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1. Introduction

In this article, we shall establish the energy inequality for non strictly hyperbolic
operators of order m whose coefficients are in the Gevrey class with respect to  the
space variables and once or twice continuously differentiable with respect to the time
variable.

More precisely, we consider the following Cauchy problem.

P(y, Do , D )u = D u + ac,,j(y)DID4u=f in G
lal+  j 1n j‘m- 1

D4u(x 0 , x)=u i (x ) ,  j= 0 , m  —  , in Gf 0 =G  n {x0  -= to }  .

aao , (  1  a1  a  where y= (xo , x )= (x o , x 1,..., xd ) ,  D o= • D— GT  x 1 ' • • • ' i  a x d ) '
is a lens of spatial type in R r

Let us denote by P„,(Y, 4 , 0  the principal symbol of P(y, Do , D),

(1.2) P„,(Y, 0 =  +  E  a,i(Y) N 4Icd-Fi=m
j ‘rn —

and assume that P  is hyperbolic, that is, all the (,-roots of P (y , )= O are real
and its multiplicity is at most r (1Z r Z m), for any y e G, any c e R1\{0}.

For an open set G in R x RI, we denote by yK(s)(G), where K =O, 1,..., and
1 ZsZoo , the set of functions f (y ) such that for any compact set M c G, there exist
constants C, A satisfying the following inequalities

(1.3) sup 1D4DŒ (.01 CAla 101 Ds
y em •

for all a e Nd, OZ jZ  K .  We also denote by y(s)(0), where Q is an open set in RI,
the set of all functions g (x ) such that for any compact set M c Q, the following

(*) The auther was partially supported by the Sakkokai Foundations.
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estimates are valid with some constants C, A for all a E

(1.4)s u p  I D / g ( x ) 1 4 C A l 21 (locI ps.
xe

In this paper, we shall establish the energy inequality for non strictly hyperbolic
operators whose coefficients belong to YK ' ( s ) (G), w here  1  s (r —(1/2))/r —1 if K=1,
and 1 Zs ZrIr — 1 if K 2.

Recently, M. D. Bronshtein [4] has proved, by constructing the parametrix of
which the remainder is a  bounded operator in some Hilbert space connected with
the Gevrey class, that the problem (1.1) has a unique solution in 0 (= G ) for any
initial d a ta  u i (x)e Y( s'(Gto ), i f  a cid(Y) G yK , (s l(G ), K 3(in  +  d  +2 ), 1 L s L rl r — 1.
And if l LsZrIr— 1, one can take 0 so that it depends only on P.

The other hand, in the case when a i d (y) belongs to y 2 , ( 1 ) (G), V. Ja. Ivrii [10]
has showed that the Cauchy problem (1.1) has a unique solution in f o r  any initial
data u f (x)E y( s ) (Gto ), if 1 s (2r —2)/2,- —3, by deriving the estimates of solutions.
It the case 1 s (2r —2)/2r —3, one c a n  ta k e  =G .  His final step of deriving the
estimates is based on the theorem of Bony-Shapira [1] of the analytic theory.

From the energy inequalities obtained in the present paper, it follows that the
problem (1.1) has a  unique solution in 0(c: G) for any initial data u f (x) ey(s)(G t o )
if a„ ; (y) belongs to y2 ' ( s ) (G) and 1 LsZrIr— 1. T h e  same assertion is valid for any
data belonging to y(s)(Gt o ) if u j (y)e y1 ()(G) a n d  l L s (r— (1 1 2 ))1 r-1 . If 1 L sZ
rIr — 1 in the first c a se  a n d  1  s L(r—(1/2))/r —1 in the second case, we can take
G = G .  Here, for the simplicity, we have assumed that f  in (1.1) is zero.

It seems that the order of the Gevrey class of initial data for which the Cauchy
problem (1.1) is well posed, in the sense that there is a existence domain of solutions
independent of the "radius of convergence" of the data, is closely connected with
the regularity of the coefficients with respect to the time variable.

In general, in this sense, the regularity that we have imposed on the coefficients
of P is the best possible when we measure it by C. "  class. For the second order non
strictly hyperbolic operators, more complete results about the relation between the
order of the class of admissible data and the regularity of the time variable are ob-
tained in [5], [14], [15].

The necessity of hyperbolicity for the Cauchy problem (1.1) to be well posed in
the Gevrey class is proved in  [1 2 ] an d  [1 3 ]. In  [1 2 ], this is showed under the
minimum assumption on the regularity of the coefficients. When the coefficients
belong to y2 ' ( 1 ) (G), one can find another proof in [9].

2 . Statement of Results

From now on , we assume that a„,j (y ) belongs to yK, (s) (J x  R ) , J=(— T, T )
and a i (y) is independent of x if .x4 M, with some compact neighborhood M of the
origin in R .  This is easily made by replacing a i (y ) by  ad ,j (x o , x(x,),..., x(x d ))
with suitable function z(x).

The resulting operator is hyperbolic and the multiplicity of the characteristic
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roots is at m ost r  for y  e Jx  R ,  c  E RNOI, and this coincides with the original
operator in, say, J x {x e Rd ; IxI L R}.

For u(x) e y(s)(R1) with compact support, introduce the norm defined as follows

(2.1) 1 4 = E IKD>6 "u112 p"+"1(n+N)!
tiN p

where 26s=1 and p, IV  e N , p O. Throughout this paper the order of Gevrey class
s  is related to the positive number 6  by the identity 25s=1. <D> 3 "  denotes the

d
pseudo-differential operator with symbol <06 ,  w ith <02 =1 + E 4 a n d  Mull
denotes the L2 -norm in R .

Let us formulate the main assertions of the present paper.

Theorem 2 . 1 .  F ix  th e  interval = [ T 0 , =(— T , T ) arb itrarily  and
assume that the coefficients are in yK.( 5 ) (J x If  1 Zs L(r— (1/2))/(r —1), K =1
or 1 Zs Lrl(r —  1), K . 2, there exist positive constants C, c =c(i, P) and an integer
L which do not depend on y , N  such that

mi-K—r— 1
y - 2 r + 1 E g  lim - 2r+ 1 (<D>26r-4K131-36 D.4 u  ( .  , t ) ;y - 1) .‘

j= 0

m+K-1
z  C y L  E  g  km-2r+ 1 (<D> m - 1 + ,  to ) ; 3y - ) +

j=0

Cy LE  gr(0> - 2 "Dt,Pu(• , X.0) ; 1 + xo)dxo+
t—y i=0

t0+2 , K
+CyL E gkm(<D> - 26iDtPu(• xo ); to + 3y - 1  --x o )dx o +

,

toi = 0

K
+  C y  I.- 4 -1 (IT a2m(<D>-26iD6Pu(• , x o ); 3y - 1  — xo )dx0,N

to z 0
for y  yo , N  N (y ), T o + 8y - ' Z to Z  tZ  min (to + c, T 1 —

Remark 2 . 1 .  Since c does not depend on y, N, this theorem assures the existence
of the solution in (To , x  R d =G, fo r  a n y  C auchy data ui (x) E y ( s ) (G t o ) ,  To
to L T ,.

Theorem 2.2. Under the same hypothesis that of theorem 2.1, if  s=(r— (1/2))/
(r — 1)with K=1, or s=r1(r — 1) with K 2, there exists positive constant C such that

m+K—r-1E a  2m-2r+1(<D>26r-4,5K+3D4 u ( ,  t) ; y(0 + t0 - 0 ) 4
J oN

m+K— 1
C E  g  -2 ,1- 1  (<D >M - 1 +  D u  ( . ,  to); y 0) +

j =0

+c EK P t

gN2-(0 > - 44 1 D4ru(• ,x 0 ); y(0+ to — xo ))dx o ,
i=0 Jt0

f or y_y o , N  N (y ) , T0 +8y - 1 4 t 0 ‘ t ‘m in ( t 0 +0, OZOZ4y-1.
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Remark. 2 .2 .  M ore detailed version of theorems 2 .1  a n d  2 .2  are found in
sections 7 and 8.

Before concluding this section, we introduce some class of pseudo-differential
operators which are used throughout this paper.

Let Q (x , )e  Cx(R  x2r14sj We say that Q(x, belongs to S(/, s), if Q(x, admits
a decomposition of the form

12 ( x ,  ) = -120(x , + Q 1 ( ) w i th g )  G  St ,0
were Q 0 (x ,s a t i s f ie s ;

for any fl e N d , there are constants C p, A fi such that

(2.2) 1a;8 No(x, 014_ Cp/41/3Œ1(1/1!)s< >1-1131<xyd-i, ( x ,  ) e  R2d , e  Ara .

We define the pseudo-differential operator with symbol Q (x , 0  by

Q(x , D)u= eixT(x , )i..21( )d ,  6 ( )=  e - ix tt(x )dx .

W e say that Q(y, belongs to CK(J, S(/, s)) if D -N (y , )E S (1, s) uniformly in  x ,
on each compact set in J,  for j= 0, 1,..., K .  Hence, if we rewrite P (modified one)
in the form

NY, ( :,' ' 0 1  ) = E Pi (y,

it is clear that pi (y , )ECK (J, S (m — j, s)).
We mention some properties of pseudo-differential operators in  S(1, s) which

are proved by the standard methods (see [15]). In the following, we use the notation,

f (d 1 ;(x , )=(a) l( i - lax)B.f(x, f o r  f (x , C (R 2 ') .

Proposition 2.2. Let Qi ( x ,  ) e  S(/ i , s), j =1_, 2. Then we have
symbol (Q i (x, D)Q 2 (x, D))— 1(1!)—  

l 0 ) ( ,
 ) 1 2 2 ( , t )(X  , e S(1 1+1 2 — N, s).

Proposition 2 .3 .  Suppose th at  Q (x , )E  S(1, s). Then
symbol (Q*(x, D))— ( -1)171(a!)-10;))(x , E S(1— N, s)

where Q*(x, D ) denotes the f orm al adjo in t of  Q(x, D ) with respect t o  the scalar
product in L 2(R1).

3. Hyperbolic polynomials and Energy forms

In this section, we shall derive some properties of hyperbolic polynomials and
energy forms. To obtain these properties, we use essentially the result of M . D.
B ro n sh te in  [3 ]. We proceed following V. Ja . Ivrii [10], in  which, in place of it,
he has used the localized theorem on tubes by S. Bochner [2].

Let us consider the following monic polynom ial in of degree m.

1
1 )(Y ,+  E a i (y)Ci
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we suppose that a i (y) is in-times continuously differentiable with respect to  x  and
continuous relative to x, in an open set G in Rd+1, and P(y, C) is hyperbolic, i.e. all
the (-roots are real for any y e G .  Then the result of [3] states that,

Lemma 3.1. ([3]). L et P(y, be as abov e. T hen f o r any compact set M in G,
there is a  constant C(M) satisfy ing the follow ings; for any  f ix ed S i M, 1 Z 1Z d,
one can f ind a positive constant 6 and  In functions of  t, {Arat; 9)}7 = ,, defined in
ItI LS, dif ferentiable at t =0 such that

fiPCP +let; 0 =  G- ,1 1,1(t; 9) ) , f o r  Id Z6

d (O. .0dt ' C (M ), j=  1, 2,..., in,

where e, denotes the unit vector in  Rd+' with (I +1)-th component 1.

