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Researches for heat equations or wave equations have a long h is to ry . In  1938,
Petrowski studied Cauchy problem for evolution equations a s  a  generalization of
above equations. Moreover, he specialized two essential types of evolution equa-
tions, i.e. p-parabolic equations and strictly hyperbolic equations ([1]). After him,
many authors studied the two types of equations in separate ways. On the other
hand, recently, Volevich-Gindikin gave a concept of dominantly correct evolution
equations, which are 1-1'-well posed under any change of lower order terms in the
sense of Newton polygon ([2]).

In this paper, we shall show the'll'-weil posedn'es§ of mixed problems for domi-
nantly correct evolution equations, assuming the  uniform Lopatinski conditions.
The process of the analysis of our problem is just pararel to that in [3].

Our problem is to seek a solution u  satisfying

IA (t, x ; D „ D x ) u = f  in (0, T )x  0,

(P) B i ( t , x ; D„ D x )tt = g i  o n  (0, T )x  O S 2  ( j= 1 ,. . . ,  m ± ),

Dif ti =tt i  o n  { t= 0} x  Q  ( j = 0,..., p— I),

where ff, g 1 , t i 4  are given datas and Q is a  domain in  R " (we only deal with the
case when 52= R _O. Our main result in this paper is

Theorem  Under the assumptions (A), (B) and (B*), the problem  (P ) is H "-
well posed.

81. Newton polygon

1.1. Newton polygon. For a polynomial

A(T, E  a „ . r a y ,
eT,1,

we define the Newton polygon of A by

NA=convex hull of tl A  u
where
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4 =
{ (a ,  k); la„I *0}  ,

Iv l k

zYA = {(c , 0 ); (a , k)e 4A} u {(0, k): (a , k)E 4 ,1 }  U  { ( 0
5  

/3)} •

Let

O = (0, 0), P o = + • • • + p i , 0 ) , P l (p 2 + •• • +p,, m 1 ),

P,_ 1 = (p i , m,+ • • • + mi _ ,), P 1 —(0, in 1 + • • • + ml )

be vertices of N A , where p,, m 1 ,..., m, are positive integers (E  p i = p, E m),

then w e have+ co p, > p2 >  • > 0<q,<Ch< ••• < ch<  + co ,

where =p i= qT 1 . If + oc >p, > ••• > > 0, we say that N A  is norm al. Hereafter

we consider the case when NA is normal. Defining non-decreasing positive numbers

(Y1 ,..., y,„) such that

0< y,  Y 2 " y „
0 1 = q l

<  Y/111 + 1 = Y//11 +2
= +  friz

= q2

<  Y M I +  -  I +  =  "  •  =  Y M I  + • • •  + M I =  q l <  œ p '

we have

Aer, ) =  E
(a,i3O0,1 A

= (
k=0a<yk-,[+•••+y,” 1v1=k

therefore we say that

Ao ( r ,  ) =
P , - 1 P ,

= E a  
+ " +

k = 0  I v i= k  
Y k  1÷• - + Y rn V V ) T Y k - “ • " t "

= ack)( )tyk+,+•••+Tm

k=0

is the principal part of A(T, Moreover we denote

A( °) =4,

/1(0 (t, e,)= E
(. e r , I " D e P r - iP i

mi= a pn i +

kt- 7b

Now let us denote
= co, =-- I),

then we have
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Ao ( r ,  ) =a3-rii+ Lv a,°„
I =1 k=1

--.--a8o)7 0 •••cort

I+  E  E
k I - 

i+kcooyini-kcom
i+
,+,...cor,

= 1

= 71o (a )  1,• • •, W I , )

Awer, 0= En " a,°„ +•-+„
k 0 I

+ k ( ) T l i ( " " - k )

= I " -

= E
k 0

, + k ( ) a 4 " - k = i 1 ( i ) ( W i ,=

where Ao (co, is homogeneous of order m and A(i)(co i , is homogeneous of order
mi +•••+ m i with respect ot (w, Remarking that

W i — I

W <  K - 6 1

where 1m  <  — K  ( K 1 ) ,  6 =  min (q i — qi _ 1 ) > 0, we define

tl i ={z E C I ; —71-q 1 < a rg  z  0 } ,

52K= ELli X •• • X At: la ) i-11 K - 6 1(O il ( i= 2 , . . . ,  01,

1(13 *- II1 0  ) *4-11 Di(K ,, ,13) = { (0), ) E OK X  C" < 1 , /3}  1 i  = 0 ,  1 , . . . , 0<a<1, /3>1).
11 11

Then we have

Lemma 1.1. T here ex ists a positiv e  constant C  (independen t o f  K , a, fi)
such that

)(0 1"-'•••cui-"°—;4(i)((o1, C ja ( I w i l

)
n i +/3 - i k l " " + "*+ "'i11

in  Dioc (1 = 0, I, ....  1).

Proof . S ince

A0( 0), OwT-t"i' 1' • • aq"" — VI)
i -  I

=
k

jA 1 k ) (0 4 , — 14,+,-+rnk101")11,74-‘1"."(1)=1

+  E  { A ( k ) ( w k , w1ri`Fk'••c°17"'k,k=i- -1

we have



(

k=ti 1(1 (11)((11)el Yk K w ii4 1

) f(a)141- i ) m l "

/0), \mi

)
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1710(0), 00)74"1-1...(0T"" —)1")(coi, )11 1— (""+ +'"')

• V " I k

where

i< c   ( wJ 11 "

11 ) cœ (

1121 c ( 1 ' I

Here we remark

Lemma 1.2.

filo (a ), ) —<4." )(a)1,

=
1-1 p■—t w i \P,01,--k 1(  w i+ i CO

/- 1  E  n o m—„„+•••+, 0-_ p,k w i A  w  ) \  co, ) 0 ) ,1= 1  k = 0

I - 1

= Wo , i ) P i  (P i ( W

1i - COI COD '

where W u), is a hom ogeneous polynom ial of  degree

N ow , in  ou r case, we consider a polynom ial w ith  respect t o  (r, with
coefficients depending parameters (t, x), that is,

A(t, x; T ,  ) = E x)rcv ,
( 6 .1r IleNA

where ao (t, x )= 1 , a ,(1 , x )e ( R "+ ') ,  and a s ,, a re  c o n s ta n t outside a  ball,
whose Newton polygon is normal and independent of (t, x). Moreover, we assume

Assumption (A).

i ) (t, x; 0  for (i, x, R"4-1.X 5" - 1 ( i = i , . . . ,  1 7 1 ) , and
x ; I, 0,..., 0)40.
ii) P , is even and  A" )(1, x ; 2 , (D40 for (t, x ,  ) E  R " ' I  xS " - I  and 1m T- ..<„

(i = — I),
iii) P,= I  and zeros of Ato(t, x; r, with respect to T  are  real and distinct

for (t, x, ‘;)e R"+ 1 x  S" - '.

1.2. Newton polygon with respect to  A .  Let us consider a  boundary poly-
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nomial B(T, with respect to a polynomial A(T, Let N B  be the Newton  poylgon
of

B( -c, (:) = E
t7,r

and N  N  ,  where

N  =  (IN/ A—
 (

0 , 1 )) fl N A ,

whose vertices are

(0, 0), (II ', + • • • + 16, 0), (u'2 + • • •  +  p',, m',),..., (0, n i i+ ••• + m',).

