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1. Introduction

In this article, we shall establish the energy inequality for non strictly hyperbolic
operators of order m whose coefficients are in the Gevrey class with respect to the
space variables and once or twice continuously differentiable with respect to the time
variable.

More precisely, we consider the following Cauchy problem.

P(y. Dy, D)u=Dou+ Zé a, (y)D*Dfu=f in G

(1.1) '72;»{—_1"'
Diu(xo, x)=uj(x), j=0,1,...m—1, in G, =Gn{xo=t,}.
e )l x 14 o (1 a8 1 4
where y=(xq, X)=(Xg, X;,.... Xg), DO—Tﬁ—xO' D= (i T 6xd>’ G

is a lens of spatial type in R4*!,
Let us denote by P,(y, &, &) the principal symbol of P(y, D,, D),
(1'2) Pm(y’ éOa é)=é'6'+ | |+ZJ aa.j(y)éaé(j;

=m
J<€m—1

and assume that P is hyperbolic, that is, all the &j-roots of P,(y, &y, &)=0 are real
and its multiplicity is at most r (1£r£m), for any y € G, any ¢ e R{\{0}.

For an open set G in R, x R4, we denote by yX()(G), where K=0, 1,..., and
1 £s £ 0, the set of functions f(y) such that for any compact set M =G, there exist
constants C, A satisfying the following inequalities

(1.3) sup IDED*f(y)l £ CAl=I(Ja 1)*

forallae N4, 0L j£ K. We also denote by y*)(Q), where 2 is an open set in R4,
the set of all functions g(x) such that for any compact set M <=Q, the following

(*) The auther was partially supported by the Sakkokai Foundations.



740 Tatsuo Nishitani
estimates are valid with some constants C, A for all « € N¢

(1.4) sup | D*g(x)| £ CA=I(Jo| 1)s.
xeM

In this paper, we shall establish the energy inequality for non strictly hyperbolic
operators whose coefficients belong to y%:$)(G), where 1 Zs£(r—(1/2))/r—1if K=1,
and 1 Zs£rfr—1if KX2.

Recently, M. D. Bronshtein [4] has proved, by constructing the parametrix of
which the remainder is a bounded operator in some Hilbert space connected with
the Gevrey class, that the problem (1.1) has a unique solution in G(<G) for any
initial data u;(x) €y (G,), if a, (»)ey®(G), KN3(m+d+2), 1LsLr[r—1.
And if 1 Zs£r/r—1, one can take G so that it depends only on P.

The other hand, in the case when a, () belongs to y>(X(G), V. Ja. Ivrii [10]
has showed that the Cauchy problem (1.1) has a unique solution in G for any initial
data u(x) € y¢(G,,), if 1 £5£(2r—2)/2r—3, by deriving the estimates of solutions.
It the case 1 £s/(2r—2)/2r—3, one can take G=G. His final step of deriving the
estimates is based on the theorem of Bony-Shapira [1] of the analytic theory.

From the energy inequalities obtained in the present paper, it follows that the
problem (1.1) has a unique solution in G (< G) for any initial data u(x) ey(G,,)
if a, ;(y) belongs to y2)(G) and 1 Zs£r[r—1. The same assertion is valid for any
data belonging to y*)(G,,) if a, (y)ey"N(G) and 1 £s£L(r—(1/2))/r—1. If 14sL
r/r—1 in the first case and 1 ZsZ(r—(1/2))/r—1 in the second case, we can take
G=G. Here, for the simplicity, we have assumed that fin (1.1) is zero.

It seems that the order of the Gevrey class of initial data for which the Cauchy
problem (1.1) is well posed, in the sense that there is a existence domain of solutions
independent of the “‘radius of convergence’’ of the data, is closely connected with
the regularity of the coefficients with respect to the time variable.

In general, in this sense, the regularity that we have imposed on the coefficients
of P is the best possible when we measure it by C¥ class. For the second order non
strictly hyperbolic operators, more complete results about the relation between the
order of the class of admissible data and the regularity of the time variable are ob-
tained in [5], [14], [15].

The necessity of hyperbolicity for the Cauchy problem (1.1) to be well posed in
the Gevrey class is proved in [12] and [13]. In [12], this is showed under the
minimum assumption on the regularity of the coefficients. When the coefficients
belong to y2:(1(G), one can find another proof in [9].

2. Statement of Results

From now on, we assume that a, (y) belongs to yX:&)(Jx R4), J=(-T, T)
and a, j(y) is independent of x if xé&g M, with some compact neighborhood M of the
origin in R4. This is easily made by replacing a, j(y) by a, (xo, x(x1),..., x(xa))
with suitable function y(x).

The resulting operator is hyperbolic and the multiplicity of the characteristic
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roots is at most r for yeJ x R4, {e R{\{0}, and this coincides with the original
operator in, say, J X {x e R%; |x| ZR}.
For u(x) € y(R4%) with compact support, introduce the norm defined as follows

2.1 giu: p)= ,?;,, IKD>%"ul|2p™*N/(n+N)!

where 20s=1and p, Ne N, pX0. Throughout this paper the order of Gevrey class

s is related to the positive number & by the identity 26s=1. {D)%" denotes the
d

pseudo-differential operator with symbol (&»%", with ({)2=14 3 &%, and |u|
=1

denotes the L2-norm in RY.
Let us formulate the main assertions of the present paper.

Theorem 2.1. Fix the interval J=[T,, T,J<J=(—T, T) arbitrarily and
assume that the coefficients are in y*S(Jx R%). If 1 £s/Z(r—12))(r—1), K=1
or 1 £szr[(r—1), KX\2, there exist positive constants C, c=c(J, P) and an integer
L which do not depend on y, N such that

m+K—r—1 .
y'—2r+l Zo gﬁm—2r+l(<D>26r—4K6+36D(J)u(, ,t) ;-y—l)é
LCyt gAm 2L ((DY™ e Du (-, 1o); 3y +

K R
+OrH|) S gR DY DPU(, x)i 1477 = Xo)dxo+
tot+2y !

K
+CpH (TSGR DY HDLPUC  x0); to+ 37! —xo)dwo +

to

e (77 w2t K, —25i i -1
+Cy ‘S drg gogn"'((D) ID§Pu(- , xo); T+ 371 —x0)dx,,

to T

for yN7vo, NI N(7), To+8y 1Lty Lt L min (tg+c, T, —8y~1).

Remark 2.1. Since ¢ does not depend on y, N, this theorem assures the existence
of the solution in (T,, T)x R4=G, for any Cauchy data u;(x)ey®X(G,). ToZ
to L Tl .

Theorem 2.2. Under the same hypothesis that of theorem 2.1, if s=(r—(1/2))/
(r—1D) with K=1, or s=r[(r—1) with KX\ 2, there exists positive constant C such that

m+K—-r—1
j;o gﬁn:~2r+l(<D>26r—46K+36Déu(, , t); y(0+to—t))é

m+K—1

C Y g 21 ({DY"*Dhu(-, 15); y0) +
j=o

IN

+C }’fo S' g (KDY ~*4D§Pu(- ,x0); y(0+ 1o — x0))dxo,
= to

Jor yxyo, NAN(Y), To+ 8y~ ' Lto Lt Lmin (1,+6, T, —8y~1),0£0 L4y~ L.
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Remark. 2.2. More detailed version of theorems 2.1 and 2.2 are found in
sections 7 and 8.

Before concluding this section, we introduce some class of pseudo-differential
operators which are used throughout this paper.

Let Q(x, £) e C*(R%4,). We say that Q(x, ) belongs to S(I, s), if Q(x, &) admits
a decomposition of the form

O(x, §)=0Qo(x, ) +0,(8) with Q,(&)eSi,

were Qq(x, &) satisfies;
for any ff e N, there are constants C;, A, such that

(2.2) 10208Q0(x, O £ CoAR (o] N5CEY I xY =471, (x, &) e R?Y, e N,
We define the pseudo-differential operator with symbol Q(x, ¢) by.

O(x, Dyu= Se"“sQ(x. HAENE, a(E)= ge-"x<u(x>dx.

We say that Q(y, &) belongs to CK(J, S(I, 5)) if D§Q(y, &)e S(1, s) uniformly in x,
on each compact set in J, for j=0, 1,..., K. Hence, if we rewrite P (modified one)
in the form

m—1 .
P(y, o, )=E8+ ZO piy, &
j=

it is clear that p,(y, {)e CX(J, S(m—j, s)).
We mention some properties of pseudo-differential operators in S(I, s) which
are proved by the standard methods (see [15]). In the following, we use the notation,

Fia)(x, E)=(0)*(I" 02 f(x, &),  for f(x, &)e C*(R29).

Proposition 2.2. Let Q(x, {)eS(l;, s), j=1,2. Then we have
symbol (Q,(x, D)Q,(x, D) — > (a)7'Q{(X,&)Qy (X, E) €SIy +1,—N, s).

0L|a[ZN—1

Proposition 2.3. Suppose that Q(x, £)e S(l, s). Then

symbol (Q*(x, D))— . |§N (=Dl a) =10 (x, E)e S(I— N, s)
where Q*(x, D) denotes the formal adjoint of Q(x, D) with respect to the scalar
product in L2(R%).

3. Hyperbolic polynomials and Energy forms

In this section, we shall derive some properties of hyperbolic polynomials and
energy forms. To obtain these properties, we use essentially the result of M. D.
Bronshtein [3]. We proceed following V. Ja. Ivrii [10], in which, in place of it,
he has used the localized theorem on tubes by S. Bochner [2].

Let us consider the following monic polynomial in { of degree m.