Next, consider the polynomial in ( depending on (y,

m-1
a(Y ) =  nO Y ,

i =0

w here yeJx Rd, J is an open interval in R and Ç e Rd, ( : e C.
For this polynomial, let us suppose that

(3 .1 )  For any y c f x  R d , any Ç e R d  with 11 larger than some positive number,
all the (-roots of a(y, Ç, 0 = 0  are real.

(3 .2 )  ai (y, 2 0 =  ai (y , 0  for any Ç e R d  with large kI a n d  fo r  any 1. W h e re
j= 0 , m —1.

(3 .3 )  Near af(Y, vanish identically and if Ix is larger than some positive
constant, af (y, 0 is independent of x.

(3 .4 )  Each a i (y, 0 belongs to CK(J, S(0, s)).

For convenience sake, we denote by HTp (CK, s, J x R d) th e  se t o f  all monic
polynomials in Ç of degree in satisfying (3.1) through (3.4).

We introduce the polynomials bRy, C, b,,,(y, Ç, 0  associated with a(y,
defined as follows.

1 0 0bXY, 0 —
 m a ( y , 0(1— 81001(y, 0) - a(y , Ç , 0 ,

(3.5) aa
bt,c(Y, (,

).
m  a c  4.17, Ç , 0 (1  — Ecot(Y, 0)+E a(Y , C,

where 1=1, 2,..., d and coi(y, col(y, 0 is the coefficient of Cm - 1  in (Oh%,)a(y, C,
(010x1)a(y, C, 0 respectively.

The following two propositions are proved in [10] for s= 1.

Proposition 3 . 1 .  S uppose that a(y, H;VCK, s, J x R d ) .  Then f o r  any
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open interval .7 J ,  there ex ists a positiv e constant s(3) su c h  th at  bi,g(Y, C,
bl(y, C, D separates a(y, C. an d  belongs to 1-177,»(CK, s, J  x R d ) f o r OZsZs(f).

P ro o f . 1f one remarks that a(y, C, C) is positively homogeneous degree 0 in
w ith large I I  le m m a  3.1 enables u s  to  estim ate {(a/k)a(Y, C, )}/a(Y, C,

{(a/ax,)a(y, C, )}1ci(y, C, Then the proof is almost the same as that of [10].

Next, we state some properties of the quadratic form associated with the hyper-
bolic polynomials.

Set
1  0b(y, C, C)= a(y, C,nz

and define

h(a, h)(Y , C, C)= fcl(Y, C. (.)b(Y, C, C, C, )11C — C

where C denotes the complex conjugate of C. W e associate a polynomial P(C, C) in
(C, C)

m-1 m-i
Pg , 0= E E a u C'C'i=0 J =0

with the quadratic from P(z, 2) in z =(z o, z 1 ,..., z, i )e  Cm, obtained by replacing
Ci by z i  in P(C, C)

in - 1  m -
P(z , 2)= E  E  a1j z i 2j .

i=o i=o

Proposition 3 .2 .  S uppose that a(y , C, )e s, J x R d ) .  Then f o r  any
interval .7 J ,  there are  positive constants s(i), C such that

lb(Y , z, 012 _4 rt(a. b)(Y , z , 2)

z ,i r 7 / 4 ( y ,  z ,  )12 ) Ch(a, b)(y, z , 2)
ir=1

f o r any  y e Jx  Rd, e R d ,  I R  w ith some R 0, an d  f o r any  zeCtm . OZsZe(i).

Pro o f . N ote tha t the  estimate o f (010x 1)a(y, C, ( 0 1 ( % 1)a(y, C. C) which is
used to prove this proposition in the case when s= 1 in [10] is easily obtained from
lemma 3.1.

Let a(y, C, HT,p(CK, s, J x R d) and suppose that the  multiplicity o f  th e  C-
roots o f a(y, C, 0 = 0  is  a t m ost r  for yeJ x R d ,  e R d with I I R. T a k e  an
interval .7 c J, and choose r intervals J i , O Z iZ r so  that J r = J ,  o  =  1, J i  1 ,
1L iZ r .

Now, we introduce the family of hyperbolic polynomials following [10]. F o r
this, we define the set of polynomials W(d, s) associated with d e Ii (CK, s, Jx Rd),

(cl, 8)= d(y, C, (, dXy, C.1 = 1 ,  2,..., d}
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where d,,,(y, C, dig(y, C, ) is defined by the formula (3.5) from d. First we put

ao= {a(Y, )}, 1= W(a, 8 1)={a(1,,)},t-i )

where si  is taken so that propositions 3.1 and 3.2 are valid for J 1 . In general, we set

N (k -1 )
XVIN(k)

k = J  g A a ( k - 1 , v ) ;  613 =  {a (k ,v )(Y
,
S l I v = 1 (2Z kL r —1)

v=i

where ek  is chosen so that propositions 3.1 and 3.2 are true for Jk • I t  is clear that
a, is contained in  1174,- k(CK, S, Jk X  R d ) . F or convenience, we se t .g,.= {1,
cm -r}

It follows from proposition 3.2 and the definition of W(a( k _ sk) that

E Itt( k m (y, z, 01 2z ,  2 )

for y e f k x R d, g i  R .  Where the summation is taken over all a (k g )G  W ( a ( k - 1 , v ) ;

ek ) and ta l t , , ,= (0 / 0 0 a (k - i ,v ) , c k =1/m—k+ I.
After the summation over p= 1, N(k), we get

Proposition 3.3. Under the same hypothesis as above,

N(k) N (k -1 )
la(k,v)(Y> )12.C  E ri(u(k-1, ) , ckà (211,,))(Y, 2.)v=1 v=

f o r  y  e  x  Rd, Z  Cm , l ZkLr—  1.

Remark 3.1. By the hypothesis on the multiplicity of the roots, .1,- 1 consists
of strictly hyperbolic polynomials of order m— r+ I. T h is  show s that proposition
3.3 is also valid for k=r.

Proposition 3.4. For lotl + 1I z r — k + 1, k= 1, r, we have

k-1+1,x1+1131 N (i)
a( k _ 1 , W y, C ,0 ,_- Ej=min(k,k - 1+1a1+1111) jiI=1 4 )( " ' " ' i i l i ) ( Y '  °  

X,  ) 1a( j ,p ) ( Y ,  C

where 4)( k ,,,,„,f i d ,„)(y , )e  C K (J, S( —  lal, s)).

P ro o f . For lal + IIII Z 1, the assertion follows immediately from the definition
of .93k . Hence it is proved by induction on

4 . Energy estimates

In this section, we derive the energy estimates in L 2 (R d ). The estimates shall
be obtained by use of method of K. O. Friedrichs [6], of proving the sharp Girding
inequality [8].

Consider the two polynomials

1n-1
a(Y = a,(Y , O V , b(Y )=  v o bv(Y, 0C"

A =o

where we assume that ap (y, bv (y, )e CK(J, S(0, s)) and are real valued.

IŒI+IfI.
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It will be assumed everywhere below without special mention that the operator a
with symbol a(y , C , P is realized by the formula

a = a(y , I, D ) ,  w ith  I = <D> - ' Do .

Introduce the differential quadratic form H (a, b)[u , v ] associated with the pair of
operators (a, b) by the formula

(4.1)

rn It— 1 /4— I
H (a, b )[u , w ]= E  E  E (a I ' ' iu ,  b v Iv+-4)—

p=0 v=0 j 0

v-1 v-A-1
—  E  E  E  (a,P ± iu , b v P - 1 - jw)

v=o p = 0  j=0

Here, a„., 1, 1, denotes the pseudo-differential operator with symbol au (y, bv (y,
W e also denote by H (a, b lt)[u , iv ] the  differential quadratic form obtained by
replacing au(xo , x , D), b v (x o , x , D) by am (t, x , D), b v (t, x , D) in (4M.

We shall begin by the following lemma.

Lemma 4.1. We have the identity

in i n - 1

Do H(a, b) [u, w ]=  E  E  {(ai1 <D>P1u, b r tvw)— (a,,<D>Ivu, b 1,luw)1+
v=n

+ H([a, <D>], b)[u, 1w ]+ H(a, [<D>, b])[u, 1 w ]+11 1( , b )[u , w ],

w here 111(a , b ) [u , w ]= H(a, bl x 0 + t) [u, w]} an d  [u , <D >] denotes the
Ot r=o

commutator of  a and <D>.

P ro o f . For the simplicity, we use E l ,  E2 to denote the sum
in I i - 1  AL— v— I m -1  v

Z E  E  ,  E Z  E .,,=0 v = 0  j=0 v=0 it=- 0  j= 0

If we remark that J  = <D> -  ' Do , the following identity is immediate.

Do H (a, b)[u , w ]= E l {(a,<D>IP - ju, b,,<D>lv+i+jw); —

— E 2 { (aR <D>1 1 u, b 1,P - 1 - 1 w)—(a l ,11'+- u, 1),<D)Iv - liv )} —  iHl(a, b)[u, w ].

Since we can rewrite

E l (a p lit - I- ju, b v <D>lv+ 1±-1 w )= E l (ap <D>IP - I - i by lv+'+.1 w)+

+ E 1 ( HD>, 171,tv+i(1w))+ E l [b,,, <D>]!' -'(!w )),

E 2 ( 1 0 - 1 u, b v <D>lv - iw ) =E 2 (a,,<D>1 1 tt, b 1.l ' - iw) 4-

+ Z 2 (L<D >, b,,V -1 - i ( i1 V ) )+  E2 (a t t lo - i u,

the identity

Ei {(ct,<D>IA - ju, b y lv+iw)— (a i1 <D>14 - t - itt, b v .V+1÷ iw )l-

- E 2 {(a t i<D>Iii+l+ju, b v .I' - ' - iw)— (aA <D>14 + ju, by lv -jw )} =
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m m— I
=  E  E byl'w)—(a,,<D>Ivu, b y 1/101p=o v=o

shows this lemma.