Now let us define the Newton polygon of B with respect to A  by

N (BA  = ((N.'4—(CZ, /I)) n N ) ,  1 4 J =  t(a, fi); N fi) D N B }  •
,fi )EIA

then M BA ) is a polygon whose sides are composed of parts of those of N,. Especially
when MBA) =N A' ,  we say that B  is a  standard boundary polynomial with respect to
A .  Let

0=  (0, 0), P8= (p?+ •• • + p? , 0 ), P ?= (p (3+.•• +p?, m ?),..., P ?=  (0, m?+ ••• + m ?)

be vertices of N( A) , some of which may coinside, such that

where we denote

0M i 0
=  pi, iii < lit, m?<m:,

411) = 11; —  P ? , 1 7 4  =
o
i •

We say that

Boer, 0 =
01,1 v I e-  P ? (Ir k  le  u

1
 P P -lei -

14 ( ( ;) T r'

is the principal part of B with respect to A .  Moreover, we denote

B ( i) ( T ,  /;=) E b „ , ,v ,r6 - (q+1+ . . . + 1 1 ).

Iv DEFT-le

Denoting w ( = t , we define Ao , A" )  as follows:

I30 ( ' ) = 68(.07.? •••(or

, Inn 
I

1,10111, 1 + 1 . . .  —
u ' i +  111

i = I n n

0 7 ,k  le Pi-i n  / 1 P Ï -

= &(w,

B(i)(T, )= B ( ') ( c o r ,  )=  fj(i)(0) i ,
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Moreover, denoting

c(r, ') = C ( ( t ) , H (0 )1 —

w e in troduce a  standard ized  boundary polynom ia l B.1 o f  B w ith  respect to  A:

Ir(T, -.E0 (co, - ) = 0 ( w ,  ' ) 130((-0,

B“"(T, f34("(coi, )=( — iin "q + .-+ "11- , (coi — iin " q 13( "(wi,

Lemma 1.3. There ex ists a positive constant C (independent of  K, a, /3) such
that

Ih"(0), ,',')(07:14- '•..(0Tm ; — (a)/, - )1<goe+/3 - Ig l m "1; ( 1 +

in D-

P roo f. Set

P'(a), )(t).+n i+1 — (0 7 —  11 ' w(co„

= cri (a); — ii V ) D ( 0 7-741+1 •- a)Tm l

If30 (w , . " ) ( 0
-
/
-
1"1

4
' . ..(07m 7 -

13-
"

)
( 0 ) /,

./-1
+ (co' — H ( —il'1)"'Vcoi—i1V)" 11 F I (DV}

j=1 i=1

xf3 (1 ) ( w i,  )(0 . . . c o  ï m t

=  +  12 .

Since

i f  j< i,

i f  j> i,

we have

112 1<c(a + /3- ') 11-1±. "+"q-, (10)/1+1 1r11 " * ( 9 / , )1

‹c"(a+/3 - ')1 1'," 4 4 , ";- , (1(0/1+11)"' ,

O n the other hand, since

1 0(0), — ij" ) (wi , 01‹ c(1 + + I I)'"?,

we have

I'll < c + fl - - 1W1m;+- H- ffq-.(1coil +11)"'L 111
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In our case, we consider a  boundary polynomial B w ith respect to  A  with
coefficients depending on (t, x), whose Newton polygon with respect to  A  is inde-
pendent of (t, x), that is,

B(t, X ;  T, E b„(t, b ( t ,  x) E  a c o ( R n + i ) ,

(6,1v1)ENi, 4 )

where b „  are constant outside a ball.

§ 2 .  Uniform Lopatinski conditions

Hereafter we change the notations of variables:

x,,) (X , 11„- 0=(x, Y),

11 „ - I ) = ( ,

For short, sometimes we shall write A(r, q) instead of A(t, x, y; r, q), omitting
the variables (t, x, y).

From the assumption (A), we have

A m (r, 0 )  = OW" + • • • + aW , 0 )

where are real, distinct and non-zero. Let mt of them be negative and
In-, be  positive, that is,

K u <K 12 < "  < K i r a t <0 < K 1 4 - 4. <  •  ••  < /C i ra i .

Let

then we have

(1= 1,..., 1-1) and m ± = E

Lemma 2.1. m + (resp. m_) zeros of A o (r, q )  with respect to have positive
(resp. negative) imaginary parts, if  Im T —  K (K : large enough) and q E  Rn - 1 .

The proof of Lemma 2.1 will be shown later in § 3 . We denote

A0(0), n) =c fl (— -j(a), 1) )  II 0)=c71-cf(0, n);401(0,
f=1 i=1

where Im 0(w, 0 if (Di = wi(r)=Tq , , Im T<  — K and q e

2.1. Lopatinski determinant. Let us denote

B i er, Bi ( r, 17)
B (r ,, ti) = , B ° (T, n) =

h„,+(t, n) n)

where {B i er, 'j)} ,, boundary polynom ials w ith respect to AO . ,
and {Bi( r, i ,  ti)} i = a r e  their standardizations. We define the basic Lopatinski
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determinant for {A, B } by

P(o), n )=clet(  1 î ( w ,  '1'1)n1+-k
\27ri J A6E(0), q) /0=1, ..., m+

Let us denote a  in + x (m;+ • • • + mP)-matrix

p(i)( coi , )1) =  1 i ( i ) (C t li, ri) nit+“.4.mt ca)
\27ri le+)(wi, ,•11) k= I

mil- + •••+ m t

where Â9 (w 1, (;, = n ( — (w1, n )) and {ePl i = 1 ,...,„,t + .., + ,„t a r e  zeros

of ;1( 1)(co1, n) w ith respect to c satisfying Im >O when co i e A i . Moreover we
denote a m +  x mt-matrix

b(4!) =  ((  1  
2rri

B(i)(1, 

1-1 k=1 ,

1= I

( i= / -1),
1=1 ,,,,,

and a m + x mi -matrix

(  1  f s   ho)(1, 0)
2rri

where

.7 1 ( i ) (w1, (',", 0 ) =a 0) 1-1 ((of' —KTI""f).

Here we define

()(w 1, 17) =det (f1(
4 !) (w i , n)1) (,!+ 1) b!+ 2 ) •••b(,! ) ) (i =0, 1,...,1),

then 11( ) (w1, ti) is homogeneous of order

S i= E (me, + ••• + k)
k= I

, 1= (m t+ •••+ m ;'){m + • , •+m i + -

with respect to (or i , ri) and we have

Lem m a 2.2. We have

j?"- ( 0 ) ,  ) 0 ) -H çv+

= c i l l ( 0 (0 ) ;„  n )+ 8 i(0 ), n)InIsi

1+ •• • +nit)}

(i = 0, 1,..., 1),

where Ici l>const. (>0) and si (o), ;1)-4) a s #1C- 6  + f1- 1 -40 in  .9 4 1 (4 3 ) (1 =  0 ,— , 1-1 )
and ei (o), n)-41 as 13K - 6 -03 in g i ( K ,p ) (see the notations in §3).

