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Researches for heat equations or wave equations have a long history. 1In 1938,
Petrowski studied Cauchy problem for evolution equations as a generalization of
above equations. Moreover, he specialized two essential types of cvolution equa-
tions, i.e. p-parabolic equations and strictly hyperbolic equations ([1]). After him,
many authors studied the two types of equations in separate ways. On the other
hand, recently, Volevich-Gindikin gave a concept of dominantly correct evolution
equations, which are H*-well posed under any change of lower order terms in the
sense of Newton polygon ([2]).

In this paper, we shall show the H*-well posedness of mixed problems for domi-
nantly correct evolution equations, assuming the uniform Lopatinski conditions.
The process of the analysis of our problem is just pararel to that in [3].

Our problem is to seek a solution u satisfying

A(t, x; D, D Ju=f in (0, T)x Q,
(P) B{t, x; D, DJu=g; on (0, T)x0Q (j=1,...,m,),
D{tl=tlj on {t=0}xQ (j=0,....,u—1),

where {f, g;, u;} are given datas and Q is a domain in R" (we only deal with the
case when Q=RY). Our main result in this paper is

Theorem Under the assumptions (A), (B) and (B*), the problem (P) is H®-
well posed. :

§1. Newton polygon

1.1. Newton polygon. For a polynomial
AT, §) =3 a,,1°¢",
we define the Newton polygon of A by

N =convex hull of 4, U 4/,
where
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AA={(U’ k); | Ek Iaovl 5‘:0} *

4,={(a, 0); (0, k)e 4,3 U{(0, k); (a, k)e 4,4} U {(0, 0)}.
Let

0=(0,0), Po=(u;+-+u, 0), Py(uy+-+mw, my,
v P = my 4oy _y), Pi=(0, myp 4o+ my)

be vertices of N 4, where y,,..., i, m,...., m, are positive integers (3. y;=p, > n;=m),
then we have+ o0 >p,>p,>:->p; 20, 0<q,<q,<--<¢;< + 0,

where 24 =p;=q7'. If +00>p,>-->p,>0, we say that N, is normal. Hereafter

i
we consider the case when N, is normal. Defining non-decreasing positive numbers
(P1s--+» 7o) such that
0<yi=y2=""=0m, =0

<'}’m.+ 1 =Ym|+2= o =y"v|+m;=q2

......

<Ym|+'-~+my_‘+ 1= = Py 4oty =q,< + 0,
we have

A= % antd

=3 T (T a8

k=0 a<yr+1+t - +ym |v|=k

therefore we say that

AO(I9 é) = Z aovtaév

T
(a,|vhe Y Pi-1Pi

n

A.;o ( | ‘%‘-k Ay oty &) TVR 1T T

n

Z a’?(é)‘[yk-i 1Fetym
k=0

i

is the principal part of A(t, {). Moreover we denote
A =af,

A‘”(I. ij): Z aa‘_&"tﬂ—(u.u"’”"‘un
(a,|vDePiz P;

mi
= kZO ag1+~-~+mg_l+k(€)tq‘(mi-k) (l = 1...., 1).

Now let us denote
tii=w; (i=1,...,1),

then we have
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L mi

Ao(r, é)=08‘[”+ Z] kzl 112.,+--.+,,.,-_,+k(5)f‘“(""""+‘““"’“'*"'*"“""
=1 k=
=‘18w'|""“w'l"'

mi

0 mi—k ym PR

+ Z] Py aml+m+m,-,+k(€)wi i w:-:-;' (l), !
i=1k=

=AAo(wl,..., w,, é)

. mi . o
A(l)(T, é)= kzo ag,l.,....+,,,‘__l+k(¢)rq.(m. k)

mi -l
=kzo al(')'|+"'+'"i-|+k(§)wlim—k=A“)(wis 6)’

where Ay(w, &) is homogencous of order m and 4 w,, £) is homogeneous of order
my + -+ 4+ m; with respect ot (w, ¢). Remarking that

’h| =|r|_(‘1i"qi-l)< K—f”
w;
where Im 1< — K (K> 1), 6 =min (¢;—¢;-,)>0, we define

4;={zeC'; —ng;<argz<0},

QK={QEA1 XX Ap o | KK 0wyl (i=2,..., 1)},

Dikapy=1(@, &) e Qex € 101l <o 190l 5 5y (120, 1., 1, 0<a< 1, B> 1).

<l Icl

Then we have

Lemma 1.1. There exists a positive constant C (independent of K, a, B)
such that

Aot Doy i = A0y, 1< {a(HL)™ + g gpmesm

ill Di(k’,a,ﬂ) (i=0, 1,..., l).
Proof. Since
Ao(m, it wpm — A0, §)

11

1 ) ) A
= kzl AN (0, &) ~aY 4im (O} @

[ -
+ 3 A4 ) =88 e ()R O 0,

we have
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{Ag(w, E)wpi+rrm™ —AD(w,, E)}E[Ttmittmi

- A ) et N -

G i) e G X))

wk )—mk
14

=

'—_—l|+12,

wherce

-1
"”“(Lwiﬁ"‘l‘) <Cp'.

Here we remark

Lemma 1.2.

{Ao(w, &) =AW (@), O}oi™"

=1 pi= £ i(ni—k i —1li-
Z u-zla?" N <,‘.< & )( w; >P:(ll. )<wl+l >1h+|lli+|”. w;_y >pl 1HL-1
S ™ A AN w, W, w,

$' (o, (o L)
;I(U)l) (pl<wl’ w, ’

where @{w, &) is a homogeneous polynomial of degree m— p;.

Now, in our case, we consider a polynomial with respect to (tr, &) with
coefficients depending parameters (1, x), that is,

A, x; 1, 8= Y agl1, x)to&y,

(a,|v])eN 4

where a,o(t, x)=1, a,,(t, x)€eZ*(R"*"), and a,, are constant outside a ball,
whose Newton polygon is normal and independent of (¢, x). Moreover, we assume

Assumption (A).

i) Al ygm (Lx;OX0 for (r,x,{eR™! xS (i=I,..,[=1), and
at, x: 1,0,...,0)x0.

i) P;is even and A1, x5 1, &) %0 for (1, x, &)e R xS$" ! and Im1<0
(i=1,...,.1=1),

iii) P,=1 and zeros of A')(t, x; 1, ¢) with respect to T arc real and distinct
for (1, x, &)e R™ ' x S,

1.2. Newton polygon with respect to A. Let us consider a boundary poly-
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nomial B(z, &) with respect to a polynomial A(t, £). Let Ny be the Newton poylgon
of

Bz, £)= % byt
and Ny N/, where
Ny=(N4—(0.1))nN,,
whose vertices are
0,0), (uy+-+u,0), (o+-+pp, my). . (O, my+---+mj).