We shall rewrite the right side of the identity of lem m a 3.1. Set

d
Fqa, b )[u , w ]= E a<D>w)— (bu, a'n<D>w)+(bwu a

( I )
<D>w)+

+(b ( o u, aw<D>w)+(b (1 ) D,<D>- 2 u, a<D>w)+(bu, a ( ,)D,<D> - 1 w),

F°(a, b)[u, w]=(a<D>u, bw)— (bu, a<D>w),

H2 (a, b)[u, l'w ]= b(,))[u, D,<D> -  ' lw]— H(a ( ,) , b)[D,<D> - 'u, .1w]},

where a ( ,) , aw , 648 is the operator with symbol

(01i.Ox i)a(y, C, (0101)a(y, C, (021i0x100a(y,

respectively.
We use the notation

lu E II<D>kijull 2

i=0

with the convention = 0 if ILO, an d  denote by 0(g(t)) a  function f ( t)  such that
/ . (t) mg(t) with some constant M in the interval considered.1 1 z  

Then, applying the symbolic caluculus of pseudo-differential operators, it is not
difficult to show the following proposition.

Proposition 4 . 1 .  Suppose that a,„(Y , ) = 1. T h e n

Do H(a, b)[u, w ]= F°(a, b)[u, (d+ nu, b)[14, w]—  i H '(a, b)[u , w]+

+ H 2 (a, b)[u, Iw ]+ 0 (114 11/2,m- +1 14 1— 1/2 — 2 6 ,m -2  114 1— 1/2 + 26,m)

where

For the later use, we prepare some propositions which are proved by applying
lemma 4.1 and the symbolic caluculus.

Proposition 4 .3 .  Fo r in  1 ,

Fi(a, b)[tt, u]+H 2 (a, b)[u , lu]+H '(a, b)[u ,  u]-=

= 0 {(11(16,.-1+114 1- 2a,„,- 1 . 111 126,m1

Proposition 4 .4 .  For in 2,

d
D0 H 2 (a, b)[u, .1u]= {r ( a ,  b ( ,) ) [u, IDI<D> - 1 u]— Pka(0, b)[Di<D> - 1 u, Iu]}  +t=i

+0(lUI —26,m— 1 . 1U126,m+1 14 1 — 33,m- 2 • 114138,m+1)•

1=1
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We proceed to the next step. In the rest of this section, we assume that

(4.2) a.(Y , )= b . - 1 ( Y ,  ) = 1 .

Take an another symbol

ni- - 1
d(Y, I  dm(Y, N ' t

IL=0

with real d„(y, )e CK(J, S(0, s)), d,„_ ,(y, ) = 1 satisfying the inequality

(4.3) h(a, b)(Y, z, 2) c0 ld(y, z,

for y e J X Rd, 11..//, with some c 0 O.
Our aim is to obtain the sharp estimate of H(a, b)[u, u] from  below . Let

) =ap.(Y,

and define

H(h(a, b))[u, w]= E l ( h i ' '  J u , Iv+iw)—

Then taking account of (4.2), it is easy to see that

H(a, b)[u, u]= H(h(a, b))[u, u]+ E  {H(a m , b(o)[u, u]—
1=1

(4.4)
—H(a, bW)[u, u]}+O(lul_ 1 _,,„,_ 2 .1u , + 6 ,„,_,) form  1,

(4 .5 )  H (c4 , b (
( g)[Tu, u]= H (h(a fx,;)

) , b (g )[T u , u ]+

+ 0(1u1(h— 121 1 ) / 2  —6,m— 2 • I ti l(h 1)/2 + — 1)

where T( ) e S(h, s), a l +az /31+132=13, in 2.
Put

H(h(a, b))[u, w]=(P(y, D)U, W)

here, P(y, D) is  in  x i n  matrix with element in  CK(J, S(0, s )) o f  symbol P (y , )=
( p ( y ,  ) )  which is real symmetric and U=(u, lu,...,1 " - 'u), W=(w,1w,..., 1"' - 'w).
We note that p„„,(y, )= 1 which follows from h,„,_,(y , )=1 .

Let M(d)(y, be in x in real symmetric matrix defined by

(M(d)(Y, z)=1a(Y, z, 01 2 , Z e Cm.

Then it is clear that each element di ,i (y, of M(d) belongs to CK(J, S(0, s)) and
d„,,,„(y, )= 1  i n  virtue o f  d,„_,(y, )= 1. Since h(a, b)(y, z,"i)=(P(y, z)
and p (y, 1, taking an  another c o  0 ,  if necessary, it follows from (4.5) that

P (Y , ) — coM(d)(Y,

for any y e lx R d ,E R d  with some positive constant B .  Where



Energy inequality 749

0
E„,_ 1 =

o
If we denote by PF ,  M ( d ) F  the Friedrichs part of P, M (d) (that is the Friedrichs
symmetrization of P, M (d)), then from  [6], there a re  symbols 'PAO a S(— 1, s),

e S((Ic1 — ifl1)12 , s) such that the followings are true.

P(Y, E  P o ) (y, E PW)(y , )1//„,s()+ 1o(y ,
113 1= 12 ‘ I c e l + i f i l ‘ 3

M (d)(y , ) -

1t4 (d)F(Y, ) = i M(d) ( p ) (y, )tl/ p ( ) +  2 z i c t ; f l i 3  M (d 4 j(y , )x

X 0 , 0 ()+ R 2 (Y

where R i(y , )=(r ./(y , ))  belongs to CK(J, S( —2, s)) and ri„,,„ = 0 (1=1, 2) because
of the fact that p„,

'

„,=d„„,=1.
By [6], we have

(4.6) Re (PU, U)— Re ((P— PF )U, U)+ co Re (W A  — M(d)F)U, U)+ -2

co Re (M(d)U, U).

Since Po ) tfrfl , M(d) ( oP f l is anti-symmetric and p„,,,„.= , r,, m  =0 (1=1, 2), (4.6)
implies that

(4.7) Re (PU, U) — Re E (POP„, 13 U, + co Re .1 +EI( M ( d ) M  x
24121-1-1111-‘3

21

U)+ 0 11 1-1-60 .- 2.1141 —1+6,m— 1 Co Re (M(d)U, U).

The other hand, taking into account of (4.4), the symbolic caluculi and the definitions
of P and M(d) show that

d
(P U , U)= H(a, b)[u, u]—  E {H(a( 1 ) , h( 0 )[u, u]—  H(a, bW )[u, u ]} +1=1

° (1 1 4 1 -1  —6,m— 2 l ui— I  + 6 ,m -1 )

(M(d)U, U)=Iidui1 2 + E wim u, d ( ou)—(du, dWu)} +1=1
1- N 14 i-1-43,m-2 • 114 1-1+6,rn— 1)•

Therefore, it rests to us to handle the terms P i / i ,  M(d)Wt/f,, p . From  the  defi-
nitions of P, 111(d) and (4.5), we see easily that

( P 0 /1„,,,U, U)= E Mhe,)[tli,„,flu, u]+0(1

(m (d)jc o u, U)= E q ,C 11,,(dV11„, p u, d (al e,u)+(iul_ i _h ,m _ 2.1111_ i + a m _ i )

for + Ifil 2 , where CL =(a!)/(oc, !)(ot oci )!, etc.
Now we are ready to state the estimate of H(a, b)[u, u] from  below . Set
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d
,Y q (a, b )[u]= Re {H (a, b )[u , u ]+ E (H(a, 1) (

( )[u , u ]-1 1 (a ( ,) , b( 1 ))[u, u])—
i=t

E Q , C H ( a (( ch; , , ,
2,41a1+Ifil•L;:q

q (d )[u ]= Re 1 E ((du, dW) u)— (d ( o u, do)u))+
1=1

E d u ) } ,  q =2 , 3:
241.1+014q

Then we have

Lemma 4.2. L et a(y, b(y, d(y, 0  be  as  ab o v e . Suppose that
the condition (4.3) is satisfied. T hen the follow ing estim ate is valid.

A°q (a, b)[u]+ c ,,F,i(d)[u]+ a(q)— don — 2  • It'd— (1(0+ r3,ns — I C0MCIUM 2

f or X 0  E  ] . Where g = 2, 3 and c(3)=1, u(2)= 3/4, in 2, ,p,p() E al —1/31)/2, s).

Corollary 4.1. Under the same hypothesis that of lemma 4.1, w e have for in 2,

Re H (a, b)[u , u]+C lul1- 1/2 - 6,m —  2 • It'd — 1/2+,m—  1 .C'011 (114 112 .

5. Preliminary estimates.

In this section, we shall give the estimates for terms which appear in the right
side of the energy equalities in propositions 4.1, 4.2 and 4.4. It will be assumed
everywhere below that OZ2,5Z1 and 26 r  \ r - 1 .

The following proposition is immediate.

Proposition 5.1. Let OZ .a.Z in— k , k =0, m .  Then we can write

N(i)
10 =

=
E 4)(p v, D)a ( J ,,, ) (y ,I, D)<D>m - j+2 6 :1

j = m i n ( r . k )  r 1  

where 0 ( ,,,i ,v ) (y, (;) E  C K ( J ,  S(— {in —j +15 j }, s)).

Proposition 5.2. If  k— I + lal +1,61 z r,
N i l

(cl1k-1,v)(11)-̀rr /
\

D >m - = E (1)(k,r,a, 13, j , p )
j= rn in (k ,k — I-F la1 + 1#1) p=j

X a" ,„ ) <D>m-  i+2 6 i

where , e C"(J, S (h (171+ 1/31— 1)(1 — 26)+ t, s)), T( ) E  S(h. s)
and k  is an arbitrary  real num ber.

Corollary 5.1. For k + I/31 4 r,
N(i)

a ( k , v ) (( P) T <D>m -  k + 2 6  k  = E (k ,v ,a ,1 3 , L O X

j= m in (k + 1 ,k + 1 2 1 + 0 1 )  n = 1

X a ( ,,,,) <D>m-  +26i

we have
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w here T( ) e S(h, s), (k,v,a,fl, j , „ ) E CK(J, S(h — I +Gal + fii)( 1 - 2 (5) “ ,  s ) )  and
is an arbitrary  real num ber.

P ro o f . Replacing k  by k + I  in proposition 5.2, a n d  taking E+ 1 — 2(5,  it
follows immediately from proposition 5.2.

Proof of proposition 5.2. In view of proposition 3.4, one can write

k-1+1.1+1,31 Nu)
a ck-i,v )

(0 Y ,  C 9  0 = )(k ,v 01,13, LOX  a( j ,p ) ( Y 1  C l

where 4)(...0 , CK(J, S(— la l, s)). Let T( ) E S(h, s), then this implies that

N U)
a(k_i,v 0T<D>m—k+261c = E j ,p )  X

p=m in(k , k -1 ±1a1+101)  / 2 =1
(5.1)

m-k
a u ,„ ) <D>m- j+23i - E+  E  r i p

t=o

w ith  0 ( . . . ) e CK(J, —I + ( 1  2 (5)(j— k)-1- t„s)), r i ECK(J, S(h — 1— + k+
2(5k, s)).

