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Introduction.

I n  t h e  recen t p ap e r [2 ], K o dam a  an d  S h im a  characterized homogeneous
bounded domains a s  fo llow s : L et M  be a  connected Kdhler manifold on which
a  so lv ab le  L ie  g ro u p  G acts transitively a s  a  group of holomorphic isometries.
Assume th a t th e  Ricci tensor is non-degenerate or assum e th a t M  is hyperbolic.
Then M  is holomorphically equivalent to a  homogeneous bounded domain in  Cn.

T he  purpose of th is note is  to  show th a t in  the above statement the assump-
tion of the existence of a Kdhler structure can be removed in  the  case  where M
is  a  hyperbolic m anifo ld . In  fact, w e shall prove th e  following

Theorem A .  Let M  be a hyperbolic manifold on which a solvable Lie group
G acts transitively as a group of holomorphic transformations. Then M  is holo-
morphically  isomorphic to a homogeneous bounded domain in  Cn.

In  view o f [2 ], fo r th e  proof of Theorem A , it is sufficient to prove in the
special case w here G ac ts on  M  sim ply transitively. I n  th is  c a se , G  admits a
le f t  invariant com plex s tru c tu re  an d  w ith  respect to this com plex structure G
is holomorphically isomorphic to M .  Therefore in  order to  prove T heorem  A,
it is enough to show  the following

Theorem B .  Let G be a connected solvable Lie group equipped w ith a  left
invariant complex structure. Assume that G is hyperbolic as a complex manifold.
Then G is holomorphically equivalent to a homogeneous bounded domain in C .

In  the  followings, we shall prove Theorem B along the similar lines to those
of [2].

1. Hyperbolic algebras.

L et g  be a  finite dimensional Lie algebra over R  and  le t j  b e  an endomor-
phism of g  such that

j2_
(1)

[j X , jI 7 ]---=[X, j[jX , Y ]+ j[X , /37 ] f o r  X, YE g .
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L et G  be a  connected Lie group whose Lie algebra is g. T hen w e can  regard
G  a s  a  complex manifold with the  left invariant complex structure corresponding
to j. W e say that (g, j )  is  a hyperbolic algebra if  th e  group G  i s  a  hyperbolic
manifold. It should be noted that if  (g , j )  is  a  hyperbolic algebra, then by a
result of Kobayashi (Theorem 4.7, Ch. IV , [1]), any connected Lie group with g
a s  its Lie algebra is necessarily a  hyperbolic m an ifo ld . L e t I) b e  a j-invariant
subalgebra of a hyperbolic algebra (g, j). It is clear that (f), j )  is also a  hyper-
bolic algebra, which we call a  hyperbolic subalgebra.

Let (g, j )  be a  hyperbolic algebra. We then have

(2) [jX , X ] =0 im plies X=0.

In  fac t, if  [jX , X ] = 0  then { R X }  { R jX }  is a  complex Lie algebra. Therefore
t h e  corresponding L ie  group is a  complex L ie  g rou p . O n  the  other hand, this
group is hyperbolic. Hence X=0.

P ro p o s itio n  1 . L et (g, j )  be a solvable hyperbolic algebra. Then there ex ists
a  1-dimensional ideal o f  g.

P ro o f .  L et g , be the com plexification of g. Then by a well known theorem
o f  L ie , there ex ists a 1-dim ensional ideal of g e ,  which is generated by Z= X

Y(X, Y G g). We se t r=  { R X }  {R Y} . Then r  is  a n  ideal o f  g .  I f  X
and  Y  a re  linearly dependent, then we have  nothing to p ro v e . Furthermore if
[r , r ] * 0  then  [ r ,  r ]  i s  a 1-dimensional ideal o f  g .  Therefore we assume that
dim r = 2  and  [r, r ] = 0 .  P u t  b = r +  j r .  By using (1) we can see that [jr , jr]C  jr .
Therefore b is a hyperbolic subalgebra . I f  rn  jr# 0 , then r=  jr  and hence [ jr , r ]
= 0 , contradicting to (2). Thus we know r n j r = 0 .  W e assert that [ jr , jr ]= 0 .
Indeed, since [ [ g, Z ] = 0 ,  we have  [[jr , jr ] , r ]= () . T his means that [ J r .  jr ]
= 0  because [jr, j r ] c  j r .  For any A E r, there corresponds 2E C such that [jA , Z ]
= 2 Z .  By (2), this correspondence gives an isom orphism . Therefore there exist
E , FE r  such that [jE , Z ]=Z  and [jF, Z ]=-V -1  Z .  We then have

ad  j E = 1  o n  r  a n d  (ad jF) 2 = - 1  o n  r.

