension increases. Nevertheless, when
the normalization is achieved by a  finite sequence of monoidal transformations
with permissible centers, then it is possible to  g ive  an explicit description of
the conductor ideal in  terms o f  suitable adjoint divisors (Proposition 2. 5.).

A ll  rings are supposed to be noetherian, commuttative and with identity.

§  1 . Main Theorem

Let us recall some basic definitions and resu lts . W e denote by (X , Ox )
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a  locally noetherian scheme, by ( Y, 0  y ) a  closed subscheme which is defined
by an ideal S  and w e  say  th a t X  is  n o rm ally  f l a t  a lo n g  Y  i f  f o r  every
(c lo sed ) poin t x E  Y  t h e  graded  ring G o , ( , / )  i s  a  f r e e  0 y ,-module.
I f  X  is normally flat a long Y  a n d  Y  is smooth we say that X is  Perm iss ib le
alo n g  Y . T h en  it  is  c lea r  w h a t w e  m ea n  w h en  w e  sa y  th a t a  r in g  is
normally fla t  (permissible) along an ideal.

L em m a 1. 1. L e t  (R ,9)1 )  b e  a  re g u lar lo c al rin g , q3 a p rim e  ideal,
f E  3  a n o n -z e ro  e le m e n t .  L e t  (A , nt) (R /  ( f ) ,9 3 1 /  ( f ) ) ,  p q3/ ( f )  an d
assu m e  t h a t  R /43= A /p i s  a  re g u lar r i n g .  T h en  the  f o llo w ing  conditions
a re  equiv alent:
1) GA ( p )  i s  a  f r e e  A / p -m odu le ;
2) e (A ) = e (Au) ,  ("e (•• -)"  m e an s  m u lt ip lic i ty  o f  (• • •) ")
3) f E  — w h e re  s=  e (A ).

P ro o f .  S ee  [ 9 ] ,  p . 192  o r  [1 0 ] ,  p . 1 3 .  Henceforth l e t  (R ,9 3 1 ,k ) be
a local, regular, excellent, n-dimensional ring, which contains an algebraically
closed field  k. W e denote by V  an height 2  prime ideal o f  R  and by  f  a
non-zero prime element which is contained in  V .  W e  pu t A = R / ( f ) ,  m
=- 931/  (f), p ( f ) .  W e assume that R/13 - - A/p is regular, hence we may
w r ite  931 -=  (x 1 , •••, x„_,, x „ )  a n d  V -= x „ ) .  F in a lly  w e  d e n o te  b y  95 :
X 1 — Sp ec(R ) the b low  up o f  S p e c (R ) along V  and b y  -.;':.5-C1 —>Spec(A) the
induced blow up Spec (A) along p.

L em m a 1. 2. I f  A  is  n o rm ally  f iat  alo n g  p, th e n  ç-b-  is  f in ite , h e n c e
a ffin e .

P ro o f .  I f  w e  p u t  (p) = dim ( G A ( P ) O A A / m ) ,  the dimension of the fiber
of over th e  closed point is  .e(p) - 1 .  Since GA (p ) is  free, .6(1.1) =ht
= 1  (see for instance [1 0 ] ,  p . 24 )an d  w e are done.

A s  a  consequence o f  L em m a 1 .2 . w e get th a t X i = S p e c (A ,) , where
(A „m i ,  « , is  a  sem ilocal ring and r < e ( A ) .

L e m m a  1. 3. I f  A  is  p e rm is s ib le  alo n g  p, then

f  f s (x„_,, x„) +  E a i ,...,
finite

w here  f s (x„_„ x„) i s  a  f o rm  o f  d e g re e  s  i n  k [x „ ,, x n ] , cx i i ...i „E R , i1 +  •
+ i„ >  s+ 1  a n d  i , + i„ > s.

P r o o f  According to Lemma 1. 1., fE 13 8 -931 1 . Since kOER w e  may
write f = f 3 (.27,_„.27„) modulo 9)Z13'. T h e  conclusion follows easily.
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H e n c e f o rth  w e  assu m e  th a t  A  is  perm issib le  along  p.