H ere , w e rem ark  th a t (1 — 2(5)( j— k)Z(1 — 2 (5)(lal +1/31— 1). Next applying
proposition 5.1 to the last term in (5.1), we get

rn- k r NU)
E  r.1 1 = p(k,i,o)a(i0)<D>1"-i+2"1

j=k  11=1

with p(k ,i ,„) e CK(J, — 1 —IOEI +(j —k)(1-2 (5) +E, s)). Since — 1+(j— k)(1— 2(5)
Z2(5-1, w hich  fo llow s from  t h e  inequalities 261- r -1 , 1 Z k Z  jZ r ,
belongs a  p r i o r i  t o  CK(J, S(h —1(xl + Ifil —1)(1-26)+E, s)). Consequently
(5.1) proves this proposition.

To make some simplifications of notations, it will be convenient to introduce

N( J)
N n [u]=l

14=
j =0, r, k =

1

With these notations,

Corollary 5 .2 .  Set a = 0 ( 0 0 ) .  L e t  1 a(0  e S( — loci, s), then

1.1
Ila(Œ) T„<D>2 6 1 Œ1-1- '"u112  z  C  E  A .i)[u ]+ c lu a -1 « t+ 2 6 1 a 1 -1 ,m -l•

3=1

P ro o f .  From  (5.1) w ith  k =1, v=0, h =(1-2.5) (I —10(1). ê=0 , w e  g e t th is
corollary immediately.

Now, we give the estimates for P ( c 4 g ,  E•(( 5 ) [ii/„,flti, u].

Proposition 5 .3 .  Suppose that cl(Y , )E a k -  1 ,  1
.

(y 5 ) e  . k a n d  k +10 +
I3I r. Then
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IF°(a(
( h: )

) , b(d, )[t1 J p<D>-6U,„, <D> - 6 ( 4]1 ‘_

C A(i)[<D>26-111]• A(i)[<D>-26-611]  + C t  4 ) [ < D > - E l l ] ,
j= k -I j=k+I j=k

f or k+g Zr, g = 2, 3 and g is an arbitrary  real num ber satisfy ing 0 gL(26 —(1/2)).

P ro o f . Consider

(aW<D>11/ /,<D>- 6 Uk , bW<D> - 6 L/k ).

We take h = {(Ial — 113[)/2} +1 —(5 in proposition 5.2 and h. = —(5 in corollary 5.1. If
l+lfil 1 , choosing  "=  — ô+, = —(5+8, we see easily that

1(ci ch; <D>tPa.(3<p>- 6 Uk, bg<D> -  JOIZ. C A2  R D > - 8 14]
j= k  ( j )

where E is an  arbitrary number verifying 0 Z sZ 2-  '(26 — 2- 1 ) x + In the
case when ta k in g  = —3(5+s, E=b+e we obtain

(a2) -6 .•i(C4 ch:<D>1 , fi<D> - 6 Uk, 130 2 )< D >  U k)1 ‘_ -C A(J)[<D >26-c u ]  x
j=k-1

x A")[(D]-24-11],
j=k+1

with g, 0 g L. 2- 1 (2.5— 2 - 1 )(i/i +1/3 1).
Applying the same reasoning to the other term in F,° the desired estimates are

obtained.

The following two propositions are shown by the analogous arguments.

Proposition 5 . 4 .  Let d(y, C, )6 Then

15 q (d ) [U J I  r i Atk) [u] ± Cy A b)[<D>-'ti]
i=k+1

f or k+g Zr, = 2, 3, OZsZ(26—(1/2)) and y  is a positive parameter.

Proposition 5.5. Suppose that a e dk _ b e ak and k + 1 4 r. Then

Ir(a ,  b )  [<D> U, <D> - 6 Uk]l 4C t A ( ; ) [<D>"'u]• Au,[<D>-2 u]+
j= k-I j=k+I

+ C Ali ) [<D>]u ]
j=k

with E such that 04sZ(26— (l /2)).

Next we prove that

Proposition 5 . 6 .  Suppose that a ea k _i , b e ak and k+1.Zr. Then we have

ir(a, b ( 1 ) )[<D> - 2 6 Uk , I<D> - 2 8 U a  r ( a m , b)[<D> - "U k , I<D>- 2 6  Uk]i

‘C ( A(i)[<D>-6-20-80u]• ± A( D[<D> 6 + 2 P6 - " I l l ] )
p=-1 j=k+p j= k -p
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where go , ei  a re  arb itra ry num bers sa tis fy ing  OZ go  +8 1 Z 46 —1.

P r o o f .  Consider

(a<D>' - "U k , b(1 ) <D>- 2 6 /Uk ).

Taking g= — 56 +Eo , h= 1 in proposition 5.2, E= 6 + e1 , h = 0 in  corollary 5.1, we
see easily that

Ka<D>1 - 2 6 U k , b(o<D> - 2 6

1[101-4-C E  A (
I)
[0> 3 6 - cou]. E  A t i ,[0> - 36- Equ]

•f=k-1 P=k+1

where so +s i  Z 46 —1, k +1Zr. lf we choose g = —55+e 1 , h = 1 and E=6 -Ego , h=0,
it follows that

1(b(o <D>- 2 Uk , a<D> 1 - 2 6 1Uk )14C A(i)[<D>3-&1111]. A(J)[<D>-36-Eou]
j=k- 1 j= k+1

with go  + c 1 Z 4 6 -1 .
These inequalities give th e  desired estimate fo r  F°(a, b( 0 ). B y  th e  similar

arguments, we can estimate F°(a ( i) , b).

Before finish this section, we shall give some simple propositions which will be
usefull in the next section.

Proposition 5 .7 .  If OZ ML K, we get

in-1
I n "  -= bm, (y, D)<D> - "'IPP+ E cY(y, D)Ig

p=0 p=0

where bf(y, )eCK - m(J, S(0, s)), elm."(y, )eCK - m(J, S(0, s)).

P r o o f .  Since P(y, D o , D ) has the form

P(y, Do, D)= +  E P;(3', D)N , )E CK (.1, S(IY1 — J, s)),
j= 0

<D>- '"P yields that

<D> - mP=Im— E 13.0 , , w ith  pi (y , )e  CK(J, S(0, s)).
i=o

Then the assertion follows from Leibniz formula and pseudo-differential caluculus.

Proposition 5.8. We have for OLkZni,

ilb)[<D>-824]
j= m in (r, k )

with OLeL m — r +26r —

P r o o f .  This is an immediate consequence of proposition 5.1.
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6. Energy inequalities in the Gevrey class

In this section, we derive the energy inequalities in the Gevrey class. We begin
by introducing the energy forms.

N(k-1)
A l k ) { 14 ] =  E  I d r3 (a (k  - ck da -) 1,0EUk, U. a f o r  l Z k Z r —3,

p=1
N(k-i)

E  IA° 2(a(k- 1,1.)1 c k a (
( 21, 4 ) )[U k , f o r  k= r —2,

it=1
N (k- 1)

.re i:()k)[1.11 =  E  Re H(a ( k _ " , ) , e k a Z i ,„ ) )[U k , U if k= r —1,
11=1

N ( r- 1)
• -

M I
 - U r  , 2- 1 . m -d e g . ) [ U ] =  E  1Re H(a

( r - 1 , „ ) 1
(?..11,0) [U r , U J I + I

p= 1

N(k- )
.Yeb,,[u] =  E  IRe H (a(k - 1 ,p ) , c k a (

( 2 !„ 0 )[U k , U JI f o r  l Z k Z r- 1 ,

N(k-1)
lu ] =  E  1 Re H2(a „(co

(k - 1 ,p) , k .  (k -  14)/ 
rr I U f o r  1Z k Z r - 1 .

Where c,=(m — k +1) - 1  and consequently ck a Z , , p ) belongs to d k • I n  virtue
of the strict hyperbolicity of a ( r _ 1,0 ,  with suitably chosen constant M , one may
assume that

(6.1) -4 1 0 [u ] coluin2i -r+ 26r,n i -  r

where co is some positive constant.
Let f ( u )  be a  non-negative functional o n  <99( R xd). We introduce G k (f(u ); p )

by the formula,

Gg(f(u) ;  p )=  p "± q (< D > 6 "u)1(n+ N)!,

Then the following properties of G (f  (u); p ) are easily verified.

q l —foo; 0—x0)— a G ( f (u ) ;  O— x)+ Ggri(,f(<D>'u); 0—x0)axoa x ,
(6.2) Ggi±q(f(u); p)L.G 1 ( f ( u ) ;  p )  for any positive integer g ,

p - iG g(f(u ); p )Z  N - 1 Ggri(f(<D> 6 u ); p ).

For another non-negative functional g (u ) , one has

( 6 .3 )  Ggi (f(u)g(u); p)_C 'e(k)G f, i
- k (f 2 (<DYku); p)+e(k)Gg i+k(g 2 (<D> - 6 ku); p).

Now we shall derive the energy estimates in terms of q .  Taking into accont of the
properties of mentioned above, it follows from propositions 4.1, 4.2, 5.3, 5.5 and
the inequality
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G liitn - k +1 ( i<D \-  T  1
/ 1/2,m -k  +1<p› -  L I 2 6 , m - k -  1  •

k+1 r
1 <D > 6 U k l- 1/2+ 26,in- k + 1; , o ) 4  C  E  E  Gkm - 2 q + i ( A b , [< D > - c u ] ;  p )q= k-1 j=q

with OZ e Z26(r —(I/2)) —(r —(3/2)), which follows from proposition 5.8, that
a  

G r - 2 k + 1

(dr?k) E<D>- 6 o]; o—x0)+G Grno [u ] ;  —  x o zaxo

e y G l im -2 (k  - 1 ) (  2
V L (k -1 )E U 1  ; x 0 ) 1a r -2 k ( A• k)t  [11] ; O — X 1)

( 6 .4 )  +Gkm -
2k-1-1

(

r e v 4 ) [<
./J>

-
6 U, 10 > - 6 11]; O —  x 0 ) +

k+ 1 rG iin-2k + i ( y e b o [< -D )  6 11]; O — X 0 )+ C Gi."1-2q+1( 4 )[ (D > -E u ] :0"- - X 0)
q= k -1 j=q

w here .Yt",. ) =-A1,.,=0, OZeZ m in  {26—(l /2), 26(r—(l/2))—(r —(312))1, I LkL r.
For simplyfy the notation, set

r K
-S -c*i Ti .- 2 ( k - 1  )G k m - 2 k +1 ( y e l) R D > p,,e'?■F,K[u; I)] = E E Y

k=1 i=0

r K6 1 , x  E u :=  E  E  y - 2 (k  -1  )G irn -2k+ 2(d ia1 k )  [ 0 > - 2 - 0 1 / i u ] ;  p) ,

k=1 i= 0

r K
661 K [u  ; 19 ] = y y - 2 ( k - 1 1 0 i n i - 2 k 4 - 2 ( A , $ ) [ < D > - 2 6 - e * i i i u ,  i< D > - 2 6 - e 1 r u ] ;  p) ,

k=1 i=0

Ê  K-91  k ,K ,q [U ; 19 ] = E  E  Y
- 2 ( k - I ) G iim -2k + j ( 4 ) { 0 y e i p u ] ; p)

k=q i=0

q  = 0 , 1 , j 0 , 1, 2,...,
e(r) = min {26—(1/2), 26r —(r —1), 46 —(514)1 ,
where e* \ 0 will be determined in later.