Pro o f . Let (co, ri)e gi o ( K ,p )  (0< -  I), then we denote
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nit
A ( ) = 4 ( )  t 1  EI- G)(Et=111 - ), E t(0=i = + ,  k=

in case when g a ls are distnct, because the other case is considered as the limit case.
Then we have

= det /  1   k 1 1 1 ,1( )1 ,n+-k
2rci 6'-E(I ) H  E P ( )

z
i

k = 1  i= - I uhf

= d e t (MM i o + ,... M,),
where

-1-1-• • • + k
' "m =

217ri i' ec or 0) + ( ) k= I ,...,trit-•+ mje

/ 1
dM i=   k g )  

2ni T h : - , k 1 = 6  6E, - 1
 E j

+ k
n i tj = io+ 1 =1

r l  i j ) I

Denoting

i i  “ i o d
I

w
 i1 7  (  ±."+"'i+o-k \

( * ) k ) =  (  2iri A(4!.0)(  ct) to1 Inl 1
1   \  1171 ' nl 'I n l  i ■ Inl ) d \

\ Inl ' 1171 ' Ird /

/ 1f i i5 ( i ) (   (I) i . fri 
\lwil ' Iwil 'l a )  ; I ) d
6 (

\

 _   i . ,   ) 1(0, '
J . , 1(0i1 10 , /

we have

m = c 0 4 - k+ocivo lm ;+ ...--;0±1-k w im ok ,
i=i0+1

M t = ( /-I (m4-1-0(1))10/1.;+...+0q+l-k
+ ( / k )  H

i=i0+1

x  n
i=11-1

therefore we have
ont+•••+In to

E (nn;+••• +»10 +  - k ) ( 1
11= {In' k=1

n  c o tri r  +•• •+»11+0 1

i = i0+ 1

„,+,
x I n („, , -E.-1-m;+i-k)

k= 1 1- I

1- 1 {10/1 (1I  07.1 2 - t }1=1o+1 i=i+,

11 16°1-(/k) F I -E-} ( / ) }/=/0 +1 k = 1

(111 0 — 21
T

1
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x {det (M'M o + •  MD + 0 ( 1)}

=rpfdet(M 'W o . 1•••114,)+o(1)},

where

(1) =11115f° 11 IW ilSi— Si-190 < c1 (POI c2)
i= to + 1

and

det (M'A4
0 +1. - 1 4 ■)=R " °) Inl- ' ,0 + 0( 1).

Now we assume

Assumption (B). [uniform Lopatinski condition for {A, B}]

in f IR " ) (t, 0, y; w , 17)14
(I , yleR"

for w i e d i and ri e S" -2  (1=0, 1 ,..., 1).

2 .2 .  Examples.
Let us consider

A = (r — i( 2 + 1/2 ) ) (T + a + b n ) (a, b: real, a 40),

then

A 0 = T2 i ( 2 r i 2 )T i ( 2 + n2 )(a +bn)

and we have, taking w, —r 2 a n d  w2 =2,

: 4 ( 1 )  = ( 9 ? + + n2) = rO) ( —--(a),, 0),

A(2 ) = +  n2) (0)2 + bri).

i) [in case of a <0 and B=1]

13 =0)1 — ilnIX(02 — in), 13""=  col

f t ( 1 ) =  217ri

ii) [in case of a<0  and B = ]

D'=((02 — iInN, 135 ( 1 ) =, ft( 0 =  2
1 . cg— 1, n).

V ( 0 ) 1 ,  11)

iii) [in case of a >0 and B =1, B2 =

hf = (0)1 —11n1)(0)2 —1110 )

k (0 )2



Mixed problems for evolution equations 483

/  wi—ilnl ■ — iln1(0)2-1n1)h#(2) =

( (0)2 

1 ( 
27ri ri)

o

=

=

27ri

=

127ri ( - 1 11711)1(1  (+wa2 -7  1 1(02)+ bfrO)

127ri '— ilr/Î)(1)( +aill-11)(02)2+1711))

= — 11r/1(602 — i l l / W .

iv) [ in  c a se  of a> 0 and B,=1, B2 = 0]

1 ( ' 
27ri

1  ( — iln1((02— iln l)  A
27ri ) +a-1(0)2+ b0)

(
27d i ( - 4 1111)g + a - i ((-0 2+bn))

A(2) =

10= Af /  (co l — iln1)(0)2 — ilnl)

f3 Z

k w =
 w 1 —  i Inl  \ i r (2) = /

0 /

1
 ( 1 —  0 1 1  

27ri V (w i, n ) 
d 'i

I C 2
A

27ri g +

11(2) =

= (w , —ilnI)(

( —11n1(c02—ilnI) 1 —ilnl(c02 — 1111) ck27ri ) ( —ilt/I)( +a - 3 (a)2+ bn)) 2.7ri)( —ilni)( +eri((02+W)

1 (' A ( V'
27ri -ili71 W + a-1(w 2+  b0) —  ilY11W +a - '(c0 2+ br1))

c k

i c i

= — iln l(c02 — ilnl)
27ri R — i1r11

1 (
27r1 i 27ri

(11111 —a- 1 ((02+1, 0 )
— 1101W + a-1(0)2+bn))

= —iln1(0)2-11n1)(ilnl —a - 1 (0)2 + bt/)).

Am=
o

o
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§3. Basic properties

3.1. Zeros of 4 0 ) (co1, e, 22).
First, from the assumption (A), there exists p., > 0 such that

in!' 14  + ...+ g , 01 > go/
- (1=1,..., 1-1), I a(1, 0)1> go,(,„).,5, , , 

inf IA(l ) (coi , , 101> Eo(lcoil + Om (i =1,..., / —1).
(  ,n ) € S , ,i -  ,,o  j  E  A

Hence there exist c o >0 and C 0 >0 such that

1
0 14,4.— +rng , 01> ,F co(NNI 2  +11112 )"" + — + "" (1=1,..., 1— 1)

in { ( , C i  X R" - 1 ; U G_}, and

I4g, 01>

in W, 17) e C1 x Rn — t  ; GI, where

G = { e C1 ; 1 1

171( 0 (0)i, 80(N/V +  In12 ) " " — ±m-t(Iwil -PN/112 +1n12 ) 7fi

in {(co, n)e d i x Ci x R" -  ; G(.+!.1 U GP} ( i 1 —1), and

121 (1 ) (o),,

in ((co b r i ) e  tl i x 0 x  R " - 1 ; G(0 1, where

G(')= { e C'; I  < Co(koil +11/I)} , G) =G ( ') n ±colq11.

Next we shall consider zeros of Â(i ) (w i , 0). For 1 < < 1 — 1, we have

A(' ) (T, 0 )  = 0) FT —KTNP
.1=1

L i Pt
= 4 „ - F . . . + „ „ - i ( 1 f l  (-K TP) 1'1 11 ( — e ' q i ( k - 1 ) K i i (o i),

J=1 J= 1  k=1

where Tm >0 and nch< arg Ki1 <27rq i . Therefore we can choose d> 0 such that
zeros of :4(1)(coi, 0) with respect to b e lo n g  to

Gik= Ci; nq i + 27r(k— 1)g i + d <arg(

+27r(k —1)qi —d, d<  
 11

  < d-1}

<C01 111}, G  ± = G  Um ±co1 111}
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for eahc k=1,..., p i (1 = 1 ,...,1 -1 ). Let to; e z11, then

Gi„ c {  e  C '; 27r(k —1)q i < arg <27rkq,} ,
therefore

G,,,..., G,1 pi = >

G, +  1  , • • • { ; Im < 0}.

For i =1, we have
in I

A( 1)(-r, 0) = 0) (  -  K )
= 1

0) n ( — KT)) — , i t ) ,
=1 .1=

where {K u }  are real and distinct:

KI I < K 1 2  <  •  •  •  <  1 4 .  < 0 <  i."1,„ +  I < • • • < K 1„, 1 .

Therefore we cna choose (1> 0 such that

E C i K 1k
 <d} (k= I ,..., m 1)

are disjoint.
Here we have

17 1 ( i) (W i, 0 )1 i E  1 1 1 "1 " + " " ir" for 0=1,—, ,

and
Lemma 3.1. There exists C , > 0 (C ,> CO such that

1,4 ( i ) (wi, gill""++""-1(1(011+10m'

where (oh, ti)ezl i xC 1 x R" - 1 ,  4 >  C andU G ;,, (1 < i < /).

