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Gibbs distributions in one-dimension have attracted interest of several
authors [ 1 - 9 ] .  In  usual cases there can  be no  phase transition . B ut we
have examples of phase transition in the following cases :
1. The set of values of random fields i s  { — 1 +11 and the interaction

is  o f lo n g  ran ge . Dyson [1].
2. T h e  random  fields ta k e  v a lu e s  in  a  coun tab ly  in fin ite set and  the

interaction is  of nearest neighbour. Spitzer [7].
3. T he random fields tak e  v a lu e s  in  { — 1, + 11  an d  th e  in te rac tio n  is

of nearest neighbour but it is  spatia lly  inhom ogeneous. Su llivan  [8].
We consider Is in g  models in  one-dim enson w ith  spatia lly  inhomogeneous
poten tia ls . Let Q= f— l, +  1 )  z. For a configuration a ES2, le t  a, be the
spin of a  a t  k E Z .  T he formal Hamiltonian  H ( a )  is equal to

H ( a )  =  E jkow,+ , — E h ,a , (0. S2).
k eZ k eZ

W e call J =  (JO  and h =  N J  interaction and external field, respective ly . In
ordinary I s in g  models, J k a n d  h ,  d o  not depend o n  k ,  b u t in  o u r case
they depend on k .  For n m E Z  and a= (6 ,,, an+i, • • • , ani) —  1 ,  + 1 1 E n .m i ,

let

Hin.'n] (a la n-1.5 7 m+i) —  E Jkakak+i —  E hk a
k= k=n

a[n,m ] (0) = E[n , m] (a ,„„ )  e x p HEn' m 3 (a I•ia- n -l• m +1 ,an-13 0• m+1)

where (a n _ a , ) = -  E exp { — H E" '" ' 1 ( a  s 1 , a )}  . A  probability mea-

sure p  on D  is  ca lled  Gibbs distribution with potential ( J ,  h ), if for each a E

p(o. g ) =qin'm ] „ (a) a. e. p).[n,m ]'

The set of all G ibbs distributions w ith ( J ,  h )  is  deno ted  by g  ( J ,  h ) .  It
is well known that if J k a n d  h ,  do not depend on k , then g  ( J ,  h )  consists
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o f  a  u n iq u e  measure p. T h e  m easure p  i s  a  d is tr ib u tio n  o f a  time-
homogeneous Markov chain.

Our aim  is to clarify under w hat conditions the uniqueness of g  (J, h)
is  b ro k en . Put f n =  —  j n I an d  fin =sn hn , where

n -1
sgn( — Jk), i f  n.1,

k=0

1 i f  n=0,
--1

sgn( —Jk ), if —1.
k=n

Define a  tranformation —> i f  of Q by

an =s„an .

R em ark  th at th e  fo rm a l Hamiltonians in d u c e d  b y  (J, h )  and ( J ,  fi)
coincide, i. e.,

E nC n+1 —  E  hnun= E in (  n + 1 —  E  71
6'

n•
nEZ neZ neZ neZ

Therefore, g  (J, h )  a n d  g  (j,  fi) are  isom orphic to each other. L e t I be
the conditional Gibbs distribution induced  by (J, fi). Since the potential

fi) is ferrom agnetic, we can see by the FKG in equality  [10] that the
limit

7,1-■+<=

exists for constant boundary conditions an _i =z- '  a n d  a„,+ 1 = z- w ith r', =
± 1 .  L e t g „( j ,  fi) be the set of a l l  extremal measures of the convex set
g  ( j ,  f i ) .  It is  easy  to  see  th at

fi) = 14e.r; r', r=±11.

R eturn ing to  (J, h), w e have

g ex (J, h )= {q,,,, ; r', r=± 1 ,1 ,

where q„ = lim

For a 2 x 2-matrix A, we denote the (a', a)-component of A b y A (a', a),
i. e.,

A—
' A(—1, — 1 ) A (-1 , + 1 )\

A(+1, —1) A(-1-1, +1)).

Let a (a ) an d  b (a) b e  th e  a -th  column an d  a -th  row  of A , respectively.
Put

A= (a( —1)/11a( - 1)11, a(+1)/11a(+1)11),
( )/1

=
b(-11b (-1 )11A  
b(-1-1)/lib(±1)11
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w here II II is the Euclidean norm. Put

e
-Jk-hk

e
lk h k

e
- I k+h,),Q k  =  ej k+ ' '

i. e . ,  Qk a ) = e-Ika'a+hka, and put

Hd QcQc+1 • • • Qd, i f  d_c,
1E i f  d=c —1.