Now we have

Lemma 6.1.

0x0

0   

c'g K [u; 0— x0 ] +6 ° ? v
•
K [ 11 ; X 0] 4_2C7 - 1  szel,K,O[U: x 0 ] +0 0  

a

0 —xo ] + y - I  a
a
od c [ t i  ; x0] ± CY 2 r - 2 .9 1 1,1,K,O R D > - ' u ;+ 61,,,[u ; o

with 0  eZ  e ( r ) .

P ro o f . We replace u by <D>- '* iliu  in (6.4), multiply (6.4) by y - 2 ( k - 1 )

the sum over 1=0, K , k=  1, r. If we remark that

—x0]

and take

k+1 r
y 2 ( l 1 ) E  E  G lint - 2 9 +1 (A b ) [<D >-z u ] C y 2 r - 2 d , o,oRD> - ' 1.1 ; P ],k=1 q=k -1 j=q

then, (6.4) yields the inequality in this proposition.

In the case when K = 0 , from proposition 4.3, we have



756 Tatsuo Nishitani

(6.5) 1 0-- erk,o[u; O —  x ] +7-'1 ao 61, 0 [u; O -x 0 ] 1

Lc720- - 0.20,,,,[<DYru; 0 — x o ]

From propositions 4.4 and 5.6, it follows
with OZ Z2S(r —(112))—(r — 1).

Next, we estimate d i a u ;  O— x0].
that

G km-2k+2(
.
re 2 k ) [<D >-2(3 u ,  I<D >-2 ,3 11 ] ; 0 _ x 0 )

G k m -2k +1 pre l k ) [< . , ,  -1 J ?  6 11, I<D > - 6 11 ; O — x0 ) Z

t  k + r
(6.6) E 

I

 E 0 , - 2 0 - 2P+1 (A 2 . [<D>- FPIPu] ; O— x0 ) +(11

k+ I
C  E Gkm-2q-u(lultil-k+24k-26 ; 0— ,C0)

q = k - 2

where s o + El Z 46-1, k  +1Z  r. Estimate the second term on the right side of (6.6).
Note that for 1L k L r ,  we have the following estimate.

K  k +1
E  E p) 4
1=0 q= k-2

Z  C G r+3 ( i<D >- ° 1 1 1 1 1 a- 1 ,m +1 ; p)
1=0

K k+I
+ c E E  G iim -2q+1(1<p>-e.ipul2m _

I k i - 2 8 k - 2 6 ,m - q ; p ) •
1=0 q =k -2 .0

The first term on the right side of the above inequality is estimated by

cE  gkm + 3 (< D > -"m - iii+m -" u ;  p)+ C E  G r+ 3 (1<p> - *Tuli-1,m ; P).i=0 f=0

The other hand, by propositions 5.7, 5.8 and 7.2 (in section 7), it follows that

K+1
E  g r + 3 (0 > -- ei+m - iii+-4 . 1u; p) LC  E  gr+ 3 (<D>- 'iïiPu; p)+
i=0 i=0

+C  G r - 2 -1 + 1 (4 ) [<D>- tu ] : p)
1=0

with °LE G  e(r) and here we have assumed that p i (y ,  ) e  CK+ 1(J, S (m s)). Thus,
taking into account of proposition 5.8, we get

K k+ 1
E G km-2q+ I ( I < n \ „ I

e * i . 1"112q-k +2,3k -26,m -q;
q=k -2

(6.7) C g km+3 (<D>- E"Ii Pu p)
i=0

K k+1 r
E Z Gm - 2+1(4 ) [<D>-. - eiiiu]; p )

i=o q = k - 2 0  j = q

aX0

p=0 q=k - I  j=q
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where O Z eZ e ( r ) ,I Z k Z r .
Now we determine s* so that e* = 46 —1 —2'e: where OZ Z(2(5r —(r — 1))/2(K + 1),

and take co =  El = c ' +  in (6.6). Before handle the first term on the right side of
(6.6), prepare one simple proposition.

Proposition 6.1.

G ji r . ' 2k+P(At k
 )
[< D y t - e(K+1)1K+1 u] p)

k=1

z c ErG i i m - 2 k + p - 2 ( 4 ) [ < D > - - a — E . i i i u ]  ;  p)
k=0 i=0

where K.1, E N .0, 3 and O Z eZ (25r— (r-1 ))/2 (K +  1).

Pro o f . Consider

G iiiin-2k+P(A4)[<Dyt-C*(K +1)IK + 1 u ]  ; p) .

k=2

This is majorated by

r -1  K
C E  E  G iim -2 k + p -2 (1 0 )\ - ,1

/ I)2n- k-1+24 k+21f-r-r*,m- k: P)•
k=1 i=0

Taking into account o f  th e  inequality in — k —1 +26k +26 — — E*  M —  r +25r —e
with 0 Z  Z (26r — (r-2 ))/2(K  +1), it follows from proposition 5.8 that

G iiiin- 2k+P(At i o R D y g - e(K+1)1K+ lu] ; p )
k=2

K  r
L C E  E  o r -2k+p-2(4 )[<D> -E-E*ii iu]; p ) .

-  1 = 0  k= I

For Gkm- 2 +P(Ati ) [<D> - ' - '*(K+' ) /K+'u]; p), we remark that this is estimated by

C G m _ 2 + P ( A )  [ < D > _ _*K_fl*_ I1K u ] ; p)

C G r -2 + P (I< D > -
t * ( K - 1 ) 1  K - l u l 2

I m- 1 +26—E-2e*on p ) •

If w e no te  th a t m —1 + 26 — E-28*Zm— r+26r— e, with O Z e Z e ( r ,K )  for r 3 ,
where e(r , K)=min {E(r), (26r —(r —1))12(K + 1)1, proposition 5.8 shows that

K r
(7N2m-2+pt A

( 1 ) L k ''
2  r < D > - r - r .  (IC+ 1)1 K+ 111i p) Z C  E  E  G2m -2-1-p( 4

( / ) 1 -

2 r  D ] - 8 - e i  I i u ]  ;  p)V .  
i=0 j= 0

with OZEZ s ( r ,  K ) .  This completes the proof.

In (6.6), replacing u  by < D > "/ 'u , and multiplying (6.6) by y - 2 ( k - 1 1 ,  we take
the summation over i =0, I ..... K  and k = 1, r - 1. If w e rem ark that

1 K
E  E  G p v -2 q + 1 + 2 p (A 2 D [ < D > - t p - t * i p + i u ]  ;  p ) z

p=0 i=0

4 2  E Girm - 2 q +1 ( 4 . , ) R D > - E- e i i i u ] ;  p )
i=o

G iiim-2q+3( 4 ) [ < D > - g - e ( K + 1 ) 1  K + 1  ;p),
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using the inequality (6.7) and proposition 6.1, we have

Lemma 6.2.

a a 
a , o K  [ 2 1  ;  —  0 ]  + gN,K2  D i  •• 0 — C 0] Z Cy 2 r

-
2 .szi K, 0 [< D > – E ll ; xo ] +

K+1
+ C  E  giim

+ 3
( < D >

-
e

i
 I '  P u ;  -  x o )  +  C G i i r +

3
 ( A t o ) [ < D >

- e- E*(K+ 1 )1K+ 1
; — x0 )i=o

where OZeZ g(r, K), r 3,

Next we shall estimate 41,, K [u ; p ] from below. Combining proposition 3.3,
lemma 4.2, corollary 4.1 and proposition 5.4, we get

Gkm-2k(-- ,
k) [u ];  p )+ Gr-2k(Ati)[<D>-Eu]: p)

j=k+1

(6 .8 )  +  C,u G r-2 k + 1 (4 )[< D )-E u ] ; p)
j=k+1

+ 0 1 -1 G r-2 k + 1 , A 2 .0>[<D>- E u] ; (co ) . - 1 )G

N
2 , 1 1 - 2 k ( A 2

(k)Eld ;  P)

where OZ e Z  c (r ,K ),1 Z k L r  and 2, p are positive parameters.
In (6.8), take 2=y, p =  1, then after the same procedure of estimating S i9 K, we

have

Lemma 6 .3 .  For K O,

a e o [u  •• — .2  ,e—x 0 ] + c y 2 2 nN,K K,1[ 0 > – E l l ;  - xo ]\  (co - Y - 1 ).94,K,1[ 14 ; -X0] •

In the case when K = 0 , we combine lemma 6.1, 6.3 with (6.5), then, in place of
lemma 6.2, we get

a a
(1 — clu • 0— x ] + [u • 0— x  +, 0 a x 0  N , 0 0

(6.9)+ y 1 (c 1 c0 - 2 t -  Cy -  1 ).-rdg, o. t Cu ; 0- x 0] L.2"CyGni(A 0) [u ]; 0 - x 0) +

c y2,G km+ i(A o) [< - ,  -1,2 Eu]; O - x c,) + Cy 2 ( r - 1 ) dk,0,1[<DY - e u ; - x 0 ]

with OL e 2 6 (r  -(1 /2 ))-  (r -1 ).
It rests to estim ate Sk, K [u ; p ] .  W e denote by ,Yeq(a, b r )  [ u ] ,  . , ( d  I T) [u]

the differential quadratic form obtained from a(r, x; I , D), b(T, x; I , D), cl(r, x; I , D).
Put

N(k-1)
a ( k ) Eti =  E  .rfq (a ( k- 1,g), cka(P–) 1 I T) RD>

p=0 

N(k-1)
+ E  .F.,,(ck a(( 21,,,,)  T )R D > - 6 U lc] C1u1_ r5,m – k – 1 • – a(q)+ bon – k

p=0
+ q

where l Z k L r -  2 and q =3 if 1 Z k Z r -  3, q= 2 if k = r -  2. And c(3)= 1, cr(2)= 3/4.

j=k
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N (r-2)
d (r .... 1 ) [u I t ] =  E  Re H(a ( r - 2 , ) 1  Cr _ i a (0912 , )[ < D > - 6 _ i ]

It= 0

+ C 1 [ 4 _ 1 1 _ 1 / 2  -6 ,1n -r • I Ur-11- 1/2 -1-6 ,m -r+

We note that, with conveniently chosen C, .1 ( 0 [u IT] is non-negative for T e 3.
We begin by the following proposition.