Finally le t u s  see th e  zeros o f  7l(11(oh, in  I l< C 1 1 1 1 1 .  W e  sha ll see  the
zeros o f  ;1(1 ) f o r  fixed (t°, x o, y o) e Rn+i a n d  (4 , no) G  z i  X  S" 2 . L e t
be  the  real zeros of A(')(t°, x°, y°; 01. n°), w h e re  (j ? is  a  cr.-ple zero ( o  = m—

j  0). Then we can choose disjoint domains 0+, 0 - , 0,. such that
J=1

o±= i eci ;

 4   < c  ' m+  ( st 13)
1171 ' -  1

and

0 = I E C I ;  —01 < 6 f

where non-real zeros of :4(n(10, x o,  y o: )  belong to  0+ u Therefore
we can find e>0 and c> 0 such that
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x, c1111"'

if belongs to the boundary of 0+ U (5 -  u 0, U ••• U 0, and (t, x, y, col , ti) belongs
to

U (t° , x 0 ,  y 0 ,  w ?,  1 0)

=  l it  —  11<E, —  X ° I <E , ly—y°1<E,

which we call a neighbourhood of (t°, y o, c o o, ox) satisfying the contition (0).

3.2. Zeros of 4 0 (w, e, v ). Let us denote for large parameters K, 13

G i(13) = 1 ( 0 , fiI<  <  co. ,  , 1 (1=0,...,1),C, '

gi(K,/1) = { (w , f l)G  OK X  R " -1 ; k O il< <Iwi+ II} (i=o,..., 1),

then th e  complex plane is  covered  by  u  Gi o , and  OK  x R" - ' is covered by
i=o

gioc 
'

p ) .  L e t  fl- ' +13K- b< min (dc,, dCT', C o (C, — CE,'(C, — Co )), then
t=o 
we have

UG i ; a n d  G i m paG( 0 1( „ , f ( k ,  ) (1=1,..., I).

Lemma 3.2. There exists 60 > 0 as f ollow s. LetK - '13+ fl- 1  <6 0 , then p i zeros
of A0 (w, ti) are contained in Gik for each k=1,..., p i (10 +1< i <1-1), one zero of
;1.0 (co, n )  is contained in  Ga  f o r e ac h  k =1 ..... m, f o r  (a), ri)E g i o(K s )  ( i0 =0 ,

l — 1 ) , th e  rest ones, m1 +•-•+m 10 z e ro s  o f  .:40 (o), , t7 ),  are  contained in
G(P ) f o r (co, n) e gio " ) (1 < o < 1 — I).

Pro o f . (i) Let (a), 11)G gio(Kfl) a n d  e (1...>.i0), that is,

‹ ) 6 11/1<lwi 0 -Fil <lw10 +21‹ , ...,

fi  1 1<10). I

then we have

Miwi- i l<10)11‹ c i
f l  (11 2 +11/12) 2 < N/ 2 1(0 t+ii,

theref ore we have (co, 11) G Di(K,K 6/1CT IcT,). L et K - 6 /3+,8 - I <6,, then we
from lemma 1.1,

—;1(1)(wt, n)l< -j4- 81(I1+11/1)"'i+- +mi

for (co, OE gio (K,fi), E G o »  jo), where E l is given from lemma 2.1:

:4( ' ) (w,, 01> -12-e1(11+InlYni+-+""
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for e (U ;  G1i)c .(1 > Here we have A o (a), ) O f o r  (co, ?7) E 0(K$)
a n d  E G1(p) n (u ;  Gu y n and  the  number o f zeros of A o (a), is
equal to that of A( 1)(a)1, in Gu  for (co, n) E g i o (K , p )  by using Rouché's theorem.

Let (a), n)e g i o ucm  a n d  e G( 10). Then we have

/3 (1 12 + 11/12 ) 2

</Kokoiol +(Co + 1 )11/1)<(fiCol( - 6  + Co + 1 )10 )i0+ i I ,
that is, (a), D 611,fl(13C0K-6-FC0+1)-1). Hence, from lemma 1.1,

Ao(w, 17)(0 -i-on+i
i°+ 1 •• • wi-"" Aa °) ( 0 ) io , n)l< 4

1 Cilnl m i + — + - i ° ,

if K - 6 13+11- I <6 2 . On the other hand, the zeros of A0 01(ar10, ri) are contained in
G o )  and

1;11b0)(w10, 17)1 .71  silfilm'+' - +- '°

on OG o). H ence the number of zeros of Â-
0 (a), ri) is equal to that of A(io)(coio ,

in G o).•
3.3. Decomposition of ;10 (w , e, 72). Let (a), OE g i o (K , p ) ( 0  i o ,<, I — 1 ) ,  then,

we have, following lemma 2.2, the decomposition of A o :

I-1
,40(0), .,n)=c+(a), f l n)•111(0),

i=i 0 +1
P i ml

Ei(co, n)= H
i=1 .1=1

where the zeros of g ±  = ey.) (ev= I )  with respect to  be long  to  GY0) , those of Ei

belong to Gu , and those of Hu  belong to G u .  Then we define

e±(a), q)=   n),In'

Eiko, n)=Icoil'AiE;;(co, 14 1 ,n),

H,; (0), n)=10)11H;; (co,  ,0) 11

Now let us denote a(t, x, y; to, n)E (X ) if

sup Ipt 11 ((iwil+IODDR.,)"i=i

x {(1 0)11+1 111)D„}Pd(1 , X , 
y ;  co, ri) l< + co

for any (a, y, y', p), then we have

(t,x,y,co,ry)eX
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.Lemma 3.3. In  the  above decomposition of  A , in io(K,fl) (0< io  <1— 1), the
coefficients of g '± ,•E';1 (i 0 +1.< i‹..1 -1) and H'u  belong to .4œ(2 4",, 11)) and have the

following properties:
i) absolute v alues of  im aginary  parts of  the z eros of  e '± a n d  EU  are  greater

than c(>0).
ii) we have

H;1( 0 ) ,i )  = r1),

= )7) + i  b .(co, u)+ (w k )dk
 c i k ( a ) ,

1(0 11 k=1

1-1
where bi , Cik E ( 1(K .fl))' of  and b;  are real valued and satislY

i=o 

bi <— c (1= I,..., nit), bi >c (i in; +1 ,..., Ind (c>0).

P ro o f  The proof of regularity is based on the integeral representations of the
coefficients of ó ,. and etc. (see [3]). L e t  7(t., ti) be the zero of Am ( r, n) in  Gu ,
th e n  .C;(2, n) is real for T e , ij e R" -  ' , therefore we can write

Im Oer, T •  Bier,

L e t  (co, ri) be the zero of ;10 (w, in Gu and let

1/) =(C01, + .}(. ( O• 11).

Since we have from lemma 1.2

{:40 (w, )/) 17)}(07"1

Pk 0.) 11 — E cok, n
sr lc (  9 = (k 1 CO/ (01 0), (1.)1 ) '

we have

1-
}(w,}(w, r)W T I = 

k
E C jk 
=1 

wk r W/ (Di ) .

3.4. Let (w, gio(K,fi) (0-< io < 1-1 ), then we have

1-1 P i

;40 = c ‘+ ‘— (  1 1  1 1  E f j ) (  fl H I 1)
m

1=10+1 j 1j l

and we denote

m t4-•••+nito— k + • m — k — I
.