P(y, [)=(m+ zo a ()



Energy inequality 743

we suppose that a/(y) is m-times continuously differentiable with respect to x and
continuous relative to x, in an open set G in R*!, and P(y, {) is hyperbolic, i.e. all
the {-roots are real for any ye G. Then the result of [3] states that,

Lemma 3.1. ([3]). Let P(y, {) beas above. Then for any compact set M in G,
there is a constant C(M) satisfying the followings; for any fixed e M, 1£14d,
one can find a positive constant 6 and m functions of t, {2;(t; §)}=,, defined in
|t| £0. differentiable at t=0 such that

P9 +ie =TT €=t ). for 11l 28
A 09| camy, j=1,2.0
77 20 Z , Jj=1,2,...,m,

where e, denotes the unit vector in R4*" with (14 1)-th component 1.

Next, consider the polynomial in { depending on (y, &),
m—1 )
a(y, {, O ={"+ ZO aiy, &)/,
I=

where y e J x R4, J is an open interval in R and £€ R4, (e C. .
For this polynomial, let us suppose that

(3.1) For any yeJx R4, any &e R* with || larger than some positive number,
all the {-roots of a(y, {, £)=0 are real.

(3.2) aj(y, A&)=ayy, &) for any e R with large || and for any AN1. Where
Jj=0,1,....,m—1.

(3.3) Near £=0, ayy, &) vanish identically and if |x| is larger than some positive
constant, a(y, &) is independent of x.

(3.4) Each ay(y, &) belongs to CX(J, S(0, s)).

For convenience sake, we denote by H7,(CX, s, J x R?) the set of all monic

polynomials in { of degree m satisfying (3.1) through (3.4).
We introduce the polynomials bi(y, {, &), b, (v, {, &) associated with a(y, {, &)
defined as follows.

2

by € )= - 5 a0 T O =slEle(y, &) -+elél 55-aly. L. &),

(3.5)

by, £ = -1 - a(y, L. (1 —ewy, E)+e——a(y. L. &)
m 9 Ox,

where [=1, 2,..., d and w'(y, &), w(y, &) is the coefficient of ("~ in (8/0&)a(y, {, &),
(8]oxpa(y, £, &) respectively.
The following two propositions are proved in [10] for s=1.

Proposition 3.1. Suppose that a(y, {, &)e H7(CX, s, J x RY). Then for any
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open interval J € J, there exists a positive constant &(J) such that b, (y, {, &),
bi(y, {, &) separates a(y, {. &) and belongs to H77'(CX, s, J x R%) for 0LeLe(J).

Proof. If one remarks that a(y, {, &) is positively homogeneous degree 0 in
¢ with large |&|, lemma 3.1 enables us to estimate {(3/d&)a(y, {, E)}a(y, L, &),
{(0]oxpa(y, L, &)} a(y, {, £). Then the proof is almost the same as that of [10].

Next, we state some properties of the quadratic form associated with the hyper-
bolic polynomials.

Set
b(y. £ &)= o-F a1, ©

and define
h(a, b)(y, &; ¢, D)={a(y, {, Ob(y. {, &)—a(y, T, Ob(y, ¢, OHIL -

where { denotes the complex conjugate of {. We associate a polynomial P({, ) in
(94

m—1m—1 o

PCO=3 X a;;'0

i=0 j=0

with the quadratic from P(z, 2) in z=(z,, z,,..., Z,,—;) € C™, obtained by replacing

{J by z;in P({, )

m=1m—

]
P(Z, 2)—'—- Z z auz,-fj.
i=0 j=0

Proposition 3.2. Suppose that a(y, {, ¢)e H},(CX, s, J x RY). Then for any
interval J € J, there are positive constants &(J), C such that

16(y, z, &2 £ h(a, b)(y, &: 2, 2)
d
IS;"I {IBé(y’ z, §)|2+|Bl,e(y’ zZ, C)Iz}éCﬁ(G, b)(y’ és z, 2)

for any yeJx R4, £ € R4, |E|N R with some R\O, and for any ze C™, 0LeZe(J).

Proof. Note that the estimate of (0/0x)a(y, ¢, &), (8/0&Da(y, {, &) which is
used to prove this proposition in the case when s=1 in [10] is easily obtained from
lemma 3.1.

Let a(y, {, {) e Hy,(CK, s, J x R?) and suppose that the multiplicity of the {-
roots of a(y, {, £)=0 is at most r for yeJ x R4, e R? with |{[XR. Take an
interval J € J, and choose r intervals J;, 0LiZr so that J,=J, Jo=J, J;€J;_,,
14iLr.

Now, we introduce the family of hyperbolic polynomials following [10]. For
this, we define the set of polynomials €(d, &) associated with d e H% (CX, s, J x R?),

€(d. )= {1 5740, L O iy 0 O, 0. L 8. 1=1, 2}
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where d, (v, {, &), di(y, {. &) is defined by the formula (3.5) from d. First we put
Bo={a(y,(, &)}, #,=%(a, &)={a; ¥

where ¢, is taken so that propositions 3.1 and 3.2 are valid for J,. In general, we set

N(k-1)

By= €(ak-1,)s sk)={a(k.v)(y’ ¢, OWL 24kgr—-1)

v=

where ¢, is chosen so that propositions 3.1 and 3.2 are true for J,. It is clear that
%, is contained in HY ¥(CX, s, J,x R?). For convenience, we set #,={1,(,...,
.

It follows from proposition 3.2 and the definition of ¥(a_,,,; &) that
> Iﬁuc,v)(y, Z, ~f)|2éCE(a(l‘—|.v)’ ckafgz-l,v))(y, ¢z, 2)
for yeJ,x R4, [£|X R,. Where the summation is taken over all ag, € €(au_y,,:

Bk) and 022)_[,‘,,=(a/aC)a(h_l,v), Ck= 1/m“‘k+ 1.
After the summation over u=1, 2,..., N(k), we get

Proposition 3.3. Under the same hypothesis as above,

N(k) ) 2 N(k=1) . (0) —
|a(k.v)(yv z, §)| éc ‘; 11(a(kf].v')* cka(k—l.v))(y, é; zZ, Z)

v=1
for yeJx R4, |EIxR., zeCm 14ksr—1.
Remark 3.1. By the hypothesis on the multiplicity of the roots, #,_, consists
of strictly hyperbolic polynomials of order m —r+1. This shows that proposition
3.3 is also valid for k=r.
Proposition 3.4. For |a|+ |8l Lr—k+1, k=1, 2,..., r, we have
(2) . k=1+lal+1pl NG
a(k—l,v)(ﬁ)(y, (, 9= 2 Z, (b(h,v,a,ﬁ,j,,n(% 9 xa(j,u)(ya ¢, 9,

j=min(k,k=1+|a|+|B]) u=

where ¢ v.q

W Vs s,

ﬂ,j,u)(y’ C) € CK(J, S(_ Ia|9 S)).

Proof. For |af+|B| £1, the assertion follows immediately from the definition
of #,. Hence it is proved by induction on |x|+|f|.

4. Energy estimates

In this section, we derive the energy estimates in L2(R9). The estimates shall
be obtained by use of method of K. O. Friedrichs [6], of proving the sharp Garding
inequality [8].

Consider the two polynomials

4. 0.9 = ¥ a0 00 b L O="E by, O

where we assume that a,(y, ), b,(y, ) € CX(J, S(0, s)) and are real valued.
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It will be assumed everywhere below without special mention that the operator a
with symbol a(y, {, &) is realized by the formula

a=a(y, I, D), with I={D>"!D,.
Introduce the differential quadratic form H(a b)[u, ¢] associated with the pair of
operators (a, b) by the formula
Ha, )L, wl= 3T "5 (@1, b, w)
=0 v=0
(4.1) Koo T
m=1v=1v—p—1 . 3
- XX ¥ (afu, b, I"'iw)
v=0 =0 =0
Here, a,, b, denotes the pseudo-differential operator with symbol a,(y, £). b,(y, ).
We also denote by H(u, b|t)[u, w] the differential quadratic form obtained by
replacing a,(x,, x, D), b(x¢. x, D) by a,(t, x, D), b(t, x, D) in (4.1).
We shall begin by the following lemma.

Lemma 4.1. We have the identity

DoH(a, b)[u, wl= 3 "5 {(a,KD>1uu, bI*w)—(a,KDYI*u, b ")} +

n=0 v=0

+H([a, <D>], b)[u, I\‘v]+H(a. [{D>. b])[u, Iw]+H(a, b)[u, w],

where H'(a, b)[u, w]= {% H(a, b|xqg+1)[u, w]} and [a, {D)] denotes the
. =0 .

commutator of a and {D.

Proof. For the simplicity, we use X', 32 to denote the sum

m p—1p—v—1 m—1v—=1vy—u—1
> > . XX X
u=0v=0 j=0 v=0 p=0 j=0

If we remark that 1 ={D)~'D,, the following identity is immediate.
DoH(a, b)[u, wl= 3" {(a,{DY1*u, b, I"*iw)—(a, """ “Tu, b {DYI**'*iw)} —
=22 {(a, KDY iy, b I i w)—(a, [ u, b (DYI¥Iw)} —iH'(a, b)[u, w].
Since we can rewrite
S a b (DY ) = 3 (a, KDY T, b w) +
-+ ZUIKDY. @, 1y b (W) + 3 (@, 147, b, <D>]1‘+’(1W))
Zz(a 1 iy, bADYI*~iw) =32 (a,KDY1" iu, b 1" iw)+

+ 22(KDY, a, 1" u, b I =i(Iw) + X2 (a, ' u, [17\-\<P>]1"""'(IW));
the identity
S {(a, (DY u, b v iw)—(a,KDYI* ' ~u, bI" 1 +iw)} —

= X2 {(a (DYI* iy, b IV 1 iw) —(a, (DYI*+u, b I*"iw)}=
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m-—

z

1
v=0

= 3 "% {(a,(DYIMu, bI'w)—(a,{DYI"u, b,I#w)}
u=0
shows this lemma.