Proposition 6 .2 .  Suppose that /(t)e  C2 [0 1 , 0 2 ]  and (k(t) 0 in [01, 0 2 1  Then
we have

14(01 ( 0 2 — 0- +  2 0 4 4 0 ) 1 / 2 f o r  t E [(01 ±  02)/2, 0 2)

w h e re  M = s u p  10,4 0(01.
te[01,02]

Set

0( 0 (0 = (k)[u(x0)1x0 + T] ,  M k ( X 0 ) =
 S U P l '3 •q (k )[U ()C 0 )  T ]i •
re[To.T13

Then it is easy to see that

(6.10) Mk(x0)z CI I— - - k  + 26k- 26,m - k  - I • 114 1m -k+261con-k•

Since x0 -1-T e [To , T i ] i f  e  [ -0 + x o , 0—x 0 ], OZ 0—x o  Z hy -  ,  To +2hy - 1  0  L T , ,
applying proposition 6.2 to  0 ( k ) (r) (T E [ — 0+ x o , 0 — x o ]), we get

(6 .1 1 )  I acam[u(x0) xo ] l Z (0 — x0)- 1 a (k )["(X  0)1 X 0] + 2 ( 1  k( X 0) a k ) [U (X 0 )  I x0]) 1 /2

where OZO—x o Lhy - 1 , T0 +2hy - 1 Z O Z T i .
Remarking the estimate

(6 .1 2 ) I.Yelk ) [<D> - 6 u]1_4_10,.1/( k ) [u(xo ) I x o ]i + CI U 1/2 - 1 1  U k 1  -  1 / 2,m -

it follows from (6.10), (6.11) and proposition 5.8 that
Glim-2k+ (.ro k )_ )  6 u] ; 0 —x0) ( N - 1  + y - 1 ) G i i r n - 2 k ( a ( k )

[ulx 0 ] ; —  x 0 ) +
(6.13)

k + 1  •
+C y  E  E  Gk'n- 2 q+ 2 (A b ) [<D>- 'u]; 0— x 0 )

q=k j=g

with OZ eL e(r), and l Z k L r- 1 .
The other hand, we have the estimate

(6.14) G 
2 m -2k (d (k )[u (X o )IX o ] ;  P) 4 y- '0 ,- -2 k(4 ) [u] ; p)+ Or -

 2 k (Alk) [ u] ; P)+

+ C y  ± or -21+1(Ati ) [<D>-Eu] ; p)
j=k

with OZ e Z e ( r) .  Thus combining these estimates, it follows easily that

Lemma 6.4.

a, siv au; 19— x01_4(N- '+ y --1 ) 2 -61 K[u; 0 — x0]ao ao
+y - - 1 ( N - i +Y - 1 )so l,K ,i[u ; 0 - xo ] + CY di v ,K.1[<D> - Eu; O- x0]
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w here OLsZe(r).

Our final step in this section is to gather the inequalities in lemmas 6.1 through
6.4. From  lem m a 6.1 and 6.3, it follows that

a a 
(1- - iy - ') (5'?1 K[U • x0 ] + n  K [ 11 °  - Y 0 ]a0 a X0

+ Y- 1 (cico — 2t3 C Y - 1 )sn,K,i [u; O —xed Z

_Z2ty E  Gkm(At0 ) [<D>'" i I u] : 0 — x0) +

C y 2 r  2.7 Gim +u ]  O— x0 ) +i=0

a a + „„ [u ; 0 - xo ]+ Y - 1 d ', i , K [ u ;  0 -  x o ]

c y 2r-2,4 , K , 1 - Ç  -L 2 Eu ; 0 — x0],

where OZEZe(r, K).
Now put

,K [U  ;  P ] = , K  [U  )9 ] , k[ti

then combining lemma 6.2 with above inequality, we obtain

(1—ca - 1
)  L - 6 °N , K[u ; 0—xo ]  +  a

a
x o 4,K[u ; 0  — xo]

+ Y- 1 (cico — 2P ).01,1c,i [ u ;  — xo] 4

4 2 4  E  qm(Ato ) [<D> - - eiïiu]; 0—x0)
i=0

Cy2r+1 G +I ( 4 ) [< D ,  – 0 — x 0 +
i=0

a+ — e t  p i  • e- x.] + cy4 -3d
a e  N J'

k,K,1[<D>-Eu; O — x0 ]

K+1
+ Cy E  gt„m4- 3(<D>– E. i i ip u ; 0—x0)+i=0

C y 2r-1G  m +3 (A to ) [<D y r-e r(K +1 )1 K +1 U ] ; x0).

In lemma 6.4, taking N y ,  we get finally that

a( l -  e1 y- i)  aao  eN ,K [u ; 0 - x0 ] + eN ,K [ u :  -

+1) - i (c3 — CY - 1
) .

0 1,K,i[u; O— x0 ]

(6 .1 5 )  C 2 y Glim(At0 )[<D> - E. i  1 i u] ; O— x0 ) + Cy4 "- 3 .91k ,K,1[(DX- c u: — xd+
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+  Cy 2r+ 1 E  G  km A- F i r  2 D \ - » . .,-E*1 , • 0 _ \
V ‘. (0 )L

r/
\  / xol

K+ 1
+C y  E  g iiln+3 (<D>- c"i i i Pu; 0—  x0 ) +

i=o

..f. c y 2r-iG izim+ 3 (A6[0,>— e— e.(K+1) IK+1 ; 0 — X0).

Proposition 6.3 ( [1 5 ]) . L et f (u) be a  non-negativ e functional. Suppose that
there are  an  integer L  and a positiv e num ber y satisfy ing (L + 1)v =& L +1 4r.
Then

Y 1Gk(f(<D>-iv--4u); p )  4 r 4
r( C(y , N )p) y iG V (f (<D > - ivu); p)

j= 0 j= 0

where C(y, N )
= y L + I  / (1 .  + N ) .

Now, we suppose that e (r, K )  0, then we can take positive numbers v, E  with
0 L&Le(r, K) and an integer L so that e---4rv, (L+1)v— S. In (6.15) replacing u
by <1» - ivu and multiply it by y i, after the summation over j=0,  L ,  w e  g e t ,
using proposition 6.3, that

Lemma 6.5.

L a
(1- E  y i  — 4  K[<D>- i v u ;  0—x0]

j=0 ao
L a

+  E  y I  —n X N  KUM —
 v  ;  —  X 0 1 +

1=0 CX0

+y - '(c 3 — Cy -  ' ) y id 'u; O— x 0 ]
1=o

L  K
(24+Cy - 2 " )  E  E  yiGiin(4 ) [<D>- iv - eii'u ]; 0—x0+

j= 0  1=0
K + 1 L

+ C y  E  E  yj g Pu; B — x0 )
i = 0  j= 0

E  .yiGkm+2(A2(.0)[<D>-jv-e*(K+1)1K+1U:1; 0 — x o )

w here N  N (Y ), T o  2 h y -  1  0  Z 0 — xo  h y -

Corollary 6.1.
0 (1— è1Y- 1 )  E  Yi N , K  [<D> - i v u; 0 —  x0]4 )0  

L a
+ E y i A 4  KE<D>- iv u ;  0—xo]

i=0 ux 0

K  L
2ty E  E  riGk'n(A to ) [<D>- iv - e t l i u]; O — x0 ) +

i=0 j=0
K+ 1 L

+C y  E  E  yien+ 3 (<D>- iv - e t l i Pu; O— x 0 ) +
i= 0  j= 0

+cy-2,4-1 E  yiGr+2 (Ato ) [<D>- 1 v- - 6 . ( 1

'
-Forc -1:1 u ]; O _

i=o

j= 0
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where N  N (y ),  OL O — xo h y -  .

In the case when K =0, applying proposition 6.3 to (6.9), we have

Corollary 6.2. Suppose that 25(r — (1/2))—(r — 1) 0. Then

L
—c,y - i )  E aa 0 [< D > -iv ; O— x0 ]

.fr o •
L a+ E Yi (rA)r,o[<D>-1"1/; 0 — xo] +uxo

;+ y -1( c3- - 1  ) E < D > - ir  O— x0 ]

4_24(1 + CY- 1 )  ±  YiGim (4)[<D> - . 1 "u] ; O— x0 )
J=1

f or N .N (y ),  T o Z z o L O Z T i .

7. Estimates of the commutator in the Gevrey class.

We begin by the following lemma.

Lemma 7.1. ( [1 5 ]) .  Let Q(x, S(d, s), 26s=1, s 1. Then there exist a
constant C and a function 0(z), holomorphic at z = 0 , which do not depend on N
such that

E  p n,N 11[<D> 6,,, E ( ,), !) -1 0p(Q (c ,)a l< w n ) --112IT(n+N+1)4_
I .11cel-Lr-1

z  c p 2,0( p s)G -20 <D>d-r+2 02 ; p

w h e r e  14 r  in +1.

From this lemma, we see easily that

E  p"+"11[a<D>m, <D>'n] u12 1F(n+N+1)_4_
(7.1)

r -1
C E E p210,-(11a(Œ )TŒ <D >26-1±m ull2 p )  Cp2r0/11 -2  ( 1 ,1 2

I l in - r+ 2 6 ro n -  I ;  P)

where TŒ( ) c S(— lock s), OZ p Lconst.
The other hand, for fixed M such that M  2 'm ,  it follows immediately

E P " n[a<D> m , <DY10 2 1r(n+ N+ 1)
r - 1

z c z p 2N -2 G 7,n-2
=

(liaooTe,<D>26i+mull2: p) +
.j = 0  17 1 i  

+ C p2 N- 2 Gr - p )

withT )  c.$(— s). H e r e  w e  note that, from proposition 5.8,
1 ; p) is estimated by
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C G 2 (A t ) [u]; p).
J=1

Then applying corollary 5.2 to (7.1), we have

Proposition 7.1. Suppose that O L pL  c o n s t .  Then

on(lla<D>mu
 12; p) Cgir(a<D >m u ;  p)

+C (p 2 i + p 2 N - 2 )G 2 (A t ) [u ]; p )+
J=1

+C p 2 (1+ N - 2 )  ±
J 2 Gr

- 2 (4 ) [<D>- Eu]; p)
=

with OZBZ8(r).

Proposition 7.2. Let Q (x , )e  S (0 , s ) . Then we have

g ip(Q u; p ) C gk qu; p ).

Pro o f . Take in= p + 1 in lemma 7.1. If we remark that

Ap P"'11[Q, <D>61 ]1111 2 1T (n+N +1)‘_CO , P (u; p),

the proof is immediate.

Before proceed to the next, we give a simple proposition which connects a and
the original operator P.

Proposition 7.3.

K+1 K+1E  0 ,a<D >n i - c*, - i v i i u ;  p )Z .0  E g ( <D > - .*i - i v r i p u ;  p)d-
1=0 i 0

C GK(At)RD>-E-E*i-i v » Id  ; p)
1=0 n =1

with OZcZe(r).