= E
0

10(
1111

•( 0  k + • • • + nq-j),
a = 0

E ijk = (0-• k‹111),)

w here  61= r ± (co,  , ti) and E ijo = (co,  1 ( 0̀"  ,
In!



Vt = VT =

 ko il - 1

- ,111,  l Ei ).ni i1 . 1 °
E •

A,V u =  H u ( 1  ‹  j  < 1 1 0 ,
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Denoting

=
Y/';-€ \ = Si ;

/ e ' t-F•••+.4, /
w i-̀40 -1111- 1,

V, 1 /  V vnt+
V t=

/ 1.-
Irtit

we define

( i0 + 1 < i< 1 -1 ,1 <  j< p i ),

(1 +

-r±

= , V=

\

/  V+ \

\  V -  J

W e denote V = V ,  if we need to remark their dependency on io .

Lemma 3 .4 .  Let P( r, ri) = E c„,,Tff o r ,  then we have
( ff

, i +  I v  D EN :,

P(a), 11)=C (1 °) (0), 11) V ( i ° ) (0 ), 11), C( i ° ) (0 ), .4 c 6 ( g io ( K , p ) ) ,

, g io ( L in  (0 jo 1- 1 ) .  More precisely, denoting

Int +.••+ it)m  7+ • ••+ m
PG) E c.ty/ - 1. ( ) + e i . r 7 (

)

1=1

I — 1 P1 1 ni

EC i jk V  ijk ( 0  E  c u v, ; (0 ,
i=i 0 +1 j=1 k=1 J=1

we have

C± 1  Ç.f : ( 0  y- '
27ri Jaclin) A 0 ( ) \ 1 111

1P -Cijk 27ri A 2 ) ( 1 4 1 ) 1 ' d ç

217ri ic%
Now let us denote

( i 0  + 1 1— 1 ) ,

for
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C( i o
) ' = ( ( cir4=-• 1 . . . . . )j=1,...,m7+-.+Mre

(C iik )i = i0 +1 ..... (-1;....................... I ,  „ P o  (c(j)j=1

po w (   toio 
Inl In' l ' Inl y - ' ch;e • 27ri ) 0 G v .)  ; 4 0 0 (  i o \ 1 1 1 1 In'
Ii l Inl Inl

where

C: ijk  = P")(1::1 1(!ii 1  f
27Ti G iJ ;4( i) ( I    CI)

' '

(
\ la ) ) la)

271.1 i OC

P O  ((I)  

1(011 ' 
;1st

1(011 1(01

,

 

Then we have, due to Lemma 1.1 and Lemma 1.2,

eico(o), t7)=0'0)(a), 0 + 0 (l)

in 2 t0 (K ,# ) , where (3(1) can be arbitrarily small if K - 6 ,6+ 11- ' is small enough.

Lemma 3.5.
i) 0(w, n)=C+n (to , n) VV ) (co, ti) + C (i)(w , OV 9 ) (o),

CY ) (co,11)=C1 1 ) (co, ?i)+0(1)
for (co, ri) G -9 i ( K , p )  (0.< i 1 -1 ) ,  w h e r e  o(1) — > 0  a s  K - 6 ,6+ , 6  —+ 0.

ii) det C'49 ) (co, r!)=e,(o.), 011 ( i)(o)1, 11),
ic# 0 , ( e > 0 )
fo r (to , ri)e gu k d o  ( 0 < i< 1 - 1 ) .

As a corollary o f  Lemma 3.5, there exists 6'0 > 0 such that det CY ) (co, /0=0
f o r  (ro, q)e 90 ,1, ) ( 0 <i</ —  I) i i  K - 6 13 +13-  ' <6'0 .

1Here we fix #6' = —
2

min (60 , SO, fl, >13,) , = fiTlf tl , where 60 is given in Lemma

3.2, and we consider 9 ( ,,,f l ) for )60 </3<fl i ,  K  K 0 .

3.5. Let

:= { (t, X ,  y, col , q) E x 41 x. S" 2 t 2  x 2 +1 y 12- Al, i(0/1 6 i

= i(t, x, y, ah, tt) E RI:1-
x !y x R " - '; (I, x , y,  wiqf  ,  1:171)E.,a° .

For any X° =(t°, x o, yO,  04 5 g o) e  -0 ,at there exists a neighbourhood U°(X °) such that

U(X °)={ (t, x, y, to, 11) G R1,1,+.2 3,x  4 ,x  R " -  ;  ( 1, x ,  y ,  ) e  u 0 ( x 0 ) }
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satisfies the condition ((s ) (see §3 .1 ). Since ...I° is compact, there exist {X j } j , ,

a finite number of points in _it°, such that U (X j ) ,  w here w e denote
1=1

U =  M i ) .  Hence we have

N >

g i ( K n  {t2+ x 2+I y i2<m }

={ (t, x , y , co, ri)E R"+ ' x x R" -
1 ; (t, x , y , col , ry)e.,1(}

= x , y , co, ri)e R"+' x x R" - ' ; (t, x , y , col , ti)E
i=1

= a&j(K)
j 1

In the following, we sometimes write oZio o ,omitting the index j.
Now for (t, x , y, co, ti)E giuo, we consider the zeros of A 0 , the smooth decom-

position of A0 and ctc. just in the same wasy as for (t, x , y , co, OE giucon (i=  0.

Lemma 3.2'. There ex ists I( ( ( K 0 ) sik h  that z e ros A o (t, x, y ; co, n ) are
contained in (5+ U (5 -  U (5 1 U • U (5, for (t, x , y , a), rt)e QI( 1 0  and K Ko' •

Hence, for (t, x , y , a), ti)e 02/0 0  (K > K,;), we have

A0(t ,  x ,  J'; W, ,  q)=cs+(t, x , y : co, 11)S-(t, x, y; w ,  ,?1 )

x dri (t, x , y ; cv,

where the zeros of e +  with respect to belong to ())±, and those of ,Ye;  belong to
Let us denote

s ± ( 0 ) , n)=11716 ±e ± ( 0 ) ,  n),

= (w , •

Lemma 3.3'. The coefficients of et± (a), (;, n) and .Ye'i (oi, ri) as polynomials
with respect to be long  to ( 1( K ) ) (K >Kb), and moreover
i) absolute values of imaginary parts of the zeros of d''± (co, (;, n) are greater than

c(>0),
ii) denoting

EY 6(0), = k((t),
k=0

we have

) +  'k(w' sE=i

1— r r ( i) , „

c i17
i m  cu t ' k s (  5 

/1),I Ill .1

where dik , bi k , Ci k v e ' (  o i l ( x  ,), ai l , and bi k  are  real v alued  an d  lb I> const. (>0).
For the decomposition
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C 46 93_ IL I A9
j ,

we define

, r ± - k - k - a
061 =  E y ; w ,

a = 0 Inl (0< k< a±),

a i— k

"r e
.ik

=  E
a = 0

k—x
h 'i or ( i ,  X , y ; L O ,  n ) ( — ̀ " (?) 6 i - -

In' (0<k<o - i ),

where

)1) and X'io= (co , 
1111 '

Denoting

we define

.r± . =

f
-

j =

•r j =

Y/"P • 64-
°

Yç j i ( \  A
= : 01 ,11-1 ,

* i „  "
e

-i°

Y/j1 Ytia-j-+ t

j a i j j a i

( j = 1 ,. . . ,  r ) ,

V +  \

W e  d e n o te  V= V( u), W= Woh if we need to remark their dependency on U.