Now let us define the Newton polygon of B with respect to A4 by

Ng'= v ((Ny—=(a. ONNY), Tag={(, B): Nsj—(a, )2 Ny},

(a,f)el an

then N*' is a polygon whose sides are composed of parts of those of Nj. Especially
when Ni*) = N, we say that B is a standard boundary polynomial with respect to
A. Let

0=(0,0), Po=(p+-+pf, 0), P{=(ug+--+up, m9),.... P{=(0, my+---+m})
be vertices of N'4’, some of which may coinside, such that

md 0 1 0w it
o =P KISHG mE<mi,
{

where we denote
pl=pi—pud, mi=m;—m?.
We say that

By(1, &)= > byt = >z bp(&)”

—_
ta,|ve v, Pl P? (a.kie v, PP}

is the principal part of B with respect to A. Moreover, we denote

Bl (1, ¢=) Y by LTty

(a,1vD)e Py P}
Denoting w; =11, we define B,, B’ as follows:

Bo(t. &) =b§wii- - wyt

! v I” m’"
+ X > HR(E) i =miy bokmd gyt 't

i=1 . P
(a,k)e P{_  P)LP]- 1)

= BO((D, §)9
B9 (r, &) =BO(wh!, &) =BV (w;, £).
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Moreover, denoting
C, &)=Clw, &)= JII:]] (;=ilg" D™, &' =(82smem Cu)s
we introduce a standardized boundary polynomial B* of B with respect to A:
B¥(x, §)=B*w, §)=C(w, {)Bo(w. &),
BF)(z, &)= BFW(w;, &)= (—IIE/)m s (o= ilE )" BO(w;, §).

Lemma 1.3. There exists a positive constant C (independent of K, a, ) such
that

B0, Do — B, Ol<Ca+pne™ " (14 '—,“—’;i)m;

in Dik,a,p)

Proof. Set
B (0, o 1o - B* (0, &)
. ' to _ ‘
= (I1 (@, ~ g D7t o
J= . . L

x {Bo(w, ol o7 — B (w,, &)}

AT (@, =1 — T (=i Dt =€ D™ 11 om)
x BO(w;, &) e 7™
=1,+1,.
Since
l(w;—i1ED—(—ilEDI =l <alé] if j<i,
(@;—=ilE') —w; =& < B~ |w)] it j>i.
we have

15 < Cla+ B~ HIEIm**mia(|wy] +1Em B oy, &)l
< C'a+ B IEmTHtm (] + €]
On the other hand, since
|Bo(w, é)w;""‘?u ,..wl—m? — B“'(CU,'. é)l < C(a+/j—l)lé'm‘l’%"i'm?_l(lu)il + |C"I)m:}‘
we have

L|<C'(a+ B E[mit (] + | ED™. m



Mixed problems for evolution equations 479

In our case, we consider a boundary polynomial B with respect to A with
coefficients depending on (t, x), whose Newton polygon with respect to A is inde-
pendent of (¢, x), that is,

B(t, x;1,8)= X b, (t, x)1°8", b, (1, x)e B7(R"),

(a,|v])eN§?

where b,, are constant outside a ball.

§2. Uniform Lopatinski conditions

Hereafter we change the notations of variables:
(Xqaeees X)) = (X, ¥y, Yo ) =(X, ),
(Croens &) — (& npueei - ) =(& ).

For short, sometimes we shall write A(t, &, n) instead of A(t, x, y: 7. &, n), omitting
the variables (¢, x, y).
From the assumption (A), we have

AN(z, &, 0)=aj_,,, (& O)r™ + - +a)(¢, 0)
— cém-—l"l ]l"_;[“ (é - K,j‘f) N

where {«;;};- ... . are real, distinct and non-zero. Let m{ of them be negative and
mj be positive, that is,

K“ <K12<"' <Klmf<0<’clmf+l <"‘<Klm'.
Let

1
m,f'=—,)~

!
m; (i=1,.,1-1) and my=3 mf,

=
then we have

Lemma 2.1. m, (resp. m_) zeros of Ao(t, &, n) with respect to & have positive
(resp. negative) imaginary parts, if Int< —K (K : large enough) and ne R"~!.

The proof of Lemma 2.1 will be shown later in §3. We denote
jo(w. éa r’) = ﬁl (é—éj(w9 '1)) 1_]:‘ (é—é;(wv ’]))=C128(U). é, ﬂ)f‘ia(w’ é’ ’1)’
Jj= Jj=

where Im ¢f(w, 1) =0 if w;=w(1)=17, Im1< —K and e R""".
2.1. Lopatinski determinant. Let us denote

BI(T’ 6’ 7’) B?(ts és '1)
B(t.g,m=| : . B, &m=| : ,
Bm-p(t’ 67 '1) Br‘ru(‘r, 6’ '1)

where {Bj(t, &, n)};=1,. m, are boundary polynomials with respect to A(t, &, n),
and {Bi(t, &, n)};=.,. m, are their standardizations. We define the basic Lopatinski
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determinant for {4, B} by

5 _ 1 [ By, &, nem*
Rlo, ”)‘det<2m' (o, & 1) dé)m

Let us denote a m, x (m?% 4+ +-- + m})-matrix
+ 1 i

A1i) Zgmt+eoetmt—k - )
BW(w,, 1 =( L { BO(w; & memit d)
+ ( ! I) 2ni Ag‘)((l)i, é, ?7) C k=1,..., mi"+~~~+m‘+q

. ) "'I‘*"'“'"'.f' ) )
where Ag—l)(a)i* d:' ’7)= ].—.[1 (é_é,(i‘)(wi’ 7])) and {6.(1'”}]:l,...,mi"+--.-+m:' are zeros
-~ . J= o . .
of AW(w;, &, n) with respect to ¢ satisfying Im >0 when w;e 4;. Moreover we
denote a m, x mf-matrix

bm=<< 1 Bod.c o _dc)kzlwm>

Hi . . .
[T (€—emaiti-tic,,)
=1

J=1,,72pPi

(i=1...,1-1),

and a m, X mf-matrix

BU(1, &, 0)
o= (L BUGE0 )
* 2mi E—xy; éj:] mis

.....

where
A1, & 0)= a8, (& O) TT (@ =i/ EP).
=
Here we define | |
RO (w;, n)=det (B (w;, mbY+Vb4*»..b)  (i=0,1,.... ],
then R%(w;, n) is homogeneous of order

+teetmt
m} +m‘

TEE (my+-+mi+1-k)
K=1

=(mt+-4+mH){m +-+mi+ —é- - —Jz—('mT+~-~+m?L)}

with respect to (w;, #) and we have
Lemma 2.2. We have
R(w, Mopfyissd.op simsi=n) ,
=R (w;, M +efw, Minls (=0, 1,..., 1),

where |c;| > const. (>0) and e{w, n)—0 as BK=0+p-1-0 in Dk (i=0,....1—1)
and e(w, n)—0 as BK~°—0 in Dy, p(see the notations in §3).