Therefore

[jF , E ]=[jE , F]+j[jE , jF]— j[E , F]=F,

[jF, F]=(ad  jF) 2 E=— E.

Let a(r e )  be the L ie algebra of Aff (r,), the group of a ll affine transformations of
rc ,  where r ,  denotes the com plexification of r. W e can naturally regard b as a
4-dimensional subalgebra of a(r e )  in  such a  way that fo r every AG r, exp A(resp.
exp jA ) corresponds to a translation (resp. a linear transformation) given by

W  ---)-W +A  fo r  WE r,

(resp. W ----> A d (expjA)W for W E rc)•
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Let H be th e  connected subgroup o f Aff (re ) corresponding to 1) and let D be the
orbite  of H  through th e  p o in t  ,s / - 1  E .  It is  n o t d iff icu lt to  see  th a t D=-
{WEr, ; 1m W# 01 and that H acts on D simply transitively. Since  [JE, A1 - 1  E]
=A/ —1 E and since [jF, A /-1  E]= -V —1 F, th e  left invariant complex structure
of H induced from j  just corresponds to that o f D .  Therefore D  i s  holomor-
phically isomorphic to H and hence D is hyperbolic. Clearly D is not a hyperbolic
m anifo ld . T h is  con trad ic tio n  a rises  from  t h e  assumption that dim r = 2  and
[r, r]=0.

Let (g, j )  be a  hyperbolic algebra. According to K oszul [3], we define a
bilinear form o n  72 o n  g  a s  follows :

72(X , Y )=0([jX , Y]) f o r  X, Y  g ,

where 0  is  a  linear form o n  g  given by

0(X )=T r 3 (ad jX — joad X ) f o r  X eg .

We then have

77(X, 37 )=72(Y , X )  a n d  22(j X , jY )=72(X , Y) f o r  X, Y eg .

W e call r) and 0  the  canonical hermitian form and the Koszul form respectively.
Later on  we shall see that ri is  positive definite.

2 .  T h e  s tru c tu re  o f  (3, j).

Let (g, j )  be a  hyperbolic algebra. We shall show th e  following

Proposition 2. There exist an elem ent E of g , a j-invariant subspace p and
a hyperbolic subalgebra g ' satisfying

(a) g= {RE} + IR JE) +p + g' (vector space direct sum).
(b) {RE} + { R  El + p  is a hyperbolic subalgebra such that

[JE, E ]=E [JE, p]cp,
[E, =0 , CP, PiC {RE} ,

and the real parts of the eigenvalues of ad JE on p are 1

(c) [J E ,  g']C0', CE, g']=0, Cp, o'l p and the real parts of the eigenvalues
of ad jE  on g ' are equal to O.

By Proposition 1, there exists a  1-dimensional ideal o f  g .  Using (2), we can
chose a generator E  o f  this ideal such that [JE , E]= E .  A s in  [5], we define
a  j-invariant subspace U  o f g  by U= {Xe g ; [X, E]=[j X, E ]=0 1 . L et Y  g
and  pu t Y'=Y— j[Y, E ]— [jY , E ]. Then Y ' E U . Therefore we get

g= {RE} + {R 1E} + L I  (vector space direct sum).
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Using (1) we know that

(3) ad  jE . j= j .a d  JE  o n  U.