Lemma 3.4'. Let P  be given in  Lemma 3.4. We have

P (t, x , y ; co, ii) = C ( u ) (t, x , y ; a), ti) V ( u)(t, x, y ; w,

Cw)(t, X , y ; (o, q ) e .4 °T)21)

fo r  ( t, x , y, w, More precisely, denoting

P(o= E cl-v -j w + c7r7 ()
i=1

Ê+  E  E  c ifri;(0 ,i=1 i=1

we have
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1  f (

2ni do(s) :, ;1 0 ( ) \It'll

c o —  
1 1 . _1,5 10 

2ni ,763  A0 ( ) 1)/1
Now let us denote

C ( U ) = c -,V);= "...,„, (cni , (0 ,= , ,
where

—

= I r)),

r ' 
11/1 Inl

pm ( p i i'.' I/ ) I 'il
— I ( '  ■ In! ' 1 In il1/1 ' ' 1 lim w

i — 27ri foo± i(/ )( a)/ 11
1111 ' 11/I ' I1

c• •=   Inl ' II/I ' Inl )  (
—

y-1  d  
A co i
p- (1) ( col n

1 '
L. , 2 r r i ,,,,e , ( 0 (  co lc ; ilI n l Inl

Itil ' Ifil ' Inl )

Then we have, due to Lemma .1.1 and Lemma 1.3,

C(u)(o), q)=C'(u)(a),, q)+o(1)

in qiuo, where (9(1)--03 as

Lemma 3.5'.

i) x , y; w, ,  n ) = 0 ( t ,  x ,  y ; co, q)II (
±v ) (t, x , y ; co, q)

+C (S ) (t, x , y; u), n) vLu)(t, x , y ; w, ,  q ) ,

C ' (t ,  x, y; w , q)=C,!"(t, x, y; w ,  0+0(1)

fo r  (t, x, y, a.), q)e
 ( K )

 (K> KO, where o(1)--*0 as K - 1 -4).

ii) d e t
tn(to, x 0,  y 0;  04 , 170 ).= e k (/ )(t0 , x 0,  y 0;  (0 0, 1,10)

As a corollary of Lemma 3.5', there exists Ka?... K O  such  that det x,
y ; a). q) *0 for (t, x , y, co, OE Q1 K  K .  Hereafter we fix K =K .

§ 4 .  Energy inequalities

4 .1 .  Pseudo-differential .operators. Let us consider a function a(t, x , y ; T,
C'(R "+ 1 x  Cj x  R"'- ')  satisfying

(*) sup „a( t ,  x , y ; a —iy, I ) ]  X GCT - 6 0 1 +-1/ffil 1i ll < +•0,
R .+ 1 x C lx R . - 1

where CI, = ft e C' ; Im T< — K l .  Then it is a symbol of pseudo-differential operator
with parameters {y> K , xE R' } . We define
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a(t, x, y; D f — iy, Dy )u(t, y )

1
(2 (7

)

e - i ( " + Y " o a ( t ,  x ,  y ;  a— iy, ti)u(t+e, y+ y')dedy'dado,

a'(D,— iy, D y ; t, x, y)u(t, y )

1 (' - ic ra+y 'o a( t+e ,  X ,  y + y ';  a -(270"

x u(t+t', y+ y')dt'dy'dadti,

a(t, x, y; D t — iy, Dy )ob(t, x, y; D,—  l'y, D y )u(t, y )

1 =
 (2 g)" e - i ( c a + Y " q ) a ( t ,  x ,  y ; j'y, n)b(t, x, y; o- - iy, n)

,RnxRn
x u(t+ t', y + y')dt'dy'do -dti.

Then we have not only

II sfmk(R”),Hk(R” ) ) , Ila'11.:e(Hk(Rn),llk(R"))

are bounded w .r.t. { y  K, X E R 1 b u t  also

are bounded w.r.t. {y> K} (see Kumano-go [4]).

Lemma 4 .1 .  Let f(t, x , y ;  ( 0 5  e4cc(iR n+1 x  Q
K x R n - 1 . )  a n d  (4),(0= T q L then

f(t, x , y ;  w et), n) sa tis fy  (*).

P r o o f .  We only remark

x, y ; w(t), ti)1=1 ,1;l e „,(1, x, y; co(r), n)D„, y Re wi (t )

+  i E f t ,„„„(t, x, y ;  (0(T), r7)D,r 4 1m u)1(01‹C(10401+

x, y; wet), n)I<C(1(ol(T)1+1 111)- 1 •

Now let (p(r)E i2-(R 4) be non-negative real valued function satisfying

c,
f o r  r< r ,,

9(1-)=I
e2f o r  r> (1.2 >  >  0 ) ,

then we have

(p (1(11tij 4 - x ( R n + 1 x 0 K x  R n -1 ) .

Let us denote 9 = 9 ,  if c, = 1, c 2 = 0 , r 1 =1—h, r 2 =1, and denote cp=t//4  i f  c 1 - 0,
c2 = 1 , r 1 = 1 ,r 2 =1+h (0<2h1<13,-13 0 ), then
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'coil  ) (  lcu i+ II){ - 1  in gi(K,A-h ) n gi(K,A+h)(14  In l '" Inl

supp [ tpA(1 (0
111 1 ) IA2 (  I o lliii-i il  ) i gioc,i.),

i 14 <11/1‹ Iwi+11  t

(P„ h ( l w
i l i1)2--h( lw

it7111 )  - 1 in g roc ,A) ,

supp [tp 1+ h (1°11  \III r t .  A_h( l W i + 1 1 ) 1  3 i(K,A-1-h) U 9 i(K,A-h)).11/1

Let fl0 <2 1 <••• < At < f l, satisfy ,l i +h <2 ; ± 1 - h ,  then

6 {  Iwil <  Inl < Iw i+ 1 1   t D  6  1   iw ii  <itil<  Iwi+ii I _ R n+1 x  Q K x  R n - I  .

1 = 0  Ai - h  ' '  2 i -I-11J 1=0 ' ' ' '  A i + i - h

Here we define

ti) = tp A, (I t°
17111)0 A, (!7;;+111)

tiff 1 (0 11) =  ( to A i . , i i _ 1 ( 1 ( 1 )

and Oi(r, q)= 1(o(r), n), ; ( t. , n ) =  i (ol(t),
Denoting

7f(r, i1)=(Icr - i712 1 +11 2) 2

we have

Lemma 4.2. (K um ano-go ([4])) Let a, b satisfy  (*), then

ir(D r -  iy, D y ){a(1, x, y; D,- iy, D y ) - ai(D,

- iy ,  Dy ; t, x, Y)}112(uk(n.+4),uk(R ,.+■))

D y ){a (t, x , y ; D,- iy, D y )b (t, x , y ; D,- j'y, D y )

- a( t ,  x ,  y; D 1 - j'y, D y )ob(t, x , y; D ,-  iy, D ) Illse(Hk(R -  i ) , H k ( R - i ) )

are bounded in { y  K}.

4 .2 . Norms. Let

Illu Ill =  E 1111),--ly pq+.4- ...+, e,I D r n 't + . " + "qu
k=0

(1 1 )=  E  <ID, -iyIA'ki-,+- +P■ID,l'n u>,
1.:=0

where

Ilull  = L2(111+1), ili px, y ls ull = D
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<10  = 11 L, (Rn),x=0.

It follows easily from the definitions of norms:

Lemma 4.3.

E  <(D,—iy) 6 1A, y u>,<Cy - g■(u),
(criz ) EN7,

where

N =( N A  —(0, 2)) n 1■1,4 .