Let n<1_<_r<m and let o =  (a 1, a i+ „ —1, +1} W e have

( a )
u n-P 6 m-1-1

r-1
H in=1( U n-1r Cf /) H  Qk(ak, ak+i) am+i)

k=1

linm-1(an-19
- * r -1
H I I ( a 1, a 1 ) Qk(a k+1) M n  (a r ,  6 .44)

k=/

  

firm(0 . - 1 ,  m + i )
-*

S in c e  M il and fI rm are bounded, we can extract subsequences 721 — > — co
and m3 -->+  00 such that

-*H / -1 • 75 m lim  d 1(s 1t- , a ),

1- 1,1- -  (a , 7 ) = Jim  f I r
m j (a , s m i + ,7)

exist for a ll  1, r, r  and a. H e n c e , w e  have
r-1

1-1- * 1 --2 (7 ' ,  6'1)
 H

 Q.k(ak, a 1 1 )  f l ( a r ,  7 )
qz ( c ) = - *  

k=1 

H1-2 
H r '  f t ,_ 0 0 (7% r )

W e can  see by the following Lemma 1 th a t  the matrices a t . -  and
are positive.

Lemma 1. There are sequ en ces tp r (a )1  r and  {pP ( a )}  of positive functions
such that

11;"° (a% a) =Q., 1- 1 (a' , tor (a),
-* " z

(a , a ) = pt (a ) rfT Q i(o -  ,  a ).

P ro o f is easy.

W e say  th at f r-L - }  is  asym ptotica lly non-singular i f  11,4—  is non-singular
for sufficiently large r. If not, Lemma 1  shows th a t n r" is  s in gu lar for

a ll r. Asymptotic non-singularity o f II"  1 -2  is defined in the sam e way.
W e prove the following Theorems.

Theorem 1. Put
h  =  { ( - 1 ,  +1 ),  i f  (1-I ) is a sym p to tica lly  n on -sin gu la r,

) t + 1) , i f  otherwise.
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A  set h )  is  d e fin ed  a n a lo gou s ly . Put

h) h )x  4 + -(J , h ).

T he set g ,x (J , h )  is  isom orph ic to  it  (J ,  h ) .  T h e  mapping

q=q,,,,: ,A (J, h)-->g „(J, h)

i s  an isom orphism . If  . u ( .  (J, h )=  { -1 ,  + 1 ) ,  then f o r  (7', 7)E...R(J, h),

qr ,.,(crn =s„7 f o r a ll but fin ite ly  m an y n_0) =1.

W e call 4 ( J , h )  the Martin-Dynkin boundary o f  g  (J , h).

Theorem 2. 1 )  A ssume t h a t  4 ( J ,  h )  o r  .41 „ , (J ,  h )  is  eq u a l to
{ - F n .  Then, an y  p E  g  ( J ,  h )  i s  a  Markov chain.
2) Assume th a t ,ff_co(J, h) = 4 , ( J ,  h) =  t -1 ,  + 1 1 .  T hen, a measure

E (J , h) ( E

i s  a  Markov cha in , if  and  on ly  if

-*det (2,, /11 1_-
0

1; H r '  I lr° (z - ', 7)) =0.

This condition i s  consistent in the sen se tha t it is  equ iva len t to

det(2„ fl,t- (7' , 7)) =0

f o r any

°Theorem 3. I f  E e- 2 I
1 =  C O , t h e n  1 , (J ,  h) = (+11 f o r an y h= .

Theorem 4. I f
+-
E exp 2( — l EskhkI)<+w,

th en  4.,_ 0 (J , h )= { . -1 ,  + 1 1 .  Conversely, if

exp 2( — I + I A sk h  = +

and if  in addition skhk _>_0 (or f o r all k 0,  th en  ..A , (J ,  h )=  [-Fn.

As for homogeneous external fields, w e have

Theorem 5. A ssume tha t the external field h  i s  e q u a l to  a constant h and
J n i) f o r all Then, 4 , (J ,  h )= -  ( +11 if  and  on ly  i f

E  e z(Jn -Fnihi)

Theorem 6 .  A ssume th a t the external f ield hn i s  e q u a l t o  a constant and
J n ..0 f o r a ll  n - 0 .  Then, .,ff, (J ,  h )=  H -1 }  if  and  on ly  if

+  o s — 2E e + 0 0 .
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Theorems 5 an d  6 a re  corollaries to Theorems 3 and  4.