Clearly [ [J E , U ], E ] = 0 .  Then using (3), we get for X U  [ J  a d  JE X, E ]=
[[J E, IX], E ] = 0 .  Therefore ad  jE U O E U . Hence we can consider ad JE  a s
a  complex linear endomorphism of U .  It follows that if  we se t fo r  a, bER ,

a + .1 -1 b —  IX E U  ; (ad JE — (a+bj)) 77iX =- 0  fo r some integer m>0},

then U a , + , . / b is both j -  an d  ad  JE -invariant a n d  we have

U=
l

Lemma 3. Assume tha t Ua+,/-=-1- b# 0 .  T h en  a = 0  o r  a = (  ) k

 ' 

w h ere  k  is

som e positiv e in teger.

P r o o f .  If U a + , / , # 0 ,  then there exists a non-zero vector X EUa+,./b such
that ad JE  X =(a+b j)X . Then [jE ,[JX , X ]]=2 a[jX , X ] .  Note that U. -F{RE}
is a subalgebra of g because it is the  centralizer o f E i n  g .  Thus we can write
[jX , X ]=2E +X ', where 2ER  and X 'E U . It follows that 2E +[jE , X ']=2a2lE

1+2 a X '.  Therefore 2 = 0  or T his means that i f  a* 1

'

 then there exists
2  

a non-zero vector in U2 a .  Consequently, if a# 0  a n d  a # ( ± ) k  fo r  any integer k >2
0, then U2ta 0 f o r  any positive integer I. T h i s  is a contradiction. Q. E. D.

L e t u s  se t  fo r  a = 0  o r  a = ( -1 ) k

2

U [0 ]
=  E

bER

It is clear that th e  real parts of the eigenvalues of ad JE  o n  U[ a ]  a re  equal to
a. F o r  t h e  convenience, we put Um= { R E } . Then we have

[U [a ], U fa '1 1 C U E c t+ re l•

T his means that UE0] a n d  {RE} ± (R  JE} ± , tic (1 / 2 ) kJ a r e  hyperbolic subalgebras

0  fo r  k  2 ,  then putting p=u[i/2)and therefore if  we can show that U[

and g '=U [ o ], we get Proposition 2.
(1/2) k]=

Let I)= { R E} +{ R  jE }+ E  U E,,,,, k, and let 72' be the canonical hermitian form
k21

of (1), j). We shall show that the  following equality holds :

(4) U[0/2) k3 —  1X I) ;  72'(X , Y)=0 for a n y  17 E1)1.E E  ka2

L et XEUE(112)1,7(k 2). Then for any Yet), [jX , Y ]  is contained in  i
1

L/E(1/2) k5.

It is clear that fo r any Z e k l U E ( 1 / 2 ) k i ,  0 '(Z )= 0  where O ' is the K oszul form of

1). Therefore )2'(X , Y )= 0  fo r any YET). Conversely assum e th at .7)'(X , Y)=0
fo r  any Y b .  We decompose X  a s  X =2E-1--1ijE+X '+X ", where 2, pER , X'
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EL/E1121 a n d  X "E U [ ( 1 ( 2 ) k ] .  T hen OX , E)= 20E), 72'(X , jE).= m b'(E) and

77'(X , X ')=O[jX ', X '])=1./0/(E) where y  is  th e  real number given by [jX ', X ']

= y E .  Obviously, 0 '(E )= 2 +  E y d im u m ,,,k,. I t  fo llo w s  th a t  2=p=2)=-0
k Z 1  G

and hence X =X ", proving (4). It is easy to see that the set given by the  right
side o f (4) is  a  subalgebra. Therefore E U 1 1 2  k ] i s  a  subalgebra. Recall that

kZ2

[jUE(1/2) k3, UP1/2)]kl UC(1/2) k - 1]. It follows that [jUci/43, Uc1143]=0 and hence U[1/4]
=0 by (2). We can see inductively U[(1/2,k3=0 for any k completing the  proof
of Proposition 2.