We shall rewrite the right side of the identity of lemma 3.1. Set

Fl(a, b)[u, w]= é] {—(bDu, a{D>w)—(bu, a{}}KD>w)+(bWu, a;,KDIw) +

+(byyu, a{D>w)+(by,DKD>~2u, a{Dyw)+(bu, a,,D,{D)~w),
Foa, b)[u, w]l=(a{D>u, bw)—(bu, a{D)w),
H?(a, b)[u, Iw]= él {H(a, by, [u. DKD)~'Iw]—H(a,, b)[D<D> 'u, Iwl},

where a;, '), a{}} is the operator with symbol

(a/iaxl)a(ya Ca é)‘ (a/acl)a(ys Cs é)« (az/iaxlaél)a(y, C* 6)

respectively.
We use the notation

I .
lul, = 2 KDY I u?
J=

with the convention |u| ;=0 if ] £0, and denote by 0(g(t)) a function f() such that
|f(] £ Mg(t) with some constant M in the interval considered.

Then, applying the symbolic caluculus of pseudo-differential operators, it is not
difficult to show the following proposition.

Proposition 4.1. Suppose that a,(y, &)=0b,,_(y, &)=1. Then
DyH(a, b)[u, w]=F°a, b)[u, wl+ F'(a, b)[u, w]—iH"(a, b)[u, w]+
+H2(a, b) [u. Iw]+O0(ul2y 50—y + Ul =12 - 25m—2 U= 1/2425m)
where mX 1.

For the later use, we prepare some propositions which are proved by applying
lemma 4.1 and the symbolic caluculus.

Proposition 4.3. For mX1,
Fi(a, b)[u, u]l+ H*a, b)[u, [u]+H(a, b)[u, u]=
=O{(|u|(2),m— 1 + |u| —-20,m—1 : |u|26.m} . .
Proposition 4.4. For mX2,
d
DoH¥(a, b)[u, Iu]= El {F°a, b)) [u, IDKD>~'u]—F%ag,, b)[DLD>~u, Tul} +

+O0(|ul - 25m—1 -1l 28m+ U] = 35m-2* Ul 38m+1) -
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We proceed to the next step. In the rest of this section, we assume that
(4.2) ay(y, O=b,-,(y, §)=1.

Take an another symbol

m—1
dy, £ O="%, 4,0, O
with real d,(y, &) e CX(J, S(0, s)), d,,—(y, §)=1 satisfying the inequality
(4.3) h(a, b)(y, &; z, 2)N cold(y, z, &)I?

for ye J x R4, |¢|x R, with some ¢y \ 0.
Our aim is to obtain the sharp estimate of H(a, b) [u, u] from below. Let

h, (¥, &)=ay, HbJ(y, &)
and define
H(h(a, b)) [u, wl=X" (h, JJ*='~Ju, I"*Iw) =3 2(h, J*+iu, [ "iw).

Then taking account of (4.2), it is easy to see that

H(a, b)[u, u)=H(h(a, b)) [u, u]+ ’}i {H(ag, b [u, u]—
=1

4.4)
_H(a’ b}”) [u, “]} +O(‘u| -1-6m—-2" |u| -1+é,m— l) for mx 1,

(4.5) H(alg), ba) [Tu, ul=H(h(a(3!}, bgz) [Tu, u]+
+ Ol - 12y - 1y72-8m-2 " Ul = |a) = 1)72 + 6m—1)

where T(E)e S(h, s), oy +a,=0o, f,+B,=5, mX2.
Put

H(h(a, b)) [u, w]=(P(y, D)U, W)

here, P(y, D) is m x m matrix with element in CX(J, S(0, s)) of symbol P(y, &)=
(pi,j(y, £)) which is real symmetric and U =(u, lu,.... I""'u), W=(w, Iw...., Im=tw),
We note that p,, (v, £)=1 which follows from h,, ,,_(y, {)=1.

Let M(d)(y, &) be m x m real symmetric matrix defined by

(M(d)(y, &z, )=1d(y, z, O, zeC™

Then it is clear that each element d; (. {) of M(d) belongs to C¥(J, S(0, 5)) and
Ay, ©=1 in virtue of d,_(y.&=1. Since h(a, b)(y, &: z, 2)=(P(y, §)z, )
and p,,.(y, €)=1, taking an another ¢, \0, if necessary, it follows from (4.5) that

P(y, &)—coM(d)(y, &)+ BLE>2E,, -, 20

forany ye J x R, & € R* with some positive constant B. Where
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1
Em-— 1= ‘.
0 1
0

If we denote by Pp, M(d)r the Friedrichs part of P, M(d) (that is the Friedrichs
symmetrization of P, M(d)), then from [6], there are symbols y4(&)e S(—1, s),
Va,5(8) € S((lal = B1)/2, s) such that the followings are true.

P(y, O)— Py, )= m%: Py, W)+ X PR, e p(O+RY (Y, &)

2|0 [¥]81£3

M(d)(y, &)—M(d)(y. &)= %:: M(d)p(y, WD+ 2 M(d)@(y, &) x

2<4]a|F1p1<3

X Yo p(8)+R¥(y, O

where R!(y, &)=(r} [y, &)) belongs to CX(J, S(—-2, s)) and r}, ,,=0 (I=1, 2) because
of the fact that p,, ,,=d, ,=1.
By [6], we have

(4.6) Re(PU, U)—Re((P—Pp)U, U)+co Re (M(d)— M(d)p)U, U)+ Clul?, _3>
2 ¢ Re (M(d)U, U).

Since PgWg, M(d)pyhg is a’nti-symmetric and p, .=dp =1, rl =0 (=1, 2), (4.6)
implies that

(4.7) Re(PU, U)—Re Y (P, U)+coRe2 (M(d){) %

24 a|+]1£3 Lla|+1p|<3

XYupgU, U)+Clul_y_5m-2-1Ul_1+5m-1>co Re(M(d)U, U).

The other hand, taking into account of (4.4), the symbolic caluculi and the definitions
of P and M(d) show that

(PU, U)=H(a, b)[u, u]— Ii {H(auy, b) [u. ul—H(a, b4 [u, u]} +
=1
+0(|u|—'1—6.m—2'Iul—l+(§,m—l)
(MU, U)=dul2+ 3 {(dgyu, dDu)—(du, diu)} +
i=1

+0(Iu|—l—6.m‘~2’ lu|—1+6.m—l)'

Therefore, it rests to us to handle the terms P{GW, 5o M(d)(§W, ;. From the defi-
nitions of P, M(d) and (4.5). we see easily that

(P};g z,ﬁU» U)=% Cﬁ.chH(“%:%* b}ﬁi}) [l//a,p“, “]+O(|"|-1—a‘m—2 : |u|-l+6,m—l)
(M(d)%%tﬂ,.ﬁU, =% Cilcﬁ.(d}}?:%%,,sus d§§§%“)+(|“|—1 —om—2 Ul 1 45m—1)

for |a| +]81 2 2, where C2 = (a!)/(a; ) (x—ay)!, etc.
Now we are ready to state the estimate of H(a, b) [u, u] from below. Set
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d
Ha, b)[u]=Re {H(a, b)[u, u]+ IZ (H(a, b{{}) [u, u]l—H(ay,, b)) [u, ul)—
=1

| (a3)
- 241';““4‘1 C:,C&H(a{}};;, b)) [apu, ul},

F{d)[u]=Re { l}_j;l (du, difpu) ~ (d . dOu)+

Ce C8 (d'an u, die2ly =2, 3.
2cial T (AW pu, dgnw)}, q=2,

Then we have

Lemma 4.2. Let a(y, {, &), b(y, {, &), d(y, {, &) be as above.
the condition (4.3) is satisfied. Then the following estimate is valid.

Suppose that

fq(a’ b) [U] +c0fq(d) [u] + Clul —a(q)—6,m=2" |Ll| —o(q)+d,m—1 AN cO”du ”2*

for xoeJ. Where g=2, 3 and 6(3)=1, 6(2)=3/4, mx2, Y, 4(&) € S((la| = 1B1)/2, 5).

Corollary 4.1. Under the same hypothesis that of lemma 4.1, we have for mX> 2,

Re H(a, b)[u, u]+ Clul|_ 1/2-6m-2" [l =124 8m—1 D colldull?.

5. Preliminary estimates.

In this section, we shall give the estimates for terms which appear in the right
side of the energy equalities in propositions 4.1, 4.2 and 4.4. It will be assumed
everywhere below that 0£25 £1 and 26r>xr—1.

The following proposition is immediate.

Proposition 5.1. Let 0LuLm—k, k=0, I,..., m. Then we can write

r NU) . .
r= 2 X i D)aj, (.1, D){D)"~I*2%i

j=min(r,k) v=

where ¢, (y, &) € CX(J, S(={m—j+20j}, 5)).

Proposition 5.2. If k—1+|a|+|f] £Lr, we have
NU)

r
(a) —k+20k —
A1, oy TLDY" = 2 2 Pikiveanpi i X
j=min(k k=1+|a|+|p]) n=j

X a(j ‘”<D>m—j+26j-5

wapia(Vs €€ CR(J, S(h—la +(lol + Bl = (1 =20)+2. 5)), T(&) e S(h. s)

where ¢y,
and & is an arbitrary real number.