I f  w e  d e n o te  b y  "— " th e  quotient modulo x = ••-, x i , _ , ) ,  w e  g e t

Gm f ) (T I/ f) /  (f )*= k [T ,„ , T „ ] / 0  w h ere  0= fi Œf° and 0 , are
/=1

linear forms: clearly s = Att.
t =1

C o r o l la r y  1 .  4 .  T h e  in te g e r t  a n d  t h e  t - u p l e  ,u =  ( p „  • • • , d o  not
d e p e n d  o n  th e  cho ice  o f  th e  g e n e rato rs  x „ _ „  x „  o f  V  a n d  o n  th e  choice
o f  x = - (x,, • • • , x ,_,) s u c h  t h a t  (x , V )

P r o o f  Let (x _ ,,  x '„ )  =V , (x'1, • • • , x 2 ) and assume that (z ', V )
Let us denote by "--," the quotient modulo x ' .  Then  (x i , • ••, x„) and ( x .  • • • ,
are two minimal systems o f  generators of 9.11. Hence the operation o f switch-
ing from  one system to the other one induces a linear base change on aft / 022 ;
so it induces an automorphism of G  (T i )  and an isomorphism between G (9)t)
and GT, ( M). After Lemma 1. 3. it is clear that this isomorphism intercanges
0 and D'.

N ow  let us consider the restriction Spec (R 1) —*Spec (R )  of the monoidal
transformation X 1 — S p ec (R ) to  the open s e t  {x 0}. T h e  equations are:

= X 7 t-2  = i n  —1 = 1
7, —1X,, x n , =

The total transformation of f  is

f *  =  X :,( f , (X „ _ 1 , 1 ) +  E cei ,....1„Xf • • • Xi„...:Offr"- - ' - ')

and the strict transform f,  can be written

, f1 =  g (X i , • • • , X , , ) , h  R, ,

where g (X 1, • • • , X „_ ,) = fs (X„_„ 1 ) m odu lo  (X 1 , •-•, X„_ 2 ) .  W e  note that (x i ,
• •• , x„) R, (X„ • • • , X ,,, X,,) hence the maximal ideals o f R,/ ( f 1)  correspond
to  the irreducible factors of f s (X„_,, I ) .  U p  t o  a  suitable change of para-
meters, which does not change t  and i t  (see Corollary 1. 4.), w e  m ay  assum e
t h a t  the coef f icient o f  X ',  i n  f , ( X „ „ ,  1 ) d o e s  n o t  v an is h . This means that
the b low  up a: 2 1 --->Spec(A) can be fu lly described by the ring homomor-
phism R/ (f) (  f  1) . Another consequence o f  Lemma 1. 3. is the follow-
ing

C o ro lla ry  1 . 5 . T h e  in te g e r t  co in c id es  w ith  the  num ber o f  m ax im al
id e als  o f  A i ,  an d  p „  • • • , p t  a re  t h e  m u ltip lic itie s  o f  th e  irred u c ib le  f ac to rs
of  f , ( X , _ , , 1 ) .

P r o o f  According to Lemma 1. 3. the initial form of f  modulo x  coincides
w ith  the initial form of J ., x , , )  modulo x .  With the assumption we made
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before, the irreducible factors of f - n - 1 ,  x n )  are in one to one correspondence
w ith  th e  irreducible factors of f s (X n _„ 1 ) ,  which are in  one to  one corres-
pondence with the maximal ideals o f A ,.

Let us now consider the prime ideals 13„ •••, 9p, of R , which are "infinitely
near to 13 in  the first neighbourhood" i.e. the prim e ideals which form  the
the primary decomposition of I (X „ , f , ) .  F o r  every maximal ideal m i  o f  A ,
let us denote by 13,5  th e  ideals o f  q3 i , ••., 913} s u c h  th a t  ,= /(t)VD is con-
tained in  m i .

W e  fix  the following notations:

ei ;  = e ( (A i ) ; v i = e( (A i) mi )  ;  E U =  e  ( A i )  Trri /P ii)

where "e (• • -)" means "multiplicity o f  (• • •)

T h e o re m  1 . 6 . T h e  fo llow ing  re latio n s ho ld :

1) et i :<v i  f o r  every i  an d  j:

2) E ei j ai i ,u  f o r  every

3) v i tt i  f o r  every i.