By using Proposition 2 repeatly, we get

Proposition 4 .  Let (g, j )  be a hy perbolic  algebra. T hen there ex ist E k  o f
g and j-invariant subspaces pk  ( ( k =1 ,• , m )  satisfy ing the follow ings:

(a) g= IR Ek l-FIR jEk l+pk  (vector space direct sum).k=i
(b) Let us set gk = {R E k} + p k . T hen gk  is  a hyperbolic subalgebra

such that

L iE k , E k l-E k , [ jE k , P k ] -P k ,

[ E k ,  p k ]-0 , Cpk, pk1c{R E k}

1and the real parts of the eigenvalues of ad jE k  on  pk are

(c) Let us set gk + '= g i  (e = g ) .  Then 9 k +1 i s  a hyperbolic subalgebra of1-k+1
g such that

[JE,,,  k  + 1 1 c g k+1 ,E E k ,  g k+11 _ 0

[Pk, 9 k + 1 ]C.Pk

and the real parts o f  the eigenvalues of ad JE,, on g '+ ' are 0.

3. Proof o f  Theorem B.

Let (g, j )  be a  hyperbolic algebra and  le t E k , Pk, g k a n d  gk+i be a s  in  Pro-
position 4.

Lemma 5. Let WEp k  and let y  be the real num ber given by  yE k=[./W , W ].
Then and "y =0" im plies W =0.

P ro o f .  We consider lb, a s  a  complex vector space with th e  complex struc-
ture j. From (1) and (b) of Proposition 4, we have ad jE k .j=j 'ad  jE k  O n  P .
Therefore ad JE,, i s  a  complex linear transformation of  P k .  P u t  r=  {RE,,}  a n d
define a n  re -valued hermitian form F on pk  by

1
F(W ,W ')=- -- -

4
([jW , W ']+ -V -1  [W , W ']) f o r  W, .
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Here r, denotes the  com plexifica tion  of r. L et us denote  by  a(r,X P k) the  L ie
algebra o f the  group Aff(r c xp k ) , the affine transformation group of r c xp k . F o r
any A r  and  C ep k ,  w e denote by s(A), s(C) an d  s(JA ) th e  elements of a(r c x
pk ) generated by th e  following 1-parameter subgroups (with parameter t) respec-
tively.

(Z, W ) ---> (Z+tA, W )

(Z, W) (Z +2A/ —1 F(W, tC)+-V —1 F(tC, tC), W +tC)

(Z , W )-->  (Ad (exp t A )Z ,  Ad (exp t jA)W ).

It is  easy  to  see  tha t s is  an injective homomorphism of g k to  a (r c xpk). T here-
fore we can identify g k w ith  a  real subalgebra of a(r c xp k ). L e t  G k  b e  th e  con-
nected subgroup of Aff (r, xak) corresponding to g k an d  le t D  be the orbite of Ck
through (A/-1  E,,, 0). W e  c a n  se e

D= {(Z, W)E r e x ;  I m  Z—F(W, W)Er+1,

where r+={2E k ; 2> 0} . I f  w e  d e n o te  b y  X* the vector field on D corresponding
to  XE a(re X Pk), then we have under the identification of T cs., =iE k .o)D  w ith  rc-I-Pk
th e  followings :

S(E k ) ( - 1 E  0)
= E k SUE k)(:1‘ - 1  E k  0)

-  A/- 1 Ek

s(C) ( :K=— E 
k ,o) — C  f o r  C e p k .

T herefo re  the endomorphism j  of g k c o in c id e s  w ith  o n e  induced from  the
natural complex structure of D .  A s a  consequence, th e  domain D is hyperbolic.
T hen  by  a  theorem o f  Kobayashi (Theorem 3.4, Ch. V, [1]), D is holomorphically
c o n v e x . From this fac t, we can show by  th e  sam e way a s  in  th e  proof o f Pro-
position 1.1 o f  [6 ]  that

(Z, W )ED im p lie s  (Z, 0) D.

Therefore fo r  any V  e r+, (A /-1(V +F(W , W )), 0)ED  because (A /-1(V +F(W ,
W )), W )G D . S in c e  V  is  a rb itra ry , F(W , W ) is contained in  th e  closure of 174 .
T h is  implies that [jW , W ]=vE k  w here  v> _0. C learly  W = 0 i f  v = 0 .  Q.E.D.