‘Proof. Let (w, n) € Diyk,p) (0<i,<I—1), then we denote
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m+

A5 =64(0) H EF(O(ET = HY), E*(é)—l—l(é Ci)

i=ig+

in case when {;} are distnct, because the other case is considered as the I|m1t case.

Then we have
€& I1 Er@ )

.....

=det (MM,'°+1‘..M1).,

where
_( 1 Bg(é)ém;r+-~-+m;;—k
M (271'1' %ﬁG“o) é’+(€) dé)k=l ..... mT"'-l-mﬂ,’
#
M= 2;’1' § =5 B i —de
e @ 11 E@IIG-E) )
(o +1<ig)).
Denoting
B“(lo) w; ’ _f__’ n— _é— mr+~-~+m"";—k
BN CEE - C
W=\ 2ni Taay Apo( 2, £ Y i )
+ » Ty T
Il Inl ~ Inl
B wi’ ¢ ,
= (51} (o Tur 1) a
2 |E=&ik|=6 ﬁ( & & [
=N oy
we have

M:((M(’)k+0(1))I,’|m;+~~+m;o+1 k H wlm‘)k’

i=ip+1
1

M;= =1
&) 1T E5

(M o+ o(1) @i+ 1ok

1
x 11 w39,
Jj=i+1

therefore we have

m'i'+...+,,,‘
~ z (m +:- +m’ +1- k)( ,
R={|,1| k=1 H O)"' )1rr++ +m+}
Jj=iot+
m+
% i kél (m;+-~'+m"+1—k) 1
= ’
T Aol ( IT oppm}
i=iptl1 Jj=i+1
m+ i-1

x I I (e, IT EjCr

i=ip+1 k= j=io+1
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x {det (M'Mj 4 ---M})+o(1)}

= p{det (M'Mj ., ---M})+o(1)},

where

1
p=nl"e TT lof 1@,

i=ipt1

and

(0<c, <lpol<c2)

det (M'Mj, -+ M) = RU9 ||+ o(1).

Now we assume

Assumption (B). [uniform Lopatinski condition for {A, B}]

inf |RO(1,0, y; o, n)|=x0

(t,y)eR"
for ;e 4; and ne S"2 (i=0, 1,.... .
2.2. Examples.
Let us consider
A=(t—i(E2+n»)(t+al+bn)
then

(a, b: real, ax0),

Ao=12—i(E2+nP)1—i(E2+n?)(al+bn)

1
and we have, taking o, =12 and w, =1,

AM =} —i(E24+n?)= —i(—&H (@, M(E—E(@y, M),

A@ = —i(E24+n?) (0, +aé+bn).

i) [in case of a<0and B=1]

B* =(w, —ilnNw,—ilnl),

BS(”=wl - il"l’

1 w,—i|n| .
RO = | e Sy dE= o
ii) [in case of a<0 and B=¢]

~ . o 1 4

$— _ $(1) = M=

Bf=(w,—in)¢, B &R 2ni S E—E (o, 1)

jii) [in case of a>0and B,=1, B,={]

ﬁ,_< B )_( (@, ~ i1} (@, =)

Rk
B}

(w2 —ilnl)¢

dé=E*(w,, m).

)
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N ( w,—i|n| ) R ( —inl(w,—Inl) )
B = . BT = ,
¢ (@ =inld)

1 w, —iln|

_ 2ni gé—&(w.,n) ac v

R =
1 14 . 1 4
i eEa { HET R

=U)|_il’1|,
1 S —inl(w, —i|n)¢ de _I_S —i|nl(w,—ilnl)
) @i Era (@, B 9 2ni VT (E+a (w, T E) ¢

@ =

_1_~S o Nwp—imez e ] g (w, —iln|)¢ dé
2ni Y(E—iln(EH+a (o +bn) "7 2mi J(E—iln)(E+a " (w,+bn)

= —i|nl(w, —iln])2

iv) [in case of a>0and B, =1, B, =¢2]

( (w,—in)(w; —ilnl)

= | . ,

. ( ; —iln] ) N < —ilnl(w; —ilnl) )

Bf(H = , Bro= )
0 L2

1 w,— iyl
I S e ) 0

R = !
0 T e TELTY \
— (@, =il (—a),
) T o 5 % T Tt e oy
2+ b1 7 JETME +a (@, +bm)

1

Vi

1 &3 1 2
mg(é—ilnl)(€+a“(wz+bn))d': 2w ST e T

1 1
21 2 —im % 0

= —ilnl(w; —ilnl) Lo L0 Gl —a (@t b))
1 ilnl—a”(w,+bn
2ni Sé—ilrn dc 2mg(£ tlnl)(€+a'%(wz+bn)) ac

= —i|n|(w,—iln))EInl —a~(w,+ bn)).
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§3. Basic properties

3.1. Zeros of AA(‘)(wi, &, 7).

First, from the assumption (A), there exists &, >0 such that

inf 180 seam(E e (i=1...1=1), |ad(1, 0)| >z,
(&,n)eSn!

inf  |AD(w;, & n)|> el + 1) (i=1,....1=1).

( Esn—l
6’3))16411

Hence there exist ¢, >0 and C,>0 such that
D 1D e (E IS Ao Y™ (=1 (= 1)
in {(£, )e C'x R '; (&G, UG}, and

a8, I > - zolél”

in {(¢, n) e C!' x R"~'; £& G}, where
G={leC'; [lI<Colnl}, G+=G n{Im&Z£colnl},

i) JAO(w;, & > 'é_"’o(x/|f|2+Mlz)""+"'+"”"(|a’i| +/IEP2 +InPym
in {(w;, &, Ned;x C'x R"1; (&GP U GYY (i=1,...,1—-1), and
A0, & 1l > 5 eolel

in {(w;, & N)ed,; x C' x R"~1; £E& G}, where
GV ={EeC': |&|<Collo] +1nD)}, G =GO n {Im &= +eolnl} .

Next we shall consider zeros of A@(w;,, & 0). For 1<i<I—1, we have

AD(T, £, 0)=ab, 4sm,_ (. 0) ,“1 (v —K7piEr)

sy ni  Pi R
=al ttm_, (£, 0) H‘ (—x7FY) H1 p} (€ —el2mast=c, ),
j= j=1 k=

where Im k; />0 and nq;<argk;;<2nq;. Therefore we can choose d>0 such that
u; zeros of A®(w;, &, 0) with respect to & belong to

G,={eC'; nq;+2n(k—1)q;+d<arg <E€_> <2nq;

+2n(k—1)q;—d, d< .lif)Ll <d1)
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for eahc k=1,..., p; (i=1,...., I—1). Let w;€ 4;, then

Gpc{éeC'; 2n(k—1)g;<arg E<2nkq;},
therefore
Gigseeen G,-%p,.c:C,‘,={é; Im (>0},

Gyt psror Gipy = CL={E; Im £<0}.

ipi

For i=1, we have

mi
AV, £ 0)=ap om0 0) T (T =K750)
Jj=

=08 esm (6 0) [T (=) T (€ =x,

J

where {x;;} are real and distinct:
Ky <Kp<:-< I"Im,+ <0< Kimf+1 <-- <Klln,'