Pro o f . First, we note that we can write

a<D>"' = P(y, Do , D)+b(y  I D)<D>"' - ', b(Y , E  MY,

by(y , )e CK(J, S(0, s)).
Using the identity

i in-1E  y  c,,,,<D>m - i - iv - E*ApLik
p=0 k=0

where c k  E Ck - i (J, S(0, s ) ) , it follows from propositions 5.7 and 7.2 that

K+1 K+1
E p ) 4 C  y  0 ( 0 > - iv - e i r i p u ;  p )+
1=0 i=o

+c y
1=0
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K+1
Since E p ) is estimated by the same way, an application of1-0
proposition 5.8 proves this proposition.

We return to the estimate of the com m utator. If we suppose that OZ p  hy - 1 ,
it follows immediately from proposition 7.1 that

E p) _ZC E Iiu ; p)+ Cy - 2 sal ac,i[u Pi +i=o i=o
C y 2 ( r - 2 ) , 5 2

6,K,1[<D> - ' 11; P]

with O Z  Z  e (r ),  N  N (y ).
This inequality and proposition 7.3 show

Proposition 7.4.

E p) L C  E 0,1"(<D> - E*i - jv I i P a ; p )+i=0 1=0

CY - 2 ,S2e1  , K, 1[<D > - "i v  u  ; p] + Cy 2
( r - 1

 ) 62/k u  P ]

w h er e  04sLe(r), 0  p  h y -

Next, we consider the term Gkin+2(A10)[<D>- E . ( l c + 1 ) / K + 1 4 / ] ;  0 ) .  
From proposi-

tion 7.1, this is majorated by

Cgr+2(a<p>"1-'*(K+1)1K+lu ; p ) +  C p 2 G ir( A b ) [<D >- 0 ( K +1 ) 1 K +1 u ] ; p) .

Here, we apply proposition 6.1 with p=12 to  the second term, then we have

G l i m + 2 ( A 1 6 [ < D > -
c"tic-i-1utc+ u]

;  p ) Z C g i i " 4 - 2 ( a < D >
m-c*tx+ x +  1u p )+

r K
• • n+ Cp 2 E E (A(k)[< >2k 2 D Itu i ; p),

k=0 i=0

with O Z E Z  e(r). Using propositions 7.3 and 7.4, we get

Proposition 7.5.

K+1
G p z -1 -2 ( 4 0 ) [ < D > -

E*(K+1)-j v K+ 1 u ]  ;p) .4  E p )+i=0

C Y -2 •-Q (N ,K ,1 [<D >-jru ; p]+ Cy 2 ( r- 2 1 d p]

w h ere  OZeZ E(r), N(y).

Hence, combining propositions 7.4, 7.5 and lemma 6.5, we have
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Lemma 7.2.

L a
(1— (c1+2)Y - 1 ) E  vi

 — pa
'
K R D > - i ' l l ;  - -X0]

i=0 

L a
+ E yJ 

j . 0
1 N ,K [<D >— i1 U : x 0 ]  +

+ y - '(c l c°  — e4 —Cy - i )  E y i.g1, K , I [<DY •ivu; 0—  x o ]
=0

K+I
Z Cy E E 0,m(<D> - - oi — jv ïiPu; 0 —  x 0 )

i=o i=o

where N\N(y), 0 Z 0 —  x o Z hy -  T 0 +2hy - ' Z 0 Z T,.

If, we choose c , so that c1 c0 —c4 — CA T,' 0,

Corollary 7.1. There exist positive constants c5 , C independent of y, N such that

L a
(1 —  csy — ' )  E  yi - - g N  JO Y »  u ; —)col00

L a
+ E Y ' p , SN,d<D>. - - i v u; 0—

j = 0 v . ,  0

L  K +1
Cy E E y ig rinv m - 8. i— f v /iPu; 6 —x 0 )

j=o i=o

f or y \y o , N N ( y ) ,  OLO—x 0 Zhy - i, T0 +2hy - l LO LT I .

After the integration by x , on [a, b](OZ O— aZ hy - ', bZ 0),

Corollary 7.2.

E  y yie N ,K E < D iv u ;e — b ] Z  E  yjeN,K[<D> - ivu ; 0 — a] +
t=o 1=0

L  K+1
+C y  E E gr(<D>-e*i-irli Pu; 0—  x o )dx o .

.J=0 i=0l a

In the case when K  =0, from corollary 6.2 and proposition 7.4, it follows that

Corollary 7.3.

(1— c 5 y - ') y j —

0  
6 1  0 [<D> - .1vu; 0 — x o ]

.1.0 00 •
L a+  E  v  (51),, 0 [<D> ---P'u; 0 —

J. 0u x o•

I c y  E vjgivm(<1)>- n. Pu ;  o - x0 )

f or N..\.N (y), T0 ‘ x 0 1 O 1 T I .
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8 .  Energy inequalities in the Gevrey class (continued).

In this section, we derive the energy estimate which has the form in theorem 2.1.
To do so, set

0 ( 0 ,  T  N , y )= Yj N,K[<D> - i v  u ; 0— x0]dxo,
Jr 1=0

(r+27 --1y i
(<D > .1v- ° ' 1 13 u; 0— xo)dxo-(0, T ; N , y )=  ) r

j= 0  i= 0

With these notations, corollary 7.1 implies that

a(8.1) CyP(0, 2 ; N , y)   0(0, T ;  N , y )± (1— c 5 y- 1 ) OM 2 ; N, y).
UT (30

In the following, we fix h =4 in corollaries 7.1 and 7.2. Put

0(r)— to = (1 — c5y -  1 ) (r — to ) + 3y - 1 ,

then , no ting  that 2y - O W —  r 3 y - 1  f o r  to  Z  Z  to ± C i l , (8 .1 ) is reduced to

CylP(O(r), r; N , y) —
d

ch  ° (O(t) ,  - r :  N ,  y ) f o r  t0 Z rZ t 0 + 4 1 .

Remarking that To +8y - 1  Z 0(r)L T , i f  To + 5 y  Z I 0 ZtL t 1 Z min (t o + ci', T 1 —
2y -  1 ) the integration on [t o , t j  by T shows that

Proposition 8.1.

L
E sN,K[<D>- jvu (x 0 ); 1 1 + 2y - ' —x o ]d x ,Z
j=0 Jti

L (to-I-2y
4  E  yj ‘ N , K [ < D >  i v u ( x 0 ) ;  to + 3y - ' — xo ]dx o  +.i=o to

L K+1 r+2)''
+ Cy E  E dr 0,"1(<D>-jy-'*11' Pu ; T 3y - 1  —x0 )dx 0

j = 0  i = 0  to J r

for T°— y - ' to t ,  min(t o  + , N(y).

In corollary 7.2, take 0 = t 1 +y - 1 ,  b = t ,  and integrate on [t i —y - I, t , ]  b y  a.
Then it yields that

L
E  Yj eN ,K R D > - i v i l ( t 1); Y - 1 1
j=0

(8.2) 4 çri 4 . K [ 0 >
- iv Il(X 0 ), t1 + Y - 1  X 0 ] d X 0 +

j=0 . ti - y

L  K + 1 (t i
+ E E giin1(<1;1>--iv-'*11iP u(x 0 ) ; — xo )dx 0 ,j 0 ti—

here, we note that To +8y -  L O G  T, if To +7y -  '  L t , Z T i —y - '. Next, in corollary
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7.2, take 0= to +3y -  I, a =t o . After integrate on [t o , t o +2y - 1 ] by b, one has

L to+2y

E  y" S N ,K [<D >- iv il(X 0 ) ; to+ 3y- 1  — xo ]dx 0 Z
j=0

(8.3) Z  2y - I ± 11.14,K [<D> - j'u(to); 3 11- 9 +J=0
L K+1 (to+2"

+ C  E  E  yi gr(<D >-tv -'* ili Pu (x 0 ) ;  to + — xo )dx o .
.i=0 i=0 ito

We also note that To +8y -  ' L O Z T 1 i f  To +5y -  Z  to Z — 3 y - 1 . Combining (8.2),
(8.3) and proposition 8.1, we have

Lemma 8 .1 . There exist constants c5 , C independent of y, N  such that

Y 1 2 N,K[<D> - - i v u( 1 1): Y - 1 ] _4_ 2y [<D> - -i vu(to); 3 )/- 1 ] +J=0 j=0

L K+1
- F C  t 1 E  E  yig

2

in(<D> - iv - c*iliPu(x 0 ); ti+ Y - 1  — xo)dxo+
t1-y - 1 j = 0  i= 0

to+2y - I L K+1
+  C E  E  yigm (< D > - jv - e i ï i P u ( x 0 ) ;  t0 +3y - I —x0 )dx 0 +

toj = 0  i = 0
t i - y - 1 . r + 2 7 - 1  L K+1

+Cy dr E  E  y i g N<D> - - iv - e i i i P u ( x 0 ) ;  2 + 3y - I —xo )dx o
to J r j = 0  i =0

f o r  To + 8y - I Z to Z t, Z min(t o + c-
5
1 , T 1 — 8y- 1 ), y yo , NN N(y), t t t o + y - 1 .

Remarking that

m+K-r
4 , K [ 11 ; P] CY - 2 ( r - 1 1  E Ng2m-2r+I (<D>26r-46K-am u;  p ) ,

g=0

m+K
g  1,K [ 11 : )9 ] L C  E g 2N M - 2r+1(<D>I11 - 1 +1 5 D g u  p ),

p= 0

we obtain theorem 2.1 from lemma 8.1 immediately.

9. Special case when e(r ) =0

O ur aim  of th is section is to  obta in  the energy inequality in  the  case  when
e (r )= 0 .  It is well known that in this case, we can not obtain the energy inequality
which assures the existence of the domain of solutions independent of the initial data.

First we note that

G ( f (u); Y(0 — =  ax
a
( u ) ;  Y ( 0  —  x 0 )) + yGii;i- '(f(<D>'u); y(0— x0 )).

Let us set

ERI ,K [u ; p ] = yki2Gizr,-2k+1(..g.1 o [<D> 7 3-0(p u ] ; p)
k=1 1=0
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r K

\ - 2 6 - - r * i  
U

 1 .1 .2 /7 7 2 1 n -2 k +2 p le b o R D i r ,  p iEk, K [u ; p ]= Yk  ‘
- f  Nk =1 i=0

r K
E k K [u; p] E  E / 0 > - 2 6 - e * i i i u ] ;  p)

k =1 i=0

; p] = E  E y kizo im-2k-4- j(A
,
k ) p) (1=0 , 1,

k=q 1=0

where c*=4(5— 1. We multiply (6.4) with e = 0 by yk12 , then the summation over
k =0, K  gives that

(9.1)

a 
'K [u ; y(0 —x0 )] + "; Y(0 — x 0 ) ]  _4 CY ,x,o[u; y ( 0 —  'con+vx 00 0

+y - 1 E N KEU •
'  

A O  X On (3
'

K[u• y(0 — xo)].00 00 

From (6.6), (6.7) and proposition 6.1, it follows that

a a (9.2) e l  K[11; Y(0  — x + ; Y(0 — x0 )] C CY Ag,x,o[u; y(0 — xo )] +aoaX 0

+cy' 1 2 4 .0 ,0 [< D > - - E*(K+)1K 4- iu;) , (0—x0)]+

10-1
+ Cy 112 E  0 ""(<D > - ' I  Pu; y(0 — x 0 )).

i=o

In (6.8), we take .1=-- it = y 1 / 2  and c = 0 . Then (6.8) yeilds

(9.3) ev  K [U ; y(0— x o )]C Y - 1 / 2 / 4 , 1 ;  , 1 [ 14 ; X 0 ) 1 for K O.

