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Let (X, be a reduced and irreducible germ of a complex space. In the previ-
ous paper [I], we have treated a good property of (X, which is expressed by linear
inequalities on orders of elements of e9x 4  (e.g. 3a 1 ,  9 b  0  such that v(fg)..-5_
a1(v4(f )+v 4(g))+ b, for Vf, g E  x , 4). We have shown that (X, has this property
if it is quasi-homogeneous or if the exceptional fibre of the normalization of its
blowing-up is irreducible. Here we add one more sufficient condition: (X, is a
rational singularity of a surface. We entirely follow the convention in [I]. Espe-
cially we use the following signs for orders:

v4(f )= sup {p: Je  mP} (m = the maximal ideal of Ox ,4),

(f)=1im —

1  
v (fk),

4k - . 0 0  k  4

11,4 ,4(f )= sup {p: 3a> 0, 3 neighbourhood U  IXI of

3representative f (y) of f  over U such that

J01 cc• Ay, OP fo r  a n y  y e  A n U} .

Lemma 1. Let (X, be a reduced and irreducible germ of a complex space of
dimension n..1 and let (A, b e  a germ of an open subanalytic set in 1X 1. Suppose
that there exists a germ (Y , )c(X , o f  one-dimensional complex subspace such
that

(i) (Y, is a complete intersection in (X, i.e. the ideal for (Y, in e x ,4
is generated by (n —1)-elements;

(ii) I YI e A u g} in  a neighbourhood of
Then there exist a a n d  b 0  such that

1tA ,4(f)5 aV-
4(f)_.= av4(f )+ b for all J e  V .

Pro o f . There exists an arbitrarily small connected neighbourhood U o f  e I XI
which satisfies the following.
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a) j YI n U c A  { } .
b) There exist sections p i ,• • •, (P„- E e x (U ) which generate the ideals fo r Yx  in

(9x ,„ for all x e U.
c) There exists a section 9„e 0 x(U) such that (P; 1 (0 ) n I YI ={}•

Then (9 1 ,-, (p n )  defines a  finite morphism 0: X Iu - , C" such that 0 - i ( 0 ) =  and
0 - '(L)-= Yi fl U, where L= {(0,..., 0, z): z E C}.

d) W= 0(U) is open in Cn and 0; X l u - C ' I ,  is proper and finite (cf. [F],
(1.10), (3.2)).
Then grnk0 = dim 0 (U )=  n . Let D c Wdenote the set of those points y whose fibre
0 - 1 (y) contains at least one x such that 0 is not locally biholomorphic at x .  Then
dI) Iw_n U - D is a  covering space. Let k denote the number of the
points of 0 - 1 (y) for y e W- D .  If f  is holomorphic in  a  neighbourhood of U ,  we
have i-th elementary symmetric polynomial ai(y)(i=1,..., k) of the values o ff on the
fibre 0 - 1 (y ) for y e  W- D .  ai c a n  b e  holomorphically extended over W . They
satisfy the identity

(*) fk(x)-5100(x)P-1(x)+0-2.0(X)fk-2 —  ...±  crk.0(x)= 0

on X l u . Since 0 is proper, B = W- 0(11 - A ) is an open subanalytic set in W such
that OeL n W c N o w  suppose that /./A ,4(f )=  p .  Then there exists Œ>0 such that
If(x)1:.Ç. a • d(x, OP fo r  any  xeA n U .  By Lojasiewicz inequality (applied to the
mapping components (pi), there exist /3> 0 and y  1  such that 10(x)I 13 • d(x,
for any x e U .  Hence lai(y)i <_( k

i  )(ale)i • W I-  fo r any Y E 13. Then by [I], (2.4)

(a corollary of Spallek's theorem),

6 • v„(a 111301 (a pl/ (i = k)

for some If we apply [L-T], (7.2), to (*), we have

V. - 4(f) m in vn (a i)/i pla ( .6 y ).
15 i5 k

al74 ( f )< a q f )+ b  follows from the proof (5) of [I], (1.5).

We can easily deduce the following from [H], (3.7.8).

Lemma 2 .  I f  0: Y is a  morphism of  real analy tic spaces and if  A  is  a
relatively  compact subanalytic set in X , then 0(A) is subanalytic in I Yl•

Theorem. Let (X , be a germ of  a normal surface (complex space of dimen-
sion tw o). If  the divisor class group C(X, is a torsion group, we have the follow-

There exist b1-0 such that

v4(fg )<a i (v4 (f)+1 ,
4(g ))+b, f o r a n y  f, g e e

(2 )  For any  morphism 0: (Y , n ) - 4 X ,  of germs of complex spaces such that
g nk =2, there exist a2 :1, b2 ?:.0 such that 1,,i( f .0 ) .a 2 v4 (f)-1- b2 for any fe  ex ,4 ;

(3 )  For any complex wedge (A, in  X  such that rnk(A, 0 =2 , there exist

ing:
( 1)



On a rational singularity of a surface 241

a3 1, b3 0 such that 1.1A ( f )_ a 3 q f )+ b 3 f or any f e Om .

Remark 1. S to rch  has proved that the following conditions are equivalent for
a normal surface (cf. [S]).

( i ) C(X, is a torsion group.
(ii) C(X, is a finite group.
(iii) (X , is a rational singularity.

Remark 2. We call (A, a complex wedge if there exist open neighbourhoods
U c C2 of 0 e CH and a morphism (1): S-2-0( such that U is connected and relatively
compact in 0, 0(0)= and 0 (U )= A . We put rnk(A, g  r n k o 0.

Remark 3. By [I], Note added in proof, this theorem is also valid for a reduced
and irreducible germ of a surface whose normalization has a rational singularity.

P ro o f . (1), (2) and (3) are equivalent by [I], (1.2). Hence we have only to
prove (3). Let (A, be a complex wedge in X with rnk(A, )= 2. Take U, 52, 0
for (A, as in Remark 2. Then there exists a complex line L c Cm through 0 which
intersects T= {x e Q: rnkx 0 <2} u (P -  V )  in  a  discrete point set. If we choose a
small neighbourhood Vc U of 0 and W  of suitably, 1, (V )c W and 0(L n YI
for some complex subspace YOE X  I of dimension one (cf. (d) in the proof of Lemma
1). By our assumption on C(X, we may assume that (Y, 0 is a complete inter-
section in (X , We may also assume that V is subanalytic in Q . T h e n  4)(V— T)
is subanalytic in W by Lemma 2 and open by the implicit function theorem. Hence
(3) follows from Lemma 1.
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