Therefore we cna choose d >0 such that

Gu={feC!: |wi, —w|<dy (k=)

are disjoint.
Here we have

|AD(ay, & O) =&l *mi-r(leog] + ][y for E&VG  (i=1...10),

and
Lemma 3.1. There exists C, >0 (C,>C,) such that

|AD (@, & M= 5 ealelm - + [
where (w;, &, n)€ 4;x C' x R"™1, |€|>C,|n|, and E€ UG, (1Ki<]).
k

Finally let us see the zeros of AV(w,, &, n) in |£]<C,|nl. We shall see the
zeros of AW for fixed (12, x°, y°)eR"*! and (wf, n°) e 4,x S"~2. Let {&9,..., &%)
be the real zeros of AM(1°, x%, y°: 9. &, n°), where £%is a g;-ple zero (o=m—

i 6;>0). Then we can choose disjoint domains &*, &, &,..., (5, such that
ji=1

£ o 1el Imé s | sl
® {550, sL<c Mhezasl 00

and

6,=feecr |-

where non-real zeros of A0)(1°, x°, y°: w9, &, n°) belong to G+ U G~. Therefore
we can find ¢>0 and ¢>0 such that

<(5},
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|AD(t, x, y; wy, & )l =clnl™

if £ belongs to the boundary of ®* UG~ UG, U--- U ®, and (1, x, y, w,, n) belongs
to

U@®, x°, y°, w?, n%)

={|t——t°|<s, [x—x% <e, |y—)° <e, m —w? }<r lT';lr —;10‘ <8} ,

which we call a neighbourhood of (19, x°, y°, w9, #°) satisfying the contition ().
3.2. Zeros of /f,,(w, &, 7). Let us denote for large parameters K, 8
Gip={&: I | < & |E|<'w,+,|} (i=0,.... 1),
Dk ={(0. N e QxR o< BInI<|oql}  (i=0,....]),

1
then the complex ¢ plane is covered by\U G;;, and Qi x R""! is covered by
i=0

1
U Bipy Let f1+FKTS<min (dC,, dCT!, Co(Cy=Co)™!y C5H(Cy = Co). then
we have

Gipy2\UGi; and  Gip20GD (4 ea iy (i=L..., D).
J

Lemma 3.2. There exists 6,>0 as follows. LetK=%B+f7'<4,, then y; zeros
of Ay(w, &, n) are contained in G, for each k=1,..., p; (ip +1<i<|—1), one zero of
.Zo(w, &, n) is contained in Gy for each k=1,...,m, for (w,n)e Dk (ip=0,

, 1=1), the rest ones, m;+--+m, zeros of Ao(w, &, n), are contained in
G"o) for (w, n) € Dyypy (1< ip<I—1).

Proof. (i) Let(w, n)€ D,k g and € Gy, (i=ip), that is,
|| < Bl < @4 4| S @y 42l <5l
il < % 1<y |
then we have

1 _
Kelo,_ | <loj< 2 (18R + 1) ? < 2ol

there.ore we have (w, &, §)€ Dyk x-spcit,poz-1c7t). Let K7OB+B71<4;, then we
from lemma 1.1,

— - e 1
[o(@, &, Merpir..opm = AO(w,, & nI< e (€] + gyt

for (w, n) € Dy k,py, € € Gipy(i=1io), Where & is given from lemma 2.1:

A & )l > 5 er(lEl+ i
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for e(\U; G n{l¢|>C,lnl}. Here we have Ag(w, & n)=0 for (@, n) € Diyk.p
and &€ Gy N(\J; Gy n {I€l>Cylnl}, and the number of zeros of Ao(w, &, 1) is
equal to that of A¥(w,, &, ) in G;; for (w, n) € D,yx,5y by using Rouché’s theorem.

Let (w, n) € Dy k,p5and € G0, Then we have
1
Ko, | <l < BUSI +Inl?) 2
< P(Colw; | +H(Co+ DI < (BCoK™2+ Co+ Diwig 441
that is, (w, &, ) € Dy, k- p,p(pCok - o+Co+ 1)-1)- Hence, from lemma 1.1,

IA()((U é n)w:o';";’*' .. _’"l—A('O)(wlo’c ’7)|< g |11|"”+ +m.o

if K=2B+$~'<d,. On the other hand, the zeros of 40w,
GYo and

&, n) are contained in

lo‘

|/‘i”°'(wio‘ &= %51|'I|'"'+m+""'°

on dGYe'. Hence the number of zeros of Ao(w, &, 1) is equal to that of AW(w;, &, 1)
in G40, ]

3.3. Decomposition of ,:t,,((o, &, m). Let (0, n)€ D kp(0<io<l-—1), then,
we have, following lemma 2.2, the decomposition of A,:

. 3 11
AO(w* é* ’7)=Cé’+(w» és W)év—(w’ [ ") i=1;:[+l E,'((U, éa 'I)‘ Hl(w, é’ ’1);

Ew. & m= ] Ey(w. &.n). Hio, & m= [T Hyw. & m,

where the zeros of &, =&’ (£? = 1) with respect to ¢ belong to G, those of E;;
belong to G;;, and those of H,; belong to G,;. Then we define

V

Ea(. & =Pt (.o ),
Eif. & 1) = o™ Ej (@, —— . 1),
|

H{w, &, ”])—la)llHl;(w n.

I)I

Now let us denote a(t, x, v; @, n) e B<(X) if

1 1
sup ID, ..y }]1 ((lo;| +111) Dy ew ) ;U, (@il + 1) Dima)*

(t,x,y,0,n)€
x {(Jo|+n)D,}*a(t, x, y; o, n)| <+ 0

for any (a, v, v', u), then we have
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Lemma 3.3. In the above decomposition of A, in Dik.py 0<ig<I—1), the
coefficients of &, Ei; (ip+1<i<I—1)and H;; belong to .@7”(9,40(,\',,,)) and have the
following properties: ' o

i) absolute values of imaginary parts of the zeros of &y and Ej; are greater
than ¢(>0).
ity we have
Hifw, & m=E&—Ci(w, n),
Im w,

N , = wk>“k ,
éj(wa n)"aj(wl’ ’7)+’ |w’| bj(wl* '1)+ kgl ('_a.)T ij(w’ ’I),

-1
o - 5 &L o o . Tofv
where aj, by, e @*( l.\=J0 Dk py)s 4 and b are real valued and satisfy

bij<—c (i=1,..., m}), h;>c (i=mf+1,...,m) (¢>0).