First, we consider the case w h e n  K  1. Let us put

E N ,K [U ;  P ]
=

 E A ± Y - 1 1 2 E k  K [ U ;  p ] .

Then, from (9.1), (9.2) and (9.3), we have

(1/2—Cy - 1 /2 ) e
i )
0 E N ,K [ t i  y(0 — x 0 )] +  a \ .() E N ,K [u; y(0 — x0 )]

+2 - 'y(c o —Cy - 1 1 2 )4 , K ,i [u; y( )0 : x 0 )] 4_

z  c y 112 ,K Lo
,

 u  •; y(0 —x0)] +CA .(x+i)itc+iu: y(0 —x0 )]

aK + 1
E' •[tt • y(0 — x0)] + C E gim+ 3 (<D> - c 1I 1Pu; )'(O — x0 )).00 N 'hi = 0

The proof of proposition 6.1 shows that

( 9 . 4 )  A f v , , , 1 [ 0 > -
6.(K 1+1)*K +I U; x0)] .0 Cy'/2 A ga o [u; y(6—x0)].

Applying this inequality, we get
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2- 1 (1 —Cy- '/2 ) E N  K [U ,  y(0 — x0)] + EN  K[ti '• Y(0  — x0)] +Of) Ox0 

+ 2 -  ' y(c0 — Cy -  l/2 )A , K , ; y(0 —x0 )]

(9.5) z Cy1 1 2 G i ( " ( 4 ) [<D> - E" 1 i u] ; y(0 — x0 ))+
i =0

+ Cyi/2 G r  3 (At0 ) [<D> - E . ( K + 1 ) I K + 1
14 .1 + x0)) +

k+1
+y - '  K [u ; y(0—x0 )] +C  E gkm+3 (<D> - ei I ' Pu; y(0 —x0 )).00 i =0

We now estimate Ek, K [u ; y(0—x0 )]. From  (6.11) and (6.12), it follows easily
that

Cir - 2 k + i Vilk)[<D> - 6 ui: 140  xo» .40 N- 1 +
k + 1  r

+Cy 1/2 E  E  0m- 2 q+2(4 0 [u ] ; y(0 -  x 0 ) ) .
q=k j=q

k g oo [ulx 0 ] y(0 — x0))

By the substitution of (6.11) into the above inequality, it follows that

y- 1
 0 -9-  E i , a u  ; Y(0 — x0)] _4_ (YN- 1  + y - " 2 ) - a l  Ov,K[u ; Y(0 - x0)] +

(6'6)
+ Cy 1 I2 , i [ u  ;  y ( 0  —x0 )].

Hence, (9.5) and (9.6) show that

Proposition 9.1.

2- ' (1 — Cy - 1 /2 )  e
a
o E N ,K [U ; y(0 — x0)] + EN A [u: y(O—x0)] +

+2 - iy(c0— cy - i/2 )A ,K ,i[u : yo— x 0 ) ]

K+1
.LC1,1/2 E Gkm (4 )[<D> - ' l I i tt]; Y(0 —x0 ) ) +1=o

+  c y '
1 2

G im
+ 3

( 4 1 [ < D >
- ( K + 1 ) 1K + J u ] ; y(0 —x0 ))+

K+1
+ C  E giln+3 (<D> - i Pu; y(0 — x0 )).

i =0

Our final step is to estimate the first two terms in the right side of the inequality
in proposition 9.1. As a direct consequence of propositions 7.1 and 7.3, we see that

E Gm(A10 ) [<D> - - eivu]; y(0 — x0 )) 4 C  0 " (< D > - ei I  Pu; y(0 —x0 ) )+
i=0 i=0

+ Cy - 1 /2 A?, ; y(0 — xo )],

(9 .7 ) Gkm+2 (A6) )
[<Dyt*(K+ 1 ) 1K+1

U J, Y (0  -  x 0 ))

K+1
4 c  E g kin+2 (<DX- E*i Pu; y(0 —x0 ))+

i=0

±Cy-1/2A2N,0,1E<D>-0(K+1)1K+1u; y(0 —x0 )] + Cy - 1 1 2  ARI,K ,i [u; y(0 —x0)],
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where 0 Z xo  Z hy -  1  .

Using (9.4) and (9.7), we obtain.

7 -1 /2 Ak ,0  , I R D )--E .(K+  1)1K+  1 u ; y(0 —x0 )] Z C E  gkr"(<D> - eili Pu ; y(0 — x0 )) +1=0

+ Cy- 1 1 2  Ag ,K ,i [u ; y(0 — x0 ) ] .

Therefore, we have finally,

Lemma 9.1.

a— 1/2) EN,K[u; Y(0 — x0)] + 
a

a x o  EN,K[u; y(0 — x0)] +

112),4191,K,1[u
K+1

+ 2-  iy(c 0 — c2 y- ;  y ( 0  —  x 0 ) ]  ‘ c 3 y' 1 2  E  gif"(<D> - r*iliPu; y(0 — x 0 ))
i=0

where 0 /0—x 0  h y -  .

Take y o  so that 1 — 1Y61 / 2  / 3 ,  C O  c2Y61/2 0  and integrate by xo from t o to
t1 , then the inequality in lemma 9.1 yeilds

EN ,K [u (( i );  y(0 — t i )] ‘ E N ,K [u(t o ); y(0— to )] +

K+I C1
+C3 T112g k ' n ( < D > - Pu( • , x 0 ); y(0 — x 0 ))dx 0

1= 0  i t o

where to Z t i Z 0 Z to + hy -  , N  N (y ), Y Yo

Noting the following inequalities

E N ,K [ U ;  
p ]  y r 1 2  m +EK

-
r

 g N2m  H-1(<D>28r-48K-6Dg u  p ),
p = 0

m+K
EN ;  p ]  Cyr/2 E  o r -2,-1-1 (<D>„,-1+6Dgu; p ),

P= 0

(9.8) implies theorem 2.2 with r 3, K 2.
In the case when K =0, if we note the inequality

a1y- 1 o[u; y(0— xonl+ 1 — 0 [u; Y(0 — xonl _4_ CY I /2 4,o,o[u — xon00 ' ae

it follows from (9.1) and (9.3) that

Corollary 9.1.

2-  1 y(c0 — C y  1 /2 )4,0,i[u ;y(9—x 0)] +21  ;  E ,o [u ; Y(0  x o ) ]

n Eg o[u; y(61— x0)] Cy1/2 0m(Pu ; y(0— x0 ))ux0

f o r T0Lx0ZOLT1•

(9.8)
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This corollary proves theorem 2.2 with r\ 3, K=1.

10. Remarks on the case when r =2

We have proved theorems 2.1 and 2.2 in the preceding sections for r 3. I n
the case when r =2, the added terms

E (H(a, baj)[u, u] — 11(a" ) , b ( I) )[u , u ])
1=1

E c c p - A a ,  MR;)[1//„, f l u, u]
24ki+11314q -

and .Fq (d )[u ] in the energy estimate in lemma 4.2 play no role essentially and the
energy estimate is reduced to that of corollary 4.1. Therefore we employ another
more simple energy form. W e sketh the proof of deriving the energy inequality in
the case when r= 2.

Let
In

)<O"' =
p=0

B(Y, o . )= b (Y ,  < > 'o ,

be polynomial in with )E C K (J, S(M — p, s)), 5,(y, )E C K (J, S(M —1 — V, s)).
In this section we make no homogenization in and  a  operator (7 with symbol

is realized by c7(y, Do , D ) .  Set

H(c7, 6)[u, u]=Eqc7 15D8 - ' - ju , 6 ,D rju )— E 2 (d p Dri u, h y D r' - iu).

We remark that, if we use this energy form, the terms H([a, <D>], b)[u, l u ] ,  H(a,
[<D>, b])[u , lu ]  do not appear in the right side of the identity in lemma 4.1. And
thus, we obtain that

D0 H(c7, -6)[u, u ]= 6)[u]+Fi(c7, 6)[u]— iff'(ei, 6)[u, u]+

+  0 (  11 1n - 3 /2 ,m  - 1  +  ' U lm -  3/2 - 2&n- 2 • 1 14 1 m - 3 /2 + 2 m ) ,

Re H(d , b)[u, u] + Cu ,m- 3/2 -6,rn - 2 • 1 14 1m- 3/2 + 6,1n- 1 C0lida11 2

where

F°(07, b)[u]=(clu, bu)—(bu, k =  j ;  <M c  D4U112  ,

d
F 1 (c7, b)[u]= E  { —(bWu, eiu)—(bu, 618u)+(b ( ou, "d( ! ) u )+ (b ( o u, Cia)u)}.

1=1

The family of hyperbolic polynomials .4 k  is analogously defined by

•45--k = {Cl(k,v); d(k,v)(Y ,) =  a(k,v)(Y ,1 G ,  0<0 m - k  a ( k V )  E  •Ac} •

Proposition 3.3 is verified for .47 k by setting = <0 - 1 r.
The other hand, from proposition 5.2 and corollary 5.1, we see that
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N(i)
) W<D>26k = E 4u.odu,A)<D> 2 " 'j=m in(k+1.k-1-1/11) g=0

w ith riat h o  e CK(J, S( — 12 1 + ( Hai +113 1)( 1 —26), s)) for lI +
N ( i )

a
(5 - 1  v)(7i1< D > 2 6 k  = Er E (/)(i,oci(J,A)<D> 2 " - ', 

j=m in(k,k-1-1-1/.11) y r --0

with O , ) e CK(J, S(1 — Ic(1 +(lal +1131 — l)(1 — s)) for IOEI, 11314 1.
The following identity is easily seen.

r N U)
,7 (1 )/ n \  2 8 k  =  E  E o < D > 2 6 J - E ,
. ( k , v ) ( 1 ) \ - ' - ' /

j= k -1 -1  p = 0

with q5( i d o  E CV, S(0 , s)), O Z E Z  261. — (r — 1).

Since we have used the assumption that r 3 only to estimate the term H2 , then
if  we n o te  th e  inequality in —(3/2)+2(5 4 m —2+46—e w ith OZ e 4 2  1(46 —1), the
rest of the proof is almost the  same as those of the case w h e n  r  3.

DEPARTMENT OF MATHEMATICS,
KYOTO UNIVERSITY
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