From Lemma 4.2, we have

Lemma 4 .4 .  For i=0, 1,...,1, w e have
1) {P 1(D, — iy, Dy )A(t, x, y; D,— iy, D x , Dy )

— x, y; D,—  iy, Dv , Dy )(1)1(D,— iy, D)}u C

ii) <{(D, —  iy, Dy )B '(t, x , y ; D,— iy, Dv , D) .)

—  Ir(t, x, y; D,—  iy, D x , D3,)(1)1(D,— iy, Dy )}0 C y - 1 , (u » .

4 .3 .  Energy inequalities. Now let

1 ( ( 0 )(t, x , y ; w , , ri)=q) ,(co, 021(t, x, y; w,  ,  ri)

— Tqco,r1))7 1 (1 ) (t, x, ; (oh 11)( 0 7+i l • - ( 4 "

A ( ( i) ) (t, x , y ; T, r1)=A (())(t, x , y; w(x), n),

then we have

A(0 )1(t, x , y ; T, n)(i5( r, o)=A (t, x , y ; T, ;1)0;(t, ri)

for i=0, 1,..., 1 — 1. For 1=1, more fine locallizations of N  need to be
g iv e n . Let

N

1(( ° , n) = E (t ,  x, y; to, n)
i=1

1 o n  supp

supp [q)
u i ] c

and let

x, y; 0), n)=1) », x, 0), x, y; 0), )7)

+(I --1) „; (t, x, y; w, 0):4" ) (1.1 , xj, yi;

A((u)))(t, x , y ; T, ri) = ;4((ui))(t, x, y ; (Der), n),

where (ti, x i, y ) ,  w ,n j)E  U 1 =  1), then we have

A((u-o)(t, x , y ; T, n)(Pui(i, X , y ; T, q)=A (t, x , y ; T, n) u ft, X , y ; T,
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Analogously, we define B “ 1 1 1 1 for 1 =0, /. Since we have the decompositions

1-1
(i =0, 1,..., I - 1),i i " " )(t x y• 0), ,11)=-('‘+‘1(o 1=1+1

i-e-i 1"1 ) ) (t x
5
 y• w ,  , ti) =ce + S_( .ye; ),

=

where 1 ± , Hp . . .  have the same properties as those in even though they were
defined in local, V ( i) )  are defined by using d'±, H p .

••
 in  the same way as in §3.

From Lemma 3.4 and Lemma 3.4', we have

Lemma 4.5.

l-1
111U C (  E  V « i » E i  1 1  V

«  UL  j u '
1=0

/-1
« u »  C (  E <r1i))0 110+ <V1 (uincP1 j j u>+ y- "1(u )).

i =0

From Lemmas 3.3, 3.3', 3.5 and 3.5', we have

Lemma 4.6.

i) Under the Assumption (A), we have

<V u> + t
1
Y '11 111 7 ( ( 1 1 ull C ft<r»..,"»u> + C „Y - ÷ a ' ill m ud (u) + 1111i

(1=0, / )

fo r  any 0<p<u o .
ii) Under the Assumption (B) we have

<V u> C {< r ( i) ) 0 + < B “" ) ) //>+y- qi<u)} (1=0, /).

As a corollary of Lemma 4.6, we have

<P ( ( 1 ) ) u>+y1q.1111 u11<c{<B“" ))u>+y - l'illAW ) ) 1411+(u)+ 11114 1111
(i=0,..., /).

Replacing u by Oi u in the above, we sum up them about 1 =0 .... , /. Then we
have, from Lemma 4.4 and Lemma 4.5,

Proposition 4.7. Unedr the assumptions (A) and (B), there exists C such that

(u) + <CI<B4(Dt—iy, D x , Dy )u>+y - lqiliA(D r —i )', Dx , Dy )u11}

fo r  y C.

4 .4 .  Energy inequalities of higher or lower order. Let us denote

111 ullIn = E 111(D, -iy )k .D 1 ,u
k-I-J=h
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< O h =  E  <(D t
— iy) k D-i

y u)
k+j=h

for h- 0, 1, 2,..., then we have

Proposition 4.8.

<Oh< Ch{Y- —  iy, Dx , Dx, Dy )ti>104

for y (h =0, I, 2,...).

Proof. We remark that

E d f(D,— iy)ka;;A—  A(D,—  iy)ka}u
k+j=h

<C';,( iY)k Di
y u MI + II A(D, — iy, Dx , D ) u l l a h  -I),

k+j=h

E  <{(D,— iy)k Wy k' — iy)kEolu><C,,<u)h_,<Chy-qqa)h.
k+j=h

Then we have from Proposition 4.7

ylgilllu1111,+(u),,<c{y - ÷q' E 11A(Dr—iy)kp i
y ull +  E

k+j=h k-Fj=1;

<13'(D,— iy)k Diy u> + Aull

-<C(7- ÷q 'll Aullah+ <13 111> + CO -  ' 1
1 0101 h+ ( u)h),

therefore

y lg ' Idu Ill h+ (u )h <  c;,(y - lq.

for

In the same way, we have

Proposition 4.9.

Y 1. '111 A ( D , —  iv' D y r h u III + <A(D,— iy, Dy )- "u)

<CI,{Y- 1 ' 111A(Dt —  iy, DO- 1 1 * p 1 —  iy, Dx, Dy )ull

+ <A(Dr — iv , DO- D x ,  D O u > 1

for y>C h (h=-0, 1, 2,...), where A ( t , ri) =  (iTi 2 +ifii 2 ) 1 •

Proof. We remark

— AA- 1 01/11 C h  A- h u

0/1- "B 1 I P A - ")u><Ch <A - h- itt)<C hy- qt(A - hu).

Then we have from Proposition 4.7
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ylq 1 1i1A- h uli1+<<A - h o» CIY- 1 q 1 11AA- h ull +</r/i - h u>1

< C(y - A n i l+ </l - h lru >)+C ia - lq 1(111A - h alll + (A - h a) ) .

§5. Adjoint problem

5.1. Dirichlet set. Let us denote

N A  —(0, — j ) )  n N 4

and

then we have

Moreover we have

../rA,; = ( N A  — (Y + + 2 + -4- Yen,  0)) n N

./V A JG N ( k =  1, 2,..., m ).

Lemma 5.1. L e t  + k <tn.

I) L e t  N  pG ,IrAd  and  N (2 c.A 7,,, k ,  then N_ p Q G d rA j+k •

ii) Let N p c N A ,i  an d  N Q c .4 4 ,„, then N
P Q

c N
A , j + k •

Now let us say that {8,0- , .... „, is a Dirichlet set with respect to  A(r, n)
if

B i(T , ri)

B 2(ri, n )

1 b „(r, ri)  1,1 2 (T, 0•••b1ni-1(T, (';'"' \

b21(T,
. •. •. .

1 rn — 2

0
B„,(T,,;, n )

where
N b o  G  N  j.

Moreover, it is said to be a special Dirichlet set if

N b i i  A ç A , j  •

We have from Lemma 5.1

Lemma 5.2. W e assume that { B i er, i)I i =1 „, is  a  (special) Dirichlet set
with respect to A (r, n). Denoting

1 6 " b 1 „1_ 1 \ rn- 1
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we set
/ 1 • b 1 1 •••• b1 _11  /  rts - 1C,

\ / 0

then {C,(T, is also a (special) Driichlet set wieht respect to A(T, r , n).

5.2. Adjoint boundary operators. Let us denote

ri) =ag m +a l (T, + • •• +a„,(T, n),

where we assume a ( ) = 1 and Assumption (A), then we have

Moreover, we have

N
a j ŒNA.j ( j=1 ,..., m ).

(A (D)u, v ) L 2( R +1) — (u, A * (15 )v)L2(ia+I)

=  {(a„,_; (D)Dlu, v)—
j=0

m .