P r o o f .  1 )  is  obv iou s. T h e  first step o f th e  proof o f 2 )  and  3 )  is to
show that we m ay assume A to be complete. W ithout going too much into
the details we observe that all the required properties o f A  pass to Â  = (A , m )^ .
Moreover the operation o f completing and blowing up commute (see for instance
[ 8 ] ,  III, 2 )  and  if w e  d en o te  b y  Â  the completion o f  A ,  w ith  respect to
the m axim al idea l m i ,  th en  pip i l  is  a  rad ica l idea l s ince R  i s  excellent
(see  [ 7 ] ,  p. 2 7 9 ) .  W e w rite  pu Âf = n IV  and, w ith  the obvious meaning of

the sym bols we get a u = E  Ea" ,  w h i le  e i i < e ia l  i s  c le a r .  Therefore we m ay

assume R  to be com plete hence R - - --k[[x i ,••• , x „]] (s e e  [11 ] , I I , p . 307).
A s  we did in  Lemma 1. 3 . we may write f  as a  se r ie  w ith  coefficients in

k , that is

f (x n_ i, x n ) + E • • •x in -

w ith  ii + • • • + i„s + 1 , E  k.
A s  a  consequence the strict transform f ,  can be written in  th e  follow-

ing w ay: f , = g  (X ,, • , X h ,  w h ere  g (X„ • • • , X n _1) E k EX„ • • • ,
h k[[X ,, •••, X ] ] .  Moreover i f  {$1, • • •, Tpl is the set of prime ideals infinitely
near to 43 and g-= 0 ,  g  ,  irreducible factors, then q3,— (X„, g (i) , q = 1 ,  , p.

N ow  w e  observe that, i f  f ,,(X n--1,1) =11 (X ,, 1 — a 1) "  and 931i  denotes the
i= 1

maximal ideal o f  R ,  which is obtained by lifting to  R ,  the maximal ideal m i

o f  A ,, then Wl i =  (X 1 , •••, X „ — a i, X „) , i=1, •-•, t.
Let us denote by " — " th e  quotient modulo X n . Since = g r , • • • g r,,P we
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have e —  (R / (A ))  =7 - ,  hence e < r g . For every i  and j  we have eu < r i

therefore E et i Ei i < E  r i au . Pu tting en i  (g5) = e ( ( k ) K i / (g i ) ) ,  w e  g e t :
1 .1

au = e ((R 1)2N,/ (gi , X n) )  =e n i (g,), hence E ri eu = E ri en t (gf ) =e n i ( g ) .  If we
I 1

put X = (X 1, •••, X „ )  and remind Corollary 1. 5. w e have

en i (g) < e n i / x (g /X ) -= en o x ( fs (X „_ „1 ))=

Therefore E eu si i  -= E ri au  = i =1, • • • , t, and 2) is proved.
1

A s  to  3) we observe that it is sufficient to show that vi <e n i (g) and this

is achieved by using th e following relations: vi = e((A 1) . , ) esTrii (R ,/1 ,))
=e n i ( g ) .  The proof is now complete.

Let now state two corollaries whose proof, after Theorem 1.6., is straight-
forward.

Corollary 1. 7. A ssum e that ,u,<2, •••,t. T h e n  f o r e v e ry  m ax i-
m al ideal m i o f  A i t h e re  a r e  a t  m o s t  tw o  p rim e  id e als  w h ic h  a re  in-
f in ite ly  n e ar to  p a n d  con tained  i n  M i . I f  th e re  a r e  tw o  p rim e  ideals

p 12  then ei 1
-=ei 2 = 1 .  I f  there is only  one Prim e ideal p i i ,  then, eiter e f1 =1

o r  (A 1) m i  is  p e rm iss ib le  alo n g  pi i .

Corollary 1. 8. A ssu m e  th ere  ex is t a m ax im al ideal nt i o f  A , an d  a
Prim e  id e al pi i  Clni  s u c h  th at  e u = p i . T hen:
a) pu  i s  t h e  only  p rim e  id eal w h ich  is  in f in ite ly  n ear to  p an d  conained
in  mi;
b) (A 1 ) m i  is  perm issib le  along
In  p artic u lar i f  th e re  e x is ts  a  Prim e  id e al pi i cm i s u c h  th at  e u = s, then:
a') A , is  local;
b') T h e re  is  o n ly  o n e  Prim e  id e al in f in ite ly  n e ar to  p a n d  A ,  is per-
m issib le  along it.

We conclude this section by exhibiting some examples.

Example 1 .  Consider f  =3/ 3 + xz 1 , 1 3 = (y , z )  .  W e  h ave  t =1 , f l i = 3,
f ,=Y s - FX Z 2 ,  hence A, is local, 931,= (X ,  Y , Z )  and there is only one prime
ideal 1311 = ( Y, Z )  infinitely near to $ .  Moreover v1 =3, en  =2, en =1 and A1
is not permissible along p „  This supports the assumption pi <2 in  Corollary
1.7.