Corollary 5.1. For k+la|+|B| £ ¥,

N(J) T
Yikrv,a8,om X

(a) —k+20k —
ack, eyip T<O™ = 2.
‘ j=min(k+1,k+|a|+|8]) p=1

% a(k’u)<D>mfj+25j—§
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where T(&)eS(h, ), Vvap.ju € CXJ. S(h—la| +(|laf+[B)) (1 =20)+E, 5)) and &

is an arbitrary real number.

Proof. Replacing k by k+1 in proposition 5.2, and taking §=&+1-24, it
follows immediately from proposition 5.2.

Proof of proposition 5.2. In view of proposition 3.4, one can write

k—1+lal+]8] N(UJ)

(a) —
- n G O= oy XA ¢
Ut 6 = e o P e X8Gw(Ys C C)

where ¢ \(y, &) e CK(J, S(—|al, s)). Let T()e S(h, s), then this implies that
k=t+lal+1pl NUJ)

(a) m—k+20k —
(7. T<D> = k,v A X
(k=1,v)(B) Jemin(k, kS| +18]) 4= (kyvoa,B,jsn)
(5.1)

. m—k 3
X a(j’”)<D>m—j+25_l—£+ i_zo riI‘

with ¢ ,e CK(J, S(h—a|+(1=28)(j—k)+&, ), rieCK(J, S(h—1—|a|+m—k+
20k, s)).

Here, we remark that (1—28)(j—k)£(1—-28)(Ja|+]|Bl—1). Next applying
proposition 5.1 to the last term in (5.1), we get

m—k r

. N(J) . .
.Z ri1l= 'Zk zl p(k.j,u)a(j,u)<D>m_J+26ﬂ
j=k p=

i=

with p, ;. € CK(J, S(h—1—a|+(j—k)(1=20)+&, s5)). Since —1+4(j—k)(1—20)
£25—1, which follows from the inequalities 26r>Nr—1, 1LkZLjZr, Dk jost)
belongs a priori to CK(J, S(h—|a|+(|a|+ |8l —1)(1—-28)+E&, s5)). Consequently
(5.1) proves this proposition.

To make some simplifications of notations, it will be convenient to introduce
2 NP j+20j 2 H k+246k
ALl =3 (DY U2, =0, L r Ug=<DY" A%,
n=

With these notations,

Corollary 5.2. Set a=uay, Let T(E)eS(—|al, s), then
. lal
@ T DYt my |2 £ C ZI AZ U]+ ClulZ o)+ 260a) - 1m—1
i= : :

Proof. From (5.1) with k=1, v=0, h=(1-28)(1 —]a|), §=0, we get this
corollary immediately.

Now, we give the estimates for FO(a{3!}, b{52)) [V, su, u].

Proposition 5.3. Suppose that a(y, {, )e By, b(y, {, &) e B, and k+|o|+
|Bl£r. Then
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2’lar|+|,3|4qIFO(ag;:;’ 2;2;)[‘#1 s<{DY°U,, {DY~°U ]I £

écjj;-nA‘”KDyé'a“]' > APy ] +C Z Aty [{D)Y~u],

J=k+1
fork+qg4r,q=2,3 and ¢ is an arbitrary real number satisfying 0£e £ (26 —(1/2)).
Proof. Consider
(a(gH<DIYa,p<DY~° Uy, biFR<D>~°U,).
We take h={(|o| —|B])/2} +1—6 in proposition 5.2 and h= —§ in corollary 5.1. If
loey|+ 181X 1, choosing ¢= — +¢, §= —d+¢, we see easily that

(@{5 )< DIVe, KDY~ U, bigzKD>~ "Uk)IACZ A<D~ ¢u]

where ¢ is an arbitrary number verifying 0£e£271(26—2"") x(|a| +|B]). In the

case when |a,|+|B,|=0, taking é= —36+¢, E=0J+¢ we obtain
(a3 DI, gD~ U, b(3KDY VL) £C P IA(1>[<D>”‘”u] X
FE

x ¥ 4,[(D]?u],

J=k+1
with g, 0£e£27 120 —2"Y)(|a| +|B)).

Applying the same reasoning to the other term in F.° the desired estimates are
obtained.

The following two propositions are shown by the analogous arguments.

Proposition 5.4. Let d(y, {, £)e B,._,. Then

I.ﬁ' (d)[Uk:”é'))—lA(k)[u]-{—Cy i A%j)[<D>_£ll]

J=k+1
fork+qzr, q=2,3,0£e£(256—(1/2)) and y is a positive parameter.

Proposition 5.5. Suppose that ae #,_,, be B, and k+14Lr. Then

|F'(a, b)[{D)>~°U,, <D}~ "Uk]IéC Z A KDy ] > A KDY 2] +

j=k+1
+C g A2, [{D>]"*u]
with & such that 0£e£(26—(1/2)).
Next we prove that
Proposition 5.6. Suppose that ae %, .,.b € B, and k+1£Lr. Then we have

|F°(a, b)) [<DY~2*U, IKDY~ 22U ]| +|Fagy, b)[{D>~23U,, IKD>~23U,]| £

£C 3 (3 ApDY o). 3 A KDY e Iu])

p=—1
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where ¢y, &, are arbitrary numbers satisfying 0Leg+¢e, £45— 1.
Proof. Consider
(a{D>'72%U,, by XD>~2%1U,).
Taking é= —58+¢y, h=1 in proposition 5.2, E=d+e¢,, h=0 in corollary 5.1, we

see easily that

[(a{DY*~2%U,, b(,)<D)"2"lU,‘)]éC i:Lr:,_lA(j)[(D>36_8°“]' i A(j)[<D>_35—l'I“]

J=k+1
where go+¢,£406—1, k+14£r. If wechoose é=—56+¢,, h=1 and §é=5+¢,, h=0,
it follows that

(ba(DY2Uy, a(DY U LC T AGDY*Iu]- 3 A<DY~~ou]

Jj=k+1

with gg+¢&, £46—1.
These inequalities give the desired estimate for F%(a, b,). By the similar
arguments, we can estimate Fa,, b).

Before finish this section, we shall give some simple propositions which will be
usefull in the next section.

Proposition 5.7. If0£ M 4K, we get

h’ m—
I™M= S pM(y, D)D)y ™I?P+ Z‘ cM(y, D)I*
n=0

p=0
where bY(y, &) e CKM(J, S(0, 5)), cM(y. &) e CK-M(J, S(0, s)).
Proof. Since P(y, Dy, D) has the form
m—1 .
P(y, Do, D)=Dj§ + EO piy, D)D§, pyy, &) e C¥(J, S(m—j, s)).
i=

{D»~™P yields that

<D>—"'P=I"'—':Z::; Py, D)4, with  pyy, &)e CX(J, S(0, s)).

Then the assertion follows from Leibniz formula and pseudo-differential caluculus.

Proposition 5.8. We have for 0Lk £ m,

|u|§.kéc > A(zj) [{D)>~*u]

Jj=min(r,m—k)

with0ZLeL m—r+20r—o.

Proof. This is an immediate consequence of proposition 5.1.
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6. Energy inequalities in the Gevrey class

In this section, we derive the-energy inequalities in the Gevrey class. We begin
by introducing the energy forms.

o N(k
Hlul= >

pu=1

)
|92 3(a k- 1,5 Cka}(k?)—l.u)[uk» Udl for 1£k£r-3,

=1

Nlk=1)
f?k)[“]= h |52 20k - 1,y cka“c))—l,u))[uk’ Ul for k=r-2,

N(k=1) .
H 0 [ul= 2] IRe H(a - 1, ckazg)—l,u))[uk» Udl if k=r—1,
I

=

’ N(r—1) .
‘#?r)[u]: ;=Zl ‘Re H(a(r—l.u)’ (‘razg-)-l,u))[ur* Ur]|+M|Ur|%I.m-r5
N(k—1) 1 )
Hlolul= "; IRe H'(ag - 1 4y k@011 [Uss Uil for lgksgr—1,
2 NS (0)
H[u, Iu]= Z: [Re H3(ag - {4y @311 ) [Ur, 1UL] for 1£k£r—1.
H=
Where ¢,=(m—k+1)~" and consequently ¢,a{f., ,, belongs to #,. In virtue
of the strict hyperbolicity of a_, ,, with suitably chosen constant M, one may
assume that

(61) ‘#?r)[u];C0|ulﬁ1—r+26r.m—r

where ¢, is some positive constant.
Let f(u) be a non-negative functional on &(RY). We introduce G{(f(u): p)
by the formula,

GR(f(u); p)=F p"*?f(DY*"w)l(n+N)!, p 0.
np
Then the following properties of G§(f(u); p) are easily verified.

G (52 w): 0= x0)= 50 GROFW): 0=x0)+ GEH(F(CDYW): 0-,)

(6.2) GXra(f(u); p) £ GE(f(u); p) for any positive integer ¢,
pIGR(f(u): p) £ NTIGRH(f(KD)%u): p).
For another non-negative functional g(u), one has
(6.3)  GR(f(Wg(u); p) £ (k)G (fALDY*u); p)+ e(k)GR*(g*(KD>~%*u); p).