W e w ill d iscu ss t h e  one-dimensional Widom-Rowlison models in  a
forthcoming paper [5].

Proof  o f  Theorem 1. T he first statement in  Theorem 1 follows imme-
diately from Lemma 2 below . T o  p rove the second statement, put

ta  =  (a O m ; Hm = q„ r }.n,tn
By Theorem 1 in  [11], q „ , ( B )  = -  1. Assume fl,t -  (a , — 1 ) 4 -11 ±  1)
for sufficiently la rge  r. Then, g E B „  if  an d  only if  am  = sm r  for a l l  but
finitely m any m  O. Q. E. D.

Lem m a 2 . I t  h o ld s  q z ,
1 r 1

= q,, 2 ,, 2 , if  an d  only  i f  ( r i ) ) ,  and
cr)) i ,a are  singular f o r all 1 and r.

Proof . Assume q„1 1 =q 2 2. Take any a = (a 1, , ar ) [— I, ± 11
-*

Put P =  /-02- 1-1 . From
r -1

1 1 1=2 ("z", a r )  U[ Q k  (ak, ak+1) n r ° (ar,
k
Per, TO

-* r - 1
I I 1-71 etZ, al) H Q k ( o . ak+i) (61.5

k  1

P(1-, 72)
it follows that

( 1- , ai ) n;—(0., 'to /P
= i_1-2 (7Z, ) at-co.„ r2 )/P (c, 7 2) •

-*
S ince E a1)2= E f l r+-  (ur , z 1) 2 = 1 ,  w e  h a v e  P (z-'„

Therefore,

aon,t-(ar, 7 2).

By th e  same argum ent as above, we have

(r I, al) =if
fl,t -  ( a , r i )  = n ,t  (Or) TO

= P TO

-*
C onversely, a s su m e  that ( 1 (r'i , a) ) and ( (a, z-1) ) 0 . , are

-*
singular. T h e n ,  h*/_-_1(7;., a) = H i ( r, )  a n d  1-1,t-  (a, 7 1) = (a, r2),-*
because the ro w s o f  r i  1 - 2  a n d  th e  colum ns o f  1-1,.+-  a r e  non-negative
and  normalized, which implies q,, =q„ 2,,2. Q., E. D.

Proof  o f  Theorem 2. T a k e  a n y  11-= 2,, q„.,E g  (J , h )  an d  a =  (az,r' ,r
6 1 + 1 , •  •  •  U r ) - 1 , + 1 /  [ i 'r ] .
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Put 4 ,.,= 2 ,,.,/11 1_- H1 -1 °  ( r ' ,  r ) .  We have

- * r-1
P (a) = E 111--2 (r', (Ti) Q k ( a i ,  ak+i) (cf„ 1")

k=1
r -1
H Qk(uk, ak+i)L(ar, (Ti),
k=1

) i lwhere L =1 -1,:'- `0 Since

ti (al, • • ,  6 r-1 )  =  h 2 qk (a i ,

we have

1-1(aria1, al+i, • • • , ur-i)
(Tr)L((Tr, 0 1)/E  Q r-i(ur-i, 6 )1, (0", I)

a

1, r - 1 )  •

Consequently,

p(a r lu i =-  +1 , 0 ',- 1) - 11(0.,.10.1=  - 1 ,  a r- 0 =
= H {Q,_1( 0-r-1, a) /Qr-IL (ur_i, a)} d e t  L

= fgr-i.(ar-i, 1 7 ) /Qr-i.L ( 0- r-1, a)} det qt.:2 det f ld e t  ( 1 ,, , ,)  •

If one of above three determinants vanishes, then

11 (6 ,Icri= +1, cir_i)=11(uri(i= - 1 , ur-1)=1-1 (ariar-i),

from which follows ti(u r lai, ai+i, • • • , ar-i) = tt ( O r

Consistency in  2 )  is clear from Lemma I.Q .  E .  D .

Let A  be a  2 x 2-matrix whose columns are a and a'. Put

4 ( A ) = d e t  A i  =  Wet A lia 'll)•

Denote the inner product of a  and a ' by <a, a'>. It is easy to see

Lemma 3.
1) d (A )_ Ic le t  Aga, a'> l.

a  02) Let D = ( 0  1 9 )  with a,O .  T h e n , 4 (A D )=4 (A ) .