Let 77 be th e  canonical form of (g, j). F ro m  P roposition  4  and  Lemma 5,
w e  c a n  sh o w  that 77  is positive definite almost similarly a s  [5 ] .  F o r  th e  con-
venience o f th e  reader, w e p u t  its proof. W e  f i r s t  sh o w  that 77(g,,, g , ) = 0  i f

Indeed, we may assume k < I .  L et 0  be th e  K o sz u l fo rm . T hen  77(jEk,
g,)= - 0([Ek, 9 /])= 0  by  (c ) of Proposition 4. H ence ,(E,,, gi)=7)(lEk, ig i )=0.
L et X ep k a n d  YE  g/ . S i n c e  [ jX , Y ]E N  a n d  s in ce  ad JE,, i s  a  linear trans-
formation of id,,, there exists ZEN  such that  [JE ,,, Z ]= [ f  X , Y ] .  We then have
72(X, 17 ) = 0(C /X , Y 1 )= 0 ([jE k . Z ])—  77(E ,,, Z )=77(jEk, jZ )=-0([Ek, /Z])=0.
Therefore g k and g, are orthogonal w ith  respect to 77.

L et X=2Ek+1ejEk-FX', where 2, 11 R  and x 'E p k . W e then have 77(jEk,
X')=)7(E k , X ') = 0 .  It fo llow s tha t 77(X, X)=.(2 2 4 p 2 + )0 (E  k ), w h e r e  v  is  the
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real num ber given by [ jX ',  X ' ]= v E k .  Since v >0 i f  X '* 0  by Lemma 5 , it is
1 .

sufficient to show that 0(E k ) > 0  for every k .  It is clear that 0(E1)-=2+ v im  P i.

Assume that 0 (E ,,)> 0  fo r  k=1, ••• , I. We s e t  a k (X , Y )= 7 )(X , jY ) f o r  X, Y
Pk(k=1, ••• , 1). Then a• k(X , Y )=  k ( Y  X ), a k (jX , jY )= o -k(X, Y) and a k (jX , X)
> 0  if  X * 0  because 0 (E ,, )> 0 .  Therefore (1)k, j ,  a k ) is a symplectic vector space.
I f  w e  s e t  P k =ad jEt+ilp k a n d  Q,,-=ad El+Ilp„, then P k  a n d  Q k are symplectic
endomorphisms of pi, satisfying

1
[Pk , Q k ]= Q k  a n d  [ j , Q k ]]= 0 .

It follows from [4 ]  that each pi, is decomposed as

Pk= Pt -H3T+0,

in  such a  way that
(a )  0 , )4  and p°,, a re  invarian t by Pk .

1
(b) T he  real parts o f the  e igenvalues o f P k o n  pt, pw and p°,, a re

1

and 0  respectively.
(c) jipw—pt and jp k̀'=iek .
(d) Q k= i on p  and Q k =0 on pg-+p.k.

Therefore Tr o ,,(ad jE t + 1 —joad E/+,)= - 2- (dim pw) +dim 1)17= dim 1)17  because

o f  (c). I t  is  c le a r  th a t T r,,,,(ad  jEt+i — load El+1)=2+ -2--1 dim  1)/4_1 and Tro+2

(ad jEt+i — je ad  E i+ i )= 0 .  Since ad jE t + ,— j.ad E t + 1  m aps E k t o  0  a n d  maps
jE k into g + 1 ,  w e have

0(E1+1)= dim p-k-+2+ —,1 dim
k=1 G

Thus we can show that 0 (E ,,)> 0  inductively fo r all k and therefore 72 is positive
definite.

Now le t G be a s  in  Theorem B  and  le t g  be its Lie algebra. T hen th e  left
invariant complex structure of G  induces an endomorphism j  o f  g  a n d  (g , j )  is
a  hyperbolic algebra. S i n c e  t h e  canonical hermitian form of (g, j )  is  positive
definite, (g, j )  becomes a  proper j-algebra in the sence of Vinberg, Gindikin and
Pyatetski-Shapiro [7]. T herefore it is a  j- a lg e b ra  o f  a  c e r ta in  homogeneous
bounded domain D ([7]). Hence G i s  holomorphically equivalent to D .  This
completes th e  proof of Theorem B.
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Added in proof : The author has succeeded in showing that every homo-
geneous hyperbolic manifold is holomorphically equivalent to a  homogeneous
bounded domain in C n .  The details will be discussed elsewhere.