Now we shall derive the energy estimates in terms of G§. Taking into accont of the
properties of G mentioned above, it follows from propositions 4.1, 4.2, 5.3, 5.5 and
the inequality
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Gl%/'"_k+1(|<D>—6Uk|£1/2.m—k+ [KD>~3U,| - 1/2-26m—k—-1"

-

c+ 1 r
[KD> 70Ukl 124 25m-k+13 PYLC = Jg«: G241 (4, [{DY~*u]; p)

with 0£ e £26(r—(1/2))—(r—(3/2)), which follows from proposition 5.8, that.

o GRG0 (D) uT: 0= x0) + G (o Py [l 0= %) 2

£ CyGRm2 DAy [u]: 0—xo0) + Cy~' G 24 (A7 [u] : 0—xo) +
(6.4) +GF (3 [{D>~%u, IKDY*u]; 6 —xo) +
k+

+GYTH () [KDY ™ u]: 0—x0) +C 2

q=

i

" GR 20 (A7, [<DY*u]: 0 xo)
=q

where #l,=0#2,=0,0LeLmin {26—(1/2), 25(r—(1/2)=(r—G32)}. 1LkZr.
For simplyfy the notation, set

EX xlu: pl= 3%

k=11i

.))—Z(k—l )GIZVIn—Zk'H (W?k)[<D>—6—c*i1iu] : p),

K
=0

r K
Shlus pl= £ 3 20 0GE2 (o, [y 1] ; p),
r K
é”ﬁ,K[u; p] =9 zl iéoy—ztk—l}G%’m—Zk"FZ(.}f(Zk)[<D>—26—c*i1iu’ 1<D>—26—n*iliu] : p)’

k=

) r K ) -
Ak qlus pl= 2 3 y2ETDGI I (A [(DY T u]; p)

k=q i=0
¢g=0,1, j=0,1,2,...,
g(r)=min {26 —(1/2), 26r—(r—1), 46 —(5/4)},
where ¢*\ 0 will be determined in later.
Now we have

Lemma 6.1.
o 8%t 0=o) + - €8 kT3 0= xo) £2Cy™ ot olus 0= 251 +
d 0

+ 0 Enxlu: 0—x]+y7! 0 ER k1 0—xo]+Cy2 =227} « o[{D>~*u; 0 — x,]
with 0Le L &(r).
Proof. We replace u by <(D)~*"[y in (6.4), multiply (6.4) by y=2(x=1) and take
the sum over i=0, 1,..., K, k=1, 2,..., r. If we remark that

k+1 r

2970 55 GRr (47, KDY ] p) £ Cyr 2t o[ KDY pl,

9=k—1 j=q
then, (6.4) yields the inequality in this proposition.

In the case when K =0, from proposition 4.3, we have
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6.5) |- ehiolu: 0—x0) | +97| -5 Sh.olu; 0—xo]

LCy2r Doz} 5 0[ (DY~ *u; 60— xo]

with 0£e£26(r—(1/2))—(r—1).
Next, we estimate 3 x[u; 0—x,]. From propositions 4.4 and 5.6, it follows

that
63 G242 2, [{DY~25u, I{D)~2%u]: 0— x,)
+ Gy 2k (2 [{DY~%u, I{DY%u; 0—x,) £
1 k+1 r
66) 2CF §'E Grrrar(ay, [(Dy eI 0-xo) +
p=0 4<F-1 /=4

=

+1

+C qz};_z G329 (|u|Z -y s28k-28,m—q: 0 —Xo)
where gy +¢&,£46— 1, k+1£r. Estimate the second term on the right side of (6.6).
Note that for | £k £ r, we have the following estimate.

k+1

=Zk ) Gy 2t (KDY~ T ul2 i s25k-26,m-q > P) £

™M=

i=0 ¢

K
Cz +3(l<D>-e”I‘u|m—l m+1s p)

i=0

k+1

K . .
+CX G2t (KDY I u |2 k4 28k-28,m—q 3P)-

i=0 ¢g=k—220

The first term on the right side of the above inequality is estimated by

=

C 3 gDy m I s p)+ C 3 GR(KDY Ty ).

'=O

The other hand, by propositions 5.7, 5.8 and 7.2 (in section 7), it follows that

K . K+1 L.
Z g%lm+3(<D>—e‘i+m—-11;+m+]u; p)éC Zog§m+3(<D>—a‘lIzPu; p)+

i=

(=}

+C Z G2/ 1 (A4 [KD)~*u] < p)

with 0 £ & £ &(r) and here we have assumed that p,(y, £)e CK*!(J, S(m—j, s)). Thus,
taking into account of proposition 5.8, we get

k+1

=Zk ) Gy 24t (KDY T |2y s 25k-26,m—q s P) £

M=

i=0q

K+1

(6.7)  £C X g3 (KDY~ Pus p)

i=0

+Cﬁ i Z Glm 2q+l(A )[<D>—-g “'I'u] p)
i=0 q=k—220 j=¢q
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where 0LeLe(r), lLkLr. :

Now we determine &* so that e¥ =45 — 1 — 28 where 0L & £ (26r —(r —1))/2(K + 1),
and take gy =&, ¢, =¢*+¢& in (6.6). Before handle the first term on the right side of
(6.6), prepare one simple proposition.

Proposition 6.1.

G%m—‘Zki-p(A(Zk)[<D>—t—-£‘(K+I)IK+lu] : p)

1

™M=

LC T 3 Gyt 43, [{DY~"T'u]; p)

where K21, 800, r23 and 0£eL(20r—(r—1))/2(K+1).
Proof. Consider

S G IR (A, [(D)y DI ] s p),

x>

This is majorated by

r—1

K o
Cc3 ZO GR 24P (KDY~ T Ul 14 26k420-e—evm—k s P)-
=

k=1
Taking into account of the inequality m—k—1426k+20—E—e*Lm—r+26r —¢
with 0£e £ (26r—(r—2))/2(K + 1), it follows from proposition 5.8 that
i G%m—Zk'*p(A(Zk)[<D>—§—£"(K+1)1K+lu]: p)
k=2
K r
£C2 X G2 (Ain [KDy =" u]; p).
i=0 k=1

For G3m=2*P(A2,\[{D)~*~s"(K+D[K+1y7: p), we remark that this is estimated by
COR2¥7( 4y [<DY =51 1¥u] ; p)
+CG%lm-2+p(|<D>_€‘(K_I)IK_1u|r%|—|+26—-E—Ze",m; p)

If we note that m—1+20—&—2e*£Lm—r+26r—e¢, with 0LeLe(r, K) for r)3,
where &(r, K)=min {&(r), (26r —(r—1))/2(K + 1)}, proposition 5.8 shows that

K r P
GRr2r (A KDy DI ) 0 ) £C 2 5% G =27 (A [D] 7" T 'u]; p)

with 0L e£e(r, K). This completes the proof.

In (6.6), replacing u by (D)~**['u, and multiplying (6.6) by y=2(*~1_ we take
the summation over i=0, 1,..., K and k=1, 2,..., r—1. If we remark that
1
2

p=01i

K
£2 2GRNy, [KDY* =" I'u]; p)

i=0

K . N
> G%lm—2q+1+2p(A(2j)[<D>—z,—s*1]p+lu] : p)é

+ G12vm—2q+3(A(Zj)[<D>—3—8‘(K+1)1K+1u] ;p),
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using the inequality (6.7) and proposition 6.1, we have
Lemma 6.2.

0

a—xoé’ﬁ,x[u: 0—xo] + 5—69 EXxlu: 0—x] LCy? 2} g o[KDY~%u: 0—x0] +

K+1
+C ZO g’2vm+3(<D>—c‘l'1iPu: 0— xO) + CG[va‘FB(A(ZO) [<D>—e—£*(K+l)IK+lu] ; G_xo)

where 0LeZLe(r, K), rA3, KX 1.

Next we shall estimate &% x[u: p] from below. Combining proposition 3.3,
lemma 4.2, corollary 4.1 and proposition 5.4, we get

G 2k(#0, [u]: p)+ CA 'z G2k (A [KDY~*u]: p)

J=k+1

(6.8) +Cu Y GIm2++1(42,[{D)~ul: p)

Jj=k+1
+Cu! ,;k G214y [KDY~*u) 1 p) > (co = 27NGR" 24 (AR [u] : p)

where 0£Le£Le(r, K), 1 £k £r and A, u are positive parameters.
In (6.8), take A=9y, p=1, then after the same procedure of estimating &% g, we
have

Lemma 6.3. For K)O,

'a%g?l,x[“? 0—xo]+ Cy* 2} k1 [KDY~*u; 0—xo]1 2 (co—y R k1 [u: 0—x0].
In the case when K =0, we combine lemma 6.1, 6.3 with (6.5), then, in place of

lemma 6.2, we get

(L—erp™1) 25 88 ou; 0—xg1+ 50— &9 o[u: 0—xo1+

0
0xo
(6.9) +y71(c1co—28 = Cy~ N 0.1 [u; 0—x0] £ 28yG(Afoy[ul: 6 —x0)+

+ Cy¥r Gt (A% [KD) ~ul; 0 —xo) + Cy*~ Dt} o [{D>~*u; 0—xo]

with 0£e£26(r—(1/2))—(r—1).

It rests to estimate &% x[u; p]l. We denote by s£,(a, b|t)[ul, F,(d|7)[u]
the differential quadratic form obtained from a(z, x; I, D), b(z, x; I, D), d(z, x; I, D).
Put

1)

N(k
g(k)[u [1]l= X

u=0

H Ak - 1,0y aa( @y, KDY U]+

NG=1) ~
+ 2(') 'g;q(ckag(lz)-l,u)lt) [KD>72UJ+Clul - 5(gy-s,m-k—1" Ul — o)+ 5,m—k
=

where 1 £k4r—2and q=3if1£Lk4Lr—3,q=2ifk=r—2. And 6(3)=1, 6(2)=3/4.
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(r=

N(r=2)
g{r—l)[““’]: Zo Re H(a(r—Z.u)’ cr—laf(r)lz,uﬂT)[<D>_6Ur—1]+

u=

+ClU, 4l vj2—sm—r Uil =124 60m-r+1-

We note that, with conveniently chosen C, %,[u | ] is non-negative for 7€ J.
We begin by the following proposition.