= 1  E  E Da :
j=0 k=0

(u,

_(D) y>

a 11 (D ) .......  aim -i(D )

1 a21 (D ) — a21-2(D)

= i<

0 1

DT - 2 D x

u, v>,

DT - 1

where D=(D,—  iy, D x , Dr ), D --(Dr + iy, D x , Dr ), and

a ,J (T, n)= a i (T , n )+ E  c uk ,m ,,a k(r, ri) i.e.
Ivi>1
k < j

N  c U N ak N A , j •
k=1

Let us say that a set of boundary operators { B (D„ D x , D r )} 1 = 1 ......... „i+  be (specially)
normal with respect to A (D„ D x , DO if we get a (special) Dirichlet set with respect to
A(r, n)

{Bier, u gs'}i=1 m_

for some 0.< si < m - 1 ,  which we denote

(m+ + m_ =m)
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Bi(T, n) 1. Bil(r,.n)...61- (T, n) \ / : n_1\

• •

                                                      

Now we denote

/ 1  6i 1 (D)•• •Bi„,_ 1 (D) \

/1  a l t ( D)•••a 1 „ 1 ( D ) 1. 1, 1 1 (D) 4 1 , 1 (D) \

• •. .• •

 

0

     

where

 

1

I (D)••• 71)1._1 (D) 1. .61 1 (D)••5 1 „,_ ( D)

. .. .. .. .. . =I,

0

and we denote

( W,(D)•-• (D ))= (1 D x •••D r 9  1 . b'n (D)•••1;;„,_ 1 (D )\ ,

• •

0
then we have

(A(D)u, v)L2 (14+1) (u, (4 + 1  )

rn
=1< r 3  j ( D ) 1 1 ,  :6 7 (D )v> ,

( R” ) ,x=0.

Denoting

(j= 1 ,..., m _),

1 r 0
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we have
-

(A(D)u, v)—(u, A*(15)v)=if <B; (D)u, C(D)v> + E <D;eiu, B;(1)-)v > .
J= 1i =  I

We say {B'I}i , , , ,,,_ a system of adjoint boundary operators for {A, {Bi }i = 1 „, .1.
Here we remark that {/3} is not always normal with respect to A  even if {13J }

is normal with respect to  A .  In fact, let

A  =  T
2

 —  
iw  + r i .2).r  _ iw  + 1 .12)( ± ,i ) ,

{

.131 =- 2 , B2 ------ -Fir,

B', = — iT(T+0+ n2 + (— i t  + (t + rO ) + 2 ,

/VB■C N A,2.

We have from Lemmas 5.1 and 5.2

Lemma 5.3. Let { B 1} . specially  norm al w ith respect to  A , then
,.. „,_ is norm al w ith resepct to A.

5 .3 .  Adjoint problem. For the problem:

A (D,— iy, D„, D)u=f in RV'',{

BAD,— iy, D.„, Ddttl x . 0 = a ;  o n  R" (j=1,..., in +),

we define its adjoint problem :

A*(Dr + iy, D„, Dy )v =(,9 in  RV- 1 ,{

B'i(Dr +iy , A ,. D)vlx=o=t1/ ; o n  R" (j= 1 ,..., m _).

Assumption (B*). { 13 1} ,_,,,..,„„ is specially normal w ith  respect t o  A , and
{A *(f, , n), IBA'? , n )} ,,,,...,„,_ }  satisfies the condition stated in  Assumption
(B).

Example. Let

then B', =1 and {A, {131},= 1 . 2 }  satisfies Assumptions (A), (B), and (B*).

Corresponding to Propositions 4.7-4.9, we have

Proposition 5.4. Under the assumptions (A ) and (B*), we have

Y  q , Illu  h+ (u)„ 4q, A*(D + iy, D x , Dy )ull

+<B'"(D,+ iy, D„, D y )u>w .} ,

then

and therefore

(My

{ A =  _ n2)1. _ ri)

B 1 = 1 ,  B 2 =
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Y1 4 '111A- "u111+ (A - "u) Ch{7- I glIIA- "A* (Dr-+ iy; D.„ Dy )ull

+</1- "B '“(D t +iy, D„ D y )u>1

f o r y (11=0, 1, 2,...).

§6 . Existence theorem

In case when the adjoint problem is set well, we can get the existence theorem
for the original problem.

Proposition 6.1. U nder the assum ptions (A ) and  (B*). w e hav e a solution u e
Hh- ", satisfy ing

A(D,— iy, D, Dy )11= f  in  R'4.+ 1 ,
(P) ),

iy, Dx , Dy )ulx.0=g ;
 o n  R" (j=1,..., m +)

f o r any  {fe H"(R 1.1.+1 ), g E 11"(R")(j=  I ...... n  + )}(y C,„ I ...>.2m).

P r o o f  Let us introduce

(e, w) R .,=(A - "A*(15)i), A - hA*(D)w)+</1 - "B '“(b)v , A- "B'*!(D)w> ,

II = v)

for where D =(Di + iy, D„ D y ), and we define a Hilbert space .Ye as.i closure
of H" by 11.6 - .  Here we remark

.111A— " v111 •
Now let

l(v)=(v, f)— <Cy(D)v, g j > ,

then

140 1 s c (dA— hyll A"/ M +(/1 — "v)E <A"g; >)

< CO 11/1'141 +(A— hv»)(11/1"f + E <Ahgi >)

‹ClIvil,r(11/1 h f d +
By Riesz's theorem, there exists W e .Ye such that

(w, v) =(f , v)—: <g i , Cy(D)v> .
We define

u  = A-2h A * 0 * ,

then we have ueli" - " by  the usual technique (see [5]) and it satisfies

,. .  A (D )u = f in  R!;.+ 1  ,{

Bi (D)ttl x = c ,=g i  o n  R" j=1,...,tn+).
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Now we consider the problem

( P )  
I  A(D„ Dx , Dy ) u = f  in  RV",

Bi (D„ D,„ o n  R "  ( j = 1 , . . . ,  ni + ).

Proposition 6.2. We assume the assumptions (A), (B) and (B * ) . Let

e - Ytfe H " (k .f.." ), e - Y 'g E H"(R")

f o r any  y >C O3 then there ex ists a unique solution u  of  (P), satisfy ing e- YluE
1-1"(R ) for any  y >C h and h

Pro o f . Let

uy =e-Y ru, f y =e - n f ,  g i y =e - vg i ,

then (P) becomes

(P) 7

 {  A(Dr —iy, Dx , Dy )u, =4, e 11°D(R1.1.+'),

Bi (D,— iy, Dx , D y )u,l x =  0 = g h  E 11"(12") ( j = 1,..., In+ )

Owing to Proposition 6.1, (P), has a unique solution u H  for y..... C h. Since we
can show evu=eY 't y y  (see [5]), we have

u = e Y t u ,  U
7 EHh

for y C,1. 111

As a corollary of Proposition 6.2, we have

T h e o r e m . We assume the assumptions (A), (B) and ( B * ) .  Let

fe H '((—  op, T )x  R T ), supp [f ]c[0 , cc ) x ,

g  e Hœ((— co, T)x R" - '), supp [g i ] c [0, co) x R" - '

then there exists unique solution u such that

ue  Hoe((—oo, T )x  RT), supp [ u ]  [0, oo) x

and

A(Dt , D x , D y )u = f  in  (0, T )x
(P)

Bf (D„ D ,  D y )ui,..= 0 =g i  o n  (0, T )x  R" - 1 ( j = 1 , . . . ,  m
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