Example 2 .  Take f  = y 5
 —  y 2 x 'z ' z 9 ,  T  (y, z) . W e have t = 1 ,  a 1 = 5,

f ,=Y 2 (Y 3
— X 4) Z 4 , hence A, is local, 0 1 = (X , Y, Z ) and there are two prime

ideals 1311 = (Y, Z ), J3 =  —  X ' , Z ) infinitely near to T . W e  have v1=4,



640 M au ro  Beltram etti and  L orenz o  Robbiano

e11 = 2 , c„ =1, e12 =1, -12  -  3.

W hile in  the first example e,,,a,,< v „  in  the second one v1 < e
11 60 -± ei ,E„.

§  2 .  A pp lica tions to  stric tly  perm iss ib le  triples

Let us consider a  smooth, n-dimensional, locally noetherian excellent scheme
X ,  defined over an algebraically closed field k. L e t  V  b e  a  subscheme of
pure codimension 2, S  a  prim e d iv iso r o f X  containing V .  Let us assume
that the following conditions hold.
(C1) V  is  the singular locus of S  in  codimension one.
(C2) S  is permissible along V  (hence V  i s  a  disjoint union of irreducible
smooth components).
(CO  There exists a  finite sequence of monoidal transformations

01 00X,,---> • • • --->X,—> • • •—>X2 - ->X 1-->X = X 0

whose centers are subschemes V i o f  pure codimension 2 in  X 1 and such that
on the corresponding sequence of proper transforms

h i
—> • • • —i->a — > • • • --> 5 ,26> S=

one has
a) S t is permissible along V t ,  i= 0 , •••, n -1 ;
b) S o i s  normal.

L em m a 2. 1. W ith  th e  ab o v e  assum p tio n s, th e  com posite  morphism
(I : 5,—*5 i s  th e  n o rm aliz atio n  o f  S.

P r o o f .  T h e  morphism ci is  fin ite by Lem m a 1. 2. and birational. The
conclusion follows easily by Zariski Main Theorem.

D efin ition  2 .  2 .  A  tr ip le  (X. S, V ) which satisfies the above described
conditions is called stric tly  perm issib le .

Propos ition  2 . 3 .  S u p p o se  th at a  t r i p l e  (X , S , V )  satis f ie s  (C , )  and
( C O . T h e n  i t  is  s t ric t ly  p e rm is s ib le  in  the f o llo w in g  cases:
1) dim X = 2;
2) F o r  e v e ry  c lo se d  p o in t x E  V  th e  lo ca l equation f r  o f  S  satis f ie s  the
cond ition  fi i < 2  o f  C o ro llary  1. 7.

P r o o f .  1 ) i s  a  classical result (see fo r  instance [12 ], T h . 4, p. 492).
2 )  The existence of the sequence of monoidal transformations satisfying a) and
b ) o f (C O  is  due to Corollary 1. 7. T h e  fact that the sequence is finite is
again classical and can be seen in a  sim ilar way to [12] , Th.4', where it is
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shown that we can reduce ourselves to th e  case  o f cu rves  b y  a  suitable
extension o f the ground field.

Let us now recall that i f  A  is an integral domain, A its integral closure,
then ni =Ann A- (A / A ) is called the conduc tor o f  A.

Lemma 2 . 4 .  L e t  A  be a lo cal, G ore stein , integral dom ain , p a p rim e
id e al o f  h e ig h t  1 a n d  su p p o se  A  is  n o rm ally  f lat  alo n g  p. L e t  Spec(A i )
—*Spec (A )  b e  th e  b lo w  u p  (affine af te r L e m m a 1. 2 .) o f  A  a lo n g  p  an d
d e n o te  b y  rA  a n d  rA ,  th e  c o n d u c to r id e als  o f  A  an d  A , .  I f  s= e(Ap ) an d
A p , is  re g u lar f o r  e v e ry  Prim e  id e al p ' o f  h e ig h t  1  w h i c h  i s  d if f èrent
f ro m  p, then

rA 'rd, •

P r o o f  F o r  s im p lic ity  w e w rite  B  in s t e a d  o f  A , .  S ince A  is  a  1-
dimensional Gorestein ring, w e  have

rAp = (PAp) 1n3 p (B p  m e a n s  BA-p)

by using a  resu lt o f M ath s (see  [6 ], 1 3 . 8 ). It  fo llo w s  th a t  th e  equality
7-Aq =P g 1 n3q h o ld s  f o r  every  h e igh t 1  prime id ea l q  o f  A .  O n the other
hand r i  = A : A, so  it can  b e  th ou gh t a s  a  divisorial A -la tt ic e  (s e e  [2],
p . 11) . T h e  r in g  A  is  Gorestein, hence, by [2 ], C or. 4. 2., p .  18, we get

rd= n (rA)
-o f  A .  Therefore rd= np 1

s ( r.) q. Moreover, since p' - i B  is a principal ideal

generated by an element, which we denote by p , we get:

rA= n (prB),=P(n (T.) ,  g E Z (A ).