Proposition 6.2. Suppose that ¢(t) e C?[6,, 0,] and ¢(t)X0 in [0,, 0,]. Then
we have

[0, (D £L(8, — 1)~ 1P +2AMP(1))'/*  for te[(0,+0,)/2,0,)
where M= sup ] |02¢p(1)|.

te[01,02

Set

D7) =By [u(x0)xo+ 1], My(x0)= ?_UIF_’r . |02B 0 [u(xo) | T]] .

e[

Then it is easy to see that
(6.10) M (x0) £ Clulyy—k+ 26k~ 26m—k— 1 * [Ulm—ic+ 280, m ke
Since xo+1€ [Ty, Ty]if te[—O0+xg, 0—x0], 0LO0—xqLhy™ !, Ty+2hy=1404LT,,
applying proposition 6.2 to ¢,(7) (te [ —0+ x4, 0—x,]), we get
(6.11) 10,8\ [u(x0) | X0l £(0—x0)~ ' Bolu(xo) | Xo] +2(M(x0) B [u(x0) | x01)!/2
where 0L0—xoLhy™ ', To+2hy~14£04T,.

Remarking the estimate
(6.12)  [5#,)[<XD>~%u]| é"av@(k)[“(xoﬂxo]|+C|Uk|—|/z—za,m—k—1 AU =172k
it follows from (6.10), (6.11) and proposition 5.8 that

p 13)6,%,”*2**1(.;{’(‘,()[(D>"’u]: 0—x0) L(N"'+y D)GH 2 (By[ulx0] ; 0 —x0) +

k+1 r
+Cy 2 ¥ G 21 2(AE;, [KD>~*u]: 0~ x,)

9=k j=¢q
with 0ZLeLe(r), and 1 Lk Lr—1.
The other hand, we have the estimate

P l4)012»/""2"(-%)[u(xo)IxO].: p) LyT'GR (A [u]: p) + GF 2 (Y [u]: p) +

N G 1(AE) [<KDY~*ul; p)
with 0£Le£e(r). Thus combining these estimates, it follows easily that
Lemma 6.4.

9

a5 Shxlu; 0—xo ] L(N"'+y7") 0—60 % xlu: 0—x4]

YT NIy )R k1 (45 0—x0] + Cratf k1 [{D>~%u; 0 —x,]
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where 0 Le L e&(r).

Our final step in this section is to gather the inequalities in lemmas 6.1 through
6.4. From lemma 6.1 and 6.3, it follows that

iy 0 Ioj
(I—cyy I)Ta‘g‘fg,l([“; 0—xo]+ “m‘flov.l([u: 0—x,]
+y 1 (e1e0—26—Cy AR k1 [u; 0—x0] L

K
L2ty Y. Gi(Af) [<D>™"'I'u]: 6 —xo) +
i=o

K . .
FOy T GR (A [<D)+ ] 0= xo) +

2

* %0

Ehxlu; 0—xo] +y7" =5 % x[u: 0—x,]

o
a0
+Cy2r 2t k1 [KD>~*u; 0 —x4],

where 0Le ZLe(r, K).
Now put

Enxlu; pl=&% xl[u: pl+ &% [u:p],

then combining lemma 6.2 with above inequality, we obtain
==y 2 g lu; 0—xo]+ o &y x[u; 0 4]
1 00 N,K s 0 axo N,K ’ 0.
+77 M e1co—28 —Cy™NA R k1 [u; 0—x0] L
K
L2873 GAM( ARy [<DY™" ] 0—x,)
i=0
K P
+ C.y27+1 z Gﬁm#-l(A(ZO)[<D>—c—e‘lllu]: 0_x0)+
i=0
+ 2 ol 0—xo] + Cr 2tk [<DY~u3 0= )

K+1
+Cy 2 gAm (DY~ Pu 0 —x0) +
i=0

+Cer—IG%Im+3(A(20)[<D>—£—s'(l\’+1)1K+1u] ;0 —xo).

In lemma 6.4, taking N Xy, we get finally that

(1‘517-1)%&4,1{[“; 0—x0] + En x[u:0—x0]

Oxq
+7 7 e3—Cy )R k1 [u; 0—x0] £
K P
(6.15) «£2¢ey xzo GH( A%, [KDY~*1'u]; 0—xo) + Cy¥ 3 k1 [{D>~*u; 0—x0] +
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+ Cy2r+l Z Glm+ 1 (A(O) [<D>—s—s‘i1iu] : 0— xO) +
+Cy Z gimt3((Dy I Pu; 0 —xo) +

+C-y2r lGZm+3(A )[<D>—c—s*(K+1)1K+lu] o xO)

Proposition 6.3 ([15]). Let f(u) be a non-negative functional. Suppose that
there are an integer L and a positive number v satisfying (L+1)v=4, L+1x4r.
Then

jz: YIGE(f(DY~ V4 u); p) Ly~# (14 C(y, N)p) JZOyJG’P‘l(f(<D> iu): p)

where C(y, N)=yL*![(1+N).

Now, we suppose that &(r, K)\ 0, then we can take positive numbers v, ¢ with
0/e£e(r, K) and an integer L so that e=4rv, (L+1)v=4. In (6.15) replacing u
by {D>~#*u and multiply it by y/, after the summation over j=0, 1,..., L, we get,
using proposition 6.3, that

Lemma 6.5.
(1=231) 3 97 2 8y ([<DY~3u; 0 - xo]
1Y j=0y 20 °NK 5 0
L
+ 3 9 S0 kD> s 0 - x] +
) j=0 Xo
L X s
+77 ' (e3—=Cy7Y) 'Zo Ytk [<D>7u: 0—x0]1 £
£

L K i
£Qey+Cy ) 3 3 yIGH (AR [<DY =" 11u] 1 0= %) +

K+1 L
2 2m+3(<D> Jjv— t‘lI Pu 0— xO)

i=0 j=0
L
+ Cv—2r+l 2 ijI%,m-(-Z(A(ZO)[<D>—jv—e'(K+])IK+1u]; g_xo)
i=o0
where NNN(Y), To+2hy~ ' Z£04LT,,0£0—xq L hy™!
Corollary 6.1.

L
(I_Ely—l)Jzow 60 &y, x[KD>~ u; 0—x0]

L
+ 2 g En KDY 0-x0] £
) K L K p : .-y .
£28y Z:o J;O PGH" (A% [KD) 7~ 'u]; 6 —x0) +
K+t L X .
Cy X X y/g&m 3Dy~ = Pu; 6 —x0) +

i=0 j=0

+ C -2r+1 Zo -YIG2m+2(A(20)[<D>~jv-.e~(K-wFl)IKV+'1u.]; 0 _xo)’



762 Tatsuo Nishitani
where NN N(y), 0£0—xoLhy™ .
In the case when K =0, applying proposition 6.3 to (6.9), we have

Corollary 6.2, Suppose that 26(r —(1/2))—(r—1)\0. Then

(=) ¥, 17 5 €8 ,0[CDY " 0=xo]
S ; 0 0] —Jjv

+ 2 ¥ 2= &R [KD)7Mu; g — X0l +
=0’ 0x
L . .
97 ea = Oy T ¥ R0 [KDYT MU 0= o]
L2ey(1+ Cy™) Z PG (Ao ) [{DY 7V ul; 0 —xo)

for N N(y), To£Lxo£0LT,.

7. Estimates of the commutator in the Gevrey class.
We begin by the following lemma.
Lemma 7.1. ([15]). Let Q(x, £)e S(d, s), 20s=1, s> 1. Then there exist a

constant C and a function O(z), holomorphic at z=0, which do not depend on N
such that

z pNIKDY M Q) X (a1)7'op(Q )03 ul? [T (n+ N+ 1) £

dn>2m Zla|-Zr—1
LCp¥O(p )G 2(IKDY ="+ 2%u | p)
where L Lr£Lm+1.

From this lemma, we see easily that

T N [adDy", (DY ul2/ [ (n+ N+1) £

Sn>2m

(7.1)

I\

g Z PHGH (aia T LDY?%  u||?: p) + Cp¥ GR"2(|uli-ri25r,m-13 P)

where T,(&)e S(—|al, s), 0L p Lconst.
The other hand, for fixed M such that M \ 25~ !'m, it follows immediately

:zz PN [a{Dy™, (DY Jul2[ [ (n+ N+ 1)

i |Z_ P2N2GH 2 (lagy, T,{DY¥3i+mu|2: p) +

+Cp2N2G{ 2(|ul3-r+26r.m-15 P)

with T (&) eS(—]«f,s). Here _we__ note that, from  proposition 5.8,
sz 2(|u|m r+2ér,m-— 15 P) 18 eStlmated by ‘ )
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Cc Zl G¥2(AY[ul; p)-
=
Then applying corollary 5.2 to (7.1), we have
Proposition 7.1. Su'ppose that 0L p £ const. Then

G (laCDy"ul|?: p) £ Cain(a(Dy"u: p)
+C 3 (04 + N DGR [ul; p) +
j=1

+CPUIHN) T Gir 242, <D ~*ul p)
with 0 Le L &(r).
Proposition 7.2. Let Q(x, £)€ S(0, s). Then we have
937 (Qu; p) LCg¥F(u; p).

