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Let (X, ¢) be a reduced and irreducible germ of a complex space. In the previ-
ous paper [I], we have treated a good property of (X, &) which is expressed by linear
inequalities on orders of elements of Oy, (e.g. 3a,21, 3b; 20 such that vy(fg)<
a,(vAf)+vdg))+b, for Vf, ge Ox,). We have shown that (X, &) has this property
if it is quasi-homogeneous or if the exceptional fibre of the normalization of its
blowing-up is irreducible. Here we add one more sufficient condition: (X, ¢) is a
rational singularity of a surface. We entirely follow the convention in [I]. Espe-
cially we use the following signs for orders:

v(f)=sup {p: femr} (m=the maximal ideal of Oy p),
- .1
=lim 5 k),
v:(f) kfg k V{(f )
ta,(f)=sup {p: 3a>0, 3 neighbourhood U c|X] of ¢,
Jrepresentative f(y) of f over U such that

lf(WISa-d(y, §)»  forany yeAnU}.

Lemma 1. Let (X, &) be a reduced and irreducible germ of a complex space of
dimension n=1 and let (A, &) be a germ of an open subanalytic set in | X|. Suppose
that there exists a germ (Y, £)=(X, &) of one-dimensional complex subspace such
that

(i) (Y, &) is a complete intersection in (X, &), i.e. the ideal for (Y, &) in Ox
is generated by (n—1)-elements;

(ii) |Y|=AuU {&} in a neighbourhood of &.

Then there exist a=1 and b=0 such that

nafN)Sav(f)sav(N)+b  forall feOy,.

Proof. There exists an arbitrarily small connected neighbourhood U of £ € | X]|
which satisfies the following. :
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a) |YInUc=A4u{}.

b) There exist sectlons Piseeer Py_1 € cDx(U) which generate the ideals for Y, in
Oy, forallxeU. " '

¢) There exists a section Pn e(Dx(U) such that ¢;1(0) n |Y|={&}.
Then (¢,,..., @,) defines a finite morphism @: X |y— C" such that ®~!(0)=¢ and
d~Y(L)=|Y|n U, where L={(0,...,0, z): ze C}.

d) W=@(U) is open in C" and ¢: X |,—C"|, is proper and finite (cf. [F],
(1.10), (3.2)).
Then grnk,®=dim @(U)=n. Let D<= W denote the set of those points y whose fibre
@~1(y) contains at least one x such that @ is not locally biholomorphic at x. Then
@lw-p: U—P ' (D)>W—D is a covering space. Let k denote the number of the
points of &~1(y) for ye W—D. If f is holomorphic in a neighbourhood of U, we
have i-th elementary symmetric polynomial ¢,(y) (i=1,..., k) of the values of f on the
fibre @71(y) for ye W—D. o; can be holomorphically extended over W. They
satlsfy the 1dent1ty

®  f- alo«b(x)fk {(5)-+ 0100 ()l - -+ake¢(x)%0

on X [v. Since ®is proper B W—&(U - A) is an open subanalytrc set in Wsuch
that 0 e Ln WcB Now suppose that u M( f)=p. Then there exists >0 such that
| fX)=a- d(x é)" for ‘any xedAnU. By LOJaswwwz 1nequa]1ty (applled to the
mapping components @;), there exist >0 and y>1 such that |¢(x)|> B- d(x 9K

for any xe U. Hence |a,(y)|<( )(cx/ﬂ Y-l 7 for any ye B. Then by [I] (2 4)
(a corollary of Spallek’s theorem), ‘

6 v,,(a',)>/13’,,(0',)>pl/')’ (l=1ya k)
for some 6=1. If we apply [L-T], (7.2), to (%), we have .

" V{f)Z min v(e)/izpla- "~ (a=dy).

15isk
avf)Savd f)+b follows from the proof (5) of [17, (1.5). ' O
We can easily deduce the fo]lOWing from [H], (3.7. 8)

Lemma 2. If b X—+Y ts a morphzsm of real analyttc spaces and 1fA is a
relatwely compact subanalytlc set in X then d)(A) is subanalytlc in |Y|

Theorem. Let (X, &) be a germ ofa normal surface (complex space of dimen-
sion two). . If the divisor-class group C(X, &) is.a torsion group, we have the follow-
(1) There exist a; =1, b, =0 such that -.

Vg(fg)<a1("g(f)+"¢(g))+bl for-dh).i fgeax,g';: o

(2) For any morphzsm <P (Y, n)—»(X '3 ofgerms of complex spaces such that
grnk,®= 2, theré éxista, =1, b, =0 such that vy(fe®) L a,v(f)+ b for any fe O ;
(3) For any complex wedge (A, &) in X such that rnk(A, &)=2, there exist
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az21, by =0 such that p, f)<azv(f)+bs for any fe Ox ;.

Remark 1. Storch has proved that the following conditions are equivalent for
a normal surface (cf. [S]).

(i) C(X, &) is a torsion group.

(ii) C(X, &) is a finite group.

(iii) (X, &) is a rational singularity.

Remark 2. We call (4, &) a complex wedge if there exist open neighbourhoods
UcQ of 0e C™ and a morphism ¢: Q- X such that U is connected and relatively
compact in Q, #(0)=¢ and &(U)=A4. We put rnk(A, &)=grnk,®.

Remark 3. By [1], Note added in proof, this theorem is also valid for a reduced
and irreducible germ of a surface whose normalization has a rational singularity.

Proof. (1), (2) and (3) are equivalent by [I], (1.2). Hence we have only to
prove (3). Let (4, £) be a complex wedge in X with rnk(A4, {)=2. Take U, Q, ®
for (4, &) as in Remark 2. Then there exists a complex line L= C™ through 0 which
intersects T={xe€ Q: rnk, ®<2} U ®~(&) in a discrete point set. If we choose a
small neighbourhood V= U of 0 and W of ¢ suitably, #(V)c W and &(L n V)=|Y]|
for some complex subspace Y= X |y, of dimension one (cf. (d) in the proof of Lemma
1). By our assumption on C(X, &), we may assume that (Y, ) is a complete inter-
section in (X, £). We may also assume that V is subanalytic in Q. Then &(V—T)
is subanalytic in Wby Lemma 2 and open by the implicit function theorem. Hence
(3) follows from Lemma 1. 0
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