L e t u s  w r ite  A  B . i f  A = aB  w ith  a  sca lar a k  O. Remark that

(A ) =4 ( B )  if A B .  For H (h )=(e o h  
°
eh) and K (J)  = ( e

e j j  e
e

j_j ) ,  we have

H (h) K (J) H E + e2JH (h) 2F,

1where F = ( 10  
0 ). 

Put H k =-H(fik), K k =K (Jk ), =H k K k  and

Pk= E-Pe2 4  ( h  H i ) 2F.
i=r

ak+i) E a)L (cr, a i ),
k=1 a
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Remark det P h = 1  —e4 4 . It holds that

I rr"= = U  l ik K k
k=r k=r

=- ri t (II H  j) K k  ( I I  II i ) - 11-1 115

k=r j= r i=r j = r

m
2J 4 m

'.----: H tEd-e k  ( H H ; ) 2F) H I l i
k---,r i = r i = r
m m

= L I P k H H .
k=r j= r

Therefore, by 2) in  Lemma 3, we have

4
(1-Prn) (IPrn) = 4 (f1

k-=r

L et a m ( a )  be the i i -th column o f  II Pk. It is  easy  to  see  b y  direct
k=r

calculations

Lemma 4. Put 1 = E and bo,= ma„,_ 1 ( +1) —e f ma„,_1 ( —1).
k=r

1) a m ( — 1) =am_i( —1) e 2 c f m+ f  a m _i ( +1) ,

a,,(+1) = e 2 ( f  m am _1 ( —1) -F -a,„_1 ( +1)

2) <am ( —1), an,(+1)>=-- e2 f milbm 112 (1  ± e 2 fm) 2<am _1 ( —1) , an,_1(1- 1)>-

Proof of Theorem 3. We prove that Jf+ ,,,, (j ,  fi) = (+1) for any fi =  {fin }
+- 2fi f  E e + c o . B y  2) in  Lemma 4, we have

<an,( —1), a m ( f l  (1  e
2 f

k) 2<ar ( —1), ar ( +1)>.
k=r+1

Therefore,

4(117) =4(11I det Pk /<am ( —1), am(+1)>
k=r k=r

{ fi ( 1 + e21 ) 2<a,( — 1) , ar ( ±1)>1
k--r+1

The right-hand side diverges to 0 as m--->+ 00. Hence 4(11') =0 for all
r, which implies .%'+ ,( f ,  fi) =- H-11 by Theorem 1. Q. E. D.

Next, we prove the second statement in  Theorem 4.

Lemma 5. I f  fi 0 fo r  all n.>_0, then
k h .r h

e 11 — 
„

" br+i•i=r+2

Pro o f . W e see by 1) in  Lemma 4,
- f

bk= e kak_1(+1) — e kak_1( —1)
= — e1"ak_2(+ 1) — (e - 4 1  — e2 4 - ' 4 4 k) e- f k - l ak_2(-1).
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Since e 4 —e2 1 - 4 > e - 4  —e2 1 +4 i f  h> 0, w e  have

bk( e 13k e
2 1 k - 1 - 4 1 e

)b k _i

= e hk 11 — e 2 ( f k - 1  & k ) ) bk_i• Q. E. D.

Proof  of the second statement in  Theorem 4. It is enough to prove that

fi) {+ 1} i f  ±f exp 2 ( j„ - fik ) = + 00 a n d  if  fi 0  for all n 0.

In  case +f  e' f '= +c o , % +( f ,{ ±  1} by Theorem 3 .  So , we prove in
2fcase  E e n< +  co.

W e replace j r  by Then,

+ 1) _ e (  _I)b r +i =- e
e -h r  ( e 2P r +hr + 1  e oehr + t )

e e ' f 'r k r + 1 )

0

\ r  ( e 4 r+1 —

Therefore, we can see by Lemma 5,
k h .

— e2 ( 1

j= r+ 2

exp  E
i=r+2

2fwhere b = I I  ( l  —e > 0  by our assumption E e "<+ co. On
j= r+ 2

the other hand, by 2 )  in  Lemma 4 , we have
m m

<am ( -1 ), a ,n (+ 1 )> =  E  H  ( 1 + e2 j i ) 2e2 j k l
k= r+ 1 j=k+1

+ + e2 10 2 <ar ( —1), ar(+ 1 )>
j=r+1

m

E  e
k=r+1

"_b 2 E  exp 2 ( A + E
k=r+1 j= r+ 2

The right-hand side diverges to  +0o  a s  m—> + op.