Proof. The proof of regularity is based on the integeral representations of the
coefficients of &', and etc. (see [3]). Let £%(t, n) be the zero of AY)z, &, n) in Gy,
then &9(z, ) is real for te R', ne R"~', therefore we can write

Im &%, m=Imzt-byr, n)
Let &;(w, n) be the zero of Ag(w, & 1) in G; and let

& @, m)=EYwy, n)+Ew. 11)

Since we have from lemma 1.2

{Ao(w, &, ) —AD(w,, & N}or"

-5 (&)”" (,,k<_w_ £ _"l_>
=1\ o, w,’ o w
we have

o, Nor'= i (w,\> ?jl\'('%. 71)%) | ]

34. Let (w, )€ Dyyk.p (0<ig<I—1), then we have

-~

’40 éa ( n ]_[ Elj)( ]—[ Hll)

i=ig+1 j=1
and we denotc

mpde bt —k i >mt+~~~.+mi—k It
i io

St = > el (. ;1)( s

O<k<mt+-+mt),
a=0 |’7|

Hi—k ni—k—a
Eijk= 1§0 uu(w ’1)<|(5|> (O<k<ﬂ,),

where gg:a;(w £ n)and E,JO—E,J(w , ,n)
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Denoting
vi f i
,,i=< >=(‘f' )Aofmrl.
’1//‘?,:,f+...+,,,i*" X évi:.f+---+mﬁ, d’o
Viji Eij A
V:j:< 3 >=( 3 )E.(.) lw;|™" G+ 1<i<I—-1, 1< j<pi),
Vi Eiju, ) 5100
A .
Vij= ﬁ?j_ (I<j<my,
"V, ) ‘ Vi—%—llﬁl
Vi_%.pi Viei
Vi Vimit 41
Vl"'l+ ¥ Vlm[
we define
yt

We denote V= Vto if we need to remark their dependency on iy.

Lemma 34. Let P(t, &, n)= Y

¢,jyT°¢/nY, then we have
(a,j+|vDeNs

P(w, &, n)=ClioXw, n)VioNw, & 1), CUXw, n)€ B Diyk.p) >
for (w, )€ Dyyx,p) (0<io<I—1). More precisely, denoting
mbtetmt mytetmi

PO= "5 e+ 5 e

+ 335 i@+ E @,

i=ip+1 j=1k=

we have

cf = 2:1'1' Sao?"’ /};o((?) <%>j_l'd-é’

= P (& Vo ; i<l—
Cijk= i Sacn jo(é) <|wl|> dg (l0+l<l<l l)y
=1 P
= 2mi SﬂGu 20(5) d

Now let us denote
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C(iO)I = ((C},)j=1 ..... m}+---+m7°1 (C;()j=l ..... m|—+~~-+mfov
(c;jk)izio+I,...,l«l;jzl,...,/n;k=| ..... u.-’(Cij)jsl ..... m,)
where
Plio <w0 < __’7_) _
= DL (£ Y
77 2RE Jog o ;,(.o<w,0 < L) Inl Inl
[nl " Inl " Inl
)
(i) L=
cin= 2 | PO w'o( —
Uk 2m0 Jacy, ﬁ“’( ; & O) I
le lw;|

’
Ci= - i,
T 2mi A0 13 0 [w,| -
|(Ul| I(')I|

. o w, L
: S ’ ’<|w,| ] 0) d¢
G )
Then we have, due to Lemma 1.1 and Lemma 1.2,
Cliow, n)=CNw, n)+o(1)
in D,k g, Where o(1) can be arbitrarily small if K=°f+f~" is small enough.
Lemma 3.5.
i) Biow, & n)=C¥(w, NV, & n+Cw, )V v, ¢, '1)
CP(w, n)=CLE(w, n)+o(1)
for (w, N €Dk (0<i<l-1), where o(l)— 0 as K7f+7'— 0.
i) det C{(w, n)=cfw, PR (w;, 1),
le(w, MI=clwl +In))~* (c>0)
for (w,n)€Dyxy (O<i<I—1).

As a corollary of Lemma 3.5, there exists d5>0 such that det C{(w, n) %0
for (w,n) €Dy O<Ki<I=1) il K72f+p7'<d.

Here we fix fig' = %min (80, 84), B1>Po. Ko?=PB7"'p5". where , is given in Lemma
3.2, and we consider @ 4 for fo<f<p,, K>K,.

3.5. Let

AO={(1 X, y, W ERIK, XA X ST X2 VEKM, oyl < By,
s o xape R (e S ).
Forany X0=(1°, x°, y°, o, n°) € .#°, there exists a neighbourhood U°(X?) such that

U(X°)={(t, X, y, w, M ERIE, x4 x R"™1; <t x, p, 20 |'1| |’1|>e UO(XO)}
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satisfies the condition (®) (see §3.1). Since .#° is compact there exist {X7};_, .,
a finite number of points in .#°, such that .# c V U(X/), where we denote
U;= U(X’). Hence we have
9l(l(,/x.) n {12+x2+ I)’|2<M}
={(t, x, y, 0, NER" ' X QX R"™ 1, (1, x, y, w, n) €A}
N

=V {(t,x,y, 0, N)eR"™' xQux R"™'; (1, x, y, wy, n)eUj}

i
N
= \J Y,
Jj=1
In the following, we sometimes write %,.omitting the index j.
Now for (1, x, y, w, n) € %, we consider the zeros of Ay, the smooth decom-

position of 4, and ctc. just in the same wasy as for (1, x, y, w, ) € Dy gy (i=0,
I—1).

Lemma 3.2'. There exists Kyo(>=Kg) stch that zeros 20(1, x, yiw, & n) are
contained in ®* UG- UG, U - UG, for(t, X, y, 0, n) € %y, and K> K.

Hence, for (¢, x, y, w, n) € 44?/(,\-)'(1(>K(;), we have

Ao(t, X, ys . E ) =cE (1, x, vy w, & NE_(1, x, y; w, &, 1)
X Hl Hit, x, y; w, & n),
j2

where the zeros of &, with respect to { belong to ®*, and those of s#; belong to 6.
Let us denote

&1, & m=lnios’ (0.5 )

4 2 — a ! ’;
Hw, &, n)=|n| J%j<w, I'ﬂ , q).