Proof. Take m=p+1in lemma 7.1. If we remark that

§ N[0, KDY Tul2/ T (n+ N+1) £ Cg3f(us p),

n=2p

the proof is immediate.

Before proceed to the next, we give a simple proposition which connects a and
the original operator P.

Proposition 7.3.

K+1 L K+1 iy
gR(a(Dym= M iu; p) £C X gR(KDY™ M Pus p)+

i=0

K r PP
+C Y 3 GR(A3, (DY ] p)

i=0 u=

with 0 Le ZLe(r).

Proof. First, we note that we can write

a{DY" = P(y, Do. D)+b(y. I, DXDY"™!, by, L. =" b,(y. L,

bv(y’ é) € CK(J, S(O, S)) .
Using the identity

i m—1
P<D>—jv-s*i1i —_ <D>—jv~—e‘i]iP+ Z Z C”,k<D>m—l—jv—s“qu1k
n=0 k=0
where c, ;€ Ck7i(J, S(0, 5)), it follows from propositions 5.7 and 7.2 that
K+1 N K+1 i vi
2 gR(XDy™ "l u; p) £C X gRD)T T P p) +

K s * .
+C igo GR(KDym=t=v=e"iLiy|3 15 p)
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. K+1 . . . . . . .
Since 3 gR(b{Dym~1-iv=s"i[iy; p) is estimated by the same way, an application of
i=0
proposition 5.8 proves this proposition.

We return to the estimate of the commutator. If we suppose that 0£p £ hy!,
it follows immediately from proposition 7.1 that

K . + K X . -
2 GY(A [{D)>~®I'u]: p)£C gogﬁ"'(aw)’"‘“ T'u; p)+Cy2f x [u:p]+

i=0
+Cy2 D [KDYfu: p]

with 0ZLeZLe(r), NX N(y).
This inequality and proposition 7.3 show

Proposition 7.4.
K

o K -
G (A3 [(DY™"1~1"I1u): p) £C 3 gj" (KDY ™1="T' Pus p) +

i

0

+Cy 2 1 [KDY™u; p] +Cy2r D}k ([KDY™5u; p]
where 0LeLe(r). 0L p L hy=1.

Next, we consider the term GF"*2(A%,[{D)>~*"K*+*DIK+1y7; p).  From proposi-
tion 7.1, this is majorated by :

Cgl%lm+2(a<D>m—e*(K+1)1K+lu: p)+Cp? zr" Glzvm(A(zj)[<D>—c*(x+1)1K+1u'] ;-p).
i=
Here, we apply proposition 6.1 with p=2 to the second term, then we have
G’%Im+2(A(20)[<D>—c*(K+1)1K+1u]; p)éCg’2vm+2(a<D>m—e*(K+l)IK+lu: p)+
r K PR
+Cp? 33 GRr 2 (h (DY u] s p),
o i=

with 0Le£e(r).  Using propositions 7.3 and 7.4, we get

Proposition 7.5.
K+1
G2, [(D) ™" KHN=IV KN 1) LCS gR(U(DY1=I*1i P p)+
i=0

+Cy 2Rk  [KDY 7 us pl+ Cy2 =Dt d ¢ [ [{DY™* I us p]
where 0 Le L&(r), NN N(®). - -

Hence, combining propositions 7.4, 7.5 and lemma 6.5, we have ,
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Lemma 7.2.
A .
(I=Ce1+2)y7") X v 25 vk [KD> a0 —x0]
Jj=0
L -
+ 2y *ai‘ En k(KDY u:0—x0] +
Jj=0 X0
L . . .
+Y_1(C1CO"C4—C)’~1) _/go ?JJYR,,K,I[<D>_”II; O—XO]

L K+1
£Cy X v Y gDy~ Pus 0 — xo)
Jj=0 i=0

where NAN(y), 0L0—xoLhy~ ', Ty+2hy= ' £0LT,.

If, we choose ¢, so that ¢;¢q—c,—Cyg' >0,

Corollary 7.1. There exist positive constants cs, C independent of y, N such that

L . .
L .
+ 5 i g0 s k(DY us 0-xi) £
p2

0x,
L K+l -, . . )
£Cy Y 2 vigi"({Dy~= "I Pu; 6 — xq)
Jj=0 i=0
for y370, NSN3, 0£0—xoLhy~', To+2hy~ ' LOLT,.
After the integration by xo on [a, b] (0£L0—ashy™!, b£6),

Corollary 7.2.

P8\ k(DY us 0-b1 4 % 1y x[(DYus 0-a] +

M=

J

0
L K+l (b o
+Cy 38 [ gDy 1 Pz 0 - xo)dx,.

j=o i= a

In the case when K =0, from corollary 6.2 and proposition 7.4, it follows that

Corollary 7.3.

Lo )

(I=esr™) 3 ¥/ B 880Dy u: 0 xo)
L i .

+r§ow ¢ ER oKDY "ur—x0] £

0xo
: L . ,
£Cy 2 v g (D>~ Pu; 6 — x,)
i=o

for NAN(y), ToLxo£0£4T,.



766 Tatsuo Nishitani

8. Energy inequalities in the Gevrey class (continued).

In this section, we derive the energy estimate which has the form in theorem 2.1.
To do so, set

2y~ ! L
P, t: N, y) = S ) PéEn k[{D>7¥u; 0—xo]dxo,
T Jj=0
t+2y-1 L K+l o
v v N =" S Dy P 0 - x
. =0 i=o

With these notations, corollary 7.1 implies that

(8.1 Cy¥(O, t; N, y) > —(% @0, ; N, y)+(1—csy™ ) aio P20, 7N, 7).

In the following, we fix i=4 in corollaries 7.1 and 7.2. Put
0(t)—to=(1—csy™ ) (t—1to)+ 3y~ ",
then, noting that 2y~!'1£60(t)—t4£3y~' for toL1Lty+c5!, (8.1) is reduced to
Cy¥Y(0(t), T; N, )X —dd7 d(0(1), t; N, y) for toLtLty+cs'.
Remarking that To+8y~'£0(t) LT, if To+5y " 'LtoLrLt, L min (to+c35t, Ty —
2y~ 1) the integration on [1,, t,] by T shows that

Proposition 8.1.

L (2t R
I S En k(KDY u(xg): i+ 277 —xoldxo L
Jj=0 t

o+2y-1 )
a3 S‘ ' En k[{DY™ 9 u(xg); to+ 377 —x0]dxo +
i=o

[

L K+1 (1, ftt2y ! , .
+Cy 2 X S dtS g (DY E i Pu; 1+ 3y — xp)dx,

for TO—y~'ZLtoLt,£Lmin(ty+c5', Ty), N N(y).

In corollary 7.2, take O0=1t,+y~', b=t, and integrate on [t;, —y~!, t;] by a.
Then it yields that

7 X V<D u(t)i 7]

L (e
(8.2) L2 ng
Jj=0

Jrg=y

. En k(KDY u(x0); ty +y7 ' —x0]dxo +

L K+l (1 N ~
+ Zo 'Zo V’S‘ . g ({DY =¥ " ' Pu(xo) 5 ty + 771 — Xo)dXo,
j=0 i=

1=7

here, we note that To+8y~1£04LT, if To+7y~'4£t, £Ty—y~'. Next, in corollary
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7.2, take O=to+3y~ !, a=1t, After integrate on [t,, to+2y~ '] by b, one has

'yJ
=0

L to+2y~1 .
S En kD> u(x); to+3y7" —x0]dxo £

J to

(8.3) 22371 Y yidy ([{DY T ulte): 33711+

tot2y -~

L K+1 | ! ey
+C 3 Ty [T gDy Pu(xo) s 10+ 377! xo)dxe,
j=0 i=

to

We also note that To+8y~ ' £04T, if Ty+5y ' £Lt, £ T, —3y~!. Combining (8.2),
(8.3) and proposition 8.1, we have

Lemma 8.1. There exist constants c5, C independent of y, N such that

L

L ) . .
V7Y e al(DY 1)y 227 X v k(KDY uto); 3y
"= =
1 K+1 o ,
+CS, e Jgo z yigd (D>~ T Pu(xy); ti+y 1 —x0)dxo+

to+2y~! L K+1 . . .
CS 3 3 pigan((DY I Puxo) ;s to+ 3771 — xo)dxo +
j=o0 i=o

1o i

ty—y-t t+2y~! L K+i .. . X .. ‘ ’
+Cy S dTS 'Zo izo PR ({D> = Pu(xo) : T+ 3771 — x0)dx,
. . ,]= =

to T

for To+8y 'Lty Lt £min(to+c5!, Ti—8y7Y), Y270, NIN(Y), t;to+y7h

Remarking that

m+K-r
Syl p12Cy200 "L T girart (DY 49K= DY p),

m+K
Enxlu: pl£C X g2 ({DY"~'*3Dgu ; p),
=0

we obtain theorem 2.1 from lemma 8.1 immediately.

9. Special case when e(r) =0

Our aim of this section is to obtain the energy inequality in the case when
&(r)=0. It is well known that in this case, we can not obtain the energy inequality
which assures the existence of the domain of solutions-independent of the initial data.

First we note that

GR (500 W0 =x0)) = 52— R H0=%0)+ 7GR SCDY ) 90— o).