Put P;=-E+e2 ri-P.F. Since

(P'r fi P k ) det P1 f i  det Pkga„,( — 1), a,,,(+1)>
k=r+1 k=r+1

5-<am( — l) , a . (+1)> - ',
rri

w e h a v e  lim 4 (P ; H  P k ) =0. Therefore,
m-. -Foo k= r+ 1

(11;!- - ) =  lim  (II P k )
k=r

=  l im  (P r Pr 1 { Pr r i  Pk } ) =0.
m -.+ 00 k= r+ 1
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Thus, 4 4.0.,( j ,  fi) = (+1 ) by Theorem  1. Q. E. D.

We proceed to th e  proof of the first statement in  Theorem 4. Let
1011 be the operator norm o f a  matrix A , i. e.,

HAN =suPilAxii/lixil.

Lem m a 6. L e t tAij k  b e  a sequence of matrices. If

+LIAkIKH OE),

then II (E±A k )  converges as m—>-Foo.
k=1

Pro o f . Let n > m . W e have

ii AO —I-1  (E±A k )11
k=1 k=1

lfi ( E + A k)1111k ii+ i (E+Ak) — EH
k=1

111' + P L O (1 ±11Akil)
k=1 k=m+1

Q. E. D.

.1 ( +- (J ,  fi) =

The right-hand side converges to 0 as n>m—>--i-co.

Proof  of the f irst statem ent in  Theorem 4.
-p-

t —1 , +1} i f  E exp 2 (1+ I filz1) < + ° ° •
k=0

W e show that

Since

+
'

s 2 1k k2 + ° ' 2 / kE Ile ( I I  H i ) e (H 113)11 11F11
k=r i= r k=r j=r

=E exP 2 (Jk+ I hip< +CC',
k=r =r

m
H P k =1-1  t E +  (A  11.02F }  converges as m—>+ 00 by Lemma 6.
k=r k=r i= r

On the other hand, for sufficiently large r,
+- +-

det H P k  = 1 1  (1 —e 1') >0.
k=r k=r

Therefore, we have
+-

=4  P k ) >O,
k=r

which implies (1  4) = —1, +11 by Theorem 1. Q., E. D.

IN STITUTE O F  MATHEMATICS

YOSHIDA COLLEGE

K Y O T O  UNIVERSITY



688 Munemi M iyamoto

References

[ 1 ] F. J . D yso n , Existence of a phase-transition in a one-dimensional Ising ferromagnet,
Comm. math. Phys., 12 (1969), 91-107.

[ 2 ] F. J. Dyson, Non-existence of spontaneous magnetization in  a  one-dimensional Ising ferro-
m agnet. Comm. math. Phys., 12 (1969), 212-215.

[ 3 ]  E .  Ising, Beitrag zur Theorie des Ferromagnetismus, Z . Phys., 31 (1925), 253-258.
[ 4 ] H . K esten , Existence and uniqueness o f  countable one-dimensional Markov random

fields, Ann. Prob., 4  (1976), 557-569.
[ 5 ] M. Miyamoto, Phase transition in one-dimensional Widom-Rowlinson models with spatially

inhomogeneous potentials, to appear in J .  Math. Kyoto Univ. 25 (1985).
[ 6 ] J. K . Percus, H igher spin one-dimensional Ising la ttice  in  arb itrary  ex tern a l field, J.

Math. Phys., 23 (1982), 1162-1167.
[ 7 ] F. Spitzer, Phase transition in one-dimensional nearest-neighbor systems, J. Func. Anal., 20

(1975), 240-255.
[ 8 ] W . G. Sullivan, Markov processes for random fields, Comm. Dublin In st. fo r  Advanced

Studies (1975).
[ 9 ] W . G. Sullivan, P. Vanheuverzwijn, On the canonical Gibbs states associated with certain

Markov chains, Z. Wahr., 62 (1983), 171-183.
[10] C. M . Fortuin, P. W . Kasteleyn, J .  G inibre, Correlation inequalities on some partially

ordered sets, Comm. math. Phys., 22 (1971), 89-103.
[11] M. Miyamoto, Martin-Dynkin boundaries of random fields, Comm. math. Phys., 36 (1974),

321-324.