Lemma 3.3'.  The coefficients of &4(w, & n) and #y(w, & n) as polynomials
with respect to & belong to B (U ,) (K = Kg), and moreover
i) absolute values of imaginary parts of the zeros of &'v(w, &, n) are greater than
c(>0),
ity denoting

Hiw, ¢, n)= Z (&=,

we have
’ l s
hjk(w» ’1)=ajk(w~ ")+I nll(‘ll)l b,k(w ")+ Z |’7| > cjks(wa Y]),
where aj, by, cjkseﬁ‘”(%(m), aj. and by, are real valued and |b;, |> const. (>0).
For the decomposition
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A?0=Cév+£_ ILI H;

=1 7
we define
ar—k , é agy—k—a
si="% erallx.yi 0, rn(w) (0<k<os),
ﬂ'j_k , é “ aJ_l‘_I
Hj = ;0 Bt x, v: w, n) —'ﬂ~—§?) 0<k<o)),
where
563 (o £ nYand o= or (i )
3 + inl 1 o j il 1
Denoting
Vli \ & A
ru( L ): K L
v H
v . = i = ! AO l’l_l
J H 1n s
Vjﬂj '}?ja,- o
v . e
~ il . Jjoy+i i
1/‘]"—‘( : ) 1’7=( : ) (G=10s 1),
4//.ja; Vj’-’j
we define
yt
. V+
oo} ()
: v
2

We denote  V=VW), W=WW if we need to remark their dependency on U.
Lemma 3.4'. Let P be given in Lemma 3.4.  We have

Pt x, vy 0, E ) =COL, X, s 0, VO, x, v5 0, &),

CU1, x, v; W, N)ERU)

for (t, x, y,w,n)e¥. More precisely, denoting

PO=E GV iO+ £ i

+ X X i),

i=1j=1

we have



Mixed problems for evolution equations 493

Now let us denote

CO=((cFVj=1raer (€7 )iz 1o (€)= 1na, (=11 1)),

where

S

] pm( s N > il
_ I S Nl |'1| mw)|  oeNimt ge
2ni Jogr A w, 7 & on < >

7l "l Inl

pay (W & N
=g P (it o )
UTO2n ews 2”)<_ui,_ ¢ _L)

(17 Inl” nl

Then we have, due to Lemma 1.1 and Lemma 1.3,

¢

CY(w, f1)—C"”'(w,, n+o(1)

in OZ/(,\), where 0(1)-0 as K~1-0.

Lemma 3.5'.
D Byt x.yiw, & =CP, x, y: 0, VAL x, y; w, & n)
+CYA1, x, yi 0, VYL x, y; w, & ),
CPt, x, v w, )=C004, x, vi w, p)+o(l)
Jor (t, x, r, w, n) € Uy, (K>Ky), where o(1)—0 as K~ 0.
iy det C{U(10, xO, y0: w?, n%)=cRW(19, x°, y°; w?, n°) (c=0).

As a corollary of Lemma 3.5’, there exists Kg(>K{) such that det CV(1, x,
yiw.m=0for (1, x, y, w, n) e Uy, if K>Kj. Hereafter we fix K=Kj.

§4. Energy inequalities

4.1. Pseudo-differential operators. Let us consider a function a(t, x, y: 1, )€
C*(R"'x Ck x R" 1) satisfying :
(*) sup * {[D} ;Db qalt, x, pio—iy, M| x(lo—ip|"+|y))*} < + o0,

R"*‘XC,{,XN""

where Cy={teC'; Imt< —K}. Thenitisa symbol of pseudo-differential operator
with parameters {y>K, xe R'}. We define
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a(t, x, y; D,—iy, Dyu(t, y)

- ____l___X e iety ma(t, x, ¥, 6—iy, nu(t+t, y+y')dt'dy' dedy,
(2m)" Jrrxrn
a'(D,—iy, Dy; 1, x, y)u(t, y)

o
- (27'[)"

S e it g+t x, v+y'i a—iy, n)
RNXR"
xu(t+t, y+y')dt'dy'dedn,

a(t, x, y; Dy—iy, Dyeb(t, x, y: D,—iy, Du(t, y)

- (27112)" SR"XR" e'i("ﬂ+y'l[)a(r’ X, y,0— i}’» '1)b(1, X, Y3 O'—i)’, }1)

xu(t+1t', y+y)dt'dy'dedn.
Then we have not only

”(l||_«f("k(nn)'"k(nr-”, ”a’”_g;(Hk(Rn),Hk(Rn))
are bounded w.r.t. {y>K, xe R'}. but also
”d“g(ﬂk(mvn)'”k(nﬂ1”‘, : “a’”_:z’("k(nvv¢1)’Hk(Rn+l))
are bounded w.r.t. {y> K} (see Kumano-go [4]).

Lemma 4.1. Let f(t, x, y; 0, )€ Z°(R"' x Qg x R"™ ") and w(t)=1%, then
S, x, ys (), n) satisfy ().

Proof. We only remark

D, f (1 X0 y3 (D), MI=IE freo lts X yi (1), D, Re wi(1)
12 fimol(ts X, y3 @(1), 1D, , Im o) < Clw, (T)| + 1)) 7",

ID, f(t, x, y: (1), PI<Clw ()| +nD)". ]
Now let ¢(r) e Z“(R1) be non-negative real valued function satisfying
¢y for r<r,
o(r)=
c, for r>r, (ry>r;>0),

then we have

IU)il BT n+1 i n—1
(p< ] )e.] (R"™1'x Qu x R"1).

Let us denote =9, if ¢, =1, ¢,=0, ry=A—h, ry=4, and denote p=y, if ¢, =0,
c;=1,ri=Ar,=44+h(0<2hi<f,—pB,), then



Mixed problems for evolution equations 495

|w ) o : : - { |w; <lnl< Iwi+1|}
901( |'7| Ml =1 in Dk, 1-n N Dik,14m = T—h <Inl< A+h |

|w|) |wi+||>"C9
swpp [ (1) 4 (5t ) |= B

w; .
(Puh( LR )% n(l ﬁl—ll—)=1 n 2;x,3)

Wi
\SUPP[(PH;;( ||'7| )‘PA~ (l |"I+|‘| )i’c@n a+m U Digk,a—n)-

Let fo<A, <--- <A, <f, satisfy A;+h<2,.,—h, then

! |w;] |0)i+1|} ! { |w;| |0l }___ w1 it
i\=Jo{)»,-—h<|’”< li+h U 1 —h <Inl< Tk R™'x Qgx R"1,

Here we define

®(w, n)= V’A;(’MI >'//’~' |a|)1'1r|>

¢i(w» '1)=‘P,1,+1< "7| )‘l/h 1 |ﬂ1;1+||| >,

and @, n)=b((1), n), ¥i(z, D=7 (o(x), n).

Denoting

At ny=(lo —iyl2es +InH) ?

we have

Lemma 4.2. (Kumano-go ([4])) Let a, b satisfy (x), then

| A(D,— iy, D){a(t, x, y; D,~ iy, D,)—a'(D,
=iy, Dyt X, P guerns 1y, mecrn+1y)
IA(D,— iy, D,){a(t, x, y: D,—iy, D)b(t, x, y; D,~iy, D,)
—a(t, x, y; D,—iy, D))eb(t, x, y3 Dy—iy, D)} orcmrcmn+ vy, nxrn+1))

are bounded in {y>K}.