Let us set

r K .
Efxlus pl= 3 yHIGH2441 (o0 [(DY ™" T'u]: p)

11=0
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r K PR,
E,lv,K[u; p] = kgl EO k/20§[m—2k+2(9f(1k)[<D>—26—s*1ltu] : P)
r K
EIZV,K[u: p] gl ;0 k/2Gﬁnl~2k+2(%(2k)[<D>—26'—€"i1iu’ 1<D>—25"£"i1iu]; p)

AN K, q[u pl = Z Z yr2GEm- Zk”(A(k)KD)-E*"Iiu]I p) q=0,1,

where e* =46 — 1. We multiply (6.4) with ¢=0 by y*/2, then the summation over
k=0, 1,..., K gives that

% 0
—a;—o ER k[u: y(0—x0)1+ —=5 50 ER klus y(0—x0)1 L Cy' 12 4% ¢ olus y(0—x0)]+

9.1

97 L B s 00— x0)] 4yt -0 B il 90— xo)

From (6.6), (6.7) and proposition 6.1, it follows that

(9.2)

s Rl 90— x0)]+ o B ks 10~ x0)] £ CrAR ol 10— x0)] +
+CYV2 A 0,0 [KDY~EKEDIK+ 1y 1 9(0— x0)] +
' K+1 o
+Cy12 % gimt 3Dy~ T Pus y(0 - xo)).
o i=0 . : -
In (6.8), we take A=p=y'/? and ¢=0. Then (6.8) yeilds

9.3) 73-0-E k[us (0 —x0)] X p(co— Cy~12) AR k.1 [u: 90— x0)], for KXO.

First, we consider the case when KX 1. Let us put
Ey klu; p]=ER} x[u: p]+y7'2E «[u; p].
Then, from (9.1), (9.2) and (9.3), we have
q -
(1/2=Cy12) o By y T 90— )]+ o Ey o [us 90— x)]
0
+2719(co—=Cy7 V2 AR k1 [us y(0—x0)] £
LCYV2AR g olut y(0—x0)]1+CAR 0,0 [{DY~ K+ DIK+ 1y 1 y(6 —x,)]
17 g Bkl v0-x0)] 4 C'S, R P 10 =30
The proof of proposition 6.1 shows that

(9:4) AR o, [<D>~EX K+ tu s p(6— xo)lécv‘”Aﬁ'xo[u W0— Xo)]

Applying this mequahty, we get
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27 (1= Cy72) i B ul: O]+ 52— By el 70 —x9)] +
+2719(co— Cy™ 2) AR k1 [ (00— x0)] £

9.5) LCyH2 i Gty (D) “=1'u]; 70— x0)) +

i=0

+Cyl/ZGZIIJ+S(A )[<D> L‘(h+1)]l(+lu] '}'(9 xO))+
K+1 L,
+y7! 09 Efxlus y(0=x0]+C X g3 (KD Pu; y(0 = xo))-

We now estimate E} g[u; y(0—xq)]. From (6.11) and (6.12), it follows easily
that

G2 OF ) [<DYuT: (0= x0)) LN~ 47712 G 2K (B [l ] : 7(0 = %0))

k+1 r
+Cy'2 3 X G2t ( Ay [ul ;s v(0—xo)).
9=k j=q
By the substitution of (6.11) into the above inequality, it follows that

y! '39 Ef x[u:7(0—x0)1 Ly ' (yN~' +y7112) "E kLu: (0 —x0)]1+

(6'6)
+Cy'"2 AR ki [u; y(0—x0)].
Hence, (9.5) and (9.6) show that

Propesition 9.1.

2(1=Cy™') i ol 7O =x0)] + 52 By xlu: 90 =x0)] +
+271y(co=Cy72) AR ki [u: (0 —xo)] £
£C112 "SGR (AR [<DY '] 90— x0)) +
o+ Cy 2GR (AR [(DY " K+ DTS4 ] 1 (0= x0)) +
+CE gRr (DY Pus (0= x0)).

Our final step is to estimate the first two terms in the right side of the inequality
in proposition 9.1. As a direct consequence of propositions 7.1 and 7.3, we see that

K . K iy
3 GR(fo) [KDY ™" T'u): 90— %0)) £C 2 gRr(<DY 1" Pus 3(0—x0)) +
+Cy~ I/ZAN K, 1[us (60— x0)],
(9.7) G 2(Ao)[{DY~"K+D K+ ] 1 9(0 — X))

K+1
£CS gRmACDY T Pus y(0—x0)) +

+ Oy 2R, 0,1 [DY™ EH DI w5 (0= )]+ Cy 1248y [ 7(0 = x0)],
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where 0L0—xo L hy~!.
Using (9.4) and (9.7), we obtain.

K
VAR 04 [(DY R DIR U 9(0= %)) L€ X gRM(CDY ™ Pus (8- x0)) +

+Cy~12AR k1 [u: y(0—x4)].
Therefore, we have finally,

Lemma 9.1.

2711 ey 12) D By lus 90 —xo)]+ <0 Ex, o[ (0 —x0)] +

Oxq
K+1 o
+27(co— ¢y A AR k. [u: (0 —x0)] Leyy'/? Z’o gDy~ ' Pu; y(6— xo))
where 0£0—xqLhy~ .

Take yo so that 1 —c¢,p51/220, co—c¢,¥5'/220 and integrate by x, from 1, to
t,, then the inequality in lemma 9.1 yeilds

Ey g[u(t)); y(0—t)]1£LEy x[u(to); y(0—1to)]+
(9.8)

K+1 (t; .
o2 S (" gACDY I PUC- x0)3 70— xo)do

o

where to L1, £0Zto+hy~ ', N N(Y), 72 y,-

Noting the following inequalities

m+K—-r
Ey x[u; p]>yri? Zo g (K DY2r~49K=3 Dhu s p),
F=

m+K
EN,K[“: p]éC?’/z EO g%,m—2r+](<D>m—l+6D16u; p)’

(9.8) implies theorem 2.2 with r2 3, K\ 2.
In the case when K =0, if we note the inequality

Iyt L Eholus W0 —xo)l+ 1" 2 B olus 70— x0)] £ Cy' /248, ,0Lus 7(0=x0)],

it follows from (9.1) and (9.3) that

Corollary 9.1.

2719(eo = Cy~ V) AR 0,1 [ (O —x0)]+27! 569— ERo[u; (6 —x0)]+

+ 52 ER olus 10— x0)] £ Cy' g3 (Pus 90— x0))

for ToLxo £04£T,.
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This corollary proves theorem 2.2 with rx3, K=1.

10. Remarks on the case when r =2
We have proved theorems 2.1 and 2.2 in the preceding sections for r23. In
the case when r=2, the added terms
d
3 (H(a, B [u, ul ~ Hiaqy, b)), u])

- X C3ChH@aF, by [Va,pu, u]

2&a|+]B1<q

and #(d)[u] in the energy estimate in lemma 4.2 play no role essentially and the
energy estimate is reduced to that of corollary 4.1. Therefore we employ another
more simple energy form. We sketh the proof of deriving the energy inequality in
the case when r=2.

Let

a(y. Lo, O=aly, <O &0 EXO"= & 4,0 O,

By, Eon D=y, <O~ 10, EXO" ' =T by, D&

be polynomial in &, with @,(y, &) e CX(J, S(m—p, 5)), by, & e CK(J, S(m—1—v,s)).

In this section we make no homogenization in &, and a operator d with symbol
a(y, &, &) is realized by d(y, Dy, D). Set

H(a, b)[u, u]=3"(a,D4™" " u, b,Dy*iu)— Y.2(a,D4*u, b,Dy~'u).

We remark that, if we use this energy form, the terms H([a, {(D>], b)[u, Iu], H(a,
[{D>, b])[u, Iu] do not appear in the right side of the identity in lemma 4.1. And
thus, we obtain that

DoH(a, b)[u, u]l=F°(a, b)[u]+F\a, b)[u]—iH'(4, b)[u, u]l+
+O(ul? - 372,m-1+Ulm-372-26m-2"1tlm=3/2 4 26,m)

Re H(a, 5) [u, ul+Clulpy—3/2-sm—2" |u|m—3/2+6,m— 1 colldul?,
where

- k .
FO(a, b)[u] = (au, bu)—(bu, au), [u|2, = X [<D>*~ D{u|?,
Jj=0
- d -
i@, B[l = 3 (= (Bfu, au) = (bu, aifju)+(EDu, )+ By, 30w)}.
=1
The family of hyperbolic polynomials #, is analogously defined by

g;k={d(k.v); Aay(Vs Lo» E)=aq(¥, K€ 71,0, EXEI™ X, a vy € %t -

Proposition 3.3 is verified for &, by setting { = (&)~ 't.
The other hand, from proposition 5.2 and corollary 5.1, we see that
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r NG ~
kv (§1KDY?k = 2 Y GG Dy*E

Jj=min(k+1.k+|g|) p=0

with ¢, € CX(J, S(—lal+ (= o +]B1)(1=20), 5)) for || +|B| L1,

r

D 26k — 26j-¢
A k-1, v)(ﬂ)( > i= mmu.; 1) A Z b ,nlD>
with ¢, € CK(J, S(1 —Ja| +(laf +[B] = 1) (1 =29), s5)) for |al, [Bl £ 1.
The following identity is easily seen.

r NUJ) i
a, \)((fKD)z“— DI ¢(j.u)a(j,u)<D>261_£y

J=k+1 =0
with ¢; . € CK(J, S(0, 5)), 0Le £L26r—(r—1).

Since we have used the assumption that X 3 only to estimate the term H2, then
if we note the inequality m—(3/2)+264£m—2+40—¢ with 0LeL271(40—1), the
rest of the proof is almost the same as those of the case when rX 3.
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