Since the height 1 prime ideals o f  Bq a re  th e  p r im e  idealls C, o f  B  such
thatc = q ,  the following relation holds, again by using [2 ], Cor. 4.2.:

(rE) q = n (rB ) . C E Z (B ) ,  C e = q
F.]

But Spec (B) — 'Spec (A ) is surjective, hence

n (rB)q= n (r.) = TB ,  q E Z (A ), C ,E Z (B )

In conclusion rA-=-P(n (rB) q) =PTB=P 2 - '7.73•

Let u s consider again a  strictly permissible tr ip le  (X , S , V ) and denote
by  r x„  the sheaf on X  which is obtained by lifting to X  the conductor sheaf
o f S.

Z (A )  w here Z ( A )  denotes the set o f height 1 prime ideals
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Proposition 2 . 5 . L e t  (X , S , V ) be a  s tric tly  Perm issib le  trip le , H  an
ef f ec tiv e  d iv is o r o n  X .  T h e n  the  f o llo w in g  c o n d it io n s  are  equiv alent.
1) I f  sa  i s  the m u ltip lic ity  o f  S  alo n g  th e  irre d u c ib le  c o m p o n e n t V a  o f
V , then:
a) th e  m u ltip lic ity  o f  H  alo n g  V a  i s  g re a t e r  t h a n  o r  equal to  s a -1 ;
b) th e  m u ltip lic ity  o f =0,-' (H i )  — (s1 - 1 ) alo n g  V i  is  g re ate r th an
o r  e q u al to  si + 1 - 1  w h e re  "— "  m e an s  "Zariski c lo su re " , V i , E 1 4 1  a re  t h e
( irre d u c ib le )  c e n te rs  a n d  t h e  e x c e p tio n al d iv iso rs  o f  th e  monoidal trans-

f o rm at io n  y3i , s i  i s  the m u lt ip l ic i ty  o f  S i  a lo n g  V i , ••-, n-1 (so  i s  the
m u ltip lic ity  o f  S  alo n g  th e  irreducible com ponent o f  V w h ich  is  th e  cen ter
o f  th e  f irs t  b lo w  u p , H ° =H ).
2) T h e re  e x is ts  an  in c lu s io n  o f  sh e av e s  0 ,(— H ) E r ,,, , equ iv alen tly  H
i s  ad jo in t  t o  S  i n  t h e  sense  o f  Gorestein (see  [3] ) .

P r o o f .  Taking in  account (CO ,  it  is  possible t o  assume V  irreducible.
F or every closed point x E  V , le t  R= O x,x, 13 the ideal defin ing V in R,
f ,  the local equations o f  H  and S ,  A = R / ( f ) ,  p=13/(f,), h, the im age of
H A .  Let us consider the sequences o f inclusions (of local rings)

gZo= Rc R i c  c R i c

corresponding to the sequences o f m o n o id a l transformations in (C O  and the
idea ls  S i ,  = S i i  = 0, • • • , n - 1 ,  s  =1 3 , w hich  a re  obviously principal.
M ore precisely, putting s i+ 1 = zigz i ÷ „  w e  g e t  1-/z / Z '•  • •Z11 - 1  as  th e  loca l
equation o f  H e+' in i= 0 ,• • • ,n -1 . Now we put 4=p, 4, = and
le t z i b e  the im age of Z , in  A i . By assumption we have

h x / zr' • • • zsi i - l e / M - 1 ,  i = 0, • • • , n -1  .

On the other hand, by Lemma 2 . 4 . ,  we get

n -1

1=0

hence Its  r A  and I -4 ,E  ( r In conclusion 1) implies 2 ) ,w h ile  the converse
can be proved in  the same way.

R em ark . If we consider the proper transforms instead o f  H i ,  w e  do
not get th e  same equivalence, a s  it w as recently poin ted o u t  in  [ 5 ]  (see
E x. 5. 7) .
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