4.2. Norms. Let

]
M lll = Z D =iy feer™ 1 D[4 +miu ],

1
Quy =3 (D, —iylsurt 4| D, mH4mias,
k=0

where

lull=llull2myrry, 11Dyyl5ull= 3 1 DiID,|*~Tull,
o<j<s
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up=|ull 2¢rmy,x=o0-
It follows easily from the definitions of norms:

Lemma 4.3,

> (D, —iy)’D; ,uy<Cy~"Ku,

(a.k)eN",
where
N,=(N,—(0,2)nN,.
From Lemma 4.2, we have

Lemma 4.4, For i=0,1,..., 1, we have
i) {®(D,— iy, D)A(t, x, y; D,—iy, Dy, D)

—A(t, x, y: Dy—iy, D, D)®(D,—iy. D)}ul| < Cllull,
iy {®(D,—iy, D,)BXt, x, y; D,—iy, D, D,)
— B*(t, x, y; D,—iy, D,. D,)®{D,— iy, D,)}u) < Cy~"'{u.
4.3. Energy inequalities. Now let
A, x, ys w, & m)=P(w, DA, x, y: o, & n)
+(1 =P, MAAL, x, i @y & MPOTit-amm,
AL, x, 37, €, ;1)=2u">)(}, X, yi (1), & n),
then we have
AL, x, yi 1, & M@, M=A(t, x, yi 1. & mP{1. n)

for i=0, 1,....,/1—1. For i=I, more fine locallizations of {%;};-, » need to be

given. Let
®(w. n)= Jil byt x, y: 0, n)
Py,=1 on supp[dy],
supp [Pv,1= 2,

and let

AWt x, yyw, & =Pyt x, y: o, DAL, x, yi o, & n)
+(1 =Py (1, x, y: 0, n)ADW, X1, yi 5 |nlwi, & Inlnd),
AWDNL, x, yi 1, & n)=AWN(L, x, y; (1), & 1),
where (t/, x7, yJ, 0], n9)e U; (In/|=1), then we have

AW (1, x, y5 1, E Py (1, X,y T, m=A(, x, y; 7, & M@y (1, X, y; T, 10).
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Analogously, we define B*() for i=0, I,...,I. Since we have the decompositions

e 1=
AV, x, ys o, & n)=cé.6_( T[] E)H, (i=0,1....,1-1),
j=it

AYOt, x, yi o, & )=cl & ( 115,
i

where &, Hj,... have the same properties as those in §3, even though they were
defined in local, V) are defined by using &, H;.... in the same way as in §3.
From Lemma 3.4 and Lemma 3.4', we have

Lemma 4.5.

-1 , .
el SCCE NP Pull+ ZINVED g ul +y7" llull).

-1
Cuy<C( _ZO VNG uy+ T VWD Dy uy + y~ 1 up).
= J
From Lemmas 3.3, 3.3', 3.5 and 3.5', we have
Lemma 4.6.

i)y Under the Assumption (A), we have

PEDuy 4y T V| < CukPEPuy+Cy =2 " LA ull + Ky + lull}

(i=0,1,....1)

for any O<pu<pg.
iiy Under the Assumption (B), we have

(VY SCPVEUD Yy + By + 9~ 0u)} (i=0,1,.... D).

As a corollary of Lemma 4.6, we have

P Duy 4y T VOu| <CCBHOuy+y7 T [ AP ul + ) + lul]}

(=0,..., ).

Replacing u by ®,u in the above, we sum up them about i=0,..., /. Then we
have, from Lemma 4.4 and Lemma 4.5,

Proposition 4.7. Unedr the assumptions (A) and (B), there exists C such that

Cuy +yFouflull < C{<BD,—iy. D, Dud+y~ 24| A(D,— iy, D, D,)ul}
fory=C.

4.4. Energy inequalities of higher or lower order. Let us denote

llwlly="3 (D, —iy)*Di,ull,
k+j=h



498 Reiko Sakamoto
Cuyi=, T, (D, ~n)*Diu)

for h=0, 1, 2,..., then we have

Proposition 4.8,

pE Ol + Cuds< Coy~ TN AD, — iy, Doy Dl + < BHD, = iy, Dy Dyu)pn}
fory=C, (h=0,1,2,.).
Proof. We remark that

Y I{(D,—ip)*DjA— A(D,— iy)Dj}ull < Cyllull,

k+j=h

SC;'.(kﬂZ:’ (D, —ip)*Djull + | A(D,— iy, Dy, Dy)ufjyn-1),

Y ({(D,—iy}D} B* — BX(D,~ ip)Dj}uy < Ciuy - S Cpy~ ' Ku .

k+j=h

Then we have from Proposition 4.7

yECliullt udy<Clymze 3 IAD,—in)*Dyull+ 5

k+j=h
(B*(D,—iy)*Djuy + | Aullyn-1}
< C(')’—%q' ”Au " H" + <B“ll>”h) + Cl.)’—%q'('”u ”lh + <<u>>h)9

therefore

yraflully+ upn < Chly™ 20| Aull g+ CB*udpn)
for y>C;,. [ ]
In the same way, we have
Proposition 4.9.
y FOIAD, — iy, DY ull + CAD, ~iy, D,)"uy
<Cy 9| AD,— iy, D) " A(D,~ iy, Dy, Dyul
+<{A(D,— iy, D,)""B¥*(D,— iy, D, Dyuy}
1
for y=C, (h=0, L, 2,...), where A(t, n)= (12 +141%) 2.
Proof. We remark
[(A*A—AA M| < Cyll A7 ull,
(A B — BF AN < C{ A1y < Cpy~ il A™Muy .

Then we have from Proposition 4.7
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Tl A7l + ATy < Cly™ 20 A4 ] + B AT u))

<SCOH™ M)A Au | +{A "B uY) + Cy~ 20| A Mu | + A7 uy). A

§5. Adjoint problem
5.1. Dirichlet set. Let us denote

N, j=(N,—(©0, m—j)nN,
and
Hag=(Na= e +7j02 490 NN N,
then we have
N4 iC N4 (j=1,2,...,m).

Moreover we have

Lemma 5.1. Let j+k<m.
iy Let Npc A, ; and Noc Ay, then Npoc Ay jyy.
ify Let NpcN,; and Noc Ay, then Npog<N 4 ;4.

Now let us say that {B(z, &, n);-, . is a Dirichlet set with respect to A(t, &, n)

.....

if
BI(T, é, r]) 1 b“(‘[’ r’) blZ(Tv r’)"'blm—-l(fs r') ém-—l
Bz('l,'é. V]) 1 {721(7’.")"'172,:,*2(_7, ") ém.—-2
B,(t, & n) 1 1
where
Nb” [ NA:I"

Moreover, it is said to be a special Dirichlet set if
Nbij C‘/VA.J"
We have from Lemma 5.1

Lemma 5.2. We assume that {B(t, &, n)}i=\...m is a (special) Dirichlet set
with respect to A(t, &, ). Denoting

Bil 1 .b“ :.. bltp—l ém.—l

B, 0 T I
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we set
C, L by o by "8

C. 0 i 1
then {C(z, &, n)}i=1,..,.m is also a (special) Driichlet set wieht respect to A(t, &, n).

5.2. Adjoint boundary operators. Let us denote

A(T’ éa r’)= aoém + a](Tv ’7)5'”—] +oe 4t am(T’ 7’) ’
where we assume a,=1 and Assumption (A), then we have

N, =Ny, (j=1,...,m).

Moreover, we have

(A(D)u, v)LZ(RT‘)_ (u, A*(B)D)Lz(RZ“)

= 3. {(@n-,(D)Dlu, v)~ (u, Dia};(D)v)}

=i ji::o :g; (Di~'"*u, Diak_ (D)0} 12mrn),x=0
1 ayq (D)o ay,—(D)\ ,Dn1 1
1 .az,(D).»-—az,',,_z(D) Dy~? D,
0 i i it

where D=(D,—iy, D,, D,), D=(D,+ iy, D, D,), and

A Jj
a;(t, m=ajt, n)+ I§>1c,-j,wD;',x,yak(r, n) ie. N, ,c k\=/1 N, =N,
k<j

Let us say that a set of boundary operators {B;(D,, D,, D,)};;,..... be (specially)
normal with respect to A(D,, D, D,) if we get a (special) Dirichlet set with respect to
A(r, &, m)

{Bi(Ta 63 ’7)}1'= 1,...,ms u {ési}i= 1,00,m- (m+ +m_= m)

for some 0<s;<m—1, which we denote
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E:(T,'é, n) 1.511(7’.’7)"'51,"—3(7, 1) f"'__l

E,,,(‘t,'f, n) 0 1 1
Now we denote

1 g;il(D):"Ellm—l.(D)

0 "

l.all(.D)"'alr.n—l(D) l.gll(D?”'zlm—!(D)

where

and we denote

(BY(D)-+B(D))= (1D, D2™") 11 B;y(D)++Bipy(D) |

then we have
(A(D)u, U)LZ(R';“) —(u, A*(D)U)Lz(nz“)
=ij§1 <§j(D)u9 E}'(D)U>L2(n"),x=o~
Denoting

B;j=B,_,, (j=L..,m.),
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we have
(A(D)u, v)—(u, AXD))=i{ 3 (B/D)u, C}(D))+ 'Zil (Dsu, By (DY) .
Jj=1 Jj=

Wesay {B}'};~,. ... asystem of adjoint boundary operators for {4, {B;};=1,...m+}-
Here we remark that {B}} is not always normal with respect to A even if {B;}
is normal with respect to A. In fact, let
A=12—i(E2+nH)rt—i(E2+n®)(E+n),
B, =&, B,=({+it,
then
Bi=—it(t+n)+n>+(—it+(t+n))E+E2,
and therefore
Np{&N, .
We have from Lemmas 5.1 and 5.2

Lemma 5.3. Let {B;};= . .. be specially normal with respect to A, then
{Bi}i=1,...m. is normal with resepct to A.

5.3. Adjoint problem. For the problem:

A(D,—iy, D, Dyu=f in R+t
(P)

Y

B{(D,—iy, Dy, D))ul,-o=g; on R" (j=1,..., m,),
we define its adjoint problem:
A*(D,+iy, D, D)v=¢ in R4*,
(P*), _
B}(D,+iy, D,. D))v|,-o=Y; on R" (j=1,...,m_).

Assumption (B*). {B;};-,.. ., is specially normal with respect to A, and
{A*(%, & n), {Bi"(T, & m)}i=y,..m_} satisfies the condition stated in Assumption
(B).

Example. Let
A=1—i(E+n?)r—i(E2+n*)(E+n),
[ B,=1, B,=¢,
then B} =1 and {4, {B;};-,.,} satisfies Assumptions (A), (B), and (B*).
Corresponding to Propositions 4.7-4.9, we have
Proposition 5.4. Under the assumptions (A)‘and (B*), we have
yFo lully+upy< Cofy™ 79 AX(D,+ iy, Dy Dy)utll o
+{B**D,+iy, Dy, D))upps},
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Yy A ]| + ATy < Cyfy™ 24| A7 AXD, + iy, Dy, D,u]

+{A™"B"*¥(D,+ iy, D,, Dy)u>}
fory=C, (h=0, 1, 2,...).

§6. Existence thcorem

In case when the adjoint problem is set well, we can get the existence theorem
for the original problem. :

Proposition 6.1. Under the assumptions (A) and (B¥). we have a solution u e
H"" satisfying :

AD,—iy, D, Du=f in R4*!,
(P),
B{(D,- iy, Dy, Dy)ulx=0=gj on R" (j=1,..., my)
for any {fe HY(R%*'), g;€ HY(R™) (j=L,..., my)}(y = C;, h=2m).
Proof Let us introduce
(v, W) =(A""A*¥(D)v, A~*A*(D)w)+{A~" B'**(D)v, A~* B"**(D)w) ,
[vll% =(v, v)#

for y>C,, where D=(D,+ iy, D,, D,), and we define a Hilbert space s as.a closure
of H® by ||-|l . Here we remark

A= ]| + €A™ "0) < Cyllv]l 4
Now let

lw)=(v, /)- E <Ci(Dw, g;»,
then
@I CUIA VA f |+ LAY T <A g ;D)
SCUIA™ I + LA™ P A" f Il + X <A"g D)
SOl f 1+ 2 (A" D).

By Riesz’s theorem there exists w € s such that

(1, o) = (f. v)— X <g;. C7(D)v> .
We giteﬁn._c .

u=A"2k4*(D)w,
then we have u e H"~™" by the usual technique (see [5]) and it satisfies
A(D)u —f i R"’“l

J(D)ulx 0_g1 on R" (j_l m.,,). [ ] .
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Now we consider the problem
AD, D, Dyu=f in RY*!,
(P) _
B{(D,, D, Dy)ul,-oq=g; on R" (j=1,....,m,).
Proposition 6.2. We assume the assumptions (A), (B) and (B*). Let
e "fe H°(RY*'), e Vg;e H*(R")

for any y=C,, then there exists a unique solution u of (P), satisfying e V'ue
H*R"™Y) for any y>C, and h=m.

Proof. Let
uv=e“/tu’ fy:e‘)“f, gj}':e_'ﬂgj,
then (P) becomes

A(D;_l')’, Dx’ Dy)“‘,-:fye HOO(Rg‘-'.])’
P),
B/(D,~ iy, Dy, Ditlmo =0y € HRT) (= Lowwsy my).

Owing to Proposition 6.1, (P), has a unique solution u,e H* for y>C,. Since we
can show e”u=e?"'y, (see [5]), we have '

— t h
u=e'u, u,eH
for y>C,. B

As a corollary of Proposition 6.2, we have
Theorem. We assume the assumptions (A), (B) and (B*). Let
fe H*((— oo, T)x R}), supp[f1=[0, 0)x RY,
gje H*((— oo, T)x R"™"), supp [g;]1=[0, c0) x R""!
then there exists unique solution u such that
ue H*(—oo, T)x R"), supp [u]<[0, o) x R%
and
A(D,, D, Dyu=f in (0, T)x R}

(P) '
B{(D,, D, Dy)ul,—o=g; on (0, T)x R""! (j=1,...,my).
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